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Abstract Consider a genetic locus carrying a strongly bene cial allele which has
recently xed in alarge population. As strongly bene cial alleles x quickly, sequence
diversity at partially linked neutral loci is reduced. This phenomenon is known as a
selective sweeffhe xation of the bene cial allele not only affects sequence diversity

at single neutral loci but also the joint allele distribution of several partially linked
neutral loci. This distribution can be studied using the ancestral recombination graph
for samples of partially linked neutral loci during the selective sweep. To approximate
this graph, we extend recent work by Etheridge et al. (Ann Appl Probab 16:685-729,
2006) and Schweinsberg and Durrett (Ann Appl Probab 15:1591-1651, 2005) using
a marked Yule tree for the genealogy at a single neutral locus linked to a strongly
bene cial one. We focus on joint genealogies at two partially linked neutral loci in
the case of large selection coef cierdsand recombination ratgs = O(a/ loga)
between loci. Our approach leads to a full description of the genealogy with accuracy of
O((loga)~2) in probability. As an application, we derive the expectation of Lewontin’s

D as a measure for non-random association of alleles.
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300 P. Pfaffelhuber, A. Studeny

1 Introduction

The model ofselective sweepslso known agyenetic hitchhikingintroduced by
Maynard-Smith and Haigh irl[7], is the starting point for a large body of both empi-

rical and theoretical population genetic studi&g[It predicts that sequence diversity

is reduced close to a strongly selected locus on a recombining genome near the time of
xation of the bene cial allele. Theoretical studies aim at describing these patterns of
genetic diversity in detail while empirical work uses this prediction to identify genes
under selection.

If a species or a population adapts to its environment, several genes might be under
strong selection. Moreover, if the function of genes were known, we would have
predictions as to which genes are responsible for the adaptive process. Unfortunately,
functional information is scarce. Without functional knowledge and in the presence
of recombination, the model of selective sweeps helps to identify candidate genes
affected by recent selective pressures. Genome scans are carried out for a sample of
individuals, which show patterns of sequence diversity at lots of marker loci in the
whole genome1§]. If a marker shows low diversity, statistical tests help to decide if
a gene under selection is located neart3;16].

Most theoretical studies of selective sweeps have focused on a model with one
selective and one partially linked neutral locds3 11,17,24,26]. This simple model
already describes the reduction in sequence diversity. However genetic data are fre-
quently available for many partially linked loci. This raises the question of whether
selective sweeps also generate distinct patterns of multi-locus allele frequencies. We
will follow [ 25] and study a three locus model with one selective and two partially
linked neutral loci. Using this model, itis possible to study the non-random association
of allelic types at the two neutral loci, which is usually calledkage disequilibrium

An in uential idea in the analysis of selective sweeps was to study approximate
genealogies describing relationships between the individuals in a sample from the
population. Studying genealogies at the selected site startedMjtarjd was carried
further to linked neutral loci in11].

The genealogy at a single neutral locus can be constructedrastured coalescent
Here, the bene cial and wild-type allele at the selected locus form two subpopulations.
Their sizes are determined by the frequency path of the bene cial allele during the
selective sweep. Assume a new gamete is built (forward in time) by recombination
of a bene cial allele at the selected locus and a neutral variant linked to a wild-type.
Following the neutral variant backward in time leads to a migration event from the
bene cial to the wild-type background. Therefore, recombination acts as migration
between the bene cial and the wild-type backgrounds.

Genealogies of two or more loci can be constructed using the ancestral recombina-
tion graph [/,9]. Therefore, we will construct ancestries of two partially linked neutral
loci under a selective sweep bygtauctured ancestral recombination graphs in the
case of only one locus, the two subpopulations are distinguished by the bene cial
and wild-type allele at the selected locus, respectively. This ancestral recombination
graph will serve as the exact model for genealogies at partially linked loci under a
selective sweep. However, an exact analysis is hard to obtain, because the graph must
be conditioned on the random frequency path of the bene cial allele.
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Approximating genealogies for partially linked neutral loci under a selective sweep 301

An alternative approach uses a two-step procedure for genealogies at the selective
and the neutral locus. First, the (approximate) genealogy at the selective locus is
generated and second, the genealogy at the neutral locus is added, which might differ
due to recombination. Two approximate genealogies at the selected site have been
proposed. First, a star-like genealogy, which means that the most recent common
ancestor of all pairs in the population is the individual which carried the bene cial
allele rst[18,24]. Second, a Yule process, i.e., a pure birth process, which allows for
coalescences also during the selective swa&d]. It was shownin4, Theorems 1.1,
1.2]thatthe Yule process approximation is more exact than the star-like approximation.
Therefore, we will use this Yule process approximation for the genealogy atthe selected
site to study the three locus model 8§ for selective sweeps. We will show that the
analysis carried out ir8] in the two locus case can be extended to the three locus case
(Theoreml). Moreover, the approximation by a Yule process can be used to calculate
characteristics of linkage disequilibrium explicitly (Theor@mn

2 The model

Consider a bene cial allele which enters a population of (haploid) Niz¢timet = 0
and has a selective advantagesafith respect to the wild-type allele. Set= sN,
which is called the scaled selection coef cient. As selection can only be detected if
the bene cial allele xes in the population, we condition on xation of the bene cial
allele and lefl be the (random) time of xation.

Assume reproduction in the population follows a Wright—Fisher model, or, more
generally, a Cannings model with individual offspring variance 1. In the limit of in nite
N and a time rescaling in units & generations, the frequency path of the bene cial
allele is the solution of the SDE

dX = aX(1— X) coth(aX)dt + /X (1 — X)dW, 2.1)

with a standard Brownian motidV and Xy = 0. This diffusion arises as-transform

ofthe process describing the unconditional frequency path with the xation probability
of the bene cial allele as a harmonic function and has 0 as an entrance boundary. (See
e.g. B], p. 245 and g, (2.1)).

Two neutral loci are partially linked to the selected locus. For simplicity, we refer
to the two neutral loci as thkeft andright neutral locus, denoted Hy and R. As
illustrated in Fig.1, the selected locus lies either (i) outside or (ii) in between the
neutral loci. All other possible geometries are equivalent to either (i) or (ii) because
of the symmetry in the model.

Recombination can break up the association of these three loci. (We only consider
recombination as simple crossing over. Gene conversion is not considered in our
model.) As we take a limiting in nite population and rescale time by a factdy pive
have to consider scaled recombination rates. These are different for the two geometries.
For geometry (i) we denote the recombination rates between the selective and neutral
loci by psi, pLr and for geometry (i) by s, psrrespectively.

The two linked neutral loci do not affect the frequency path of the bene cial allele.

In contrast, neutral variants which are linked to the bene cial allele at the beginning
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Fig. 1 The two possible geometries of the select&gnd the two neutral locil{ and R). The scaled
recombination rates between loci are giverplgy, pL R, p_ s andpsr

of the selective sweep rise in frequency. Looking backward in time from theTtiofe
xation, we can trace back the history of a nite sample at all three loci. As the neutral
loci are linked to the selected one, the genealogies at all three loci are correlated.

For the construction of the ancestral recombination graph relating all loci, time
is running backward, so we spt= T — t. Conditioned on a frequency pafti =
(Xt)o<t<T, given by @.1), we will describe the ancestral recombination graph as a
partition-valued process® = (&5 )o<p<T-

Assume we take a sample ﬁom the population at tim&very individual in the
sample carries onke and oneR-locus. Of allL- and R-loci present in the sample we
want to trace back a numberof L- andr of R-loci. These loci are represented by
sets? for the L- andr for the R-loci. So, := |€|,r := |r|. To de ne the state space
of the structured ancestral recombination graph denotetthe set of partitions of
Afor a nite set Aand de ne

Pror =& = (€5,8), 8B UEP € Py, EB N EP = o).

The coordinateg B and &P contain partition elements located in the bene cial and
the wild-type background, respectively. Fore P, . we writej) for the partition
element containing e £ U r.

