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Abstract

These brief notes record our puzzles and findings surrounding Givental’s recent conjecture
which expresses higher genus Gromov-Witten invariants in terms of the genus-0 data. We limit
our considerations to the case of a complex projective line, whose Gromov-Witten invariants are

well-known and easy to compute. We make some simple checks supporting his conjecture.
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1 Brief Summary

These notes are brief sketches of our troubles and findings surrounding a work of Givental [5].
Let F, be the generating function in the small phase space for genus-g Gromov-Witten (GW)
invariants of a manifold X with a semi-simple Frobenius structure on H*(X, Q). Then, Givental’s

conjecture, whose equivariant counter-part he has proved [5], is
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where 4,7 = 1,...dim H*(X,Q); 7 is the KdV tau-function governing the intersection theory on
the Deligne-Mumford space M, ,; and Vkll] A, and T? are functions of the small phase space
coordinates t € H*(X,Q) and are defined by solutions to the flat-section equations associated with
the genus-0 Frobenius structure of H*(X,Q) [5]. This remarkable conjecture organizes the higher
genus GW-invariants in terms of the genus-0 data and the 7-function for a point. The motivation
for our work lies in verifying the conjecture for X = P!, which is the simplest example with a
semi-simple Frobenius structure on its cohomology ring and whose GW-invariants can be easily
computed.

We have obtained two particular solutions to the flat-section equations (5), an analytic one
encoding the two-point descendant GW-invariants of P! and a recursive one corresponding to
Givental’s fundamental solution. According to Givental, both of these two solutions are supposed
to yield the same data szl] ,Aj, and Ti. Unfortunately, we were not able to produce the desired
information using our analytic solutions, but the recursive solutions do lead to sensible quantities
which we need. Combined with an expansion scheme which allows us to verify the conjecture at
each order in ), we thus use our recursive solutions to check the conjecture (1) for P! up to order

A2. Already at this order, we need to expand the differential operators in (1) up to A% and need

to consider up to genus-3 free energy in the 7-functions, and the computations quickly become



cumbersome with increasing order. We have managed to re-express the conjecture for this case into
a form which resembles the Hirota-bilinear relations, but at this point, we have no insights into a
general proof. It is nevertheless curious how the numbers work out, and we hope that our results
would provide a humble support for Givental’s master equation.

Many confusions still remain — for instance, the discrepancy between our analytic and recursive
solutions. As mentioned above, Givental’s conjecture for P! can be re-written in a form which
resembles the Hirota-bilinear relations for the KdV hierarchies (see (32)). It would thus be inter-
esting to speculate a possible relation between his conjecture and the conjectural Toda hierarchy
for P

We have organized our notes as follows: in §2, we review the canonical coordinates for P!, to be
followed by our solutions to the flat-section equations in §3. We conclude by presenting our checks

in §4.

2 Canonical Coordinates for P!.

We here review the canonical coordinates {u} for P! [1, 2, 4]. Recall that a Frobenius structure on
H*(P', Q) carries a flat pseudo-Riemannian metric (-, -) defined by the Poincaré intersection pairing.
The canonical coordinates are defined by the property that they form the basis of idempotents of
the quantum cup-product, denoted in the present note by o. The flat metric (-, ) is diagonal in the
canonical coordinates, and following Givental’s notation, we define Ay :=1/(0y_, Oy, ).

Let {t“},a € {0,1} be the flat coordinates of the metric and let 9, := 9/9t*. The quantum
cohomology of P! is

Do 0 Dy = O, and D108, = et 8.



