A Concise Necessary and Sufficient Condition for
the Existence of a Galled-Tree

Yun S. Song

Abstract— Galled-trees are a special class of graphical representation of evolutionary history that has proved amenable to efficient,
polynomial-time algorithms. The goal of this paper is to construct a concise necessary and sufficient condition for the existence of a
galled-tree forM, a set of binary sequences that purportedly have evolved in the presence of recombination. Both root-known and root-
unknown cases are considered here.

Index Terms—Galled-trees, recombination, quadpartition, incompatibility

binant” sequence, also of length. For eachl < ¢ < m, the

ith character i comes from theth character in eithet or

y. The switching of the parent in the recombinant sequence
z is calledcrossing overFigure la depicts a case of multiple 50—
crossovers, whereas Figure 1b illustrates a case with a single
crossover. So far, most mathematical work on recombinatifiy. 1. Possible outcomes of meiotic recombination. Ttecharacter in:
has focused on single-crossover meiotic recombination, ayfpes from theth character in eithet or y. (a) Multiple crossovers. (b) A

. . . single crossover.
our present work, too, is on that particular topic. In what

follows, when we say recombination without any qualificatiorbyde is an undirected cycle in an ARG consisting of two
we mean single-crossover meiotic recombination. directed paths originating at a “coalescent” vertex and termi-
A common assumption, which we adopt in our work agating at a “recombination” vertex. gall is a recombination
well, is that point (or site) mutations are governed by thgcle in an ARG that does not share a vertex with any
infinite-sites model, which permits at most one mutation pgther recombination cycle. Finally, galled-treeis an ARG
site. This assumption implies that the sequences one consiggr§hich every recombination cycle is a gall. If there exists
are binary, i.e., have at most two distinct states at each Sié\egalled-tree forM, then the minimum numbeRmi,(M) of
SNP (single nucleotide polymorphism) sequences satisfy thigombination events needed in any ARG fdris equal to the
condition and are now of considerable interest (e.g., see [Yhmber of non-trivial connected components in the associated
In the presence of recombination, the evolution of samplggtompatibility graphG(A7), which we define in the next
sequences is represented not by a tree but by a direcigdtion. (See [3], [6] for details. A related work is [1].)

graph, called an ancestral recombination graph (ARG) in theWanget al. [13] assumed that the ancestral sequence at the

population genetics literature [2]. See [3], [5] for a forma] : . N
definition of an ARG. For a given séf of binary sequences, root is known and suggested an inaccurate polynomial-time

. 4 . .’ algorithm for determining whether a given ddt of sequences
constructing an ARG (allowing only one mutation per sneﬁg g 9 d

with the minimum number of recombinations isawell-knownan be derived on a galled-tree. This line of work was
problem, first posed by Hein [7], [8] about 15 years ago. Tiéubsequently made more complete by Gusfétldl. [5], who

L . . . rovided a correct polynomial-time algorithm. Furthermore,
general efficient algorithm for solving that problem is know POty 9

and the case with a known root seauence has been show %Jsfield [3] later generalized the results to the root-unknown
q W38 and showed that it also admits a polynomial-time algo-

be NP-hard [13]. As a way of simplifying the problem, Wang. . .
. ) .Yithm. Other works on constructing galled-trees include [10],
et al. [13] proposed studying a special class of ARGs wit 14 which take trees as input.

constrained structures; these constrained ARGs later becam ] ) ]
to be called “galled-trees” [5]. Galled-trees possess numerous combinatorial constraints,

An accessible introduction to galled-trees is provided in [3f"d many necessary conditions for the existence of a galled-

See Figure 2 for an example of a galled-treaedombination €€ aré known [3], [4], [5]. The algorithms in [3], [5] provide
an efficient test for the existence of a galled-tree, but no
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1 INTRODUCTION @ * Y
[ E—— [ ]
EIOTIC recombination is a biological process that
produces a new sequence as a mosaic of two sequences \T/
of equal length. Two possible outcomes of this process are .
illustrated in Figure 1, wherer and y denote “parental”
sequences of equal length, say while z denotes a “recom- x Y
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Fig. 3. The data sed and its incompatibility graptG (M) considered in
Example 1.
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1011010 where A;|B; and A;|B; are bipartitions of X (M) corre-
1011110 3 2 1 5 46 7 8 9 10