The ancestral process is started at the tfne- 0 of xation of the bene cial
allele. So, the sample &f- andR-loci is linked to the bene cial allele. Therefore, we
start the process iT:bX = (m, @) for somen € P, ,. Assume the state at tinfeis
&' = (§B,&") € Py, For| € £ ur the partition element which contairjse ¢,

ie., (ng)(j), encodes the set df- and R-loci, taken from the population at tinik,
which have the same ancestorjeat timeT — 3. Usually we will study the genealogy
of n pairs ofL- andR-loci. In this case set := {1,...,n}andr := {n+1,...,2n}
and start the process with= {{1,n+ 1}, ..., {n, 2n}}.
The dynamics of the process is given as follows: Coalescence events occur for lines
in the bene cial and the wild-type background with pair coalescence ré¥er1g
and ¥(1 — X7_p) at time B, respectively. So, giveg" = (£7,&") with €8 =
e, ..., EBI} and&P = (&b, ... ,Elgbl} transitions occur for & j # k < |€B| and
1<j' #K <[g° from (£B, ") to

(€= &P EepuEP ugn). ) wimates—, @
- 2.2)
. 1
(EB. &P\ {Ejbu g U {Ejb/ U E;B}) with ratem, 2
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respectively. For transitions in the procés¥ due to recombination we focus on
geometry (i) rst. A recombination event hits one line between$wand thel locus
with rateps| and between the and theR locus with rateg| r. If arecombination event
occurs between th8and thelL locus, it may be that both recombining chromosomes
carry the same allele at ttf®locus. This gives a recombination event which cannot be
seen effectively and we ignore itin the procgss All other recombination events must
be modeled. I£5" = (£B, &) with €8 = (&8, ... 'EEB\} and&P = (&b, .. .,z‘gb‘},
transitions occur for & j < |EB]and 1< k < |&P| from (EB, £°) to

(€2 \ &Py e u P with rateps (1 — Xt-p) (3
(EB\EPHUEE N0 E U ER Nr))  withratepir(— XT-p)  (4)
((EB \EPHUESNeEP Ny, Eb}) with ratepi RX1-p (5)
(£5. @\ @D UEENeENr))  withratepr(l - XT-p)  (6)
(£® Ul &\ &) with ratepsL X7 g (%)
(EBUEE N @\ EDUEEN ) with ratepRXT—p. (&)
(2.3)

Here,(3;) encodes a recombination event which takes a pair of linkeaind R-loci

from the bene cial to the wild-type background; an evenf) @eparates th&-locus

of a line and takes it to the wild-type background;(y) the L andR loci of a line

in the bene cial background are split but remain both in the same backgr¢6nd,;
describes the same transition for a line in the wild-type background. The transitions
(7;) and(8;) describe the back-recombination of loci into the bene cial background.

Example 2.1An example displaying the dynamics of the proc&ssfor geometry

(i) is shown in Fig.2. The sets oL- and R-loci aref = {1, 2, 3} andr = {4, 5, 6},
respectively. The starting partition Zg" = (m, @) with m = {{1, 4}, {2, 5}, {3, 6}}.
Several kinds of events can happen; coalescences in the bene cial background, i.e.,
an event (1), recombinations which leave the two neutral loci together but change the
allele at the selected site, i.e., an evé3)) and recombination events which split the

two neutral loci. The last kind of event may either bring one of the two neutral loci

in a different background4;), or split a line within the bene cial backgroun@;),

or split a line in the wild-type backgroun¢;). The nal partition isé{Y = (ETB, E?)

with &8 = {{1, 2}}, &2 = ({3}, {4}, {5}, {6}}.

For geometry (ii) we have (rescaled) recombination ratesandpsrbetween the
left neutral and the selective and the right and the selective locus, respectively. Here,
transitions occur frong€ B, £P) to
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(EB\(EPDUIEE Nr), 82U (EP N4} with ratep (1~ X7-p) (i)
€5\ (PN UL N, EPUEF Nr}) with ratepse(l — X7—p) (4)
EC\EPHUEFNLEPNrLEY)  withrate(ps+psRXTp (5

(
(
(
(
(e°
(

E5, (EP\(EPNUEL N &P Nr})  with rate(pLs + PsR(L — X7-p) (6if)

UGN 0, P\ (EDUIEE Nr))  with ratepLsXrp (i)

EBUEDNr), B2\ (ED) U(EP N E})  with ratepsrXT—p. (&)
(2.4)

These events refer to a change in background from the bene cial to the wild-type
background either for the-locus,(3;i ), or theR-locus,(4;i ). Splits in the bene cial

and wild-type background may happen as in the case of geometry (i); see @yents
and(6j; ). Back-recombinations to the bene cial background are denotg@;pyfor

the L- and(8;;) for the R-locus. Observe that a transition which takes both loci on
one line from the bene cial to the wild-type background cannot occur for geometry
(ii); cf. event(3;).

Debnition 2.2 Assumet andr are sets of left and right neutral loci, respectively, and
X = (Xt)o<t<T is a frequency path of the bene cial allele given [&/1).
Conditioned on, consider the jump proce&s’ = (& )o<p<T, Which starts in

ng = (m, @) for m € Py, and makes transitions by coalescence events (1), (2),
given by @.2) and recombination events;§8;) or (3;)-(8;j) from (2.3) and @.4),
respectively. This procegs® is denoted thetructured ancestral recombination graph
for the L and R locusonditioned onX for geometry (i) or (i), respectively.

The mixture oféT over the distribution of frequency paths given y1j de nes
the random partition; = ( B, D), i.e.,

. :=/z§"ﬁv[dx1.

3 Main result

We study selective sweeps in the in nite population limit, i.e., the frequency of the
bene cial allele follows the SDE given by2(1). Moreover, selection is most ef cient
for large selection coef cients. Our goal is to derive a simpler but approximate ex-
pression for ; in the regime of large. It was shown in 3] that for the xation time

T of the bene cial allele

2logo(

E[T] = +0( ) V[T]:O(a—lz) (3.1)

for largea. This suggests that only under the scaling: O(a/ loga) for the recom-
bination rate a non-trivial number of recombination events occurs during the sweep for
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{1,4} {2,5} (3,6}
: T :

: : | :

0 frequency of the beneficial allele 1

Fig.2 Astructured ancestral recombination grap’ﬁconditioned onthe frequency pathof the bene cial
allele. Between timeR = 0 andB = T coalescences may occur at rafEsand(2). Recombination events
happen at rate€3;) — (8;). Thedashed linesndicate ancestry of the-locus while theR-locus may be
traced alonglotted lines

largea. This is true for all possible kinds of recombination events during the sweep,
so the recombination rat@s;| , pLr @andp s, psr for geometries (i) and (ii) should
be of this order. Henceforth, we assume

a a
G try (i): = —_— = —, 0< , <
eometry (i): psiL VSLloga PLR yLRIOga YsL YLR < 00
Geometry (ii): = a = a 0< <o
y () pLS_yLSIoga’ pSR—VSRIOga1 YLS, YSR .

Our approximation of ;; is based on a Yule tree, which serves as an approximation
of the genealogy at the selected locus. A Yule tree is the realization of a Yule process,
i.e., a pure birth process which starts with one line and every line splits in two lines
after an exponential waiting time.

In our approximation the quantity

p2(y) = exp( — ﬁ: .}) (3.2)

will play an important role.

Assumel andr are sets of left and right loci armd € Py,.. Three mechanisms
determine the Yule approximation of the partitiop. First, we approximate splits in
the bene cial background, i.e., ever(&) and(5;; ), by the following procedure:

For all partition elementsty, ..., |, realize Bernoulli random variables
U1, ..., U which are 1 with success probability

geometry (): 1-p5*“(yLr)  geometry (i): - py(yLst+ysR. (3.3)
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If Ui = 1, split theith partition element in its left and right locus. Altogether,
this de nes a partition

T[/={T[iﬂ€,T[iﬁr:Ui =1}U{T[i : Ui =O}.

