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Abstract

In hidden Markov models, the probability of observing a set of strings can be computed
using recursion relations. We construct a sufficient condition for simplifying the recursion
relations for a certain class of hidden Markov models. If the condition is satisfied, then
one can construct a reduced recursion where the dependence on Markov states completely
disappears. We discuss a specific example — namely, statistical multiple alignment based on

the TKF-model — in which the sufficient condition is satisfied.
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1 Introduction

Hidden Markov models (HMMs) are probabilistic models with a wide range of important applications.
For instance, HMMs have been extensively studied in speech recognition since the early 1970s (see [5]
for a review on this subject). An equally important area of application is computational biology, where
HMMs have been applied, with much success, to investigate such diverse problems as sequence alignment
and gene finding [1].

A fundamental problem in HMMs is computing the probability or the likelihood of observing a set
of strings of symbols. There exist general recursion-based algorithms for computing such probabilities,
and, in principle, dynamic programming techniques can be employed to solve the recursions of interest.
In practice, however, there is a major obstacle. Namely, when each step in a recursion involves many
terms, exactly solving the recursion becomes infeasible. As we elaborate later in Section 3, the obvious
recursion one can write down depends explicitly on Markov states and therefore may involve many terms,
especially so when there are many Markov states in the model with the same emission pattern. The
primary goal of this paper is to construct a sufficient condition for completely eliminating the dependence
of recursions on Markov states for a certain class of HMMs. The condition is defined in terms of the
quantities which arise in state-dependent recursions, and, when they exist, reduced recursions are defined

in terms of the quantities which appear in the condition.
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Stochastic processes are widely used to model the evolution of biological sequences. For example,
Thorne, Kishino and Felsenstein have constructed a reversible Markov model of sequence evolution
incorporating three main types of mutation events, namely substitutions, insertions and deletions of
nucleotides or amino acids [7]. This model is often referred to as the TKF model of statistical alignment.
In [3], the TKF model on a general binary tree has been reformulated as a multi-state hidden Markov
model. Furthermore, using a completely different approach from that discussed in the present paper,
it has been recently shown that, under the TKF model, there exists a reduced recursion for the joint
probability of observing a given set of sequences at the leaves of a given phylogenetic tree [4]. Although
properties of the TKF model are heavily used in [4], it has not been considered what must happen
in the corresponding multi-state hidden Markov model for there to be a reduction. In this paper, we
consider the HMM proposed in [3] and explicitly check, for small number of sequences, that the sufficient
condition we construct here is indeed satisfied by that model. This result is in agreement with the finding
of [4] that there exists a reduced recursion for the joint probability.

This paper is organised as follows. In Section 2, we introduce some notations to be used throughout
this paper. In Section 3, we define the probability of our interest and describe state-dependent recursions
in HMMs. The main result of this paper is discussed in Section 4, where a sufficient condition for
reduction is constructed. In Section 5, we consider the aforementioned statistical alignment example

where our sufficient condition is satisfied. We conclude with some remarks in Section 6.

2 Notations

Throughout this paper, we adopt the following notational convention. Let A denote a finite alphabet of
letters and let S = (S, S2,...,S5,) be an r-tuple of strings, the length of the string S; being L;; that
is, S; = Si1,5i2,...,5,1,, where S; ; € Aforalll <¢<rand1l <j<L; Inwhat follows, we let
L=(Ly,Ls,...,L;).

Example 1 Consider a finite alphabet consisting of two letters, say H and 7. Suppose that S =
(S1,S2), where S; = HT and So = H. Then, L = (2,1). In later examples, we use this simple example

to illustrate our notation.

Given a pair of r-tuples x = (z1,22,...,z,) and 'y = (y1,¥2, ..., y,) of non-negative integers, we say
that x <y ifx; <y; forall 1 <i<r. Let K = (K, K, ..., K,) be an r-tuple of non-negative integers
satisfying K < L and let u = (u1,ua,...,u,) be an r-tuple of 0s and 1s. We use S[K,u] to denote an

r-tuple of symbols, each being either a letter in A or the empty string @, such that

Si s if U; = ].,
the i*" component of S[K,u] = A

g, if u; = 0.
Example 2 Let K = (2,1). Then, for the 2-tuple of strings defined in Example 1, S[K,u| = (T, @) if

u=(1,0), S[K,u]=(2,H) if u=(0,1), and S[K,u| = (T, H) if u = (1,1).



We use K; o .S; to denote the prefix of S; of length K;; that is,

. if K, =0,
Sit,Si2, .., Sik,, i K;> 1.

KiOSZ' =

We define K oS := (K;1051,K20855,...,K,05,) and use P(K) to denote the probability of observing
the prefixes K o S.

Example 3 Again, consider the strings defined in Example 1. If K = (1,1), then K o S = (H, H). If
K = (2,0), then K oS = (HT, ).

A hidden Markov model generates strings S with probability P(S) and satisfies ¢ P(S) = 1. The
Markov state space is denoted by 2. There are two special states in €2, namely the initial state Z and
the end state £. Every Markov chain starts from the initial state Z and ends in the end state £. We
decompose the state space (2 as

Q= {T}UuT U} (1)

That is, ¥ contains all Markov states other than 7 and £. The probability of making a transition
from a state n € Q to another state ' € Q is denoted by p(n,n’). In the present paper, we consider

a class of HMMs in which a state emits at most one letter per string. For ¢ € ¥, we define A(¢) =
(61 (1/}), 52(1/)), . ,5,«(1/))), where

5:(0) 1, if ¢ emits a letter € A in the string 5;,

0, otherwise.

In other words, A(y) denotes the emission pattern of the state ¢. In the context of alignment, each
column in an alignment can be regarded as being generated by a certain state in W. If 1) generates a
column in an alignment and §;(¢)) = 0, then that column will have a gap in the i*" sequence.

The probability of emitting S[K, A(¢)] in the state ¢ is denoted by

m(SIK, A()] [ ¢).
The set of silent states is defined as ® := {¢ € ¥ | A(¢)) = 0}. For every ¢ € ®, we define

m(S[K, A(p)] [ ¢) = 1.

Example 4 Consider the HMM shown in Figure 1. The state space ¥ contains only three states—
namely 1,12 and ¢—and their emission patterns are A(¢) = (1,0), A(t2) = (0,1) and A(yp) = (0, 0).
Note that ¢ is a silent state. In this simple example, there is no state with (1, 1) as its emission pattern
and no two states have the same emission pattern. In general, there can be many states with the same

emission pattern. We shall return to this toy HMM in Examples 5 and 6.