L J sponding to siteg and j, respectively. If none of the above
Fig. 2. A galled-tree with two galls. A mutation event at siteoccurs  intersections is empty, then the pajyj is calledincompatible,

on the edge labeleth;. The root sequence for this galled-treeli$11111. and we say that conflicts with 7. and vice versa. A site not
Recombination vertices are denoted by open circles, and the notatipn I ’

indicates that a crossover occurs between sitasd j, with the incoming 1N conflict with any other site is said to bevnflict-free. To

edge labeled “P” (“S”) contributing a prefix (suffix). each incompatible pait, j, there corresponds guadpartition

sufficient condition (NASC) for the existence of a galled-tree AinA; | Ain B,

for M. We consider both root-known and root-unknown cases. BiNA; | BiN B, @)
3 ] K2 J

We draw a link to an earlier work [12], based on studying

a system of combinatorial constraints induced by pairs gf X(M) into four pair-wise disjoint proper

columns in}M, and formulate our NASC in that framework. ¢ \hsets. We denote  this quadpartition by =
This paper is organized as follows. In Section 2, we provid i7(00), Q¥ (01), Q¥ (10), Q¥ (11)}, where Q% (ab)

some necessary definitions and describe our notational conVgt\siains o « X (M) if and only if Mla, (i, 5)] = ab.

tion. The notion ofquadpartition the key to our approach,

is described there. In Section 3, we construct a NASC for one way to test whether two sitésj are incompatible is

the existence of a galled tree faf with a single non-trivial 5 sneck whether all state paif¥), 01,10, 11 appear in the

connected component i@(M). The results from that sectiony o columns. This test is called tHeur-gametetest in the
are then used in Section 4, where we describe a NASC fp%pulation genetics literature.

the existence of a galled-tree faf with multiple non-trivial

connected components (). Example 1. Consider the5 by 4 matrix M shown on the

left hand side of Figure 3. The set of all incompatible pairs

2 PRELIMINARIES of sites inM is {(1,3), (1,4),(2,4)}, and the corresponding
We useM to denote a set o binary sequences, each ofquadpartitions are as follows:

length m. In what follows, we viewM as ann by m 0-1

matrix. Theith column is sometimes called thith site and [G.J) [ @7(00) [ @7(01) [ @7(10) [ Q¥ (11) |
we use these terms interchangeably. Greek indicgs v, etc. 1.3) || (3.4 5 2] 5
denote row labels, while Roman indicésj, k, etc. denote (1,4) || {4,5) (3} 1} 2}
column labels. We us&{[«, i] to denote théa, i) entry in M 2.4) | {1,5) 2} (4} (3)

andMq, (i, j)] to denote the ordered pdiM [«, i], M [, 7]).
If Mla, (4,5)] = (a,b), we simply write M|, (i,5)] = ab.
Given a rowa in M, we useM — « to denote ar{n — 1) by  Definition 2 (Incompatibility Graph). Given ann by m bi-
m matrix obtained by remOVing row from M. Slmllarly, we nary matrix M, the |ncompat|b|||ty grapf‘G(M) of M is a
useM + p to denote ar{n + 1) by m matrix created from\/  graph with m vertices bijectively labeled by the sites i,
by adding an additional row, which may or may not already such that vertices and j in G(M) are joined by an edge if
be present in\/. and only if sitesi and 5 in M are incompatible. A connected

Let X (M) be the set of row labels id/. The row label component (CC) of#(M) is called non-trivial if it contains
set for M + p is X(M) U {p}. To each columni in M, gzt |east two vertices.

there corresponds a bipartitiofy;| B;, also known as a split,
of X (M) into disjoint subsets{; and B;, such thate and3  The incompatibility graph(M) for the data set considered
belong to the same subset if and onlyf{a, i] = M[3,i]. For in Example 1 is shown on the right hand side of Figure 3. It
example, ifn = 5 and theith column of M is (0,1,0,0,1), contains a single non-trivial CC.
then the corresponding bipartition {4, 3,4}|{2,5}. We useP(M) to denote the set of all pair, j), i < j,
Central to our work are the notions of incompatibility angyf jncompatible sites inZ. Similarly, P(C) denotes the set
of a quadpartition, which we now define. of all pairs (i, ), i < j, of incompatible sites in a non-trivial
connected componeidt of G(M). To each incompatible pair
(i,7) € P(M), we assign anopen interval of the form
I(i,j) :={z € R|i <z < j}. Given two pairs(i, j), (k,1) €
P(M), we say that the incompatibility betweenh and j
A;NA; , AAinB; , BinA; , B;NB;, overlapswith that betweerk andi if 1(i,j) N I(k,l) # 2.

