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Abstract

The diffusion-generator approximation technique developed by De lorio and Griffiths
(2004a) is a very useful method of constructing importance sampling proposal distri-
butions. Being based on general mathematical principles, the method can be applied
to various models in population genetics. In this paper we extend the technique
to the neutral coalescent model with recombination, thus obtaining novel sampling
distributions for the two-locus model. We consider the case with subdivided population
structure, as well as the classic case with only a single population. In the latter case we
also consider the importance sampling proposal distributions suggested by Fearnhead
and Donnelly (2001), and show that their two-locus distributions generally differ from
ours. In the case of the infinitely-many-alleles model, our approximate sampling
distributions are shown to be generally closer to the true distributions than are Fearnhead
and Donnelly’s.
Keywords: Coalescent process; recombination; diffusion process; importance sampling;
migration; subdivided population
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1. Introduction

Estimating model parameters and making ancestral inference are an important part of molec-
ular population genetics. At the core of these studies is the problem of computing the likeli-
hood of the type configuration of sample sequences. In the context of the coalescent model
and its various extensions, closed-form formulas are generally not known for such likelihoods,
and therefore several computationally intensive statistical methods have been proposed for
approximating them. Most of these statistical approaches fall into one of two categories,
one based on Markov chain Monte Carlo methods—for examples, see Kuhner et al. (1995,
2000); Wilson and Balding (1998); Beaumont (1999)—and the other on importance sampling
(IS) methods, some notable examples being Griffiths and Tavaré (1994a,b,c); Griffiths and
Marjoram (1996); Stephens and Donnelly (2000); Fearnhead and Donnelly (2001).

On the importance sampling side, new impetus was given when Stephens and Donnelly
(2000) constructed a very efficient IS scheme for the neutral coalescent model for a single
population. Recently, De Iorio and Griffiths (2004a) developed a general method of con-
structing IS proposal distributions from a diffusion-process generator and showed that their
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proposal distributions coincide with that of Stephens and Donnelly (2000) in the case of the
neutral coalescent model for a single population. A particularly appealing property of the
technique developed by De Iorio and Griffiths is that the construction of proposal distributions
in that approach is based on general mathematical principles. The technique is systematic
and can be applied to various settings. For instance, De lorio and Griffiths (2004b) applied
their technique to the neutral coalescent model with subdivided population structure, obtaining
significant improvement over previous IS schemes.

The goal of the present paper is to extend the method of De lorio and Griffiths (2004a,b)
to the neutral coalescent model with recombination. We consider the case with subdivided
population structure, as well as that with only a single population. We focus on the two-locus
model in this paper and defer addressing the general case to a later paper; for now we just
mention that much of what we discuss here can be carried over to multi-locus models as well.
Throughout this paper, two specific models—namely, diallelic models and parent independent
mutation (PIM) models—are examined in detail, thus illustrating how our method works. For
these models, we obtain explicit formulas for conditional sampling distributions, which can be
used to devise an IS scheme.

Of all hitherto suggested IS schemes for the coalescent model with recombination in the
case of a single population, that proposed by Fearnhead and Donnelly (2001) seems most
efficient. In a recent study of the fine-scale variation of recombination rates in the human
genome (McVean et al., 2004; Myers et al., 2005; Fearnhead and Smith, 2005), Fearnhead
and Donnelly’s IS scheme was employed to compute two-locus likelihoods, which were then
combined using Hudson’s (2001) composite likelihood idea. In this paper, we construct novel
conditional sampling distributions and compare them with that used in Fearnhead and Don-
nelly’s IS scheme. In the case of the two-locus model, we show that our sampling distributions
are generally different from that of Fearnhead and Donnelly’s. Furthermore, for the infinitely-
many-alleles model, in which case we can numerically compute the true sampling distributions
for small sample size, we show that our sampling distributions are generally closer to the true
distributions than are Fearnhead and Donnelly’s. Note that IS for the neutral coalescent model
with both recombination and subdivided population structure has not been studied before; our
sampling distribution for that case is therefore the first of its kind.

The organization of this paper is as follows. In Section 2, we review the one-locus case stud-
ied by De lorio and Griffiths (2004a) and describe their general diffusion-generator approxi-
mation technique. Our two-locus sampling distributions for a single population are discussed
in Section 3, whereas Fearnhead and Donnelly’s corresponding distributions are examined
in Section 4. In Section 5, the aforementioned comparison of the approximate sampling
distributions with the true distributions is carried out in the case of the infinitely-many-alleles
model. The two-locus model with subdivided population structure is discussed in Section 6.
In Section 7, we conclude with a brief discussion on future directions.

2. A Brief Review of the One-Locus Case in a Single Population

We first consider the one-locus case in a single population. In addition to serving as a simple
example that clearly illustrates the general idea behind our approach, the one-locus case will
resurface in an important way when we discuss the two-locus case.

2.1. Diffusion approximation

We denote the type space for alleles by F = {1,2,...,d} and the population allele fre-
quencies by X = (X;);cg. The generator for the diffusion process of allele frequencies in the
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space A := {@ = (z;)iep |x; > 0,Vi € Eand Y, p x; = 1} is given by

1 0? 0
L= > wildi —fﬂj)igajia% +D 1D (i + aya) Er

i,jEE i€cE |jeE

where «;; are mutation parameters. If mutation events occur according to a Poisson process
with rate 6/2 and type changes are governed by a Markov chain with transition matrix P =
(P ij)’ then

0 0
aij = §PZ and Zaij = 5, (1)
JEE
in which case the diffusion process generator becomes
1 8? 0 0
ZL=3 Z i(dij — xj)m + 52 Z%(Pji =i | g
,jEE i€E | jERE
Note that this generator can be written as

0 1 0 0
L = ZL10$Z7 where L; = 5 Z xi(éij — l‘])aix] + 5 Z Z‘j(Pji — (5”)
JjEE

icE jEE

With E denoting the expectation with respect to the stationary distribution of the diffusion
process, the sampling distribution of an unordered type configuration n = (n1,ne,...,ng)
is given by p(n) = (")E ([Tep X;*), where n = 37_, ny and () denotes the multi-
nomial coefficient ( " d) An important fact is that this sampling distribution satisfies the

ny,...,n
exchangeability condition

. n; +1—19;;
wli|n —ejlp(n —e;) = %p(n—ej +e;), 2
where 7[i | n] denotes the conditional sampling probability of an additionally sampled allele

being of type 7, given that the current unordered sample configuration is . Conditional

probabilities are normalized so that ) ., 7[i|n] = 1. Another important point to note is
that
n a n
E(fHka>=E<ZLiaminkk> =0, (3)
keE i€k kEE

which follows from the fact that E(.Z (X)) = 0 for any bounded continuous function f with
well-defined second derivatives. The key to the technique developed by De lorio and Griffiths
(2004a) is to assume that there exists a distribution with expectation operator [E such that the
vanishing of (3) holds component-wise; that is, for all : € E,

~ 0 -
]E(Liam II x: > =0. )

' keE

Further assuming that the exchangeability condition shown in (2) holds for the sampling
probabilities p(n) = ()E (] Xi*) and the corresponding 7[i | n], a system of equations
satisfied by 7[i | n] can be found (De Iorio and Griffiths, 2004a). A key observation is that these
conditional sampling probabilities can be used to construct efficient IS proposal distributions.
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TABLE 1: Proposal distribution and importance weights for a neutral coalescent model of a single locus.

Hy—1 p(Hy—1|Hg) IS weight
e nj—1 n; 1 Dol — e
nTe nt0—1n7j|n—e] nj”[”" el
+ QPZ nj%[i\n—ej] TLZ-I-].—(S”%[]"R—B]]
n+e;—e; e ==

T on4+0—-1n7j|n-—ej n; Tli|n — ej]

2.2. Using 7[¢ | n] for importance sampling

The likelihood of a configuration can be calculated by sequential IS on coalescent histories
which begin at a configuration Hj of sample genes, and move through states H_1,..., H_,,
back in time. Changes of state occur when a coalescence, mutation, migration (in the case of
subdivided population structure) or recombination (in the case of more than one locus) takes
place. The most recent common ancestor (MRCA) is reached at H_,,.