The eigenvalues and eigenvectors of Jjo are
4 et'/2 and (:I:etl/4 Qo + et/ o1),
respectively. So, we have
(£ /400 + e /400 o (et g+ e A 0y) = 226t (£ 0 + 7 Ay,

which implies that
d  Byte 2o

Ou 2 ’
such that
Ouy ©Ouy = Oy and Ouy 0O0u; =0.
We can solve for u+ up to constants as
uy =0 +£26/2. (2)
To compute AL, note that
1 1
E = <5ui,3ui> = ZEW .
The two bases are related by
B =0u, 40 and O =" (Bu, — 0 ).
Define an orthonormal basis by f; = Ag/ 26%' Then the transition matrix ¥ from {aat—a} to {fi} is
given by
i ) eft1/4 i 67t1/4 A_T_l/Q A:1/2
U= \ﬁ = / / , (3)
1/4 . 14 1A1/2 14A1/2
et/ iet/ A/ AT
such that
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We will also need the inverse of (3):

e e ) e ane
(¥ = S B @)
.1 .4l 1/2 —1/2
jet' /4 —jet'/4 %A_ A

3 Solutions to the Flat-Section Equations

The relevant data Vk’lj ;A and T? are extracted from the solutions to the flat-section equations of
the genus-0 Frobenius structure for H*(P!, Q). We here find two particular solutions. The analytic
solution correctly encodes the two-point descendant GW-invariants, while the recursive solution is

used in the next section to verify Givental’s conjecture.

3.1 Analytic Solution

The genus-0 free energy for P! is

1
Fo = 5(t0)%" + et

Flat sections S, of TH*(P', Q) satisfy the equations
2 O0n Sﬁ = ]:aﬁu g'uy Sy 5 (5)

where z # 0 is an arbitrary parameter and F,g, := O3F /ot*0tPot*. The only non-vanishing
components of F,g, are

fom =1 and f111 = etl .
Hence, we find that the general solutions to the flat-section equations (5) are
Sp = et/ [cl Io(2e"72/2) — ¢ Ko(ze“/?/z)} (6)

and

Sy = el’/zet' /2 [cl I1(2et1/2/z) + ¢ K1(26t1/2/z)} ,



where I,(z) and K, (z) are modified Bessel functions, and ¢; are integration constants which may
depend on z.
We would now like to find two particular solutions corresponding to the following Givental’s

expression:

1
Sane) = goat 3 (a7 (P60t o), ™)
n>0,(n,d)#(0,0)

where S, 3 denotes the a-th component of the -th solution. Here, {¢4} is a homogeneous basis of
H*(P',Q), Jap is the intersection paring fpl PaUdp and o € H*(Moni2(P!, d),Q) is the first Chern
class of the  wuniversal cotangent line  bundle over the moduli space
Mo n+2(PL, d). In order to find the particular solutions, we compare our general solution (6) with the
0-th components of Syg in (7) at the origin of the phase space. The two-point functions appearing

in (7) have been computed at the origin in [6] and have the following forms:

o0 m

1 2d,
Soolie—o == Tt iz here dm = > 1/k, (8)
m=1 k=1
and
<11
SO]_|tO‘:O == 1 + Z %W (9)

m=1

Using the standard expansion of the modified Bessel function Ky, we can evaluate (6) at the origin

of the phase space to be

c1 1o <z> - Ko (i) = al <z> — [— (—log(2) + i) Io (Z) + 2:1 ZMC(T;L,)Q] ;

m=

where 5 is Euler’s constant. Now matching (10) with (8) gives

2
c1 = —cglog(l/z) — coyp and co = —,
z

while noticing that (9) is precisely the expansion of Ip(2/z) and demanding that our general solution



coincides with (9) at the origin yields
c1=1 and co=0.

To recapitulate, we have found

2¢"/% 2¢t'/2 2¢t'/2
Soo = — [(’YE —log(z2)) Io ( + Ko ;
z z z
) t0/z t1/2 2 tt/2 2 tt/2
Sw = T K T | = (s —los(2) I | T || -

2 tt/2
Sor = €t0/210< ; ;
z

t1/2
z

We have checked that these solutions correctly reproduce the corresponding descendant Gromov-

Witten invariants obtained in [6].
If the inverse transition matrix in (4) is used to relate the matrix elements S,/ to Sag as

S = Sag((w_l)t)ﬁj 87%, then we should have

«

+ 251/4 1 6_t1/2
S =vE2e 5500 £ —5—5a1 | . (11)