Definition 1 (Incompatibility & Quadpartition).
A pair of sitesi, j is called compatible if at least one of the
following intersections is empty:



3 GALLED-TREES FOR M WITH A SINGLE
NON-TRIVIAL CC IN G(M)

In this section, we construct a concise necessary and su

cient condition for the existence of a galled-tree fdr with
exactly one non-trivial CC iiiz(M). Results from this section

subsets. In the bipartition corresponding to coluimmet B?
(respectively,A?) denote the subset that contains (respectively,
gﬁ)es not containy. Then, we have the following lemma for

compatible sites in/’:

Lemma 1. Suppose thal/’ satisfies conditions C-1 and C-2

will be used in the next section, where we consider ga"ed'tr%sTheorem 1, and lek, ' be as described above. i, i, €

for M with multiple non-trivial CCs inG(M).

3.1 Root-unknown case

{1,2,...,k}, then either
B C B or B2 C B%,

We first examine the root-unknown case. The main res@imilarly, if j1,j € {k+ 1,k +2,...,m’}, then either

we establish is

Theorem 1. Suppose thaP (M) # @. Then, there exists a

galled-tree with exactly one gall that deriv@g if and only if

M satisfies the following conditions:

C-1. ﬂ(i’jfep(M).I(z‘,j) # g, ie., every incompatibility
overlaps with all other incompatibilities, and

C-2. thgre exists a non-emp@ € (", yyepan 7. We call
this @ a commonQ-set.

Remarks:
1) In Example 1, the only possible comma@nhset isQ =

{2}

2) Itfollows from Lemma 5 of [12] that if two incompatible
pairs (i, ) and (k, 1) belong to two different non-trivial
CCs of G(M), then there does not exist a comm@rset
for them. Therefore, condition C-2 implies th&t{( M)
contains a single non-trivial CC.

3) In general,©@ may not be unique.

We first establish some lemmas needed for proving the m

theorem. LetM’ denote the matrix obtained after removinq";l
all conflict-free columns from\/ and then removing all but .

n . .
g‘) there must exist another column, sayin {k+1,...,m'}
t

one copy of identical rows. Since conflict-free columns do
influence the incompatibility pattern and identical rows alwa:
appear together in the sandg’ (kl) € =% for all (i,j) €

!
P(M), if M satisfies C-1 and C-2, then so does the ne%,

matrix M’. In what follows, suppose that/’ satisfies C-1
and C-2, and led’ denote the corresponding comm@rset.
BecauseM’ contains distinct rows and every column id’
is in conflict with at least one other column i, it follows

that @’ contains only a single row label, which we denote b

o. In what follows, the following fact is used repeatedly:

Fact 1. If o is the all-zero sequendg&) ... 0, and columns
and j are incompatible, thew is the only row with0s at both
7 and j.

Since M’ contains no conflict-free columns, ¥’ hasm’
columns, then C-1 implies that there existg auch that
(@) columnsl,2,...,k in M’ are pair-wise compatible,
(b) columns k& + 1,k + 2,...,m' in M’ are pair-wise
compatible, and
(c) every columni € {1,2,...,k} is incompatible with at
least one column ifk +1,...,m’}, and vice versa.
Let X(M’) denote the set of rows id{’. Every column in
M’ defines a partition of{ (M) into two disjoint non-empty

B C B2 or B2 C B,

Proof. If B* = B2 the lemma holds trivially, so suppose
B # B2, Without loss of generality, let be the all-zero
sequence. According to this convention, all rowsBh have
0 at columni, whereas all rows imM* havel at columns.

Note thatBit N B # &, since by definition bothB and
B contains. Now, suppose thaB’ ¢ B and B2 ¢ B,
Then,Bi* N A2 #+ @ and B2 N A% # @. Therefore, sincé,
andi, are compatibleA’* N A2 = &, which implies A% C
Bz and A2 C B“. Note thatA® # @, by property (c). As
A C B%, there exists a rowy; such thatM’[ay,i1] = 0
and M'[ay,1i2] = 1. Also, by property (c), there existg €
{k+1,...,m'} such thati; andc; are incompatible. Hence,
by property (c) there exist sequences and a3 satisfying
M'|a, (i1,¢1)] = 11 and M'[as, (i1, ¢1)] = 10, respectively.
What we just described is summarized in Figure 4a.