The forward transition probabilities p(Hy, | Hi—1) from the MRCA to the sample are known
from the coalescent process, whilst reverse transition probabilities p(Hy_1 | Hy) are unknown
and replaced by an IS proposal p(Hy_1 | Hx). The IS weight in a transition from Hj to
Hy._1 is then p(Hy | Hi—1)/D(Hg—1| Hy). Using Bayes’ rule and (2) applied to p(n) and
7[i | »], the proposal distribution and IS weights can be expressed in terms of 7. The simplest
one-locus case is illustrated in Table 1. We mention briefly that approaches other than IS
can be made to exploit the sampling distribution 7[i |n]. For example, Li and Stephens
(2003) constructed an efficient way to estimate the likelihood by introducing the Product
of Approximate Conditionals (PAC), defined as p(n) = 7[i1|7[iz | 1] ... Tin | i1, -+, in-1],
where (i1,...,1,) denotes a random permutation of the ordered configuration (a1, ..., ay,)
of genes corresponding to the unordered configuration n. For the stepwise mutation model,
Cornuet and Beaumont (2007) provided a comparison of a PAC scheme with an IS approach,
when 7[¢ | n] is derived using the method of the preceding subsection.

2.3. A general solution to the sampling distribution 77 | n]

The system of equations for 7[i | n] that one can obtain using (2) and (4) is

(n+0)7[i|n] =n;+ 0 #[k|n|P. Q)
keE

(See De Iorio and Griffiths (2004a) for the details of the computation.) This system of equa-
tions can easily be solved using matrix inversion. More precisely, 7[¢ | ] is the ith component
of the row vector cn(I — cOP)~!, where ¢ = 1/(n + 0) and I is the d x d identity matrix.
As discussed in De Iorio and Griffiths (2004a), this solution is exactly what Stephens and
Donnelly (2000) also obtained using a different approach. Further, note that, as n — oo and
n;/n — x;, with x; being the population frequency of the allele type i, 7[i | n] — ;.

The sampling distributions 7[: | 2] depend on 6 and P only through the rate matrix (P—1I).
The proposal distribution and IS weights in Table 1 can be modified to depend only on the rate
matrix by considering the proposal distribution conditional on state changes by mutation j — ¢
where i # j.
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2.4. 7[i | n] for a diallelic locus
When there are only 2 alleles at each locus, i.e. E = {1, 2}, the expression cn(I —cP)~!

described in the previous subsection takes on a simple form. More explicitly, the conditional
sampling distributions are given by

ny + 0Py ng + 0 P19

(1 = and 7[2 = .
mltnl n+ 60(Pia + Po1) T2In] n+ 6(Pi2 + P»)

2.5. 7[i | n] for PIM models

For parent-independent mutation models, the transition probability satisfies Py; = P; and
therefore it follows from ), . 7[k|n] = 1that 0, . 7[k|n|Py; = OF;. Hence, the
sampling distribution 7[i | n], for ¢ € E, has the following simple form for PIM models:

The two-allele and PIM models are seen to be equivalent by choosing 6 and P such that

O = Owoualiele (P12 + Pa1),
Py = P /(Pia+ Po),
P, = Piy/(Pia+ Po).

3. The Two-Locus Model in a Single Population

In this section, we apply the diffusion approximation technique to the two-locus model in
a single population. As we elaborate presently, there exists an intricate link between the one-
locus and the two-locus models. This property allows us to obtain closed-form formulae for
sampling distributions for certain models.

3.1. Notation

We first define some useful notation to be used in the remaining part of this paper.

1. The first locus is denoted by A and the second locus by B.

2. F 4 and E'p denote the allele type spaces for the first and the second loci, respectively.

3. Weuse “-” to denote that an index has been summed over. For example, n;. = > jery Mij
andn; =3 icp, Nij-

4. Given a rank-2 tensor n = (n;)(i,j)eEax B> We define two vectors n, = (n4.)ick,
and ng = (n.;);cp, by summing over one of the indices.

5. Ascalarnisdefinedasn =3, »cp. g, Nij-

6. We use e; to denote the unit vector whose ith component is 1 while all other components

are 0. Similarly, e;; denotes a rank-2 tensor whose (4, j) component is 1 while all other
components are 0.

3.2. The neutral two-locus diffusion model

The state space of the neutral two-locus diffusion model is

A= x=(2ij)ij)eEsxEp |Tij = 0,Y(i,j) € Ea x Ep and Z rij =1,
(i,))€EAXEB
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and the generator for the diffusion process is .£ = ) (i.j)€EaxEx Ly %, where
. ij
1 0 1
Lij =35 > 25 (0irdj1 — xkl)aTkl + bij(z) + 4 (Ti-x.j — T45).

(k,1)eEAXEp

In the infinitesimal mean part of the generator, p is the population-scaled recombination rate
and b;;(x) is

9 05
bij () = f > kg (P — o) + > > @B —6)),
kEE A leEB

where 0, and P} are the population-scaled mutation rate and the transition matrix for locus
a € {A, B}. For clarity of discussion, we keep the parameters of the two loci distinguished.
Consider the multinomial probability

|
Q(azm)z( > --!) II @ ™)
(k1)

H(ZJ)EEAXEB Y cEAXEp

The sampling distribution p(n) of the unordered sample configuration n is defined as p(n) =
E [Q(X,n)], where the expectation operator E is defined with respect to the stationary distri-
bution of the diffusion process. Let 7[(4, j) | 7] denote the conditional probability that the (n+
1)th sampled allele is of type (i, j) € E4 X Ep, given that the first n alleles have multiplicity
configuration n. These probabilities are normalized so that 3, - g, 7(4,7) [n] = 1.
The sampling distributions 7 and p satisfy the exchangeability condition

.. Nni; + 1
l(6.9) [ p(n) = E[X,Q(X,m)) = "2 pn +ey), ®)
which implies the following collection of conditions:
p(n —ei; + ew) ( n )
= | ————— | 7k, ]) | n — eyl 9
p(n — ei;) N+ 1 — 01 (& D) i) ®)
p(n —eij +eq+ey) ( Nij ) n(n+1)

p(n —e;) nij + 01 ) (kg +1— i) (na +1— ;)

W[{(ial)7(kaj)}‘n_eij]> (10)

where 7[{(¢,1), (k,j)} |n — e;;] = E[XuyXy,;Q(X,n — e;;)]/p(n — e;;). The sampling
distribution 7 satisfies the symmetry identity

[(k,j) [n+ea] 7[(i,1) | n] = x[(i,1) | n + ex;] 7[(k, j) [ n], an
which implies

m[{(5,0), (k, )} [m —ei;] = 7[(k,j)|n— ey +eal 7[(i,1) | n — ey]
= 7[(i,)[n — e +exs] T[(k, 1) [ — ).
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3.3. The main recursion for 7[(%, j) | n]

Adopting the idea of De lorio and Griffiths (2004a), we now assume that there exists a
distribution with expectation operator E such that, for all (¢, j) € E4 x Ep,

E Lijiu I x| =o (12)
Tij (k,)EEAXEp

Proposition 1. Letp(n) = E [Q(X, n)], where Q(X , n) is the multinomial expression shown

in (7), be an approximate sampling distribution, and let T be the corresponding approximate
conditional sampling distribution that satisfies the exchangeability conditions (8)—(10). Then,

(0t p+0a+0:) 70 ) ] = niy+ 0. S Fl(kag) 0] PG+ 65 3 (0,0) | n] P
keEE l€EEB

+pl{(E,-), (5 4)} [ ], (13)
where R[{(i, ), (-, )} | n] = E[X;. X;Q(X, n))/p(n).