Next, realize a Yule process with branching ratd.e., each line splits in two lines
at ratea. Stop this process when it ha8a| lines. Call this tre€). To obtain the
genealogy of a sample of size’| from this tree with| 2a | extant leaves, we use the
following construction:

Start with|m’| lines from the full Yule tre€) with |2a] lines. When there are
k lines left at the time the full tree hadines, the probability that a coalescence
event occurs among tlkdines at the time the full tree goes franoi — 1 lines is

k
Q) (3.4)

()

By this construction we build a tre¥;/, with the partition elements af’ as
leaves and nodes which record the number of lines in the full Yule tree.

Remark 3.1To construct the sample trg&;/ from Y is atask equivalent to describing

an exchangeable sample from a tree which arises by exchangeable binary coalescence
dynamics. This has been studied Bg[and was recalled inJ, Lemma 4.8]. Ifl; =i

is the number of lines in the Yule tr@éat timet, denote byK; the number of lines in

Y while Iy = i. The proceséK;)|2q)>i>1 is a time-inhomogeneous Markov chain

with transition probabilities

k
P[Ki_1 = k — 1]K; :k]z(.i), i=2,...,12a],k=2,...,|m|.

(2)
Moreover, the sample tree can be described forward in time by noting that

Im'| —k+1

PKi =klKj-1 =k —-1] = ———F—.
[Ki IKi-1 ] I +i -1

m}

The sample tree which is pruned out of the full tree in this way represents the
genealogy at the selected site. To describe the genealogies at the partially linked
neutral sites we mark the sample Yule tree to determine further recombination events.
A mark stands for one (or two) recombination events that may occur. This works in
the following way:
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Table 1 For geometry (i), we mark every branch in the Yule tree by at most one from three different kinds
of events

Mark Probability

SL (1_— piif(VSL)) Pioz(VL R)

LR df(V§L)(1— p;i(VLR))
SLR (1= PZ(s0) (1 - PF(YLR)
no D;f(Vs D) pi'f(VL R)

If a branch starts when the full Yule tree hasand ends when it has lines, the probabilities for all marks
are given in the table

20 lines
T (L5} o {26} (3,7} oot (4.8
3 3 ! i
I I -—é - —— _I. .............
T s 1,5} F{zye}., ‘ 3} e {7} iﬁ} ................................ (8}
| £ { |
'\ I “ >
3 3
k. ,' | //
L I <
s \ SLortR
/_ el \ .
V. F \
L k )Y
[——— € e T
| SLR LR s -
| : 7 : _
| : | . .
T 1,2} o {58 (B4} o {7} 8

Fig. 3 The Yule process approximation for two linked neutral loci under a selective sweep. Here, we
consider geometry (i). Thé-locus may be traced back alomigshed linesvhile dotted linesindicate
ancestry of theR-locus. See text for explanation

Let a branch in the tre®|;/| be given which starts when the full tree has
i1 lines and ends when the full genealogy haknes. For geometry (i),
every branch can be hit by at most one of three different kinds of marks
indicating recombination events. These 8ie, L R-, andSL Rmarks.
Their probabilities are given in Table For geometry (ii) the branch is hit
independently by S- and S Rmarks with probabilitieg1 — pi'f(yLs))

and(1 - pl?(vsR).

Here, SL-marksL S-marks separate thg&- from the L-locus on each
branch of the tree, etc. For geometry @ Rmarks separate th&-
from theL- and theL- from the R-locus.

Example 3.2The above construction is illustrated in F&yWe consider geometry (i)
here. A set = {1, 2, 3,4} of L-loci andr = {5, 6, 7, 8} of R-loci is given. Starting
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witht = {{1, 5}, {2, 6}, {3, 7}, {4, 8}}, every partition element s split with probability
L2a] according to 8.3). This results in the ner partitiom’. The partition elements
of m’ are used to construct a sample tree from a full Yule tree which Paglines.
The coalescence probabilities for the sample are giver8lgly. On the sample tree,
branches are marked I8L-, L R-, or SL Rmarks according to Table The resulting
partitionTt” is constructed as given in De nitio®.3.

We are now in a position to de ne our approximation based on the Yule process.

Debnition 3.3 Assumet andr are sets of left and right neutral loci, respectively, and
T € Peur. By (3.3 construct the partitiom” and by 8.4) and @.5) a Yule tree)/|
with marks. For geometry (i) de ne the equivalence relation:

Ty T
no SL-, SLRmark on Y if j,ked,

T T
noSL-, LR-, SLRmark on Y , ifjker

T T
j ~k:<= |noSL-markon Y , (3.6)

"H, Tk
no L R-mark on Y , ifjel,ker

T
no SL Rmark on Y

where the bold lines indicate for which part of the tfdq/| relating two lines with
the root of the tree, the constraint on marks applies. For geometry (ii) set

T T®
no L S-mark on Y , if j,ked,

T T
no SRmark on Y , if j,ker,

I SR=— n('].) T[(/k) (3.7)
no L S-mark on ,
, , ifjel,ker

T, [®

no SRmark on
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(The equations3.6) and @.7) indeed de ne equivalence relations, as can easily be
checked.) Each of these equivalence relationd anr de nes a partitionnt”. For
geometry (i) there is a unique partition element

T[/- T[/k
n’(:{j €€ :noSL-, SLRmark on ij)}u{ker : noSL-, LR-, SLRmark on (I)}

(3.8)
and for geometry (ii) a unique partition element

Ty ¥
n/{z{j € £:noLSmarkon (ll)}u{ker: noSRmark on |

Then the random partition
Y = ({nf}, 1"\ {m§})
is called theYule approximation of .

Example 3.4For the example in FigB the SL-, L R- and SL Rmarks on the sample
tree lead to the realization

Yr = ({{3,4}}, ({1, 2}, {5, 6}, {7}, {8}}).

Theorem 1 Letm € Py, and 7 andYy be as in Debnition&.2and3.3. Then,

1
E:;)er |P[ n=¢& —P[Yn= E]| = O(w)

Remark 3.51. The Theorem states that, for largethe random partitions; and
Y are close in variation distance. Here, variation distance refers to the maximal
difference in the probabilities to obtain any partitigne P, .. The order of
accuracy, given by the Landau symbol, still depends on several parameters. These
are the cardinalities andr and recombination constants, Y. r for geometry
(i) andy_ s andysR for geometry (ii). The proof of Theoremwill be given in
Sect5.

2. At rstsight, comparing the De nition8.3and2.2the Yule approximation does
not look any simpler than the exact model. However, the Yule approximation has
advantages both analytically and computationally. The random partifiarlies
on constructing a frequency patf, while the Yule approximation constructs
the ancestral recombination graph for the sample directly. Analytically, as we will
see in Sect, this means that explicit calculations are possible. Computationally,
i.e., for simulations of the ancestral recombination graph, the direct construction
of the ancestry of the sample allows for fast algorithms; 88fpr the case of a
single neutral locus.
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3. The current paper is a generalization of results found]ifof a two-locus system
with only one neutral locus. More precisely, consider the projection,adindyr
on only one locus, i.e., on eithéor r. In Propositions 4.2 and 4.7 of that paper it
was shown that the projection ®f; on£ or r is an approximation to a structured
coalescent with an error in probability of the omfé((log 0()*2).

4. In[3]an approximate sampling formula was given in the two-locus case. A similar
approach would be possible here. However, we refrain from its derivation because
it was shown in21] that the sampling formula in the two-locus case only produces
numerically sound results for < 5.

5. Asindicated numerically irfl], the Yule approximation can be improved. To un-
derstand how this works, we need to collect the errors which contribute to the error
of order@(1/(log a)?). First, the Yule approximation ignores eve(®y, (6i; ), (7)
and(8). Second, as will be clear in the proof of Propositio§, the coalescent rate
in the bene cial background is decreased frofiXidt to (1— X)/ Xdtby the Yule
process. It is the latter error that dominates, at least in large samples, because the
total coalescence rate increases quadratically with the number of lines. However,
increasing the coalescence probability 3j to

() 1- 5

at the time the Yule tree hadines corrects for this error.