Now, since as,a3 € A C B™, we conclude that
M'[ag,is] = 0 and M’ [ag, i2] = 0. Furthermore, sincé and

smare incompatible, by Fact & is the only sequence witlis

t bothi; andc¢;, so we must havd/’ (a1, ¢1] = 1. So far, we
ave established Figure 4b. Ad'[as, (i2,c1)] = 00, Fact 1
plies thati, andc; must be compatible. Hence, by property

at is incompatible withi;. Now, sinceM’[as,i2] = 0 and
[as,i2] = 0, andiy and ¢, are incompatible, by Fact 1
[ao, c2] = 1 and M'[as, ] = 1. In summary, we have a
situation as shown in Figure 4c.

Sincec; andc, are compatible (by property (b)), we must
haveM/[Oél, CQ] =1. Letag be a row WithM’[OZ5, (ig, 62)} =

0. Such a sequence exists singeandc, are incompatible,

nd 10 is not the state pair for any of the rows seen so far.
This leads to Figure 4d. Now, sineg andc, are compatible,
M'las,c1] = 0. Lastly, sincei; and ¢; are incompatible,
by Fact 1«5 cannot be0 at columni;. This yields the
situation shown in Figure 4e. But now, all 4 gametic types—
namely00, 01, 10, 11—are present in columng andi,. This
contradicts the fact that, andi, are compatible, and hence
B C B or B? C B%. The second part of the lemma
follows from the same line of reasoning. ]

Using Lemma 1, we can now obtain the following lemma:

Lemma 2. Suppose thal/’ satisfies conditions C-1 and C-2
in Theorem 1, with the commap-set Q' = {o}. Let k and
m’ be as described above. Then, M’ — o, there exists a
row that is identical too for columnsi,?2,...k. Similarly,



C2

~
iy
~
»
o
[Sh
~
=
.
N
o
-
~
iy
~
»
o
[ah

a; | 0 1 a; |0 1 1 ar |0 1 1
(a) (%) 1 1 (b) [eD) 1 0 1 (C) (6] 1 0 1 1
as | 1 0 az |1 0 O az |1 0 0 1
c |0 0 O |0 0 O c|0 0 O O
‘11 12 C1 C2 "51 ’iz C1 C2
a; |0 1 1 1 a; |0 1 1 1
az |1 0 1 1 az |1 0 1 1
@ w1 0 0 1 © a1 0 0 1
|0 0 0 O c|0 0 0 O
as 1 0 a 1 1 0 O

5
Fig. 4. Sequential information constructed in the proof of Lemma 1. In (e), colimasdiz are incompatible, in contradiction with the assumption.

there exists a row i/’ — o that is identical too for columns

k+1k+2,...m. 1001

0001
Proof. Recall thatB’ denotes the subset containingin the ,, _ | 0101
bipartition corresponding to columi Let i,, be a site with 0110
the minimum value of B?|. Then, by Lemma 1B*» C B’ for 1010
all i # i,,, so all sequences iB*™ are identical for columns 1000

L,2,.... k. Furthermore, since,, s in ponﬂiCt with some Fig. 5. The matrix and its incom atibl:l'lt ra2 h c%nsiéerec?in I?xam le 2
other COIumrU € {k+ _1’ k+2,... m’}, |Bh‘ > 2. I.t therefpre A%alléd-tree for the data set with% singl)(; Eg;;allpis shown on the right. Pes
follows that M’ contains a row other tham that is identical

to o for columns1,2,... k. The second part of the lemmajop1 as the root sequence. There are several other possible
can be shown in a similar vein. B galled-trees with a single gall that deriva$. They all share

the property that the sequence below the recombination vertex

We now provide a proof of our main result: . . .
P b is 4, the single element ig.