Proof. 1t is straightforward to show that the component-wise vanishing property (12) im-
plies the following relation for p:

nij[(n—=1)+p+04+05]p(n) = n(ny; —1)pn — e;;)
+04 > P (i +1—6i) Bln — eqj + exy)
kEE 4
+05 Z PZJJB (nil +1-— 5]1)1?(71, — € + eil)
leEB

+<ni1) Z [ﬁ(n—eij—ke“—!—ekj)

(k,l)EEAXEB

x (’”J“‘S’“‘sﬂ> (nar+ 1= 83) (i + 1 — 63)| . (14)
g

This can also be obtained by assuming in the ancestral recombination graph that the next event

(coalescence, mutation, or recombination) back in time has probability 7;; /n of occurring to a

gene of type (i, 7). Using the exchangeability conditions shown in (8)—(10), the above equation

for p can be written in terms of 7 as shown in (13), after setting n — n + e;;. |

Note that the approximate conditional distribution 77 may not satisfy the symmetry identity
(11) satisfied by the true distribution 7. Therefore, the formula one obtains for 7[(, j) | n]
may depend on how 7[{(i,-), (-,7)} | n] is treated. Motivated by the symmetry identity (11),
we use the following symmetric form when evaluating 7[{(, -), (-, j)} | n]:

FG) Yl = 5 3 (Rl ] 7k, ) [m+ el
kEEAleEB
+ 7[5, 1) |+ ex] (k. ) [ m] } (15)

The main difficulty in solving (13) comes from this part. At first sight, it is not obvious how
these terms quadratic in 7[(a, b) | n] should be handled. It turns out that the system of equations
shown in (13) possesses hidden structures that prove very useful. We turn to this property next.
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3.4. Marginal distributions

The key observation that allows us to solve for 7[(7,j) | »] in (13) is as follows. If we
sum over the index j in (13), then the terms that contain the mutation parameter 6 cancel out
nicely between the left and the right hand sides. The same holds true for the terms that contain
p- Hence, what remains is the following simple system of equations:

(n+0.)7((,) [ n] = ni + 0, > 7(k,-) |n] PL. (16)

kEE 4

Note that this system of equations is a marginal system only depending on n,. In fact, it
is precisely what the one-locus conditional distribution for the first locus satisfies; summing
over the index for the second locus has reduced the two-locus equations (13) to the one-locus
equat10ns (5) for the first locus. There exists a unique solution to (16), namely 7[(4,-) | n] =
T a[i | m4], the latter being the one-locus distribution for locus A.
In a similar vein, if we sum over the index 7 in (13), then we obtain

(n+05)7[(~4) In] =n;+0, > 7(1)|n] P, (17

leEB

which is a marginal system only depending on 72 5. The unique solution to (17) is 7[(-, j) | n] =
Ts[j | ns], the latter being the one-locus distribution for locus B.

3.5. ®[(3, 4) | n] for diallelic loci

In the case of diallelic loci, i.e. E4 = Fp = {1,2}, it becomes particularly clear how
the observation made in the previous subsection can be utilized to obtain 7[(7, j) | 7]. In what
follows, we definei = 1ifi =2and7 = 2if 71 = 1.

Proposition 2. Assume the symmetric form (15) for w[{(i,-), (-,4)} | n]. Then, for diallelic
loci, a solution to (13) is given by

s 1 ~ r ~ 1

wlig)In] = 5 {n + 0Pl | ] + 05 PR 7]
p | n+0.(Ph+ P) n+0s(P5+PR) 1~ o 1~ .
L 18
2 [n+1+6A(P1A2+P2A1) W1+ 0,(Ph + Py | I malTeliinal g, (08)

where the normalization constant N is defined as

N = n+0.(Pjy+ P3) +05(Ph + Pyy)
,0|: n+ 60,(P4 + Pg) n+05(Ph+ Pg) }
n+1+40,(Ph+Pg)  n+1+0,(P5+PF)

2

Proof. As in the one-locus case (c.f. Section 2.4), equations (16) and (17) for two-locus
marginal distributions admit simple solutions when there are only two possible alleles at each
locus. More precisely, we have

~r/s ~ ng. + 0P

74, )| n] = Tali|ns = n+9A(PA:+P2A)’ (19)
1 1
n.j+95P3L;

n+05(PE+ PE)’

7[(, ) [n] (20)

Tpljns] =
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Hence, it follows that

#(i,) | m+ exs) ni+ 8+ 0aP7 [+ 0a(Piy + P Rali [ 4] + Sir

) kj n+1+9A(P1A2+P2A1)7 n+1+0A(P1Aé+P2Al) )

F(4) | n+eq] = ng £ o+ [n+GB(P5+PQBl)]%B[j|nB}+5ﬂ’
n+1+405(P5+ Py) n+1+0,(Ph+ Py)

and, therefore, 7[{(i,-), (-, )} | n] can be written as

o , 1 1 1 o
l{G:), (59)} In] = 2{[n+1+9A(Pf§+P2Al) + n—l—l—i—%(Pﬁ—&-Pﬁ)}ﬂ(l’j)n]

n+ 0, (Pf5 + Ps) n+05(P% + Py ~ ~ s
|: A( 12A 21)A B( 123 21)B ]WA[Z|7IA}7TB[]|TLB]},
n+1+0.(Py+ Psi)  n+1+40s(Ph+ Py)

where we have used the symmetric form (15). Using this, along with (19) and (20), one can
easily solve for 7[(, j) | n] in (13). After some simple algebra, one obtains (18). [ |

Note that everything on the right hand side of (18) is completely known and that the
solution has a very nice form. In particular, the contribution of recombination to 7[(i, j) | n] is
proportional to a simple product of independent one-locus distributions at the two loci. Similar
to the case of a single locus, as n — oo and n;;/n — x;;, with x;; being the population
frequency of the allele type (i, 7), @[(%, §) | n] — ;.

Note that the approximate conditional sampling distribution 7[(7,7)|n] obtained above
satisfies 3 ; g, xmy 710 J) [1] = 1. Also, for p = oo, it satisfies the symmetry condition
(11). For 0 < p < oo, the symmetry condition is not satisfied in general.

3.6. w[(i, ) | n] for PIM models

We first need to obtain a system of equations relating 7[{(¢, -), (-,7)} | n] to T[(¢, j) | n]. In
(16), set n — n+e;;, multiply by ﬁ(n+elj)[H(T’S)eExE(nrs + 6,1055)!]/(n + 1)1, and then
sum over the index /. The resulting equations are

(n+0,+DEX;X;X") =, E(X;X™) + E(X;X™) +0, > E(XpX,;X™)P,

k€EE s
where X™ denotes [ [, ), x5, Xqp - Then, multiplying by n!/[p(n) [, e g, x 5y Tors]
gives the recursion
(n+ 0.+ )7L ), )b Inl = namslins] +7((05) [n]
+0. Y 7k, ) IR @D

kEFE 4

In the PIM model, Pg; = P, forall k,7 € E 4. Hence, (16) reduces to
(n+0,)Tali | ms] =ns + 0P, (22)
and equation (21) to

(n+ 0.+ 1)7[{(0,-), (- 5)} [ n]

(ni. + 0. P )75l [ ns] + (4, §) | m]
= (n+0.)7Tafi | na|Ts]j | ns] +7[(4,5) | n].
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In a similar vein, one can show that
(n+0g)7slj|ns]l =n,+ 0P 23)

and (n+0, +1)7[{(i,-), (- J)} [n] = (n+0s)7ali | nal7slj [ ns] +7[(@, j) [1]. Note that
(22) and (23) are analogues of the one-locus distribution (6) for loci A and B, respectively.
Symmetrizing with respect to the two loci thus gives

1

16, ()} n] = 2( n+0, n4 0,

n+1+60, n+1+05

) 7 ali |l alj | 1)

1 1 1 ..
+2(n+1+9A+n+1+93)ﬂ[(2’])|n]' (24)

This leads to the following result:

Proposition 3. For the parent-independent mutation model, a solution to (13) is given by

s 1 ~ . B 1
Rl Inl = 55 { Rij  0a P Rolj | o] + 05 PP Rl ]

1 ( n+0, n+0p

ML by +n+1+93>“[l"A]WB[JInB}}, 25)

where N =+ 0, + 0, + 3 p (G240 + 2498 ).

Proof. This follows from substituting (24) in (13) and then solving for 7[(¢, j) | n]. [ |
Similar to the case of diallelic loci, as n — oo and n;;/n — x;j, 7[(4,7) | n] — 4.

3.7. Using 7[(%, j) | n] for importance sampling

In a similar manner to the one-locus case, backward transition probabilities can be ex-
pressed in terms of the sampling distribution 7[(, j) | n]. However, it is clear from (14) that
each recombination event increments the size of the sample, resulting in an extremely ineffi-
cient IS scheme that needlessly simulates complete ancestral recombination graphs (ARGs).
This inefficiency can be circumvented by noting that the histories of genes which are not
ancestral to the sample cannot affect the sample configuration, and so there is no gain in tracing
them back in time. We propose a modified IS scheme which simulates coalescent histories only
of genes carrying ancestral material, rather than complete ARGs. The sampling distribution
7[(4, ) | n] is modified accordingly, as we describe below, and forward transition probabilities
are obtained from the corresponding two-locus recursion. This recursion is related to those
studied in Golding (1984); Ethier and Griffiths (1990), which differ from this approach in that
they do not assign types to non-ancestral loci.