3.2 Recursive Solution

In [4, 5], Givental has shown that near a semi-simple point, the flat-section equations (5) have a

fundamental solution given by
Soj = \Ijaj(RO +zR; + Z2R2 +- -+ 2"R, + - ')jk [eXp(U/z)]ki ,

where R, = (Ry)jk, Ro = 0 and U is the diagonal matrix of canonical coordinates. The matrix

R; satisfies the relations

g10¥ _ U

o =[5 (12



and
— + Vv —— | R =0
o v (on) ], =0
which we use to find its expression. From the transition matrix given in (3) we see that

ov 1| 0

ol 4| ’

while taking the (+—) component of the relation (12) gives

i UL ou__

1= o (B1)4— — (R1)4-

where in the last step we have used the definition (2) of canonical coordinates. We therefore have

(Ri)4- = e /2,
8
and similarly considering the (—+) component of (12) gives
(Rl)_+ _ %e—tl/Q.

The diagonal components of R; can be obtained from (13), which implies that

O(R1)4++ _ oU__ U4+

oot (R1>+—W(R1)—+ - W(R1)+_(R1)_+ = 3 =4

Hence, (Ry),y = —exp(—t'/2)/16 = —(R1)__ and the matrix Ry can be written as

In general, the matrices R, satisfy the recursion relations [4]
(d+¥'d¥) R, = [dU, Rp41]

which, for our case, imply the following set of equations:

oR,,
ot 0,

_ew(-t/2) _OR)__

(14)

(15)



O(Rn)++ i

o~ g+ (16)
(Rnt1)-+ = —%e_tl/z [8(]2,;2_+ - i(Rn)++] ; (17)
8(12’;2 — %(Rn)+f ’ (18)
(Rps1)i- = %e—tlﬂ [E)(%Lter_ + i(Rn)__} . (19)

Lemma 3.1 Forn > 1, the matrices Ry in the fundamental solution are given by

1" a, —1 (=1)"*!2n;
(Rn)ij = Q‘L et /2 7 (20)
(2n—1) 27
2ni  (—1)"tt
where
n 1 - 2 _
oan = (1) Snn!lleﬁ—-n . ap = 1.

These solutions satisfy the unitarity condition
R(2)R!(—2):= (14 2Ry + 2*Ro+-- -+ 2"R 4+ - )(1 — 2R, + 2°R, + - - -+ (=1)"2"Rl +---) =1
and the homogeneity condition and, thus, are unique.

PRrROOF: For n =1, a; = —1/8 and (20) is equal to the correct solution (14). The proof now follows

by an induction on n. Assume that (20) holds true up to and including n = m. Using the fact that

(%n+1ﬂa
8(m+1) ™

Om41 = —

we can show that R,,11 in (20) satisfies the relations (16)—(19) as well as (15).
To check unitarity, consider the z¥-term P := Zﬁzo(—l)e Ry Riin R(z)R'(—2) = Y o Pe2".
As shown by Givental, the equations satisfied by the matrices R, imply that the off-diagonal en-
tries of Py vanish. As a result, combined with the anti-symmetry of P, for odd k, we see that

P, vanishes for £ odd. Hence, we only need to show that for our solution, P vanishes for all

positive even k as well. To this end, we note that Givental has also deduced from the equation



dPy + [U~1dV, Py] = [dU, Py1] that the diagonal entries of Py, are constant. The expansion of Py
is

Po, = Roj, + R + -+,
where the remaining terms are products of Ry, for ¢ < 2k. Now, we proceed inductively. We first
note that R; and Ry given in (20) satisfy the condition P» = 0, and assume that R,’s in (20) for
¢ < 2k satisfy P, = 0. Then, since the off-diagonal entries of P,, vanish for all n, the expansion of