6. For simulations of genealogies it is most important that the Yule approximation
given above is not restricted to the case of two neutral loci. The take-home-message
from the construction of the Yule approximation is that splits in the bene cial
background are generated rst and afterwards marks on a Yule tree determine all
recombination events. Both, splits in the bene cial background and recombination
events along the Yule tree can be given along a continuous chromosomex

VN

4 Application: D

Lewontin’s D is a measure of linkage disequilibrium (non-random association of
alleles) and is frequently used as a simple statistic in a multi-locus setfiffy $ee
also b, (2.89)]). Given two lociL andR with alleles 0 or 1 at each locus, it is de ned
as

D = pLr— PLPR (4.1)

where p_r is the frequency of individuals carrying allele 1 at both logj, is the
frequency of 1's at thé locus andpr is the frequency of 1's at thR locus..

To predict patterns oD between pairs of neutral loci at the tinfeof xation
of a bene cial allele we next approximal D(T)] using Theoreni. It is crucial to
observe thak[ pLr(T)] as well agE[ pL (T) pr(T)] may be derived by the distribution
of genealogies of linked neutral loci under selection and the expected allele frequencies
at the beginning of the sweep. To see this, noteliligt r(T)] equals the probability
that the ancestors of tHe- and R-locus of one randomly picked individual from the
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Approximating genealogies for partially linked neutral loci under a selective sweep 311

population at timé carry alleles 1 at both neutral loci. Analogoudlyp, (T) pr(T)]

is the probability that the ancestors of theand R- loci of two different individuals

at time T both carry allele 1. Denote by the probability that both lociL and R
from one individual, picked at tim&, have a common ancestor at the beginning of
the sweep. Analogously’ is the same probability for the- and R-loci from two
different individuals. Using these de nitions we see that

E[pLr(MI=a-E[pLr(0)]+ (1—a) - E[pL(0)pr(0)],

4.2

E[pL(T)PR(T)] = - E[pLr(O)] + (1) - E[pL@pr@)]. 2
Combining @.2) with the de nition of D from (4.1),

E[D(T)] = (4 — d)E[D(0)]. (4.3)

Both,q andg’ may be approximated by Theordnformally, settind = {1}, r = {2},

a=P[ &V bgy=012)],

(4.4)
d=P[ BV fe=012]

As  may be approximated by this brings us in a position to predict patterns of
D at the end of a selective sweep.

Theorem 2 For geometry(i),

20 1
E[D(T)] = p§*(2yLr)(1 - pE%(2ysL) JEID(O)] + O +—— ),
0 LR( ék(k+1) k SL) ((Ioga)2>
(4.5)
and for geometryii),
1
E[D(T)] = E[D(0)] - O(W). (4.6)

Remark 4.11. Patterns of Lewontin'® can be studied by deterministic forward
calculations instead of our genealogical approach. This was carried aefin [
under the assumption that strong selection leads to a deterministic behavior of
allele frequencies. Speci cally, the frequency of the bene cial allele follows the
logistic differential equation

dX =aX(l— X)dt, Xo= %

instead of the stochastic path given [2y1). Predictions oD at all times during
the selective sweep were given. In particular, their equation (47) approximates
values ofD at the end of the sweep for geometry (i).
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In real populations, random effects due to genetic drift are not negligible. This has
been pointed out byl{]. The Yule process approximation captures most random
effects. Indeed, comparison with simulations frobd]][shows that the results
produced by the Yule process approximation are more accurate than th@sg of [
(see Fig4).

2. For empirical studies it is most interesting to know which patterns of linkage
disequilibrium to look for in real data. The pattern genetic hitchhiking can produce
was discussed ir2p] and [22]. Surprisingly, hitchhiking reduces levels of linkage
disequilibrium compared to the neutral expectation. This is evident fromdFig.

If the selected locus is far from both neutral loci, linkage disequilibrium between
the neutral loci is not affected by hitchhiking. Therefore, value®dbr large

psL converge to the expectation Bfunder neutrality. This effect was taken up by
[22] to argue that genetic hitchhiking produces patterns in the association of alleles
similar to recombination hotspots, which are e.g. important in genetic association
studies in human<2]. However, genetic hitchhiking certainly produces patterns
different from recombination hotspots in general, e.g., a low neutral diversity or
a distinctive site frequency spectruiy.[

3. An accurate approximation @&[D(T)] does not suf ce to predict patterns of
linkage disequilibrium in general. In addition to genetic drift, random effects
which affectD(T) were found in 5] to be the allelic type of the founder of the
sweep and its frequency. The resulting variancBioan be considerably higher
than under neutrality.

Now we come to the proof of Theorein

Proof The key in the proof is to compute the probabiliteandq’. This is achieved
by the Yule process approximatiafy, of Theoreml.

N
o
S
9 b—0
o | R §$
E = \é\+
T o L R
8 o7 \é\+
Ll \
—e— Wright Fisher \é+
[Te) \
g | —A— Yule ot
= —— [25], eq. (47) \°\+
Ay
o
T T T T
300 200 100 0 20
PsL

Fig. 4 The effect of Lewontin’® under a selective sweep may be simulated in a Wright—Fisher model. In
this process, the frequency path of the bene cial allele is stochastic and the ancestral recombination graph
may be built conditioned on this frequency path. The locations ofthedR locus are xed. The position

of the selected site varies along tkexis. If we compare the result from.g) to equation (47) of25] we

see that the Yule process approximation is more accurate. The parameters of the Wright—Fisher model are
N = 10°,a = 1000 p_r = 20 andD(0) = 0.0242
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We start with geometry (ii). Here, we can see from the Yule approxima#on (
thatq = g’ up to a term of orderA(log a)? since one. and oneR locus are identical

1 2 1 2
by descent iff there is nb S mark on Y and noSRmark on Y . This

does not depend on the linkage of theand theR locus at the end of the sweep.
Consequently,4.6) follows.

For geometry (i), we start with the approximationgdf For onel. and oneR locus
from two different individuals there is a random numlbenof lines in the full tree of
the Yule approximation at the time the selected loci which are linked to the neutral
ones coalesce. To obtain the distributiorikgfwe compute

A== I—lzill-l(l_ é)é

2a
(+D0-2\ 2 2 1
=(H T )k(k—l)zk(k+1)+0(a)’

I=k+1

which is a special case o8], (4.16). We read from3.6) that theL andR locus are
identical by descent at the beginning of the sweep if and only if (a) no mark iLan

1 2 1 2
mark falls on Y , (b) no mark hits Y and (c) no mark or ah R mark

1 2
falls on Y . Hence we compute

20
’_ 2 k 20 2a 20 1
q = gz Kk D Po(YLR) P (YsL) Pic (YLR) PE (YsL) + O (oga)?

2a
= p(YLrR) D 4.7)
k=2

2a
2 Kk + 1) Pk (2VSL)+(9(

1
(log G)z) '

For g we have to distinguish the cases where theand theR-loci split or not. If
they do not split, the_- and R-locus have the same ancestor at the beginning of the

1,2
sweep if and only if there is neither arR- nor anSL Rmark on I . If they split,

the probability of a common ancestorgs Therefore,

q = P& (YLR)PEX(YLR) + (1 — P& (yLR))d + O (m) : (4.8)
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Hence

E[D(T)] = p&(yLr)(PE(YLR) — O )EID(O)] + O ( 4.9)

o)

and the result follows.

5 Proof of Theorem1

The proof deals with geometries (i) and (ii) simultaneously. We will write events at
rates (3)—(8) whenever we refer to the ratg3«@ ) for geometry (i) and (3)—(8i)
for geometry (ii), respectively.