Proof of Theorem 1. If there exists a galled-tre&’ with a
single gall, the set of sequences below the single recombina-

tion vertex in N is a common@-set, and conditions C-1 and

C-2 are clearly satisfied. We wish to show that if condition8.2 Root-known case

C-1 and C-2 are satisfied, then there exists a galled-tree with &uppose that the ancestral sequence at the rqotT&en,
single gall./ Leto and " be as described above. Remove rohe notion of incompatibility and quadpartition defined in
o from M’ and construct a perfect phylogeny ff’ — . pefinition 1 can be applied td/ + p. The following result
We know that there exists a perfect phylogeny faf — o can pe obtained in a similar vein as in the root-unknown case:
since removingo from M’ eliminates all incompatibilities

(recall Fact 1 in the proof of Lemma 1). Further, Lemma Zheorem 2. Suppose thaP (M + p) # @. Then, there exists
implies that a single recombination event is sufficient to derive galled-tree for M/ with a single gall and withp as the

o starting from such a perfect phylogeny. L&t denote this root sequence, if and only i#/ + p satisfies the following
galled-tree forM’. A galled-tree forM, also with exactly one conditions:

recombination vertex, can be obtained fraw by includin .

mutation events for conflict-free columns and aéllditional Igavgs:; tﬂhgrgee%g{[;pé In(é’nj_érﬁp% = 77 and

for removed rows. ] D-3. ) (4,))EP(M+p) T 71

Example 2. The matrix M shown on the left hand side of ¢ h h ) lled ith inal I
Figure 5 contains 4 pairs of incompatible sites, given t&roo. When there is a galled-tre¢/ with a single gal

P(M) = {(1,3),(1,4),(2,3),(2,4)}. Its associated incom- at de_rive_sM, let Q be the _set o_f sequences below the
patibility graph G(M) is shown in the middle of Figure 5, recombination vertexv. Now, if p is the root sequence

and the corresponding quadpartitions are as follows: ,Of N and p € Q, _the_n it implies _that no recombination
is needed, which is impossible sincB(M + p) # &.

[ (i,5) [ @7(00) [ QY (01) [ QV(10) | Q7 (11) | Hence conditions D-1, D-2 and D-3 are easily established.
(1,3) [ {2,3} {41 {1,6} {5} Conversely, if_ the conditions are _satisfieql, then we know
(1,4) {4} {2,3} {5,6} {1} that there exists a galled tre® with a single gall that
(2,3) || {1,2,6} {5} {31 {4} derives M + p (by Theorem 1) and thap is not below
(2,4) || {5,6} {1,2} {4} {3} the recombination vertex iV (by D-3). A galled-tree for

M, with a single gall and withp as the root sequence,
Condition C-1 in Theorem 1 is satisfied, and so is conditiofan be obtained by redirecting some edgesVirto make p
C-2, with the commorQ-set beingQ = {4}. Therefore, we the root sequence and removing the leaf correspondipgmo
conclude that there exists a galled-tree for this example. Shown

on the right hand side of Figure 5 is a galled-tree fdrwith



E-2. For everya = 1, ..., g, there exists a non-emptQ, €
Nei.jyer(c.y ™ (i-e., there exists a commag-set for

81(1)1 each non-trivial connected componetit), and
E-3. Q,foralla=1,...9.
M= 1111 pE g
(1)888 A polynomial-time algorithm for checking these conditions

5 4 3 2 1 is as follows.

Fig. 6. The matrix)/ and its incompatibility grapiG(M) considered in  __ . . .
Example 3. A galled-tree for the data set with a single gall is shown on tlédme complexity. Viewing each column to be a number in
right. base 2, radix so/+p and group identical columns i@(nm)

) ] o time. If columnsiy,is . .., i, Wherei; < is... <ig, in M+p
Example 3 Consider the r_n_atrlxM in Figure 6. If_the_ root are identical, keep only; and letL(iy) = (iy,is,...,ix)
sequence ip, = 0010, condition D-1 in Theorem 2 is violated e the sorted list of columns identical fo. If the resulting
and hence there exists no galled-tree f6mwith p; as the root matrix )/ contains more thadn columns, therM + p has no

sequence. Suppose that the root sgquenpgzisl(.)m. Then, galled-tree [13]. Otherwise, find(n?) incompatible pairs in
the set of quadpartitions fal/ + p. is as follows: M and create the incompatibility gragi(1/), containingg