Denote a gene of type (4, ) € E4 x Eg which is ancestral at locus A only, locus B only and
ancestral at both loci as (4, j)*, (i, )%, (¢,7)¢ respectively, with corresponding multiplicities
ng niss nfj The state space for genes in this system can then be denoted (¢, 7,7) € E4 X
Ep x T, where ' = {A, B, C} and + indicates at which loci the gene is ancestral (A only, B
only or both). Define 1, = (n;)(i,j)eEax s a0d NY =37 5y, «p,, 7i; fory € T, so that
n = (n,,ng,ne) and n = n* + n® + n. In the reduced scheme only genes ancestral at
both loci, v = C, can undergo recombination as we trace back in time. When sampling types
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(4,9)% (i,5)7, (i,7)C weuse w((i, j)* [ n] = 7((i, j)” [ n] = 7([(i, ) [n] = 7[(i, j) [ n]. An
equation for p(n) under this reduced scheme is:

Dop(n)= n Y > (] = Dp(n — e];) + 208 (p(n — efy) + p(n — ef))
(i,j)EEAXER ~yeTl

+2(nf; + 1)p(n — e — e +ef))

ij
nl.+1— Oik
ki i
b0 3 SR e e)
keEy vel

T 41 —94;
top Y S AT T e 1 e))
leEp yel n

Z (nf + 1)(nfj +1)

+e n(n+1)

A B C
p(n+e;+ey; —ej)|,
(k,))EEAXEp

where Do =n(n—1)+nfs +nlp + pn®; n — e;; denotes (n,—e;j,np,ne), and so on.
Let Hy,H_4,...,H_,, denote a sequence of states backwards in time, with the state H
denoting the input data. Recall that the proposal density for sequential IS is p(Hy—1|Hy) =
p(Hi|Hg—1) P %?13;)1) , with p(Hy|Hy—1) being the forward transition probability, and the asso-
ciated importance weight is p(H}, ) /p(Hg—1). The forward transition probabilities and the ratio
D(Hi—1)/D(Hy) for the scheme developed above are shown in Table 2, whence the backward
transition probabilities and IS weights can be derived. For sampling distributions involving the
sampling of two additional alleles, we propose to use the following symmetrized definition:

R0 () Hin = €G] = 5 (RIGD In+ef; — el 7l(k5)" |m— e

+ 7k, 5)" | n+ el — eG] RO n—e5]). 6)

ij
4. Fearnhead and Donnelly’s Sampling Distributions

In this section, we describe the sampling distributions suggested by Fearnhead and Donnelly
(2001). It was shown in De Iorio and Griffiths (2004a) that, in the absence of recombi-
nation, the diffusion approximation technique leads to the same sampling distributions as
that proposed by Stephens and Donnelly (2000). It would therefore be of interest to study
whether the diffusion approximation technique can produce novel sampling distributions when
recombination is taken into account. For certain cases of the two-locus model, we obtain close-
form formulae for Fearnhead and Donnelly’s sampling distributions and show that they differ
from our sampling distributions. How these two different approximate distributions compare
with the true distribution will be considered in Section 5.

4.1. Approximation for p = 0

Let H denote a multiset of n alleles. In the absence of recombination, Fearnhead and
Donnelly’s conditional distribution of the (n + 1)st sampled allele being of type 1, given the
type configuration H of the first n samples, is defined as

Falolt] = 50 2 (20)" () 1P e

$eH m=0
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TABLE 2: Forward transition probabilities p( Hy|Hr—1) and the ratio p(Hr—1)/D(H). The constant
Dy is defined as Do = n(n—1) +n04 +n0s +n°p, and the multiplicity of Hy ism = (n*,n”, n°).

Hy_
Hi 4 p(Hk‘kal) p]g\([{kk)l)
Coalescence :
. n(2ng; +nf — 1) n
n—ej Do n7((i, §) | n — ef]
) %]
s n(2ng; +nj —1) n
i Do n7((i, §)" | n — eZ]
) ij
e i = 1) i
g Dy )7 |m e
n—et—ef +ef 2n(nf; +1) ning (i, 5)C | n — efy — ejj]
ij ~ €ij € Do n(ng; + DF[{(6,5)*, (i,4)"} n — el — eZ]
Mutation :
04PA(nf 4+ 16, n (K, 5)* |n — e
n— e+ ep; ki 2 ranE ' A[(- ?)A | Aj]
Do nig; +1—26i 7[(i,7)" [n—ef]
n—el + e’ QAPI?i(nlljj +1— i) nZ ml(k, )" [n efj]
ij T €k; Do ng;+1—0u 7((6,5)" | n— ef]
n — e + e¢ QAP]?i(ngj +1—8ir) nzcj /7-}[(]@7])C|n—e%]
i T €k; Dy ng;+1 =0 7[(6,5)° [n - ef]
o wmmitima) G e
2] il Dy nﬁ +1- 5jl %[(ivj)A |TL o e?j]
B(,,B 713
n—e’ + e’ OpLj(ni +1 - 6;) ng  FlE0)"|n e
ij il . CDO nﬁ +1-— 6jl i[(%])B ‘ n— efj}
n — e’ + e Op P (nj +1— ;) i i Tl D | n — eyj]
ij il Dy ng +1 —dj1 w[(d,5)° |niezCJ]

Recombination :
png+1)(ng; +1)  ngn+ D7E[{E D, (k,7)%} n - ef]
(n+1)Dy (ng + 1 (ng; + D7[(E,5) [n — ef]

C A B
n—ej; e te

where 6 denotes the population-scaled mutation rate for the region being considered and P the
transition matrix. This distribution was first suggested by Stephens and Donnelly (2000). It
corresponds to summing over all possible ways of choosing an allele from H at random with
probability 1/n, and then mutating it m number of times according to the mutation transition
matrix P, with m being geometrically distributed with parameter 6 /(n + ). If there are ¢ loci
so that ¢ = (¢1,...,¢¢) and ¢ = (Y1,...,%¢,), then [P™] 4, in (27) needs to be replaced by

£
1 m
Z <m1, m s mZ) ]:.[1 Mo [P a]ﬁf’a@ba‘

The multinomial coefficient (m1 " m[) corresponds to the number of ways of arranging m;
mutations at locus i, for ¢ = 1,..., /4, into a sequence of length m = my + ... + my. (In
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this counting, mutations are regarded as being labeled by loci.) Dividing the multinomial by
¢mat+me gives the probability of having m mutations at locus 1, mo mutations at locus 2,
and so on. Hence, for the ¢-locus case, (27) can be written as

el =3 3= 3 g " N T () P

¢eH m1=0 a=1

Note that, since

00 ¢ t@ Ma | 4 9 Mo Pma
/ H —9[ ) [Pma]¢ » dt m: [ ]%wa ,
i o n+6 L \n+o mamg)

a=

and expA\(A = I)] = >72, exp(—)\)%Aj, for A a general k X k matrix and I a k X k
identity matrix, one obtains

4
FolvlH] = 3 & / Ul (Mo (1) dt

peH

where M, (t/n) = exp[ (P — I)]. More generally, if each locus « has its own mutation
parameter 6, and transition matrix P, then M, (t/n) = exp[£0, (P> — I)] should be used.
4.2. Approximation for p # 0

To compare Ty, [t \ H] with our results, we assume that every allele in H contains ancestral
material at every locus. Then, for p # 0, Fearnhead and Donnelly’s sampling distribution is
given by T [t | H] = pe [¢0], where py [¢)] is determined recursively using

-yl / e Pa [, /] dt 28)

¢eH

and

Pa [P]6,t/n] = { (1 = ga—1)pa—1 [¥|0,t/n] + qa—1Pa—1 [$]} X [Ma(t/m)]guya,  (29)

with the initial condition

p1[¥]e,t/n] = [My(t/n)ly,y, - (30)
Here, ¢o—1 := pa—1/(n+pa—1), where p,_1 is the recombination rate between the (a — 1)th
and the ath loci. The first factor (1 — ga—1)pa—1 [¢|¢,t/n] [Ma(t/n)], . in (29) corre-
sponds to there being no recombination between the (o — 1)th and the ath loci, whereas the

second factor go—1Pa—1 [¥] [Ma(t/n)]4. . gives the contribution from having a recombina-
tion event between the two loci.