Figure 1: A toy HMM discussed in Examples 4,5 and 6. Possible transitions are indicated by arrows,
and probabilities associated with transitions are shown above the arrows. Here, 0 < ¢ < 1. Emission

patterns are shown below the states in W.

3 State-dependent HMM recursions

Consider a Markov path A = (Z, A1, Aa, ..., Ak, £)—starting in the initial state Z, going through states
A; € U, and finally terminating in the end state £&—such that Ele A()\;) = L. Then, the probability
of generating S while following the path A is given by

k

P(S,A) = HP A1) | DO, €) | TT (ST A, AT Am)

m=1

The probability P(S) of observing the entire strings in S = (S1,...,S,) is formally defined as

S) =) _P(S,A).
A

Here, the sum is over all possible Markov paths of arbitrary length such that ), A(A;) = L. In practice,
such a sum is usually impossible to carry out as it stands, the reason being that there are too many,
often infinitely many, possible paths. As described in the following subsections, however, P(S) can be
obtained from either

P(S)=F(0|T) or P(S)=B(L|¢),

where the function F (0 |Z) satisfies a forward recursion relation, whereas the function B (L | £) satisfies

a backward recursion relation.

3.1 Backward recursion

If « is an r-tuple of integers with at least one component z; < 0, then we define B (x|¢) = 0 for all
1) € U. Let K be an r-tuple of non-negative integers satisfying 0 < K < L and K # 0. For any state
¢ € WU {&}, the backward recursion relation is given by

B(K|[() = Y B(K—A@)|¢) n(S[K,AW)]|¥)p(¥,¢) -

Ppew



In the above equation, decompose the sum over ¥ as a sum over ® (i.e. silent states) and a sum over

U\ & (i.e. non-silent states) as follows:
B(K[Q) =) BK|p)plp.O)+ Y B(K ~AW)[)n(SIK AW)]|¥)p,0)- 2)
ped PeT\P
Let ® = {¢1,¥2,...,9n} be the set of silent states. Then, substituting { = ¢; into (2) gives
h
B(K|g:) = Y B(E|e)ples00)+ Y BE—AW)|¢)n(SK,AW)][¥)p(, @),
j=1 PeEV\P

from which we can obtain

B(K|S01) p(%//asﬁl)
B(K )
( ,lm) ST B(K - A@)|¢)n(S[K,A@W)][¥) (I-M") pw,@) :
ISAY: .
B(K | ¢n) (Y, on)

where I denotes the h x h identity matrix and M an h x h matrix with entries [M]; ; = p(¢;, ¢;), the
probability of making a transition from a silent state ¢; € ® to another silent state ¢; € ®. The matrix
M denotes the transpose of M. The coefficient B (K — A() | ) m(S[K, A(¢))] | 1) is a scalar quantity
and every entry in the matrix to its right is supposed to be multiplied by it. In summary, the backward

recursion relation can now be rewritten as

B(K|¢) = EZMBK A@) | 9) m(SIK, A@W)]|4) C(4,¢), (3)
where :
p(¥,¢1) p(1,¢)
cw.o= | " Lo | T | . (@
p(w; ©n) p(w;u Q)

We can therefore interpret the role of the silent states as giving rise to effective transition probabilities.
For ¢ € (P \ ®)U{Z} and ¢ € (¥ \ ®) U {&}, the effective transition probability C'(¢, () includes, in
addition to the direct transition probability p(¢, (), the probability of going from the state ) to one or
more intermediate silent states ¢; € ® and then to the state (.

When K = 0, the backward recursion for ¢ € (U \ ®) U {£} is
B(0[¢) =p(Z,¢)+ Y B(0]¢)p(¥,C),
ped

which is none other than the effective transition probability C(Z, (). Thus, B(0|{) = C(Z,() serves as

the boundary condition for the recursion given in (3).



3.2 Forward recursion

If « is an r-tuple of integers with at least one component x; > L;, then we define F (x|1) = 0 for all
1 € U. Let K be an r-tuple of non-negative integers satisfying 0 < K < L and K # L. For any state

¢ € WU {T}, the forward recursion relation reads

FEK[Q) = p(C.¥) n(SIK + A(W), AW)][¥) F (K +Ay) |¢) -

Pew

For ¢ a non-silent state, we can perform similar simplifying steps as in the previous subsection to obtain

FE[Q= Y Oy)n(SIK +A®W),AW)]|4) F (K +AW)|¥) (5)

PEW\P

where the effective transition probability C'(¢, 1)) is given by (4) with ¢ and ¢ interchanged.
When K = L, the forward recursion for ¢ € (¥ \ ®) U {Z} satisfies

FLI) =p(C.E)+ Y pll,o)F (L|p) =C(CE), (6)

ped

which serves as the boundary condition for the forward recursion given in (5).

3.3 The toy HMM revisited

We now return to the toy HMM depicted in Figure 1 and demonstrate how either backward or forward
recursion can be used to compute the joint probability P(.S) of observing the two strings in .S = (57, 5).
Since ¢ is the only silent state in this example, i.e. ® = {p}, the effective transition probability (4)

becomes

p(n, ©)p(,¢)
1 —p(e, p)

From Figure 1, it follows that non-vanishing effective transition probabilities are as follows.

C(n, Q) = +p(n,¢)-

C(I7 ¢1) = q, C(I7 g) = 1- q,
0(7/}15 ¢1) = q, 0(1;[}15 1;[}2) = 1- q,
C('l/)% 7/]2) = q, 0(1;/]27 5) = 1- q.

In the following two examples, we again consider the simple case where S; = HT and S5 =

Example 5 (Backward recursion) Note that U\ ® = {¢)1,1¢5}. The backward recursion (3) can be
used to compute P(S) as follows. First, recall that P(S) = B(L |€£). Since L = (2,1) and A(z)2) = (0, 1),
we have S[L, A(q)] = (&, H). Also, since C (11, ) = 0, the backward recursion (3) implies

B((2,1)[€) =B((2,0)|¢2) 7((2, H) |¢2) C(¢p2, E).

Further applying the recursion to B ((2,0) |2) gives

B((2,0)|2) = B((1,0)[41) n((T,2) [ ¢1) C(h1,¥2),



where we have used S[(2,0), (1,0)] = (T, ). Recall that B ((2,—1)|12) is defined to be zero, so it does
not appear above. Now, since S[(1,0), (1,0)] = (H, &), the recursion applied to B ((1,0) | 1) gives

B((1,0)|¢1) = B((0,0) [¢1) n((H, ) [11) C(¢1, 1)
Finally, using the above results and the boundary condition B ((0,0) |¢1) = C(Z,1), we obtain
B((2,1)|8) = C(Z,¢1) Chr,¥1) C(¥1,92) C(¢2, &) w((H, @) [1h1) 7((T, @) | ¢1) w((2, H) [ 2)
= ¢(1—q*n((H,2) 1) 7((T,2) |91) 7((2, H) | ¢2),
which determines P(S).