Py, is of the form

Py =Ae /2 4 B,

where A is a constant diagonal matrix resulting from substituting our solution (20) and B is a
possible diagonal matrix of integration constants for Ro. But, since the diagonal entries of P, are
constant for all n, we know that A = 0. We finally choose the integration constants to be zero so
that B = 0, yielding Py, = 0. Hence, the matrices in our solution (20) satisfy the unitarity condition
and are manifestly homogeneous. It then follows by the proposition in [5] that our solutions R,

are unique. O

Let R := (Ro + 2Ry + 2?Rg + --- + 2"R,, + ---). Then, we can use the matrices R, from

Lemma 3.1 to find

exp(u+/z)

VAL
> an —nt! nl| explus/z
1—1—7;2nexp( 5 )(—z)]?}i/), (21)

Spt = (Ryy—iR_4)

> (6% —n 1 explu—/z
143G e (75 )(—z)”] op(u/z) (22)
n=1
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n —nt!
B [ Z gni p( 2t >(_Z>n] \/ﬁjexp(m/z), (23)

n:l

57 = (B iRV explu/2)
> n a —nt! _
= [1 - ;(—1)"&—1—32: exp < 2t ) (—z)"] \/ﬁiexp(u/z) . (24)

Using the above expressions for S,(z), we can also find V% (z,w), which is given by the expression

1
Z+w

Vi (z,w) = [S, ()]’ [9"1[S,) (2)].

If we define

Apg = (4pg—1) o aqe—(p;qnl
T (2p—1)(2g - 1) 2vHe

and

B . 2(p—q) a0y ef(p;q)tl
T (2p-1)(2¢ - 1) 20t ’

then after some algebraic manipulations we obtain

o [ k
1
VHt(zw) = etr/wtus/z + > Z(_nmm“,k_n] (—1)Frt kel & (25)

k=0 Ln=0

1 kH k+l, k1
z+w - Z Z Al+n+1k n (_1) wz )

k1=0 L

VT (zw) = et wtu-/z

VTt (z,w) = el-/wtus/z

oo [ k
V—&-—(sz) _ 6u+/w+u7/z { Z i(—l)l ZBI-HL-HJC—n] (_1)k+l wh s 7 (26)
n=0

00 k

> i(_l)kZBlJrnJrl,kn] (—1)FH kst
n=0

3.3 A Puzzle

Incidentally, we note that in the asymptotic limit z — 0,

[ tt/2
z z
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and

/ 92 tt/2
SO_ = —1 i(Et()/zf(() < c )
Tz z

reproduce the expansions in (21) and (22). This is in contrast to what was expected from the
discussion leading to (11). Despaired of matching the two expressions, it seems to us that the
analytic correlation functions obtained in §3.1 do not encode the right information that appear
in Givental’s conjecture. In the following section, we will use the recursive solutions from §3.2 to

check Givental’s conjectural formula at low genera.

4 Checks of the Conjecture at Low Genera
The T} that appear in Givental’s formula (1) are defined by the equations [5]

So:l: =

- n—1]| exp(us/2)
1—;T$(—z) 1]\/5:'

From the computations of S;* and S,~ in (21) and (22), respectively, one can extract 7. to be

0, n=20,1,
T, =
" an —(n — 1)t
~ on 1 exp 5 , n>2,
0, n=20,1,
T, =
{1 0p—1 —(n — 1)t
— (=) ex { . n>2
U= 5
Notice that
T, = ()" t1r. (27)

The functions szlj are defined by the expansion [5]

- . . §4 s -
_ ut Jw+u? k+lyru ,, k1

VU(Z,’UJ) —e" /w “ /Z m (—1) Vkl w z s
k,l=0

12



and from (25) and (26) we see that

k k
4 n B (—D)"4l+n+1)(k—n)—1) 4 "
V™ = DD Aingakn =) (20 + 2n + 1)(2k — 2n — 1) TinaTions
n=0 =
k
B ' . 20 +2n+1—-k)
I !
Vi~ = i-1') B = i(-1)' Y (20 +2n + 1)(2k — 2n — 1) T2 Tins
n=0 n=0