4.3. 7w [(2, 7) | n] for a diallelic two-locus model

We now focus on the two-locus model with two allele types at each locus. Let nn denote the
multiplicity configuration of H. As in Section 3, the type spaces for the first and the second
loci are denoted by F 4 and Ep, respectively, and the recombination rate between the two loci
is denoted by p. For (4,j) € E4 x Eg = {1,2} x {1,2}, we wish to compute

T R D S A GO RT e

(kJ)EEA xEp
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Here, ps [(7, 7) [ (k, 1), t/n] = [(1 = q)[Ma(¢/n) ki + qupa [(6, 5)]] X [M2(t/n)]i;, where g1 =
p/(n+p). In our computation, we keep the mutation parameters for the two loci distinguished.

Therefore, for locus o, M (t/n) = exp[L60, (P~ — I)], where
_ p« P

po_r—( P Db ) .
( Py =Py

From the initial condition (30), we find that

ST et eym) at

n Jo
(k,)EEAXEp

n. /°° 4 ni. + 0, P
— e [M1(t/n)]kidt] = s

p1 [(27])]

which is none other than 7,[i | n 4] (c.f. (19)). Furthermore, since

y o™ Ooe_t[Mz(t/n)]ljdt = > hl/ Ooe_t[Mz(t/n)]ljdt

(k)eBaxEs | Y0 I€ER 0
n.j + QBPE%
n+05(P + Pg)’

which is equal to T5[j | nz] (c.f. (20)), Fearnhead and Donnelly’s two-locus distribution in
(31) can be written as

ulli Dl = (5 )MZ P [ ot (M )M 1)

n+
p EEAXEpB 0

P ~ s ~ 7.
+ (n - p) Tall|ma]lTplj| ns]
After performing the integral in the above expression, one obtains

~ e 1 ~ ~
Fulli)ln] = 5 {mo PR ]+ 0, PR i
FD

{n +0.(Pfs + P + 0,(Pg + PE)
n

+p ] % uli| malali | ) } (32)

where

0.(Pfy + Psy) + 05(P% + Py
/\/;D=n+9A(P1Az+P2A})+93(P152+P2B1)+P[n+ (P + Pih) B (P + 21)]

n

That 7 [(Z, ) ] may take on this concise form is not obvious a priori. Simply applying the
prescription shown in (28) and equations thereafter generates complicated expressions, which
are difficult to interpret at first sight. It is only after gathering many terms appropriately that
one is able to write the distribution in such a simple form. In contrast, recall that, because in
our approach we directly utilize the link between the one-locus and the two-locus diffusion
models, our sampling distribution (18) could be obtained without intensive computation.
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Note that the distribution (32) is, in general, different from our sampling distribution (18).
For p = 0 or p = oo, however, the two distributions are equal. More exactly, we have

g + (9 Pf.‘ﬁg[j | TLB} + 9 Pﬁ%A[i ‘ nA]
n+0.(Ppy+ Psy) +05(Ph+ Pg)

lim 7((5,) | n] = lim Fep[(i, 7)) =
p—0 p—0

and
Tim 7((5,5) | 1) = lim Fool(0,5)|n] = Fali [ 7ol ).

As expected, the two loci become independent as p approaches co.

4.4. 7[(2, 7) |n] for two-locus PIM models

For PIM models, the transition matrix P for locus o € {A, B} satisfies P, = P for all
i,k € E,. This implies that M, (t/n) = exp [£6,(P* — I)] reduces to the following:

exp (—£0a) {[exp (50a) — 1] P + 1}, ifk =1,
M(x (t/n)kz - . . ) .
exp (—£0,) [exp (£0.) — 1] P2, if k% i.
We omit the details of the computation of 7 [ (4, j) | 1], as they are similar to that discussed in

the previous subsection. After carrying out the steps outlined in Section 4.2 and then gathering
terms appropriately, one can show that

Twl(d,4)|n] = N7 {nw +0uP 7plj | ms] + 05 P77 Al |14
FD

Oi+05\ ~ (e
+p (n+n+> AAEAEAY ns]} : (33)

where Ny = n+0,+0, +p (24495 Here, 7,[i | n,] and 7[5 | n ] are as shown in (22)
and (23), respectively. As in the case of diallelic loci, Fearnhead and Donnelly’s distributions
(33) for PIM models are generally different from our distributions (25). However, for p = 0
or p = o0, it is easy to see that

nij + 04 P Tp[j | np] + 05 PPTAli [ 4]
n+60,+0g

lim 7[(i, §) | n] = lim 7 [(i, ) In] = 7
p—0 p—0
and

lim 7[(é,j)[n] = lim Teo[(4, 7)) = Tali | nalTs[i | s).

p—00

5. The Two-Locus Infinitely-Many-Alleles Model

As discussed in Section 4, our sampling distributions generally differ from that of Fearnhead
and Donnelly’s. Unfortunately, it is in general difficult to know how these approximate distri-
butions compare with the true distributions, the main reason being that the true distributions
are difficult to obtain. In the case of the infinitely-many-alleles model, however, there exists
a system of recursion relations satisfied by the true distribution (Golding, 1984; Ethier and
Griffiths, 1990), and it is possible to obtain exact solutions to the system when the sample size
is less than 40 or so.
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5.1. Distribution of unordered unlabeled sample configurations

Let A,, denote the ordered configuration of n sequentially sampled alleles. Then, the
probability distribution of an unordered unlabeled sample configuration for the infinitely-
many-alleles model is

p*(n) = L L p(4,)
H(i,j)eEAxEB n;! | o(n) "

where the symmetry factor o(n) is defined as o(n) = |{g € Za x Z2| g(n) = n}|. The first
Zs acts on the first index of n;;, whereas the second Z, acts on the second index.

The true conditional distributions 7*[(%, j) | ] for an unordered unlabeled sample configu-
ration are defined as

o) In] = (M) ),

n+1 p*(n)

One way to obtain the sampling distribution for the infinitely-many-alleles model is to take
a limit in the PIM model. Let p,y 4 (n) denote the probability distribution of a sample con-
figuration m in the two-locus PIM model with allele type spaces £, = {1,2,...,d} and
E; ={1,2,...,d}. Suppose that the sample contains k, and k5 distinct allele types for loci
A and B, respectively. Then, the probability distribution of an unordered unlabeled sample
configuration in the infinitely-many-alleles model is given by

Pr(n) = oy dim i dig g paa (n),

where d) := d(d — 1) --- (d — k 4 1). The corresponding conditional distributions are

o(n)
g(n+e;;)
dli_}nolo d/li_r)noo waa (3, 7) | n], ifn;. #0andn.; # 0,
dlim limoo(d —ka)maa((,7) | n] ifn,, =0andn.; #0,
ifn; #0andn.; =0,

(¢,7)|m], ifn; =0andn.; =0.

(i, 4) [n] =

dlim hm (d — kg )Wd,d'[(l i) n]
dlim dlhm (d—Fka)(d — kg)Tawl

In what follows, we assume that at most 2 allele types are observed at each locus. Therefore,
given a configuration n = (n11, 112, N21, N22), the symmetry factor o(n) is as follows.

if ny1 = nia = no1 = N,

if ny1 = n12, n21 = Nag, and nyy # noy,
if n11 = no1, n12 = Nao, and nyy # nya,
otherwise.

o(n) =

=N N

5.2. Our approximation

Following the above prescription, we use our approximate sampling distribution (25) for
the PIM model to obtain the following approximate sampling distributions for the infinitely-
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many-alleles model:

1] n+60.+0s+ g (ni—ikg,q + ni—LLgB)
ni; + 4 [n!ﬁ(u P el S nﬁigB] , ifn;. #0andn.; # 0,
0a (557) + 8 (wethom s + b vt ) i, = 0andns #0,
95 (n?&-l@A> + g (n—&—q:-GA nf—%g + nr—il-iéA n+?§-93> ) lfnl 7& 0 and n'j = 0’
9‘493 (ﬁ + n+1«93) + % (n-&-?i@;\ ni%B + "’LiAQA n-&-(i}i@a) ’ if ni. = 0 and n.j = 0.