Example 6 (Forward recursion) We now wish to compute P(S) by solving for F ((0,0)|Z). For
K = (0,0), we have S[K + A(¢1), A(y1)] = S[(1,0),(1,0)] = (H, o). Hence, since C(Z,12) = 0, the
forward recursion (5) implies

F((0,0)|7) = C(Z,¢1) w((H, 2) | 1) F ((1,0) [ 1) -
Since S[(l, 0)+A(¢1), A(¢1)] = S[(?, 0), (1, 0)] = (T,2) and S[(17 0)+A('¢2)7 A("/JQ)] = S[(17 1), (07 1)} =
(@, H), the forward recursion then implies

F((L,0)[91) = O, 1) (T, @) [ 1) F ((2,0) [ 1) + C(P1, o) (2, H) [2) F ((1,1) [ ¢2) -

It is straightforward to show that F ((1,1) |¢2) = 0, however, so we just need

F((2,0) [¢1) = C(1,92) (D, H) [102) F ((2,1) [2) = C(¥1,92) 7((D, H) [ 1)2) C (32, E),

where the boundary condition (6) has been used in the last equality. In summary, we obtain

F((0,0)17) C(Z,¢1) C(¢1, 1) Oy, 1) C(2, E) w((H, ) | 1) 7((T, ) | 1) 7((2, H) | 1h2)

= (- q)*n((H,2)|v1)7(T,2) | ¥1) 7((2, H) [ ¢2).

This is exactly what we obtained for P(S) in Example 5 using the backward recursion.

4 Reduced recursion

As we have seen in the previous section, both backward and forward recursions (c.f. (3) and (5)) explicitly
depend on Markov states. As the number of Markov states can in general be quite large, with many
states having the same emission pattern, it would be desirable if we could evaluate the probability P(S)
without having to refer to the Markov states at every step of the recursion. In this section, we investigate
when it is possible to eliminate the dependence on Markov states and thereby obtain a reduced recursion.
We construct a sufficient condition for reduction by making a connection with the state-dependent HMM
recursion described in Section 3.1.

Our main result is summarised at the end of this section, along with a brief description on how our

findings can be applied in practice.
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Figure 2: Stratification of M in two dimensions. Points connected by a dashed line form a single stratum.

4.1 More notations

We first lay out our notational convention to be used in this section. Recall that r denotes the number
of strings in S. Let {e;, ea,..., e} be the standard basis of the rank-r Euclidean lattice Z", and define

M to be the subset of Z" generated by {ej,es,...,e,} with non-negative integer coefficients, i.e.
M :={a1e1 +azes +---+are, |ai,as,...,a; € Z>o}.

Define a symmetric integral bilinear form ( , ) : Z" x Z" — Z, such that (e;,e;) =1if i = jor 0 if i # j.
Hence, if x = x1e; + x2e0 + - + 2,€, and y = y1€1 + yoes + - -~ + yre,, then (x,y) = >\ x;y;. The
l-norm of a vector € = x1e1 + z9e3 + - - - + zre, is defined as |x| := |z1]| + |x2| + - + |21|.

A stratification of M is given by
M=|]JU,,
n=0

where a stratum U, for n € Z>¢, is defined as

0<a; <nforeveryie{l,...,r}, and
U, :=<ae; +axes+---+aye. €M
a; = n for at least one j € {1,...,r}

Note that Uy = {0} and that U;, U; are disjoint if ¢ # j. A two-dimensional example is shown in
Figure 2, where points connected by a dashed line form a single stratum. The set of emission vectors is

defined as
e ={cie; + coea + -+ cre. | (c1,ca,...,¢.) € {0,1}7,(c1,¢2,...,¢.) # 0}.

Note that I'. = U;. For the two-dimensional example shown in Figure 2, T, = {(1,0), (0,1), (1,1)}.
Recall that we use P(K) to denote the probability of observing the prefixes K o S. We define

P(x) = 0 if « has at least one negative component.



4.2 Reduction for K € U,

We first show that, for all K € Uy, there always exists a reduced recursion relation of the following form:

P(K) = >  G(E;K)P(K-E). (7)
EcT.,
0<K-E

Note that, unlike the usual recursions (3) and (5), this recursion has no explicit dependence on Markov
states. In the reduced recursion, states with the same emission pattern do not need to be considered
separately; we only need to consider distinct emission patterns. Our goal here is to construct the

coefficients G(E; K) explicitly so that the above proposed recursion is satisfied.
Suppose that K = e;. We show by construction that there exists a function G(e;; e;) such that the

following equation is true:

P(el) == Z G'(E'7 ei) P(el — E) = G(ei; 61)7)(0) (8)
EcT,,
0 S e; — E
As mentioned before, our main idea is to draw a connection with the state-dependent recursion discussed
in Section 3.1. First of all, note that P(0) = (Z, &), which is the effective transition probability from

the initial state Z to the end state € (c.f. (4)). Secondly, using the backward recursion shown in (3), we

obtain

Ple)) =B(ei|€)=| D CEZ.¢)Cw,E)n(Slesellv)]

Ve .,
where
Uy ={CeV[A() =y}. 9)
It now follows that if we define
1
G(el—; ei) = m . ;ei C(I, ZZJ)CW, S)W(S[ei» ei] ‘ 7/’) 9 (10)

then (8) is satisfied.