We will be dealing with several random partitions all of which agree up to an error
of order@((log(a))—z). Exactly, we will prove

Prop.5.2 Prop.5.5 Prop.5.6

T 1 L T

where , 1, pandYy aregivenin De nitions2.2, 5.1, 5.3and3.3, respectively
and '~ means that the random partitions differﬁy((log or)*z) in variation distance.
While r is the random partition which is de ned by the structured ancestral
recombination graph, the other random partitions are approximations. Firstrises
by (i) ignoring events which occur according to ra{@y, (6 ), (7) and(8) and (ii)
realizing all events according to rgf® rst and only afterwards, construct the process
using rateg€1), (3), (4) and(6;). Second, ;; already deals with the Yule process. It
is derived by marking an in nite Yule tree by two constant rate Poisson processes
with ratespsy, pLr for geometry (i) ang s, psrfor geometry (ii). Finally, the Yule
approximationy; of ; arises by considering only the number of lines in an in nite
Yule tree at times of coalescence in a sample.
In the whole proof we rely on a probability measir®n a probability space on
which the solution of 2.1) as well as arbitrarily many independent Poisson processes
and other random variables are realized.

Debpnition 5.1 De ne a’P, ,,.-valued random variable  as follows: starting int e
Peur splitall partition element& € 11 independently int§ N £, & N r with probability

1-E [exp(—p -/szds)] (5.2)

wherep = p_r for geometry (i) ang = p. s+ psrfor geometry (ii). The resulting
partition T’ is used for the starting poir(it’, @) of a process|* = (r]é()OSBSTi
conditioned on a frequency pah = (Xt)o<t<T With transitions according to events

(D), (3), (4), (6), given by @.3), for geometry (i) and to events (1),i{Band (4;),
given by @.4), for geometry (i), respectively. Givem", de ne

n :=/n{-‘19>[dX].
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Proposition 5.2 Letm € Py and  and  be asin Debnition8.2and5.1 Then,

1
sup |P =¢]-P =¢]l|=0{—-).
EePé€r| [ n=¢&] [ n E]| ((Ioga)z)

Proof We proceed in several steps. Our arguments in Step 1 show that we may discard
events which occur at rates (2),i(6 (7) and (8). In Step 2 we use a xed number of
Poisson processes to generate the random partition we want to approximate. Our goal
is to separate events (5) from the rest by verifying a certain order of the possible events
and establishing an approximate independence of the events (5). Particularly, we show
in Step 3 that splits in the bene cial background (i.e., events (5)) take place before
all other events with high probability. The approximate independence will be proved
in Steps 5 and 6 by an application of a general result on mixed Poisson processes we
establish in Step 4.

Step 1 (Small probability of events (2), (9, (7) and (8))
First, note that by Proposition 3.4 d][events (2), i.e., coalescences in the wild-type
background, have a probability of oroté((log 0()‘2) . Furthermore, events (7) and (8)
are back-recombinations into the bene cial background and hence, again referring to
[3], have a probability of orde@((log cx)*z) as well. Additionally, for geometry (ii),
events (§), i.e., splits in the wild-type background, can only occur if a coalescence
event (2) has happened before. As a consequence, we can discard events which occur
at rates (2), (§), (7) and (8) producing only an error in variation distance of at most
O((loga)~2).

So we are left with aP, .-valued stochastic process conditioned afh
{Y = (§gMo<p<T, which arises by eventtl), (3), (4), (5) and(6), and is star-

ted ing* = (1, ©).

Step 2 (Construction of ¥ by Poisson processes)

Recall that := |€]| andr := |r| are the number of andR loci under consideration.
Take Poisson processes which are all conditionally independent given the random
frequency patht’ of the bene cial allele. For coalescence, take a Poisson pragess
with

1
rate( er r) X (coalescence in the bene cial backgrognd (1),
T-B

(5.2)
at timef3; for recombination events take Poisson proce§sgs7,,, 75, with

rate psi (1 — Xt_p) (rec. to the wild-type backgrouhd (31,
raterp. r(1 — Xt_p) (rec. to or splitin the wild-type backgrouhd (4), (5.3)
raterp . RX7-p (split in the bene cial background (51,
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at timef for geometry (i) and Poisson processgs, 7y, 75, With

rate pLs(1— Xt_p) (rec. to the wild-type backgrouid i),

raterpsr(l — Xr_p) (rec. to the wild-type backgrouid (4),

rater (oLs + PsrR) XT—p (split in the bene cial background (5i1),
(5.4)

at time for geometry (ii). We have combined recombinations to the wild-type and
splits in the wild-type background in case of geométiysince they happen with the
same rates.

Additionally, let W = (Wi m)i=1,3,4,5,m=1,2,.. b€ a random array such that all
W, m's are independentV, m is uniformly distributed on all pairs of U r, W5 m
is uniformly distributed or¢, and W, i and W; , are uniformly distributed o,
m=12,...

The set Ur can be totally ordered, so we may assume that every partition element
in{ € P, , has a smallest element. Recall that we wijig for the partition element
containingj e £ U r.

We abbreviate by7;-7; the Poisson processés;-75; for geometry (i) and the
Poisson processé&s;; -75;; for geometry (ii). Next, We consider that the distribution
of ZTX istheimage measure of the tug@l, 73, 7,4, 75, W) under amayp. Speci cally,
the distribution of* is uniquely determined by the distribution(d,, 75, 7;, 75, W).

To de ne ¢, consider a discrete s@t, < [0,T] and nite setsT;,T,,T5 C
[0, T] such thafTy, N Ty, = @ fori, # i, and sefl = (J; T;. Furthermoren =
(Wim)i=1,3,4,5m=1,2,... Suchthatforalm = 1,2, ...,w; misapairineUr,w; m € €
andw,,m, Ws m € r.Given(T 1, T3, T4, T5, w) we generate a partition by considering
the events i in decreasing order. Assurﬁ§ = (1, @) and after thém— 1)st event
at timef we obtain a partitioriﬁf{ = (¢B,2P) e P, and themth event inT to be
realized happens attinfg € T.

Consider rst the case th' is themth event inT and them;st eventin3’ € T,.

The pairw,,m, = (j,K) gives a random pair of loci. Ky, () € (B and if both, ]
andk, are the smallest elements of their partition elements, coalesce these partition
elements, i.e., make the transition

(ZB,Zb) — ((ZB \ {4y, Qoo U LGy Y Lot Zb)-
Otherwise do nothing.

The next case to consider is tifdtis themsrd eventinT ; andw; m, = j for some

j € €.1f {(j) € B and if j is the smallest element @fj) N £, change the partition
element fron B to ZP, i.e., make the transition

(ZB,Zb) —> (ZB\{Z(J')}. ZbU{Z(j)})- (5.5)
Otherwise do nothing. The case T is similar and is omitted.
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If B’ is them,th event inT ; andw, m, = j for j € r the partition{ again only
changes iff = ming(j) Nr. We distinguish two caseg;) € & and{(j) € Z°. Inthe
former case, split the - and R-loci in the partition element in two partition elements
and bring allR-loci into the wild-type background, i.e., make the transition

(2B.2°) — (€B\@@HuEdne, PuEgnn). (66

This corresponds to an event (4). In the latter case split-adind R-loci of {(j) and
leave them in the wild-type background, i.e., make the transition

(2B.2°) — (2B @\ @) Vo e nn), (5.7)

which correspondsto an evdft). Recall that for geometry (ii) onle- and oneR-locus
cannot recombine to the wild-type background together. Hence partition elements in
ZP are either subsets @for of r such that the last transition must not occur for this
geometry.

By generating all events according to this procedure we end with a parﬁiﬁon
Therefore we have de ned the map: (T, T3, Ty, Ts, W) = .

The distribution of+' is the image measure ¢, 75, T4, 15, W) under (5.8)
the mapp. '

To see this, observe rst, that there are only nitely many recombination events (3),
(4), (5) and (§). Almost surely, all events in the Poisson processes occur at different
times, sad is de ned on a set of probability 1. By the above construction, we obtain
that two partition elements i&® coalesce by event (1). The Poisson proce3ses;,
7,4, 75 produce exactly the recombination events (3), (4), (5) and kéence 6.8) is
proved.