[(i,7) [ Q7(00) [ Q7(01) [ Q7 (10) [ Q7 (11) | non-trivial CCsCy, .. ., C},. This takesO(n?) time. Condition
1.2) 51 .20 | {4,000 3] E-1 is satisfied byM + p if and only if M satisfies that
(1:3) (1,5} {’2} {4: my | {3 condition and every edgéx,y) in G(M) satisfies either
(1,4) {5} 1,2} 4 (3, pa} max(L(z)) < min(L(y)) or max(L(y)) < min(L(x)). This

test takesO(n?) time. If E-1 is satisfied, then check E-2 and
This shows that condition D-2 is violated, and therefore we-3 as follows inO(n?) time. Create a quadpartition’’ for
conclude that there exists no galled-tree fdrwith p, as the every (i,5) € p(M) such that every subs€¥ (kl) € 7% is
root sequence. Suppose that the root sequenpe s 0100, sorted, and leR” ¢ 7/ denote the subset that contaips

in which caseM + p3; has the following quadpartitions: Conditions E-2 and E3 are satisfied By + p if and only
() [ Q700 [ Q700 [QUao (@] ¢ fenercn® = RO 7 & o e s S
T T 1 summary, the algorithm just described runsGrnm + n?)
<1’ ) ) {5} {1, 2’p3} {4} 13} time, which, in fact, is equal to the time bound of the root-
(1,3) || 11,5, p3} {2} {4} {3} known galled-tree construction algorithm devised by Gusfield

All conditions in Theorem 2 can now be satisfied (e.g., with
Q = {3}). A galled-tree withp; as the root sequence is shown
on the right hand side of Figure 6. 4.2 Root-unknown case
Gusfield [3] established that if the root sequence is un-

4 GALLED -TREES FOR M WITH MULTIPLE known, a NASC for the existence of a galled-tree faf is

that there is at least one row in M such that there exists
NON-TRIVIAL CCS IN G(M) a galled-tree forM with o as the root sequence. That result

A NASC for the case of multiple galls can be obtainednd Corollary 1 together imply the following:
readily by combining the results from the previous section o
with earlier results on galled-trees existing in the literature.Corollary 2. Suppose that there arg non-trivial connected
componentsCy,...,Cy in G(M). Then, a NASC for the
existence of a galled-tree fol is that M satisfies the
following conditions:
SIL(Jpr;ose ]'Eh?; theI root hsequencepls;clt forilows_ from the]c F-1. For everya =1,...,g, ﬂ(i,j)eP(Ca) 1(3,7) # @.
work of Gusfie et_a .[5] that a NASC for the _emstence ofaro Foreverya = 1,...,g, there exists a non-emp, €
galled-tree forM with p as the root sequence is that, for each N ij and
Vi : i.J)EP(Cy) T

non-trivial connected compone@tof G(M +p), there exists a ¢ 3 U2 Qa £ X(M).
galled-tree whose root sequencepisestricted toC'. Together a=1 =
with our result in Theorem 2, this immediately implies the
following:

4.1 Root-known case

The last condition ensures that there exists a rowot
contained in any oB;, ..., Q,4, such that it may serve as the
root sequence of a galled-tree. As described below, there exists

Corollary 1. Suppose that there are non-trivial connected vt ! ) .
y PP L4 a polynomial-time algorithm for checking these conditions.

componentg’y, ..., Cy in G(M + p). Then, a NASC for the

existence of a galled-tree fa¥/ with p as the root sequence Time complexity. An O(nm + n?) time algorithm similar

is that M satisfies the following conditions: to that (described above) for the root-known case can be

E-1. For everya = 1,....g, ﬂ(w)ep(ca)l(i,j) # o, used to determine whether there are less than or equal to
i.e., every incompatibility irC, overlaps with all other 2n distinct columns inM, and whether conditions F-1 and
incompatibilities inC,. F-2 are satisfied, finding all possible commahsets for



each connected componefit,, a = 1,...,g. (For the root- Ch Cs
unknown case, we need to usdé and % instead of M + p m
and 7/ — R%, respectively.) Now, condition F-3 is satisfied 1 3 6 9 4 5 7
if and only if the following holds: For some row € M,
every C,, a = 1,...,9, has at least one commo@-set
not containingc.. Since there ar&(m) = O(n) CCs, this
test can be done i(n*) time. Hence, the algorithm justfor A/ with exactly 2 galls. The one shown in Figure 2 is a
described runs i (nm+n?) time, which is equal to the time galled-tree for this example.

bound of Gusfield’s root-unknown galled-tree construction

algorithm [3].