Now, suppose that K = e;, +e;, where e;, and e;, are distinct, i.e. {(e;,,e;,) = 0. Then, (7) implies

7)<ei1 + eiz) = Z G(E;eil + ei2)P(ei1 +e, — E) (11)
EcT.,
0< (e +ei,) — E

= G(eil;eil + eiz)P(eig) + G(eig; €, + 612)7)(61'1) + G(eil + €;,; €y + 612)7)(0)

We wish to show that there exists G(e;; + e;,;€;, + e;,) such that the above equation is true. The

probabilities P(e;, + ei,), Ples, ), P(es,), and P(0) can easily be determined using the state-dependent



recursion discussed in Section 3.1. Therefore, if we define G(e;; e; + v) = G(e;; e;) for all v orthogonal
to e; (i.e. (v,e;) =0) and let

P(eil + eiz) — G(eil;eil )P(eiz) — G(eiz; ei2)73(ei1)
P(0) ’

G(ei1 + e e + eiz) =

then (11) is satisfied.
In a similar vein, we can recursively determine G(E;FE) for all E € T'.. To be more specific,

suppose we have determined G(E'; E’) for all E' € T, satisfying |E’| < n. Then, consider E =

e, +e,+ --+e;,, where e;,€e,,,...,e; are all distinct. The coefficient G(E; E) can be computed
from
P(E) 1
GEE) = —— — X G(E;E")P(E - E'),
(B:E) = 35 = %) Y GE:E)P(E-F)
E' erT.,

E' #E,0<E—-FE
where every term on the right hand side is known. The probabilities P(E) and P(E — E’) appearing in
the above equation can be evaluated using the state-dependent recursion (3); in practice, this evaluation
can easily be carried out since E = e;, + e;, + --- + e;,, is small enough for state-dependent recursions to
handle. For all E € T, and K € U; satisfying E < K, we define G(E; K) = G(E; E). By construction,
the coefficients G(E; K) thus determined are guaranteed to make (7) true.

Recall that we use P(K) to denote the probability of generating the prefixes K oS starting from the
initial state Z. More generally, we can define P(K |7) as the probability of generating K o S starting
from the state n € (¥ \ ®) U {Z}; in the context of the backward recursion discussed in Section 3.1,
this is equivalent to changing the boundary condition to B(0|¢) = C(n,¢). In particular, P(0|n) =
B(0|&)=C(n,&). As we have done for P(x), we define P(x|n) = 0 if & contains at least one negative
component. Let E € I'. and define

~ . . ._P(EW) 1 /. /
G(E; E;n) := IDREEODE > G(E';E"\P(E - E'|n). (12)
E €T,

E' #E,0<E-E'

As before, the state-dependent recursion (3) can be used to determine P(E |n) and P(E — E’|n). For

E = e;, it leads to the following expression:

- 1
G(ei;ei;n) = 0(77 5)

Y C)CW,E)n(Slei e | ¥) | - (13)

b€ e,

These general expressions G (E; E;n) will appear later in our construction of the sufficient condition for

reduction. As in G(E; K), we define G(E; K;n) = G(E; E;n), for all E € T, and K € U, satisfying

E < K. Also, note that G(E; K) = G(E; K;T), where 7 is the initial state.

4.3 Explicit formulae for é(E, K;n)

Let E =e;,+ - -+e;, € 'cand K € U;. After some algebraic simplification, the function é(E, K;n) can
be written in terms of effective transition probabilities C(1), 1)), emission probabilities 7(S[K, E'] | 1),

10



where E’ < E, and the functions G(E”; K), where E” # E and E” < E. We will be referring back to
this subsection when we discuss the proof of Proposition 1 in the next subsection.

In what follows, let o = (o, g, ..., auy,) be an ordered partition of n, denoted by a - n. The length

!/

of the partition is m. Two length-m partitions (a1, aq,...,an) and (o), ab, ..., al,

) are considered
distinct as ordered partitions if a; # «f for some i € {1,2,...,m}. To simplify notation, we define
Wi = Zle a;. The group of all permutations on a set of n letters is denoted by &,,. Then, the function

G(E; K;n) can be explicitly written as follows:
~ #(E; K;n) — 9 (E; K;n)

G(E; K;n) = ; (14)
C(n,€)
where Z (E; K;n) and ¢4 (E; K;n) are defined as
%(EK ) o Z 1
R arlas! - ayy!
(a1,a2,...,am )0
X Z Z Z C(nijl)c(wju'l/}jé)"'C(wjm—1ijm)c(¢jmag)
oe6, b, eV, (o) Vi E¥im (o)
X H W(S[K’ eiU(Wk—1+1) + eia(“’k—1+2) toot eiv(wk—1+ak)} | w]k)
k=1
and
g(EK ) .f Z 1
' 1 o 041!012!-”047”!
(1,2, .., am) Fn,
m# 1

X Z Z Z [C(nijl)c(wjlijz) "'C(wjm—wwjmfl)c(wjmflag)

0EG, Yy €V () Wy, EVm1(0)

m—1
x G(eia(wmﬂH) Tt i, ram)) K) H m(SK, €ig(u_yrn T T ei”(“’k71+°‘k)] ﬂ’n)] :
k=1

In the above formulae, we have defined

\Ilk(o—) = {w € ¥ ‘ A(ﬂ)) = eiU(kalJrl) + eig(wk71+2) +eot ei”(“k—1+ak)} '

Remarks:

(i) In the expression for ¢ (E; K;n), m > 1 and therefore «,,, < n. Hence, every function G(E’; K)
appearing on the right hand side of (14) satisfies E' # FE and E' < E.

(ii) In practice, dynamic programming can be employed to determine P(x|n), for all x € U, and

G(E; K;n) can then be determined from (12). Hence, one does not need to deal with the above

complicated expressions for Z and ¢ in actual computations.

11



4.4 A sufficient condition for extending reduction

The emission probabilities which appear in G(E; E;n) are of the form m(S[E’, E"]| 1) where E" <
E' < E. For K € U, where n > 1 and E < K, we define G(E; K;n) to be equal to G(E; E;n) after
replacing the emission probabilities 7(S[E’; E"']| ) with 7 (S[K; E"]|v). For example, from (13), we

obtain

~ 1

Glei; Kin) = W Z Cn,p)C(W, E)m(S[K, ei] | )

€ W,

Note that é(E, K;n) does not depend on the components of K orthogonal to E. In a similar vein,
for K € U, where n > 1 and E < K, we define G(E; K) to be equal to G(E; E) after replacing the
emission probabilities m(S[E’; E"] | ¢) with n(S[K; E"]| ).

We have already shown in Section 4.2 that a reduced recursion exists on the stratum U;. We now
show that if the condition specified in the following proposition holds, then the reduced recursion can be
extended to higher strata U,, n > 1. More exactly, the proposition says the following: if the sufficient
condition holds, then once G(E; K) have been determined for K € Uy, they can be used in the reduced

recursion for all K € M \ Uy after appropriately modifying the emission probabilities 7 (-).