Givenw, the random partitio(T,, T3, T4, T5, w) only depends on the order of
time points inT,, T3, T4, T5. There is another feature we will need:

Let B/, B” be consecutive time points ih with B’ € T5,B" € T,.
Exchanging B’ and B” does not alter the random partition
&(T1, T3, Ty, Ts, w). Formally, if TN(R’, B”) = @,T’S = T3\ {BIU{B"}
andT), =T, \ {B"} U{B'}. Then

¢(T_]_, T;, Ti‘, T5, W) - ¢(Tl! Ts, T4, T5, W).
Assumep’ is them;rd event inT;, wym, = j andB” is them,th event inT,
andw,m, = k. If j andk are not in the same partition element fr< p’, the
claim is trivial as recombination events only make the partition ner. Similarly, if

j = min{yN£ork = min{k Nr only one transition occurs and the claim follows.
In the case

4y =Cw. J=min{gne, k=mini;Nr
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(a (b
3 3 /)
Bl (3) = B i(4) :
Bn | I (4|) ] Bu Ir(al),,’_’/' :
f | : |

Fig. 5 aA partition element (a line) is hit by an event taking both theand theR-locus to the wild-
type background at timg’. Afterwards, at time8” the line is split in the wild-type background.Here,

the R-locus is taken to the wild-type background at tiife Afterwards thel -locus is taken to the same
background at timg”. The outcome is the same. The line moves from the bene cial to the wild-type
background and is split there

two transitions occur if and only &(j) = {x € {B. We illustrate this situation in
Fig. 5.

Observe that the two-step transitions for the p§(5r5), (5.7)) (see Fig5a) as well
as for the pail((5.6), (5.5)) (see Fig5hb) are given by

(ZB,Zb) — (ZB\Z(J‘), ZbU{Z(j)ﬂf.Z(j)ﬂr}),

i.e, the partition element both moves frdR to ZP and is split in itsL- and R-loci.
This proves%.9).

Step 3(Probable order of events)

Dene € := W andTg := min{t > 0: X; = €}. We will show that (i) no coales-
cences, i.e., even(s), occurin[Tg, T], (ii) no splits in the bene cial background, i.e.,
eventq(s), occur durindO, T¢] and (iii) splits in the bene cial background, i.e., events
(5) do not overlap with other recombination evef} (4) with high probability. More
precisely, we claim

1
PIT;, N [Te, T] # 2] = O(W), (5.10)
P[T;N[0,T] # 2] =0 (('Oiq)z) , (5.11)
P[minT; < max7; UTy)] = O (@) . (5.12)

First, 6.10 coincides with the assertion of Lemma 4.3 8).[Second, for %.11),
2
we haveX; < % forallt < T¢. Hence we get

Te
P[Z5N[0, Tl = @] =E | exp —rpLR/ Xsds
0
> E[exp(-rpLr € Te)] = exp(—rpLr € E[T]).
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By (3.1) we see thaE [T] = 2"3% + O (). By the choice of, this nally gives

P[;N[0 T =2]>1-0 (('O%“)Z) .

Third, for (5.12 we write, usingp = O (&) , which might change from occurrence
to occurrence,

P[min7; < maxZ3 U Ty) ]

T
—E /P[?’Sn[o,t] 7é®|max(7'3u7}1)edt,X]-IP’[max(TsUﬂ)edﬂX]:|
L0

T t T
<E /(1—exp<—/pxsds)) ~p(1—Xt)exp<—/p(1—xs)ds>:|
0 t

0

T t
<p® E [/(1— Xt)/ Xstdt:| : (5.13)
0

0

The last term can be estimated using the Green function for the diffudityn As the
right hand side of§.13 coincides with the second line of (4.5) i8] we immediately
obtain 6.12).

In the next three steps we will show that realizing the different splits independently
from a xed sample pattt’ = (Xt)o<t<T Will cause only a small error. To see this
we will establish a general result on mixed Poisson processes in Step 4 and apply it
to the Poisson processes introduced in Step 2. The proof of Propdsifiarill then
be concluded by an application of these two steps.

Step 4 (General approximations of mixed Poisson processes)
Let{ (3):d0=>0}{ (d):90 = 0} be families of random variables taking values in
R*. Assume that the expectatioR$ (8)], E[ (3)] are bounded i and

VL @)LV 3)1=0() (5.14)

asd — 0. Denote the distribution function of the Poisson distribution with parameter
A by Poi(+). We claim that fok, | € Ng

E [POi (5)(k)] = Poig| (5)](k) + O @) (5.15)
E [POi (5)(k) -Poi (5)(|)] =K [POi (5)(k)] -E [POi (5)(|)] + 0O ) (5.16)
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Note that by a Taylor series approximation, for a random variabla R with
second moments and sorﬁesatisfying‘ T —E[ ]‘ <| —E[ 1,

k k

ele o ]-ooBE
d2 _ k )
\E[ﬁ(e k—!)\ O -HE D]

1
2
1 - ~“ k-2 ~“ k-1 ~“k ’
EE[G {(k—Z)!_Z(k—l)!-’_k_!”.( —El D]
v

[ ] (5.17)

IA

IA

where the terms if. ..} only show up if the denominators are non-zero and the last
step follows from the fact that the Poisson weight$.in} lie in [0, 1]. As this holds

for every (3), (5.15 follows immediately from %.14). Moreover, by a calculation
similar to (6.17),

2k k72
v [Poi <a>(k>]=E[e*2 © (S))z ]—E[E* “)(Tf)] =0Vl ©)])=00).

Additionally, (5.16) follows easily from the fact that

|IE [POi ©)(K) - Poi (5)(|)] —E [POi (5)(k)] -E [POi ©®) (|)] |
= |COV[POi @®(K) - Poi (5)(|)] ‘ < \/V [POi (5)(|()] . V[Poi (5)(|)] =0(0)

by the Cauchy—Schwarz inequality.
Step 5(Green function estimates)

Setp =y % wherey = y| r for geometry (i) and; = y_s + ysrfor geometry
(ii). Using our approximations from Step 4 we will show next

P[IZ5] = k] = Poig, | T xeag 0 +0O (m) (5.18)
P[(T;UT) N [Te, TI| =k, |T5 =1]

=]P’[|(T3UT4)0[TS,T]|=k]-IP’[IT5|=I]+O( (5.19)

o)

asa — oo. To see this, sat = W and de ne

T T
©®) = rp/ Xsds, ©®)=( +r)p/(1— Xs)ds
0 Te
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Observe thatfok =0, 1, 2, . ..

P[175] = k] = E[Poi ¢)(K)]

_ (5.20)
P[(T,UT) N [Te, T1| =k] = E[Poi (K]

becaus&;, 7,, 75 are randomly time-changed Poisson processe Bfj(and 6.16),
(5.18 and 6.19 follow once we have shown

T B T T
E p/(l— Xs)ds| <E p/ Xsds| <2y +0O (é) (5.21)
Te L O .

T B T N
1
A\ p/(l—xs)ds <V p/Xsds :O(W) (5.22)
Te L O _

aso — oo.
First observe thaXt)o<; <7 has the same distribution & — Xt _t)o<t<T by time-
reversibility (see e.9.8,12]). Hence the inequalities on the left hand side ®2()
and 6.22) follow. Second, we verify the expressions on the right hand sid6.afl(
and 6.22) by an application of the Green functi@y., .) of the diffusion(Xt)o<t<T.
This function satis es

T 1
Ey { 0/ g(xt)dt} - O/ G(x, y)g(y)dy

whereEy[.] refers to the patliXt)o<t<t With Xo = x andE[.] := Eg[.]. The Green
function is given by

(1-e00-M)(1-e~ W)
ay(1-y)(1-e)
(e —e= M) (e -1)(1-e")
ay(1-y)(1-e-*)(1—e—9x)

fx<y
G(X1y)=

if x>y,

see e.g.3,12]. More generallyG(., .) satis es

T T T
y [ [ [ | a0 aoxomc __dtl}
0

t1 tk—1

1 1
=/.../G(x,xl)...G(xk_l,xk)gl(xl)...gk(xk)dxk...dxl
0 0
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forallk = 1, 2,... which can be proved by induction. We may thus write, because
G(x,y) = G(0,y) fory > x,

.
V[p / Xsd
0

11 11
p? (2//6(0, X)G(X, y)xydydx— 2//G(O, xX)G(0, y)xydydx)
00 0 X

X 1

1 X
2p2//G(0, X)G(X, y)xydydx < 2p2//G(O, X)G(X, y)dydx
00 00

_ 2 _ 1
=PVITI=0 ((Ioga)z)

L

by (3.1 which gives 5.22).