5.3. Fearnhead and Donnelly’s approximation

Using Fearnhead and Donnelly’s approximate distribution (33) for the PIM model leads the
following approximate distributions for the infinitely-many-alleles model:

PO o(n) 1

Tiol(i,7)[m] = o(n + exy) X nt0,+0, +p("+92+93) x
ng; + p (2Hatln) (n%A) (nigB) ) ifn;. #0andn.; # 0,
6, (niéB) + p (2Hattn) (ni?,A) (niéB) , ifn;, =0andn.; # 0,
0 (7 ) +p (2tattn) (2o (05, if n;. #0andn.; =0,
0405 (siis + sy )+ (2204502) (L0a) (L05-) i mi = Oand nj = 0.

5.4. Comparison with the true distribution

For p = 0, our approximate distributions agree exactly with that of Fearnhead and Don-
nelly’s for all values of n;. and n.;. For p = oo, both 7*[(, j) | n] and 7} [(, j)|n] are equal
to the true distribution

n.n., ifn; #0andn.; #0,

. L o(n) 1 Osn.;, ifn;, =0andn.; #0
1 * = J? . T J ’
vl [(2,7) ] o(n+eij) x (n+6,)(n+6y,) *\ nibs, ifni. #0andn.; =0,
HAGB, lf’fh = (0 and n.; = O7

which follows from Theorem 2.3 of Ethier and Griffiths (1990).

For comparing the two approximate distributions with the true distribution, we used Richard
Hudson’s C program (available at http://home.uchicago.edu/~rhudsonl/) for solving Gold-
ing’s recursion (Golding, 1984) numerically. For ease of comparison, we used 0, = 0, = 6/2.
In what follows, we measure the deviation of an approximate distribution 7} .. [(¢,7) | n]

approx
(either 7*[(4, j) | n] or 75 [(4, ) |n]) from the true distribution 7*[(z, j) | n] by

%:pprox[(iaj) ‘ ’fl] - W*[(Z7j) | TL]

— 100%.
I e

Shown in Figure la are the deviations of 7*[(1,1) |n] and 7% [(1,1)|n]| from the true
distribution 7*[(1,1) | n] for n = (4,3,2,3). The case for n = (5,4,4,5) is illustrated in
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FIGURE 1: Left Column: Deviation of Fearnhead and Donnelly’s distribution 77 [(1, 1)|n] from the
true distribution. Right Column: Deviation of our distribution 7*[(1, 1) | n] from the true distribution.
For all figures, 04 = 05 = 0/2. () n = (4,3,2,3). (b)) n = (5,4,4,5). (¢c)n = (0,0,1,0). (d)
n = (0,0,2,1).

Figure 1b. Note that the deviations for n = (5,4,4,5) are generally less than that for n =
(4,3,2,3). Furthermore, both cases indicate that, in general, our distribution 7*[(1,1) | n]
is a more accurate approximation of the true distribution than is Fearnhead and Donnelly’s
Tol(1, 1)[n].

In contrast to the above case where n;. # 0 and n.; # 0, for n;. = 0 or n.; = 0, both
7*[(i,7) | ] and 75 [ (4, §) | n] diverge more and more from the true distribution as n increases.
This puzzling behavior is illustrated in Figure lc-d for (i,5) = (1,1), with n;. = 0 for
n.1 # 0. In Figure 1c n = (0,0, 1,0), whereas n = (0,0, 2, 1) in Figure 1d. In general, it still
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seems true that our approximate distribution 7*[(, j) | n] is closer to the true distribution than
is T [(4, ) -

6. The Two-Locus Model with Subdivided Population Structure

De Iorio and Griffiths (2004a) applied their diffusion approximation technique to the one-
locus model with subdivided population structure and showed that, in the case of the infinitely-
many-sites model, it leads to significant improvement over previous studies (Bahlo and Grif-
fiths, 2000). In this section, we apply the diffusion approximation technique to the two-locus
model with subdivided population structure, thus obtaining novel results. Much of what we
discussed in Section 3 carries over nicely to the present case. This example well illustrates the
wide applicability of the diffusion approximation technique.

6.1. Diffusion approximation

Subpopulations are labeled by I' = {1, ..., g}. The total population sizeis N = > . Na,
where N, denotes the size of subpopulation cv. We define ¢, = N, /N, for all « € T'. For
a, 3 € T where a # (3, the scaled backward migration rates are defined as mqg = 2Ncqg,
where c,3 denotes the probability that the parent of an individual in subpopulation « is
from subpopulation (3 one generation back in time. The overall scaled migration rate for
subpopulation « is my = Y g0 Map. See De lorio and Griffiths (2004b) for a detailed
discussion on the coalescent model with migration.

Similar notation as in Section 3 is used in this section. The population gene frequencies
are denoted by X = (Xuij)(a,i,j)erxEaxEp- These frequencies are normalized so that, for

each subpopulation o € I', 3 ; e, « 5, Xaij = 1. The diffusion process generator for the

two-locus model with migration is & = - .1 >(; jyepax 5y Laij 835 , where
Loi; = L Z Taij (0ik0j1 — Taki)qy 0 +9fAZx (Pl — ki)
atj 2 aig\Vik 051 akl)qq 8$akl 2 akj\L ki ki
(k)EEAXEp kEEA
05 pr_s 0 1 1
+? Z Zail( i ;) + 5 (Tai-Taj — Taij) — imaxozij + 5 Z MaBLBij-
l€EEB B#a

In what follows, define 1 := (N4ij) (a,i,j)erx Eax Ens o = (Naij) (i,j)e B x B+ and

Qale.m) ::H(ZZ) ||

ael (i,j)EEAXEgB
Proposition 4. Assume that there exists a probablllty distribution with expectation operator
]E such that E[L aij@s(X,n)] =0, , for all (a,i,7) € T x B4 X Ep, and define p(n) =

E[Qs(X,n)] and 7[(i, §) | o, n] = E[X, ij QS(X7 n)|/p(n). Further assume that exchange-
ability conditions analogous to (8)—(10) hold. Then,

[Maga ' + o+ ma + 04+ 05 7](6,4) [a,n] = nagar' + > map#l(i,5) | 8.0
B#a
+0, Y ®((k,4) |a,n]Pg + 0, > 700 [, n]PE + pR[{(,-), (4)} ey m], (34)
k€EE A leEp

where T[{(i,-), (-, )} |a,n] = ]E[Xm X0.;Qs(X,n)]/p(n). (Normalization is such that
Z(Z,j)eEAxEB [(Z 7) |04 n] = 1foreacha €T.)
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Proof. This follows from a similar set of steps as in the proof of Proposition 1. [ ]

As in the case of a single population, the main difficulty in solving (34) for the conditional
sampling distribution 7[(¢, j) | v, 7] comes from the recombination term 7[{ (¢, -), (-, 5)} | &, .
As before, our approach is to obtain first a system of equations relating 7[{(¢, -), (-, )} | &, m]
to 7[(4, j) | v, m]; this can be done using techniques similar to the ones already discussed in
Section 3.

6.2. Marginal distributions

Summing over the index j in (34) yields

ez’ +ma+ 047G ) [oun] = nagy' +0.Y 7k, )| o,n]P
keEa
+ Y mapil(i,) | B,ml, (35)
B#a
whereas summing over the index 7 yields
(nagy' +ma + 05 7[(5) |lwn] = najey' +0s Z )| a,n]P}
leEB
+ Y magl(-,4) B, n]. (36)
B#a

Note that these are marginal systems only depending on 1, = (Nya.)(y,a)erxE, and Ny =
(nny.b)(%b)epX £, Tespectively. The one-locus distribution discussed in De Iorio and Griffiths
(2004b) satisfies an equation exactly like (35) and (36). There exists a unique solution to
such an equation; in general, it can be obtained via matrix inversion. (See De lorio and
Griffiths 2004b for details.) We therefore conclude that 7[(¢,-) | o, ] = T4[i| v, 4] and
7l(-,7) |a,n] = Tp[j |, np], where T4i |, 4] and 7[5 | o, m ] are one-locus distribu-
tions for the A and B loci, respectively.

6.3. 7[(¢,7) | @, n] for diallelic loci

We first consider the case of diallelic loci; that is, E4 = Ep = {1,2}. Recall that we
define; =1ifi =2andi=2ifi = 1.