Proposition 1 Let G(E; E;n) be defined as in (12). Recall that G(E; E) = G(E; E;T), where T is the
initial state. Now, suppose that, for all r-tuple of strings and for all emission vectors E € T, we have

G(E;E;n) = G(E; E) (15)
for every state n € W\ ® whose emission vector A(n) satisfies

(A(n), E) #0.
Then, for all K € M \ Uy, the following reduced recursion relation holds:

P(K) = >  GEK)PK-E). (16)
EcT,,
0<K-E

(Note: The boundary condition for the recursion is P(0) = C(Z,£), the effective transition probability
from the initial state to the end state.)
Proof. Recall that both P(x) and B(x|v), Vi € ¥, are defined to be zero if x contains at least
one negative component. In this proof, we will use this fact to simplify our notation when writing
summations, i.e. we omit writing restrictions like 0 < K — E.

Let J € U,, n > 1. Applying the proposed reduced recursion in (16) once and then subsequently

applying the backward recursion in (3) gives

P(J) > G(BE;J)P(J - E)

EcTl.

Yo Y GET)BUI-E-A®W)|Y) Cw,E) n(ST - E,AW)]|v).  (17)

EcT. ye¥\d
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On the other hand, without using the proposed reduced recursion, we can obtain the following expression

purely from applying the backward recursion in (3) twice:

P =BWIE) = 3 {BU =AW~ AW)[42) CWsthr) C11,€)

U1,2€ U\ P

X w(SI,AWD] [¥1) T(SIT - AW, AWl [¥2)} . (18)

Our approach is to we show that (16) holds for all J € U,,,n > 1, by showing that the expressions in
(17) and (18) are equal if the condition shown in (15) is satisfied.

If ¢ is a Markov state such that (E, A(s)) = 0, then E' := E + A(y) € I'.. For every such a state
appearing in (17), we decompose B (J — E — A(v) |¢) into two types as follows by further applying the

backward recursion.

B(J—-E'|y) = > B —E —A(m)|m)Cln,v) w(ST —E, A(m)] |m)
7716‘1’\‘1%
(E',A(m)) #0

Y BU B - A m) Conw) w(SIT — B A m)
n2 € U\ 2,
(E',A(n2)) =0

For every 7y appearing in the second sum, we observe that E” := E’ + A(n;) € T, and further apply
the backward recursion to decompose B(J — E” |1n2) into two sums, one over x; € ¥\ ® such that
(E",A(x1)) # 0 and the other over x2 € ¥\ ® such that (E”, A(x2)) = 0. We repeatedly apply this
process on the terms of the second type until every B (J —a — A(x) | x) appearing on the right hand
side of (17) has the property that € T, and (x, A(x)) # 0. We call the equation so obtained “modified
(17).” Note that since T'. is of finite dimension, the process just described terminates after a finite
number of steps.

In a similar vein, we construct “modified (18)” as follows. On the right hand side of (18), we decom-
pose every B (J — A(9)1) — A(12) | 12) where (A(1h1), A()2)) = 0 into two sums by further applying the
backward recursion on those terms; the first sum is over ¢; € W\ ® such that (A1) +A(y2), A((1)) #0
and the second sum is over (3 € ¥\ ® such that (A(¢1)+A(2), A((2)) = 0. We repeat this process on the
terms of the second type until every term is of the first type; i.e. at this point every B(J —x — A(x) | x)
appearing in the “modified (18)” would have the property that @ € T, and (@, A(x)) # 0.

We now define the difference between the two “modified” equations as
D := “modified (17)” — “modified (18)”, (19)

which we want to show vanishes if the condition shown in (15) is satisfied. By construction, every term of

the form B (J —x — A(x) | x) appearing in (19) satisfies € T'. and (@, A(x)) # 0. It is straightforward
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but tedious to show that D can be written as

p =Y X {P%Eﬂ—éwﬁm)x
EcTl. newv\o,
(B, A(m) #0

B(J—E—A(n)|n) Cn,&) n(S[J — E,A(n)] In)} ; (20)
which arises as follows. For each term
B(J—E—A(n)|n)m(S[J —E,A(n)]|n)

appearing in the above equation, “modified (17)” contributes G(E; J)C(n;E) + Y (E; J;n) to its coef-
ficient, whereas “modified (18)” contributes Z(E;J;n) (c.f. (14) and equations thereafter). Therefore,
we have

B(E; J;n) —9(E; J;n)

Crd) C(n;€),

(B J)C1: ) + 9 (B: Ji) — B(B: Jin) = [G<E; J) -

which is none other than [G(E; J)— é(E7 J;n)} C(n; ).

Now, we observe that the only dependence of é(E7 K:;n) on K appears in emission probabilities of
form the (S[K, E'] |¢), where E' < E. Therefore, if G(E; E;n) = G(E; E) for all r-tuples of strings
S, then

G(E;J;n) =G(E;J),

where J € U,,n > 1, and 0 < J — E. Hence, if the condition (15) is satisfied, then the coefficient of
every B(J — E — A(n) |n) appearing in (20) vanishes, and it follows that D = 0. We have thus shown
that the expressions in (17) and (18) are, in fact, equal if the condition stated in (15) is satisfied. This

completes our proof of the proposition. [ |

4.5 Recapitulation of the main result

We now briefly summarise our main result and outline how Proposition 1 might be applied in practice
to obtain a reduced recursion. Let S = (S1,...,S,) be an r-tuple of strings and let L = (Ly,..., L),
where L; denotes the length of the string S;. As described in Section 3, the joint probability P (L) of
observing the strings in S can be computed, in principle, using standard recursions. For example, we

can use P(L) = B (L |&), where B (L |£) satisfies the backward recursion
BK[Q)= Y B(K-A®W)]Y) n(SIK,AW)]|v) C,0), (21)
YEV\D

with the boundary condition B (0|¢) = C(Z,¢). Here, C(¢,() are effective transition probabilities,
defined in Section 3. Note that such a recursion explicitly depends on states, and that there can be

many terms on the right hand side of (21) if the number of states in ¥\ & is large. Therefore, it would
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lead to significant computational acceleration if there existed a reduced recursion of the form

P(K) = >  G(E;K)P(K-E), (22)
Ecl,,
0<K-E
with some well-defined boundary condition for P(0). If there are generally several states with the same
emission pattern, the number of terms appearing on the right hand side of (22) can be considerably less
than that of (21). In the reduced recursion (22), each emission pattern occurs only once.

Our main result, Proposition 1, gives a sufficient condition for the existence of a reduced recursion
like (22). This result is applicable to HMMs in which a state emits at most one letter per string. If
the sufficient condition is satisfied, then our result completely determines what the coefficients G(E; K)
appearing in the reduced recursion should be. The sufficient condition involves checking whether some
quantities are equal. The quantities one needs to compute are é(E7 E;n), where E € T, = U;. (For
instance, in the two-dimensional example shown in Figure 2, U; consists of three points and one would
need to check the sufficient condition for these three points.) More precisely, G’(E, E;n) are defined as
follows. First, define P(K |n) := B(K | ), where B (K | £) still satisfies the same standard backward
recursion (21) but has the new boundary condition B (0]|¢) = C(n, (). In particular, P(0|n) = C(n,E).