Step 6 (Approximate independence)

As we have seen irb(8), the distribution oﬂTX is determined by the distribution of
W from Step 1 and the distribution of the order of events in the Poisson procEsses
73, T, and7s. The calculations in Step 3 allow us to make the assumptions

on the ordering of events in these Poisson processes as these events have probability
1 — O((loga)~2). Furthermore, we know fromb(9) that events ir7; and 7, may

be exchanged without changing the distributioriﬁf. Moreover, giveri(73 U 74) N

[Te, T1| =k, the distribution of 73N [T , T]| is binomial with parameters/( + T)

andk. Hence, the distribution d; is determined once the joint distribution of

7.N[0,Te], T3N[0,Te], Z,N[0,Tel, [(T3UT)N[Te, T]

. |T5]
is known. To approximate the joint distribution of these objects, de ne
Tf =7TiN[0,Tg],i=1,3,4 and K; ,:= ’ (’]'3 UT4) N[Te, T] |, Ky = |T5|

We will prove
€ Tt g€ -1
]P)O (7—117—31,];‘_1 K3,41 KS)

_1 1
_ € € € H
=Po (71 , 7; ,7;1 y K3,4) ® POIIE[rp f(;r Xsd5:| + O (W) (523)

wherePo X1 is the image measure of the random variablenderP and the Landau
symbol in this context gives the order in variation distance of the distributions.
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Once 6.23 is shown we conclude tha{; is approximately independent of all
other events. Furthermore, its distribution may be interpreted as the suRoison

distributions with parametdk [p fOT Xsds]. These determine the number of split

events on all partition elemenise  with § N r # @. A partition element splits, if
it is hit by at least one split event. The probability for a split of a partition element is
thus given, usingX.18 and 6.20 for k = 0, by

1—exp(—p -E[O/szds]) = 1—E[exp(—pO/TXsds)] +O(m).

with p = pLgr for geometry (i) angh = p.s+ psrfor geometry (ii). Observe that;
is determined by the distribution oitTf 3,75, K3,4) if K5 is known. The random

partition r is determined by the distribution ((fff 3,7y, K3‘4) independently
of K5. So, Propositiorb.2 is a consequence of the approximate independence of
(Tf, 3,71y, K3,4) andK; given by 6.23.
We write
]P) o (7181 ,];sl 7;181 K3,4l K5)_1
:/IP’X o (T8 T8, 75, Ky Ks)

-1
= /P(Xt)OSISTS ° (va 7'381 Zf) P [d(xt)OﬁsTf]

1
P[dX]

_ loga)?
®/]P>(xt)ﬂSIST o (K4 Ks) 1IP>[d(Xt)Ta<t<T]+O(( % ) )

where we have used the fact tAatis a stopping time and the strong Markov property
of the processt. Note that by §.11) we may assum&s = |75 N [Te, T]| which

. ((Iogc}()2 : -
gives an error o T) in probability. From Steps 4 and 5 we get

/P(Xt)Tegth ° (K3.41 K5)_1P [d(xt)TsstsT]
. . 1
= Po'nz[( +)p J (1-Xs)ds] ® Po'E[rp S xstis] +0 ((Iog O()2)

Rewriting

. -1
PO'E[( +0p (- Xa)ds] T /P(Xt)TEEth o (Ks4) P[d(X)Tect<r],
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and using the strong Markov property &fa second time we get

-1
Po (TfT;T; K K5)
1
= [ Ponare o (76,75 75) " P[d000ctere]

®/P(Xt)T€515T o (K3,4)_1P[d(xt)T€5t§T]
. 1
© POfip 7 w0 +O (9e2)

1 1
o € € € :
=Po (T8, 75, 75, Ks.) ® POl Xsd5]+0(—(logor)2>

and we are done.

By Propositiorb.2, eventq5) can be generated independently of the frequency path
and of all other events. The rates of the recombination e\@t¢4), (6;) at time3
are all proportional t§g1 — Xt _g). This is reminiscent of the case of only one neutral
locus, studied in3], where a line carrying one neutral locus in recombination distance
p recombines to the wild-type background with rafd — X1 _p). As a consequence
we can use the same techniques used there, especially their Proposition 3.6. which
states that a marked Yule tree approximately gives the same partition as the structured
coalescent.

Debnition 5.3 De ne aPéUr—valued random variable; as follows: For all partition
elements, € m which N¢ # @,& Nr # @, i.e.,§ carries both left and right loci,
split the partition element in its left and right loéj,N ¢, & N r according to .1).
Denote the resulting partition by .

LetY be an in nite Yule tree with branching rate Moreover, consider the random
treeY /) which arises by samplingt’| lines fromY at in nity. Identify each of the
|| partition elements oft” with one sampled line. Between the root of the Yule tree
Y starts and the time it hg2a] lines, mark all lines by the following procedure:

For geometry (i), the tree is marked by Poisson processes withgateendp, r.
These marks are relabelled such that each branch is hit by at most one mark. Call the
corresponding markSL-, L R- andSL Rmarks. The following rules are applied:

(a) Ifthe Poisson process with raig| puts the rst (backward intime) mark at time
t from the root, start a Poisson process with @te and run it for timet. If an
event occurs during this time, the branch is marked b$ &R mark, otherwise
by anSL-mark.

(b) If the Poisson process with rapg r puts the rst (backward in time) mark
distinguish the following two cases: if the Poisson process withggtehits the
branch as well, it obtains a8L Rmark. Otherwise, it obtains dnR-mark.

For geometry (ii), mark the tree by two independent Poisson processes with rates
pLs andpsr If a branch is hit by one or more events of the Poisson process with rate

@ Springer



Approximating genealogies for partially linked neutral loci under a selective sweep 325

(a) {ik e B (b) {ik e&®

(K} K}

Fig. 6 There are two possibilities how &L Rmark may occur. Here5 L andL R refer to points in the
Poisson processes with rafgs, andp r. See text for further explanation

pLs, itgets anL S-mark. If itis hit by one or more events with rgte g, it additionally
gets anS Rmark.

The result of this procedure is a marked Yule trgg|. Givennt’ and the marked
Yule treeY | we use the same equivalence relation as giver8i) @nd @.7) to
denemn” e P, .. Furthermore, we us&(8) and @.9) to de ne the random partition

no= (il n”\ {nf)).

Example 5.4The two cases in which a8L Rmark occurs for geometry (i) are illus-
trated in Fig.6. Consider the line in the sample Yule tree which can be identi ed with
the partition elementj, k} wherej € £ andk € r. Consider case (a) rst, shown
on the left side of Fig6: The SL-mark hitting a branch irY /| leads to a jump of
the partition element into the wild-type background. We now have to consider the
additional Poisson process at raier to determine whether or not the line will split
within the wild-type background. If an event with rgger occurs, thd_- is separated
from the R-locus on this line. Case (b) is illustrated on the right side of GidHere,

the line which refers to the partition elemdt k} is rst (backward in time) hit by an

L R-mark, bringing theR-locus into the wild-type background, and after that an addi-
tional SL-mark hits the same branch, which additionally bringslthecus into the
wild-type background. In both cases the Ip@ndk end up separated in the wild-type
background. This is summarized in De niticn3by anSL Rmark.

As a next step in the proof of Theorehhwe now show that =~ .

Proposition 5.5 Letm € P, . and pand p beasinDepnitions.1and5.3. Then,

1
P =¢]-P =¢]|=0-—).
U [Pl n =8Pl a =¥ (toga2)

Proof As the mechanism to generate splits in the bene cial background is the same
for both random partitions, ; and r, we concentrate on all other events.