6.3.1. Arbitrary number of subpopulations To be concise, we define
FA(k) =kay' +ma +04(Ps+ P3y)  and  FZ(k) = kqy' + ma + 05(Ph + P3).

Then, (35) and (36) can be respectively written as

Fina)7l(i,) [ evn] = naigy' +0.P4 + > mapr((i,-) | B, nl, (37)
BFo

FR o)) avn] = najay' + 0P+ Y magwl( ) Bl (38)
B#a

These systems of equations can be solved as follows. Let v = (v, )aer and v} = (v, )aer
denote the g-dimensional column vectors with entries
— —1
4 nai.qal —|—9AP£ Na-jq, +93Pfj

RN O >
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respectively. Also, let M* = (M) (a,p)erxr be the g X g matrix with entries

Map .
, ifa s
ap = { Fa(na) #h (40)
0, otherwise.
The matrix M ” is similarly defined, with F2 (n,,) replaced with % (n,,). Then, 7[(¢, -) | ot, 1]
is the ath component of the g-dimensional vector (I — M#)~lv#, where I is the g X g
identity matrix. Likewise, 7[(-, j) | @, n] is the ath component of the g-dimensional vector
(I — MP) tv?.
Now, from equations (39) and (40), we see that

7(i,-) | o, + eqrj] = CaTali |, mus] + DLk, 41)

where C2 and D}, are some constants that depend on 6, P*, n,, ¢, and mg, where o, § € I
Similarly,

7)o, n+ eqi] = CTs[j | a,ms] +Dg b5 (42)

Using these facts, (34) can be written as

70, 0) ] = Aa Y map((i,5) | B,n] + vija,
B#a

where Ao = 2 {F2(na) + F2(na) + p[(1 = D) + (1 - DE)]} ' and

Vija = Aa {naiqul + 0. PATs[j | aymp) + 05 P27 [i| a,m]

T b(ca+coymalilasmalRsli| a,msl )

Here, we have used a symmetrized form of 7[{(i, ), (-, 7) } | &, n] similar to that shown in (15).
Define v;; := (v; ja)aer‘, a g-dimensional column vector. Note that we have already discussed
how everything that appears in v;; can be computed. Hence, defining R = (Rag)(a,8)erxr
as the g X g matrix with entries

_ /\amaﬁ7 if o 7& ﬁ»
Rap = { 0, otherwise,

we can obtain 7[(, j) | o, n] as the ath component of (I — R) ™ 'v;;.

6.3.2. Two subpopulations When there are only two subpopulations, labeled by I' = {1, 2},
the method described above reduces to solving a system of two independent equations in
two variables, and we can avoid doing matrix inversion. For instance, the A locus marginal
distributions satisfy T,[i | a,n.] = Mj57ali| B, m4] + vf,, where constants vy, and M,
are as defined in (39) and (40), respectively. Here, a, 6 € T" with a # 3. We can easily solve
the above system of equations to obtain

M(’:‘ﬂvf‘ﬁ +vg,
1-— M(;‘BMga '

Tali|a,n, =
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Solutions to the B locus marginal distributions 7 [j | &, n 5] can be obtained in a similar way.
In terms of the given parameters, these marginal distributions can be written as

—1
Falilaym,] = __ MapMpBa 7
ng)

Filna) | Fa(na) Fi(ng)

Nei Qo b + 0. P mag(nm.qgl +0.P%)
Fé(na) -7:5(

~r Najds' +0sPf  Map(npiqz' +05PF)
7TB[.7|057nB} -

-1
- _ MagMpa
F&(na) F&(na) F§(ns) ng)|

 FE(na) F5(

from which we see that the constants CZ and D, in (41) are given by

—1
o Fa(na) Fg(ng) — masgmga nd DA 9o Fj(np)

© 7 Fa(na + 1) F(ng) — magmga * 7 Fa(na) F; (np) — magmpa’

The constants CZ and DJ in (42) are similarly defined. As discussed in Section 6.3.1, these
constants, along with the marginal distributions found above, completely determine R,z and
Vija in the system of equations 7[(4, ) | o, n] = Rag@([(4,7) | B, 1] + Vija, where o, 3 € T
with @ # (. The two-locus sampling distributions 7[(¢, j) | &, n] are thus given by

Rap vijp + Vijo

6.4. 7[(¢,7) | @, n] for PIM models

To obtain a system of equations relating 7[{(¢, ), (-, 7)} | &, n] and 7[(4, j) | &, 1] for PIM
models, we also need

~ [Xaz X5.iQs(X,n)]
™ « ﬁ = )
{0, ()} [{a, B}, n] = n)
the probability that the marginal types of two genes from subpopulations v and 3 are ¢ and j at
the A and B loci, respectively. In (35), set n — mn 4 e,;; and sum over [, after multiplying by
P(n + eaj) [ (9 erx max By (Nors T 00a0r10s5)!]/(n + 1)!. The resulting equations after

again multiplying by n!/[D(n) [ 1, . s)erx 4 x 5y Nors!] are

[(na + Dag "t + ma + 07[{ (i, ) ()} eyn] = g H{nei®sli | a,ns] + 7((i, §) | a, n]}
+0. ) PEF{(R). G eanl + D map?l{(,), ()} [{B.a},n]. (43)

keE BF#a

In the above computation, if we instead set m — 1 + e.;; where v # «, then we obtain

(nada" +ma +0, )A[{(' ) (5 ')}I{a,7}7n] = Naidy Tsli]7, 1)
+ 0. PARH{KR ), Y H{eovhnl + Y mag®{(G,), (5)} {87} n]. (44)
keE B#a

In a similar vein, the following systems of equations can be found using (36):
[(na +1)qz " +ma +0 ﬁ[{(' ) (- DY le,n] = g5 {naTalil o, na] + 7((i,) [ o, nl}
05y PEA{G), (DY avnl + Y mapm({(), ()} {8, a},n], @45

l€E B#a
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and, for v # «,
(nagz’ +ma +0:)7[{(), ()} {avhn] = nageq! Tali]y,mal
+ 0p Z]Dl] %[{(’Lv ’)7 ('7 l)} | {O‘ar}/}a n] + Z maﬂ%[{(fh ')7 (7])} | {677}7’”]' (46)
leE BF#a

6.4.1. Arbitrary number of subpopulations Henceforward, we let F2(k) = kq; ' + mq + 0.4
and FZ (k) = kq, ! + m4 + 05. For PIM models, (35) and (36) reduce to

Fina)®alilonma] = naiqy + 0.5+ mapfali| B,m.], (47)
BF#o

FE(na)Folilosns] = najay' +0aPP + Y magisli|fms). (48)
Ba

These one-locus equations, also considered in De Iorio and Griffiths (2004b), can be solved
using matrix inversion. Moreover, equations (43) and (45) become

Fina + D7), it an] = (nagy' +0.5)Tslj | o, ns] + ;' 7((i,§) | a, 0]
+Zmaﬁﬁ[{(iv'%("j)}|{ﬁaa}vn]’ (49)

B#a
FLna+D7HE), () eon] = (najay' +0sP7)7ali | a,ma] + ¢5 ' 70, ) |, ]
+ > ma#l{(i, ), (3)} {8, a},n], (50)

pa

while (44) and (46) imply, for 5 # «, the following equations:

Finp)al{(i,), )Y {8 aln] = (npigs" +0.P")7slj| o, ns)
+ 3 ma a0, ), ()} {r,a)n], (51
Y#B
FEmg)7l{(i, ), )} (B ahn] = (npja5" +0sPF)Fali] o, ma]
+ 3 ma A, ), ()} [ ad ). (52)

V#EB

Now, (49)—(52) can be used to express 7[{(4,-), (-,4)}|@,n] in terms of 7[(7,7) | o, m],
Tali|a,n,], Tp[j| @, npl], and known parameters. That relation then can be used in (34)
to solve for 7[(4, j) | &, n]. A concrete example is discussed in the next section.