Then, for E € Uy, G(E; E;n) are defined as

~ WEW) 1 / / /
E;E;n) = - E;EP(E-E
E €T,
E' #E,0<E-E

where G(E'; E') = G(E'; E'; ), with T being the unique initial state. Note that computing P(0|n) and
P(K |n), for all K € Uy, can be done efficiently using the standard recursion (21); the largest value of
any entry in K that needs to be considered here is one, so the recursion reaches its boundary condition
very quickly.

The following procedure describes how one might apply our result to a specific HMM.

1. For all -tuple of strings, check whether (N?(E, E;n) = G(E; E) for all emission vectors E € I, = U;
and non-silent states n € ¥ \ ® satisfying (A(n), E) # 0.

2. If the above conditions are satisfied, then to compute the joint probability of observing a particular
r-tuple of string S, use the reduced recursion (22), where G(E; K) is obtained from replacing the
emission probabilities 7(S[E’; E”]|v) in G(E; E) with n(S[K; E"] | ).

5 An example: statistical multiple alignment

In this section, we consider a hidden Markov model for statistical alignment [3] and check whether the

sufficient condition from the previous section is satisfied by that model.
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5.1 Preliminaries

The model proposed by Thorne, Kishino and Felsenstein [7] is a reversible Markov model of sequence
evolution, incorporating substitutions, insertions and deletions. In this model, insertions and deletions
are modeled as a birth-death process. A deletion random variable is associated to each nucleotide and an
insertion random variable, called a mortal link, is placed to the right of every nucleotide. If a nucleotide
dies, then so does its associated mortal link. If a mortal link m gives rise to birth, a nucleotide is drawn
from the stationary distribution of the substitution process, and that nucleotide and its associated mortal
link are placed to the right of the mortal link m. To the left of every sequence is a special insertion
random variable. It is not associated to any nucleotide and it never dies. As such, it is called an immortal
link. Every random variable for the deletion process is exponentially distributed with parameter p, and
that associated to the insertion process is exponentially distributed with parameter A\ < p.

In its original formulation [7], the TKF model was constructed for the case of two sequences. For
more than two sequences, efficient methods have been developed recently for applying the TKF model
to each edge in the rooted phylogenetic tree relating the sequences [2, 3, 6]. When there are r sequences,
a leaf-labelled tree with r leaves is used. For S = (51, S, ..., S;), let P(S) denote the joint probability
of observing the sequences S1, Sy, ..., S, at the leaves of the underlying phylogenetic tree. In the HMM
formulation of [3], to each path from the initial state Z to the final state £ consistent with the given data
S, there corresponds an alignment of the sequences Si,53,...,S,. The “likelihood” P(S) is defined as
the sum of the probabilities of all such paths in the HMM. Backward and forward recursions, just like
that discussed in Section 3, for computing P(S) have been constructed in the HMM formulation of [3].
If the sufficient condition in Proposition 1 is satisfied by that HMM, then it would be consistent with
the findings of [4], where a reduced recursion for the likelihood P(.S) has been constructed using some
fundamental properties of the TKF model.

In what follows, we wish to check whether our sufficient condition is satisfied by the HMM of [3].
Before we proceed, we briefly describe how a state is defined in [3]. In general, a state consists of two
things. First of all, to every state in ¥ (c.f. (1)), there corresponds a nucleotide birth event at some
vertex v in the underlying rooted tree T', and its survival-death information is specified for the nodes in
the descendant subtree ¢, of v, if there is any. This determines the emission pattern at the leaves of T'.
Note that every non-silent state in the HMM (i.e. a state in U\ ®) generates a column in an alignment.
Secondly, a state may have some “history” information on the part of the tree T complementary to t,.
We refer the reader to [3] for the exact definition of “history” used in that work. For the purpose of
checking the sufficient condition in Proposition 1, we only need to know the emission patterns of states
and the transition probabilities between states.

Let 7; denote the time parameter associated to the edge incident with the leaf labelled ¢ and define

5, = 1 —exp[(A — p)7)
"= Aexp[(A - p)m]”
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1 Y2 Pz Ya s P
S1 X X X
Sy X X X X

Table 1: A summary of the emission patterns of the Markov states for two sequences. If a state 1; emits
a letter in the string Sk, then the corresponding entry in the above table is marked x.

Henceforward, we sometimes use the following notations when writing probabilities:

o 1Bi _
aj = —————— a;:=1-a;,
1 — exp(—um;)
bi = )\ﬁz s Bi =1- bi, (23)
¢i = exp(—pm;) , Gi=1—g¢,
v=AMp , yi=1-7.

In the HMM formulation of the TKF model, emission probabilities satisfy the property that
m(S[K, A()] [4) = 7(S[K,A(C)][¢)

if A(v) = A(Q); that is, if two states have the same emission pattern, say A, then their corresponding
probabilities of emitting S[K, A] are the same. So, in what follows, emission probabilities will be simply

written as 7(S[K, Al).

5.2 Two sequences

Consider the case of two sequences, i.e. 7 =2 and S = (51,S52). The underlying tree is a two-leaved

tree with one degree-2 vertex, the root. The set of emission vectors is

T. = {cie; + ez (c1,c2) € {0,1}2, (c1,¢0) # (0,0)} = {(1,0),(0,1), (1,1)}.

Aside from the initial and the end states, there are 7 other Markov states in the case of two sequences
[3]. The emission patterns of the states in ¥ are given in Table 1. As the table shows, there is only one
silent state, 11, in this HMM and therefore the effective transition probability shown in (4) simplifies to

the following expression:

_ p(n, ¥1)p(¥1,6)
1 *P(%ﬂ/’l)

Transition probabilities are summarised in Table 2, where notations shown in (23) have been employed

C(n,¢) +p(n,¢) - (24)

for conciseness. The probability p(n, () of making a transition from 7 to ¢ is given in the (7, () entry of
the table. Note that some transitions are not allowed, i.e. have zero probabilities.
A general expression for G(e;;e;) is given in (10). We can use (24) and the transition probabilities

in Table 2 to obtain the following results for our present example:

Ao 4 AB1[1 — (A + ) Bo]