There seems to be a misprint in the original formula for Vkll] in [5], i.e. we believe that w and z
should be exchanged, as in our expression here.
Now, the 7-function for the intersection theory on the Deligne-Mumford moduli space ﬂg,n of

stable curves is defined by

o0
T {a}) = exp [ D AT FE({gr})
g=0
and has the following nice scaling invariance: consider the scaling of the phase-space variables gy

given by

g — 5 g (28)

for some constant s. Then, since a non-vanishing intersection number (7, - - - 7%, ) must satisfy

n

Z(kl —1) = dim(Mg,) —n =39 -3,

=1

we see that under the transformation (28), the genus-g generating function JFg* must behave as

Fo{s T a}) = ()7 A ({aw )

Hence, upon scaling the “string coupling constant” X to s~3 )\, we see that

(570N {" a}) = 7O {ar)) - (29)

Now, consider the function

e% Zk,lZO Zi,je{i} Vkll]m\/xjaqia ]

F({a },{an }) = T AL g DTOA g )] - (30)
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Then, since the Gromov-Witten potentials of P! for g > 2 all vanish, Givental’s conjectural formula
for P! is

FUT I AT Y =1,
where it is understood that one sets q,i = T,i after taking the derivatives with respect to q,i. Since
T,f and T, are related by (27), let us rescale ¢, — (—1)*7!g, in (30). Then, since Ay = —A_,

we observe from (29) that

_ A . 1y . T
FUT Y {T7}) = <{exp §A+ Z (v,ﬁa ia;+z(—1)l tvik 8q;8q;+z(—l)k 1v,€l+aq;aql+

- (0,0, )

T(AA L {gr HT(AA {q;})}

9 9
@ an =Tif
But, the Vkll] satisfy the relations V,;~ = —(=1)*"V " and V;[~ =V, T, so
A
+ -1 _ ++
PULSMTY = (e |50 3 (Vi (0 0 +0,-9,0) +

+2i (~1)71 V0,0, )

TAA4 {gn DT(AA L {q;})}

at an =T
(31)

Now, consider the following transformations of the variables:

so that
1 1
Oy = 5 (O, +0y) and Q- = (O, — y,).

Then, in these new coordinates, (31) becomes

FU{T, } AT, }) = GUT 1,{0}),
where the new function G({z}, {yx}) is defined by

A
G({an}, {yn}) = exp ZA-F Z (VitOry, O, + WiiOy, 0y,) | T(AA L {zn + yn })T(AAL; {zn — yn}),
k,[>0

(32)

14



where

Vi = Vit +i(-)tvie,

Wi = Vit —i(-1)" vl
Here, we have simplified the expression by noting that the mixed derivative terms cancel because
of the identity V,7~ = (=1)*1v .

Remark: The conjecture expressed in terms of (32), i.e. that G({T;"},{0}) = 1, is now in a form
which resembles the Hirota bilinear relations, which might be indicating some kind of an integrable

hierarchy, perhaps of Toda-type.

Because the tau-functions are exponential functions, upon acting on them by the differential

operators, we can factor them out in the expression of G({z}, {yr}). We thus define

Definition 4.1 P(AA4, {zr}, {yx}) is a formal power series in the variables AA L, {x} and {yx}

such that

G{zr} {ye}) = PONAL {zi, {ye ) T(AA Lz + yi}) T(AA4, {2k — i }).

Hence, Givental’s conjecture for P! can be restated as

Conjecture 4.2 (Givental) The generating function G({T;" },{0}) is equal to one, or equivalently

1

P()‘AJra{T]j}a{O}) = T()\A+ {T+})2'
s g

(33)

This conjecture can be verified order by order in A\. This procedure is possible because when
go = q1 = 0, only a finite number of terms in the free-energies and their derivatives are non-
vanishing. In particular, the genus-0 and genus-1 free energies vanish when ¢y = q; = 0.