6.4.2. Two subpopulations Let o, 3 € T such that o # 8. For ' = {1, 2}, it is easy to solve
the systems of equations shown in (47) and (48). The solutions are

Nai gzt +0.PA  Map(ngiqz' +0.P)
Fi(na) Fi(na) 73("5)

-1
_ MapMBa
Fa(na) Fi(ng) | 7

Tali|la,m,] = [

na.qul—i- QBPjB n ma,g(nﬁ‘jqﬁ_1+ QBPJB)
T3 (na) F&(na) Fg(ng)

-1
_ MapMBa
F&(na) Fg(ng)

Tl ns] = [
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In (51) and (52), note that the sum >, s g+ 7[{(4, ), (-, j)} | {7, a}, n] reduces to the single
term mgq 7[{(%,-), (-, 4)} | o, m]. It is then easy to see that (49) and (51) imply

4. ' Fj(ng)
Fi(na +1) F5(ng) — mapmga
Fa(na) Fi(ng) — magmea
Fa(na +1)F5(ng) — mapmpa

%[{(la ')7 (7.7)} | O‘?n]

7[(i,5) |, ]

~

Tali|a,naTslj | ayngl,

whereas (50) and (52) imply
4. ' F§ (np)
F&(na +1) FF(ng) — masmpa
Fa(na) F§ (ng) — magmga
F&(na +1) FF(ng) — masmsa

7?[{(Za ')7 (7.7)} | OL,’I’L]

7[(i,4) [, m]

Tali|a,nA]7slj|a,n5).

Symmetrizing 7[{(¢, ), (-, j) } | &, m] with respect to the A and B loci using the above results,
(34) can now be written as

%[(’Lmj) ‘ Q, n] = gamaﬁ%\[(ivj> |ﬁ7 ’I’L] + Wijas (53)
where
Wijo = fa{ nau+9AP1A%B[]|o¢,n3]+93PJB%\A[Z|a,nA]
P Fia(na)F5(ng) — mapmpa Fa (na)Fg(ng) — magmpa
2 | Fi(na + 1)F5(ng) — magmpa  FEL(na + 1)FF (ng) — magmpa
X Tali| o, my) %B[j|a,n3]}
and
1 45" F5 (np)
-1 A B a v B
= < Fng)+Fl(ng 1—
o 2{ o (na) + F5 (na) +p F (e + 1) 73 (1) — g

+p

L 45 " F5(ng)
FE(na + 1) FF(ng) —magmpa | |
Finally, we can now solve (53) to obtain

7, q iig + Wi
W[(l,]) |a,n] = iaTzB?Uﬁ Wija .
aSBMapMBa

7. Discussion

The efficiency of an IS method hinges heavily on how close the adopted proposal distri-
bution is to the true distribution. The key insight provided by Stephens and Donnelly (2000)
is that, in sequential IS schemes that arise in population genetics, proposal distributions can
be written in terms of one-dimensional conditional sampling distributions whose optimality
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properties can be characterized. We can therefore translate the problem of constructing good
IS proposal distributions into that of constructing good one-dimensional conditional sampling
distributions. So far, most approaches to the latter problem has relied to a large degree on
one’s intuition and experience. In contrast, the diffusion-generator approximation method
developed by De lorio and Griffiths (2004a,b) is a systematic approach that provides a general
mathematical prescription for constructing good conditional sampling distributions.

In the present paper, we have extended the diffusion-generator approximation technique of
De Iorio and Griffiths (2004a,b) to the neutral coalescent model with recombination, obtaining
explicit sampling formulas for diallelic and PIM models. We have addressed the case with
subdivided population structure, as well as the classic case with only a single population.
Although we have focused on the two-locus model in this paper, we believe that much of our
results can be generalized to multi-locus models. In particular, the 3-locus case can be solved
exactly using the technique we have developed here. Cases with more than 3 loci seem more
difficult, but our preliminary study looks promising. Our findings on multi-locus models will
be reported in a later paper.

We plan to use our proposal distributions in actual sequential IS schemes and compare their
performance with using other proposal distributions. In the case of a single population, we
have shown that our conditional sampling distributions generally differ from that suggested
by Fearnhead and Donnelly (2001). Further, in the case of the infinitely-many-alleles model,
we have shown that our distributions are generally closer to the true distributions than are
Fearnhead and Donnelly’s. Given that the diffusion-generator approximation technique has
been shown (De lorio and Griffiths, 2004b) to lead to significant improvement over previous
IS methods, the theoretical work presented here may have much practical value. On a related
note, it would be worthwhile and interesting to use our sampling distributions in the composite
likelihood method (Hudson, 2001; McVean et al., 2002, 2004; Myers et al., 2005) and the
Product of Approximate Conditionals method (Li and Stephens, 2003).

Acknowledgements

YSS thanks Jotun Hein for many interesting discussions on the coalescent with recombi-
nation. This research is supported in parts by MRC grant HAMKA (YSS), and NIH grants
1K99GM-080099 and 4RO0GM-080099 (YSS).

References

BAHLO, M. AND GRIFFITHS, R. C. (2000). Inference from gene trees in a subdivided
population. Theor. Popul. Biol., 57, 79-95.

BEAUMONT, M. (1999). Detecting population expansion and decline using microsatellites.
Genetics, 153, 2013-2029.

CORNUET, J. M. AND BEAUMONT, M. A. (2007). A note on the accuracy of PAC-likelihood
inference with microsatellite data. Theor. Popul. Biol., 71, 12—-19.

DE IOoR10, M. AND GRIFFITHS, R. C. (2004a). Importance sampling on coalescent histories.
L. Adv. Appl. Prob., 36,417-433.

DE IoRIO, M. AND GRIFFITHS, R. C. (2004b). Importance sampling on coalescent histories.
II: Subdivided population models. Adv. Appl. Prob., 36, 434-454.



26 R. C. Griffiths, P. A. Jenkins and Y. S. Song

ETHIER, S. N. AND GRIFFITHS, R. C. (1990). On the two-locus sampling distribution.
J. Math. Biol., 29, 131-159.

FEARNHEAD, P. AND DONNELLY, P. (2001). Estimating recombination rates from population
genetic data. Genetics, 159, 1299—-1318.

FEARNHEAD, P. AND SMITH, N. G. C. (2005) A novel method with improved power to
detect recombination hotspots from polymorphism data reveals multiple hotspots in human
genes. Am. J. Hum. Genet., 77, 781-794.

GOLDING, G. B. (1984). The sampling distribution of linkage disequilibrium. Genetics, 108,
257-274.

GRIFFITHS, R. C. AND MARJORAM, P. (1996). Ancestral inference from samples of DNA
sequences with recombination. J. Comput. Biol., 3, 479-502.

GRIFFITHS, R. C. AND TAVARE, S. (1994a). Ancestral inference in population genetics. Stat.
Sci., 9,307-319.

GRIFFITHS, R. C. AND TAVARE, S. (1994b). Sampling theory for neutral alleles in a varying
environment. Proc. R. Soc. London B., 344, 403-410.

GRIFFITHS, R. C. AND TAVARE, S. (1994c). Simulating probability distributions in the
coalescent. Theor. Popul. Biol., 46, 131-159.

HUDSON, R. R. (2001). Two-locus sampling distributions and their application. Genetics,
159, 1805-1817.

KUHNER, M. K., YAMATO, J., AND FELSENSTEIN, J. (1995). Estimating effective
population size and mutation rate from sequence data using metropolis-hastings sampling.
Genetics, 140, 1421-1430.

KUHNER, M. K., YAMATO, J., AND FELSENSTEIN, J. (2000). Maximum likelihood
estimation of recombination rates from population data. Genetics, 156, 1393-1401.

L1, N. AND STEPHENS, M. (2003). Modeling linkage disequilibrium and identifying
recombination hotspots using single-nucleotide polymorphism data. Genetics, 165, 2213—
2233.

MCVEAN, G., AWADALLA, P., AND FEARNHEAD, P. (2002). A coalescent-based method for
detecting and estimating recombination from gene sequences. Genetics, 160, 1231-1241.

MCVEAN, G., MYERS, S., HUNT, S., DELOUKAS, P., BENTLEY, D., AND DONNELLY,

P. (2004). The fine-scale structure of recombination rate variation in the human genome.
Science, 304, 581-584.

MYERS, S., BOTTOLO, L., FREEMAN, C., MCVEAN, G., AND DONNELLY, P. (2005). A
fine-scale map of recombination rates and hotspots across the human genome. Science, 310,
321-324.

STEPHENS, M. AND DONNELLY, P. (2000). Inference in molecular population genetics. J.R.
Stat. Soc. Ser. B, 62, 605-655.

WILSON, I. J. AND BALDING, D. J. (1998). Genealogical inference from microsatellite data.
Genetics, 150, 499-510.