The proof follows along the lines of the Yule approximation in the case of only one
neutral locus, given in3, De nition 3.3. and Section 4.3.]. The crucial observation is
that by a random time change— t given bydt = (1 — X;)dt the frequency path
X, given by @.1), is taken to the solutio® = (Zt)i>o of

@ Springer



326 P. Pfaffelhuber, A. Studeny

dZ = azcoth(aZ)dt + v/ZdW (5.24)

with a standard Brownian motiow and Zo = 0. This is ana-supercritical Feller
branching process conditioned on non-extinction. It was showd] ard [20] that the
genealogy of ther-supercritical branching process is a Yule process with branching
ratea. Observe that the time-transformatior> T only works until the supercritical
branching process has reached frequency 1. From 4.5(13] iwd see that at this
time the number of lines in the Yule process is Poisson distributed with me@an 2
(The additional factor of 2 arises because we made the assumption that the individual
offspring variance in the underlying Cannings model is 1 rather than 2. Se&é&]3o [
However, as typical deviations in this Poisson distribution are of the qyder< a
we may instead assume that the Yule procesq bas lines. This was made precise
in the proof of Proposition 4.7. irg].

Moreover, for geometries (i) and (ii) the rates in the prodgshange at time
B from psi (1 — X7-p), PLR(L — X7—p) to psi, pLr and fromp (1 — Xr_p),
psr(1 — X7_p) to pLs, Psr respectively. Especially, the time-changed rates are
constant. Under the random time change the coalescence rate (1) changed3at time
from 1/ Xt _p to /(X1 _g(1— X7 _p)). However, it was shown ir8| Proposition 4.2.]
that the change of these rates can only produce an error in probability of order
(’)((Ioga)‘z). This fact was used in3[ Lemma 4.5., Proposition 4.7.] to prove that
the marked Yule process gives an accurate approximation in the case of one neutral
locus. However, this result carries over to the present situation because all Poisson
processes along the Yule process have constant rates.

It remains to check whether the equivalence relatigncoincides with ; given
the change in the coalescence rate has no effect. First of all, realize the splits in
the bene cial background according to De nitiohl Then, takej,k € £ U r and
trace their partition elements backwards up to time 0, 3 = T. We only consider
geometry (i) andj € £,k € r, since the other casgsk € £ and j,k € r and all
cases for geometry (i) are similar. If we consider the procgssrom De nition

T, M

5.1 without any recombination events we would obtain a tree Y for the
genealogy relating andk. However, recombination events may causeltHecus j

and theR-locusk to end up in different partition element in the random partitiops
This will be the case if and only if one of the following events occurs in the propess

. T
() ()
(@) arecombination evel8;) with rateps; (1 — X) on Y , which takes either
j ork to the wild-type background before coalescence,
"o, M9

(b) arecombination everft;) with ratep  r (1 — X) on Y , which takesk to

the wild-type background before coalescence vyith
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"h, T
(c) anevenf4;)withratep g (1 — X)on Y before (backward intime) an event

with rateps| (1 — X) happens on that branch; in this casendk have coalesced,
but a recombination event bringgo the wild-type background withoujt,
",
(d) an event(3;) with rateps (1 — X) on Y before (backward in time) an

event with ratep r (1 — X) happens on that branch, which brings bgtand
k to the wild-type background. Here, an evé@t) at ratep; r(1 — X) happens
which splitsj andk in the wild-type background.

The trees in events (a)—(d) refer to trees generatertbyBy the random time change

and our assumption that the change in coalescence rate does not alter random partitions
we can as well take trees generated by the Yule process and change thg rétesX)
andp_r(1— X) topsLandp. r. Hence we are dealing with a Yule tree with branching
ratest marked by Poisson processes with ratesandp gr which is the exact situation

of De nition 5.3. Using the de nition of theSL-, L R- andSL Rmarks, we note that

T T
e (a) produces either aBL- or anSL Rmark on Y ,

KOG
e (b) produces ah R-mark on Y ,

"h, T
e (c) and (d) produce either dnR- or anSL Rmark on Y

If none of these marks occurandk are in the same partition element of by (3.6).
Hence ; and j coincide with high probability.

We conclude the proof of Theoreirby showing that ;; from De nition 5.3and
Y from De nition 3.3 are close in variation distance.

Proposition 5.6 Letm € me and ; andYy be asin Debnitions.3and3.3. Then,

1
sup |P =¢&]—P[Yy = =0—— ).
zePgF:,’ [ n=8&—P[Yn=¢] ((loga)z)

Proof We will only consider geometry (i). The proof for geometry (ii) is analogous.
After realizing the splits in the bene cial background rst according to the proba-
bilities given in 6.1) and @.3), respectively,  andY;; are determined by the same
equivalence relationg(6) using the marks which hit the tree according to De nition
5.3 and Tablel. Hence our proof consists of two steps. First, we show that the pro-
babilities given in .1) and @.3) differ only by O ((loga)~2). Second, we show that
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the error caused by generating t8&-, L R- and SL Rmarks using §.5) instead of
De nitions 5.3is O ((loga)~2).

Both assertions rely on the same calculation. Assume a line in the Yule tree starts
when the full Yule tree hag lines for the last time and ends when the full Yule tree
hasi, > i1 lines for the last time. Additionally, the line is hit by a Poisson process
with ratep =y %. The probability that the line is not hit by the Poisson process
during the time the Yule process haknes,i; <i <1y, is

o
ia+p

because of competing exponential clocks. Analogously, the probability that the whole
line is not hit, is, by a Taylor approximation,

i2

. i2
ia P
IT - =exp| > Iog(l—, )
i=i1+1|u+p i=i1+1 la+p
i2
ool Y 1 _1
=P Iogaizéli +p/0() JrO((Iogo()Z)
i2
_ . Y 1— 1 _ A2 1
-9 ga 2 ; )+0 (to9572) =P+ (Goamz):

(5.25)

since the neglected terms in the Taylor series are of @dpf/a?) = O((loga)~2)
and higher.
To prove that%.1) and @.3) coincide approximately, observe that

: {exp<_p . / xsdsﬂ s {exp (_p . O/Tu_ xs)dS)}

by the time-reversibility oft’. Additionally, the right hand side gives the probability
that a Poisson process with rgtél — X) does not hit a line by tim& . By the random
time changelt = (1 — X;)dt this is approximately the same as the probability that a
Poisson process with rapedoes not hit one line in a Yule tree until it hg2&a | lines
and is hence given bp;* (y).

Next, we are considering the generation of 8-, L R- and SL Rmarks along
the Yule tree. The probability that more than one event withpagteandp g hits the

Yule tree during the time it haslines is

pz 1
Gatpe © ((Ioga)Z) |
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Hence we can ignore this event. Together with the Markov property of the Poisson
process we see that the marks on different lines in a sample tree may be generated
independently once the topology and the total number of lines in the full Yule tree is
known.

Consider a branch which starts when the full Yule treeihéises and ends when it
hasi lines. Using De nition5.3this line is hit by ars L-mark iff it is hit by the Poisson
process at ratps| and an independent Poisson process with paie produces no
mark between time 0 and the time the Yule treeihdimes. Hence the probability for
anSL-markin 1 is approximately given by

L iG 2 ia in io 1
1‘i_1;[+1m (.Ul M):(l_ P2 (YsL) pg (YLR)+O (W)

If a branch is hit by the Poisson process with gage but did not obtain ats L-mark,
it obtains anSL Rmark. Hence the probability for such a mark is given by

i2 . i2 .
ia ia
1- || T— (1—| |—)
i:il+1|G+PSL i_pla+pLr

= (1- pZ(yst) (1- PEOLR) + O (m)

The branch is hit by ah R-mark if it is hit by the Poisson process at raier but not
by the Poisson process with rgig| . Hence the probability for ah R-mark is

i2 . P)

[ e ) _p2 1
i—li_[ ia+psL ! ._H ia+pLR = Piy(Ysu) (1 p'l(yLR))+O((|ogG)2)
=i1+1 i=ig+1

As a consequence, the marks Y, and )/ coincide approximately (cf.
Tablel) and we are done.
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