G(ep;er) = 1= \iB B 7(Sle1, e1]), (25)
_ O ABL+ AB[l — (A + p)Bi]
G(EQ, 62) = 1 )\Mﬂlﬁg W(S[eg, 62]). (26)
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U o 3 Yy ¥s e Y7 £
T ybibatiCa  ybiboGica  Ybibataci  ybibacica 0 by boby  Ybibe
%1 ya1azCiCa  ya1a2Cica  yaiasacy  yaijazcice az 0 a2a1 yaias
wz y a15261 Ca Y a1l3261 co Y a1l326201 y a15201 ¢y by 0 @162 Y ay b
VY3 Yabhi&iGz  yashiCica yashiéaci  yasbicica 0 ds  asby Yash
Yy Bl§251é2 0 5@251 c2 Y B1§25261 vy 5@26102 0 b 52131 ¥ b1 bs
Vs  yarbaCiCy  yarbaticy  yaibaacr yarbacicy by 0 arby yaiby
e ybibacica  ybibaCica vy bibalacy  ybibacicz 0 by boby Y bibo
1/)7 Y 61 5152 Yy 6151 C2 Y 61 5261 Yy 6161 C2 0 0 bl ’_}/ b1

Table 2: A summary of transition probabilities in the hidden Markov model for two sequences. The
probability p(n, ¢) of the transition 7 — ¢ is shown in the (1, () entry of the above table.

Now, consider E = e; + e3. An explicit expression for C:’(E, E;n) can be obtained using either (12)

or (14) and the equations thereafter; it can be written as

CE:En) = gog [FSEE) Y C0.00EE)

QXS ‘1/81 +eg

(1 € We,y (2 € Ve,

+
+ Z 7(S[E, e;
Cl S \I/ez C2 S \I/el

— G(ey; E)n(S[E, eq]) ZCUC &)

CEeVe,

> Y w(SIE el])n(S[E,es]) C(n, (o) CGe, (1) CG1, E)
)

m(S[E, e2]) C(n,(2) C(C2,¢1) C(C1, E)

— G(ez; E)m(S|E, e1]) Z C(n.¢)C(GE) | (27)

C € \I}el
where ¥, is defined as in (9). In our present example, the above formula implies

GBE) = s { (L= A5~ NS n(SIE, B]) +

m(S[E, e1))n(S[E, e3]) [ (1— e #mHm)) (1= AB1)(1 — ABa) +
(1 —pB1)(1 — uB2) — (1 — AuB1B2) } } )

where we have used G(E; E) = G(E; E;T).
We now check the sufficient condition stated in Proposition 1. As shown in Table 1, the states

satisfying (e1,1,) # 0 are ¢3,14 and ¢7. Using (13) and (24), one can verify that
Glerser;ys) = Glerser; ) = Glerser;ihr) = Glerser),

where G(eq; e1) is shown in (25). Likewise, the states satisfying (es, ¥, ) # 0 are 9,14, 15 and 1bg, and

explicit computation shows that
Ge2; e;12) = Glea; e2; 1) = Glea; ea; 1) = Ge2; e2;96) = Glea; e2),
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Y1 Yo Y3 Ya Ys Y Yr U Yo Y10 Y11 Y12 Y1z Yua Yis

S1 X X X X X
So X X X X X X
S3 X X X X X X X X

Table 3: A summary of the emission patterns of the Markov states for three sequences. If a state 1);
emits a letter in the string S, then the corresponding entry in the above table is marked x.

where G(eq;es) is shown in (26). Lastly, the general expression in (27) can be used to show that

G(e1 +ea;e1 +eqth,) = G(er + ex;er +eq), for all a € {2,3,...,7}. Thus, the sufficient condition in

Proposition 1 is satisfied by the present example.

5.3 Three sequences

According to the formulation of [3], there are 15 Markov states in ¥ in the case of three sequences. The
underlying tree in this case is a three-leaved tree with one degree-3 vertex, which serves as the root.
As in the previous example, there is exactly one silent state, and therefore the simple form of effective
transition probability shown in (24) still applies to this case. The emission patterns of the 15 states are
shown in Table 3, whereas transition probabilities are summarised in Table 4.

As we have done for two sequences, we can explicitly compute G(E; E), where E is an emission
vector in

r.=1{(1,0,0),(0,1,0),(0,0,1),(1,1,0),(1,0,1),(0,1,1),(1,1,1)}.
For instance, we can obtain

ABi — 1*BiB; Bre(1 — ABi
Gles er) = MBI I =20 s S, ),
i7j

where i, j, k denote three distinct integers in {1, 2,3}, and show that

Gler;er;v,) = Gleyser), forac {5,6,7,8,15},
é(eg;eg;wa) = G(eq;es), forace {3,4,7,8,13,14},

G(63;63;’¢a) = G(€3;63), for a € {2,4,6,8,9, 10,11, 12}.

We have used Mathematica to check explicitly that the condition shown in (15) holds for all other E € T,

as well.

5.4 Four and higher number of sequences

For four and higher number of sequences, i.e. 7 > 4, there is more than one inequivalent tree that can
be used as the underlying phylogenetic tree, and the number of states in the HMM of [3] depends on the
tree being used. An r-leaved star-shaped tree is a tree with exactly one internal vertex of degree-r and