Let us check (33) up to order A2, for which we need to consider up to A% expansions in the

differential operators acting on the 7-functions. Let h = AA . The low-genus free energies for a

15



point target space can be easily computed using the KdV hierarchy and topological axioms; they

can also be verified using Faber’s program [3]. The terms relevant to our computation are

+FARFY = o + Lol @) + +3 +
h 1 27 h| 3! 3! ©o312! ©313! 4! 4!

(g0) (¢1)%q2  (q0)%q3 . (q0)°q1as  ..(q0)°(q2)? (90)°q1(g2)?
TR T A POy 0T
(q0)°

6 6(g)3
N Q4+10(QO) 9243 +90(QO) (g2) colg

6! 6! 6! 3!

1 (@) | 1 (@) 1(@)* 1 1 1g0(q1)%ge
+[24‘“+24 o Tz Tqg TaogRt plond T

3 1
n q0(q1)°q2 41
3! 6 22! 3 212! 3 21212!

+i(Q0)QQ3 n 1 (q)*q1g3 n 1 (90)*(q1)%g3 n 7 (90)°q293 | 35 (q0)* 14243
24 2! 8 2! 2 212! 24 3! 24 3!

(90)*(q2)? (q0)3q1(q2)® 1 (q0)®qa  1(q0)3q1aqa (q0)*(q2)*
2 12 — — 4R ———=
LR TE TR a3l 24 31 t6 3 T gm T

59 4 2 7 4 2 11 4 1 4
+ 7((]0) (92)"q3 + 7(%) (g3) + 7(%) 4244 4 7(%) a5

12 412! 12 4121 24 4! 24 4!
7 (g2)* | 29 1 7 (@) | T(q)*(g)?

hl = L L
o0 3 T B T st s 3 T8 ot

9 29 (q1)%qaqs 1 1 ()% 7 qolq2)*
14201 P2B T ogs T o1 TN BT g or T 1o 4
49 goq1(2)* | 5 q(92)’as +£QOQ1(Q2)2QS 4+ 2 q0(g3)”

12 4l 72 2 12° 2 2830 2!

29 qoq1(g3)?

11 11 1 1
+ 576 2l + 1440 09244 + 5gg 10914244 + 1152909 + 5 104145 +

245 (g0)*(92)° | 11 (q0)*(g2)%¢3 109 (90)°2(g3)® | 17 (90)’g3a

iy 1[(610)3 (90)*q1 (90)*(@1)* | (@0)'a2 | ,(20)*¢q

(90)*(22)* | 2(90)*q1(g2)* | 10 (q0)*(q1)*(g2)*

+

_'_

+

_|_

12 2!5! 6 213! 576 212! 960 2!

+l(QO)2(QQ)2Q4+i(Q0)2Q2Q5+ 1 (90)*gs 4.
48 212! 90 2! 1152 2|

This expression gives the necessary expansion of 7(AA; {xy £y }) for our consideration, and upon

evaluating G({T}},{0}), we find

17 41045
e—3t1/2h

P AT {0) =1 - ——— COFTRATOTOFD
(h,{T;"},{0}) 2359296 695784701952

e h? + O(h3). (34)
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At this order, the expansion of the right-hand-side of (33) is
r(hATEY 2 = 1257 b+ 2 () — 7] 2+ OO,

At q, = T,F, Vn, the genus-2 free energy is precisely given by

Fy = 11152 "+ %Ty, Ty + 2;)? _ ﬁe—&lﬂ’
and the genus-3 free energy is
7= 82;44T 41Zzo 142(1)220 Tsls + 1115720 (2T + %(T‘*)Q
+2z11g;0 2istat 63?2@) Tat 585086308(T) +%(Tz) (T3)°
+csl99%(T) st 2§§§6(T2)
656431 4

22265110462464 ¢
Thus, we have

17 ey, 41045

-t e - 12 ) 3
2359206 GosTeaTotosz ¢ 1 HOWY,

T(h7 {TI:—})_Z =

which agrees with our computation of P(X,{T}},{0}) in (34).
It would be very interesting if one could actually prove Givental’s conjecture, but even our
particular example remains elusive and verifying its validity to all orders seems intractable using

our method.
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