Fig. 7. Incompatibility graph, containing two non-trivial connected compo-
nents, for the matrix shown in Figure 2.
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Example 2, we know that there exists a galled-treeMbwvith

a single gall. To determine whether there exists a galled-trgg--ERENCES

for the entire matrixA/*, we need to check condition F-3 in

Example 4. Let M* be the matrixA/* = % J\Iff , where

; 1] V.Bafna and V. Bansal. The number of recombination events in a sample
Corollary. 2 With X1, = {1’ L 6} and X, = {7’ N 12}’ H history: conflict graph and lower bound$EEE/ACM Trans. Comput. P
quadpartitions for(i, j) € P(M*) are as follows: Biol. Bioinform, 1:78-90, 2004.
_ [2] R. C. Griffiths and P. Marjoram. Ancestral inference from samples of
[ (,5) [ Q9(00) [ Q9(01) [ QY(10) | QY(11) | DNA sequences with recombinatiod.. Comput. Biol. 3:479-502, 1996.
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(1,4) || {4} U X, {2,3} {5,6} {1} 70:381-398, 2005.
(2,3) {1’ 2, 6} {5} {3} {4} U Xy [4] D. Gusfield, S. Eddhu, and C. Langley. The fine structure of galls in
24) | (5.6} | {12} | {4uXs | {3} Computatonal El00GYL64S0-460, 2004, | T e
(5,7) {8,9} {10} uXx, | {7,12} {11} [5] D. Gusfield, S. Eddhu, and C. Langley. Optimal, efficient reconstruction
(57 8) {10} UX; {8, 9} {11’ 12} {7} of phyloge_netic networks with constrained recombinatiah. Bioinf.
6 7) {7 8 12} {11} {9} {10} UXx Comput. Biol, 2:173-213, 2004.
( ) ) 1 [6] D. Gusfield, D. Hickerson, and S. Eddhu. An efficiently computed
(6,8) || {11,12} {7,8} {10} U X, {9} lower bound on the number of recombinations in phylogenetic networks:

] ] Theory and empirical studyDiscrete Applied Mathin press.
As this table shows, the commor)-set for C; is [7] J.Hein. Reconstructing evolution of sequences subject to recombination

0, = {4} U X5, whereas the common)-set for C, is using parsimonyMath. Biosci, 98:185-200, 1990.
— {10 X.. Theref -0 19} — [8] J. Hein. A heuristic method to reconstruct the history of sequences
Q = { }_U 1 ere Ore_'_Ql UQ = {1,...,12} = subject to recombination). Mol. Evol, 36:396-405, 1993.
X (M), which violates condition F-3. Hence, we conclude[9] D. Hinds, L. Stuve, G. Nilsen, E. Halperin, E. Eskin, D. Gallinger,
that there does not exist a galled-tree far*. In fact, it can K. Frazer, and D. Cox. Whole-genome patterns of common DNA
be sh that M*) —3 variation in three human populationScience 307:1072-1079, 2005.
€ shown tha mln( - 9 [10] T. N. D., Huynh, J. Jansson, N. B. Nguyen, and W.-K. Sung. Construct-

ing a smallest refining galled phylogenetic netwdpkoc. of RECOMB
265-280, 2005.

; ; ; ; [11] L. Nakhleh, T. Warnow, and C.R. Linder. Reconstructing reticulate
Example 5. Consider the matri¥/ shown in Figure 2. There evolution in species — Theory and practi®oc, of RECOMB 337

are two non-trivial CCs in the incompatibility gragh(M), 346, 2004.
shown in Figure 7. It is easy to see fr(ﬁ}(M) that condition [12] Y. S. Song and J. Hein. On the minimum number of recombination

1 ; ofi P _ events in the evolutionary history of DNA sequences.Math. Biol,
F-1 in Corollary 2 is satisfied. To check conditions F-2 and 48160186, 2004,

F-3, examine the following quadpartitions: [13] L. Wang, K. Zhang, and L. Zhang. Perfect phylogenetic networks with
_ _ _ _ recombination.J. Comput. Biol. 8:69-78, 2001.
[ (i,)[Q7(00)] Q7(01) [Q7(10)] Qv (11) \
(1,6) {1} {2} {5} 1{3,4,6,7,8,9,10}
(3,6)] {1} {2,3} {5} {4,6,7,8,9,10}
2.5 {9 [{L,...,5,10}| {8} 6,71
4,5)] {8} {7} {9} {1,...,6,10}
4,7 {8} {7} {9,10} {1,...,6}
(2,7 {9,10} | {1,...,5} {8} {6,7}

For connected componeidt;, the common@-set is Q, =

{8}. For connected compone6t, either{1} or {5} may be
used asQ; to satisfy condition F-2. For either choic&; U

Qy # X(M) = {1,...,10}, and therefore condition F-3 is
also satisfied. We thus conclude that there exists a galled-tree