r degree-1 vertices. An r-leaved binary tree is a tree with r — 2 degree-3 vertices and r degree-1 vertices.
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€ (2 P2 3 P4 Vs
T Abibobs  yb1b2b3C1C2Cs  YbibabsBiBacs  yb1b2b3CiCzca  YbibabsCicacs  ybibabscadzcr
Y1 Jairasa3z  Ya1a2a3C1C2C3  YG1a2a3C1C2C3  YA1G2a3C1C3C2  YA1A2G3C1C2C3  YA1A2a3C2C3C1
Yo Jarasbs  Ya1a2bsCiC2Cs  Ya1azbsCiCacs  YaiazbsCiCsca  YaiasbsCicacs  yaiazbstatscy
3 ’76116&352 7a1a352515253 'ya1a352616203 7a1a352616302 7a1a352510263 ’Ya1a362525301
s Harbabs  ya1bobsc1CaCs  yaibobseiCacs  yaibabseilsca  yaibabsticacs  yaibabséalsc
Vs ’7&2CL3B1 7a2a351616253 7a2a351616203 7a2a351616302 7a2a351610203 ’Ya2a351525301
Ve '_ya25153 ’Ya21_7153515253 ’Ya2(_7153515263 7@25153615302 7@25153610203 'ya251536263c1
P ’76135162 761351?72515253 7035152515263 ’YG3B1B25153C2 ’YG3B1B25102C3 7@35152626301
s Abibobs  ybibebsCiaCs  Yb1babsCiCacs  Yb1b2bsCiCsce  ybibebsCicocs  ybibebsCaCsca
9 ’7611&263 7a1a253616263 7a1a253616263 ’ya1a253616302 7a1a253610203 ’76110253525301
P10 ”yalgggg "}/CL1Z_)2[_)3E16263 ’ya15253516263 ’ya1521_)3615362 ’ya152536102(:3 ’Ya15253525361
P11 ’7a25163 ’7025153515253 7a25153615203 'ya25153616302 7a25153516203 ’Ya25163525301
Y12 ’%15253 ’7511_7253515253 ’7515253515263 7515253515302 7515253616263 7515253625361
P13 ’760152 70152515253 7a152615203 7a152616302 'ya1626102C3 7a152525301
P1a bibo ~b1b2E1C2E3 Yb1b2C182c3 yb1bae183C2 Ybi1b2C1c2cs Vb1b2é2c3¢1
Y15 b vb1€182C3 yb121C2cs vb1E1835¢2 yb1Z1c2c3 b1E2E3c1
e (2 s Yo Y10 Y11 Y12 Y1z Yua P15
A 'yl_n babscacics 'yl_)ll_)zl_)gégcl ) ’yl_)ll_)gl_)gcl Cc2C3 0 0 0 b3 0 bsbs  babsby
P1 yairazasCacics  Ya1G203C3C1C2  YA1A203C1C2C3 A3 0 0 0 asas 0 az2a3a1
P2 yaraz bsCacics ’yalazl_)gég c1C2 ’yalazl_)gq coc3 b3 0 0 0 Gobs 0 a2a1bs
Ps  yar asbatacics Yyai asbaCscica 'yalaggg c1C2C3 0 as 0 0 azbs 0 as@1bo
N ’ya1l_)2 bsCacics 7@152536301 co ’yall_)zl_)gcl cac3 0 b3 0 0 Db 0 G1b2bs3
Ps 7a2a3131 CaC1C3 ’7&2&361 C3C1C2 'ya2a351 c1C2C3 0 0 as 0 0 aszas azasby
V6 ’yazl_)l bsCacics 7@251 bsCscico ’Y(LQI_)ll_)sCl cac3 0 0 b3 0 0 Gobs  asbsbr
7 7@351 baCacics 'yaggl baCscico 'yagl;l bacicacs 0 0 0 as 0 asbs  asbabr
s 7515253 Cac1C3 75152536301 c2 71_111_725301 cac3 0 0 b3 0 bsbs  babsby
e yar asbsacics Yyai asbsscica ’704&26361 cocs  bs 0 0 Gobs 0 a2G1bs
P10 ’yalggl_)gézclcg ’YCLlEQBgEgClCQ 7&15253010203 0 b3 0 0 bsbo 0 G1b2bs3
P11 ’YG2B1 b3éacica ’Ya251 bsézcica 7a251 bscicacs 0 0 bs 0 0 Gobs  asbsbr
12 Ybibabséacics  ybibobsGscica  ybibabscicacs 0 0 0 bs 0 bsby  babsby
13 yaibaGacica ~ya1baCscicy ~yaibacicacs 0 0 0 0 b 0 @1bo
14 ybibaGacics yb1baEscicy ~bibacicacs 0 0 0 0 b baby
P15 751 CaciC3 751 C3C1C2 ’yI;l c1caC3 0 0 0 0 b1

Table 4: A summary of transition probabilities in the hidden Markov model for three sequences. The
probability p(n, ) of making a transition from 7 to ¢ is shown in the (1, {) entry of the above tables.
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Consider the case r = 4. If a star-shaped tree is used, then there are 31 states in ¥. Of these,
exactly one state is silent and therefore the simple expression in (24) for effective transition probabilities
can be used. Hence, if a star-shaped tree is used, it is not difficult to check the sufficient condition of
Proposition 1 analytically as we have done in the previous two subsections. If a binary tree is used,
however, then there are 45 states in W, of which 3 are silent. In that case, the general form of effective
transition probabilities C(¢, ¢) has to be used. As shown in (4), the formula for C(¢, ¢) involves a matrix
inversion, and so in general one ends up with a complicated expression for C(1, ) when there is more
than one silent state. Hence, in general it is impractical to check the sufficient condition of Proposition 1
analytically if a binary tree is used. It is possible, however, to check the sufficient condition numerically
using arbitrary parameter values. In the example of 4 sequences involving a 4-leaved binary tree, we
have tried different sets of parameter values and have numerically verified that the sufficient condition
holds in each case.

Using our approach, we are not able to prove that the sufficient condition of Proposition 1 holds for
arbitrary number of sequences. Nevertheless, as mentioned before, it has been shown in [4] that there
exists a reduced recursion for statistical alignment of arbitrary number of sequences on a binary tree. It

thus seems likely that the sufficient condition in Proposition 1 also holds for r > 4.

6 Concluding remarks

In this paper, we have constructed a sufficient condition for reducing state-dependent recursions in a
certain class of hidden Markov models. If the condition is satisfied, then the dependence of the recursions
on Markov states can be eliminated. When an HMM contains several states with the same emission
pattern, a corresponding reduced recursion, if it exists, can considerably accelerate the computation of
likelihoods, possibly making a computationally intractable problem tractable.

In the case of few sequences, we have explicitly shown that a TKF-based hidden Markov model for
statistical alignment satisfies the sufficient condition, but it still remains unclear why it actually does
so. It would be interesting to investigate what kind of underlying structure is required for the condition
to hold in general. Finding more affirmative examples through which we can gain more intuition would
help unravel that puzzle. If testing the condition analytically is too cumbersome or impractical, then
one could try to test the condition numerically as we have done in the statistical alignment example
with 4 sequences. If the sufficient condition is satisfied numerically, then numerical values of likelihoods
can be computed using the reduced recursion shown in Proposition 1.

In our work, we have assumed that every state emits at most one letter per string. Suppose that k is
some non-negative integer and that every string in S = (S1,...,S,) has length divisible by k. If every
state in the HMM emits either zero or k letters per string, then the result obtained in this paper should

extend to that case as well; one can rescale all string lengths by dividing by k and regard A3 as the new
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alphabet. It would be interesting to investigate whether a sufficient condition for reduction exists for
more general cases.

In closing, we mention that a simpler version of the sufficient condition in Proposition 1 may exist.
The condition (15) encodes certain constraints on the structure of an HMM, and it might be possible
to translate these constraints into more transparent graphical statements regarding HMM architecture

diagrams.
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