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This note di scusses two ways to assess the effects of rounding
errors that occur during the calculation of a polynomal and its
derivative in floating-point arithnmetic. One way conputes bounds
for those effects during the conputation of the polynomal and it
derivative; the second way conpares the rounding errors with

hypot heti cal perturbations in the coefficients of the polynom al.
Both ways have their uses, especially when the errors in” conputed
zeros of a polynom al have to be asseSsed.

S

I nt roducti on:

G ven the coefficients a; of the pol ynom al A(X) = b aj x|
and a nunerical value z , we can conpute both p = A(z) and
the derivative q := A(z) by neans of ..
Hor ner's recurrence:

qg:=0; p:=ao,;

for j =1 toN do{ qgq:=zqg+p

. p:=zp+a } .

To denmonstrate the validity of the recurrence, we néed nerely
assi gn subscripts to the successive conputed val ues thus:

g-» :=0; po:=ao; ... and p-1 :=0 ;

for j =1toN do{ Qi-12:=2z2Qji-2 + pi-1_;

o pi = zpi-1toa }
Then, by substituting for a , we find for al X that

= pnt (X-2)(gnea + (X-2) 2ZNe2 i X200 )

A( X ,
whence it soon follows that the final values of p and q are
pn = A(z) and Qe = AKz% respectively. But no account has
yet been taken of roundoff, to which this note is devoted.

operation " x :=y®z " t he

We presune that, in any arithnetic ,
= (yoe) 1+E% where the eek letter
r

val ue actually conputed is x

t
(

& stands for a small rounding erior about which we know only that
€ >1]¢ ;  here € denotes the relative uncertainty due to
roundoff in the conputer's floating-point arithmetic. W nust
introduce simlar Geek letters to stand for every roundlqg error
conmtted durin Horner's recurrence, after which we find that
the conmputed values p and q actually satisfy the follow ng
perturbed recurrence:
P-l :‘q—l:fto ;N a? = ao; ... and1 o :)Ko =0 3/(1 )
or ] = 0 gi-2 = ZQi-2(1tYi-2) + pPi-2 +Kj-1) ,
pi, = EZ_W—lglag—l) +a; )/ (1+m) 1

and N1l = (N =

At this point we may either conpute an upper bound for the effect
of the perturbations upon the recurrence, or we may treat those
perturbations as if the¥ were equivalent to perturbations in the
coefficients instead. The first aPproach is technically nore
intricate but philosophically sinpler; let's try it first.
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Conput ed Bounds upon Roundoff's Effect: _
Fromthe perturbed recurrence, substitute for a; 1in the
definition of A(x). to get, for all x,
A(X) = pn + ZB(TEX-G Z) pi XN1-0 +

St (x-2) (g F O INSL(K X5 Z) Qi XN 2-T 0+ (X-2Z) ZNe2Q XN 21T )
whence it soon follows that

223 = pnot Zg&m- i) PiZN] and _ .
A(z) =g + 2% (Ki-Pi) g + ((Nj)TE-(N-1-7)G)pi )zn 2
Since no rounding error appears nore than once in each of these
formulas, the nonzero Geek letters can be replaced by +& to
get best-possible bounds for the accunul ated effect of roundoff:
A(z)-pn|le < |pnN + 2Z™M pi|r™i + | po|lrN where r = |z| ;
A(z)-Ona| /e < | Ona| + 2 M?(Berlﬂ + | Qo|r~2 +
. : + 2 r(2N-2)-1) [ pi | ren o+ ﬁNl)I.polr“ﬁl :
The right-hand sides of these inequalities are polynomals in r
with coefficients derived from |ij and |qgi| , sO they can be
conputed by recurrence too. To do that, here is an

augnent ed recurrence:

r.=1|z| ; =0 ; = a ; e := ; d = -elr
for } L 1 tg N do {p g =z g +p ;IpI
r=rd+ e+ [qg+q| - [p] ;
p:r=zp + a ,;
e:=re+|ptp| } ;
e:=e-|pl ; d:=d- |q| .
Now A(z) - p|/le<e and |A(z) - gq|/e < d except for over/-
under fl ow and |%norab!e roundoff incurred during the calculation
of eand d . Verifying that the last two inequalities do follow
fromthe previous two is a challenging exercise in algebraic,
mani pul ati1on; that verification will confirmthat the two sides
of each inequality could aEproach each other arbitrarily closely
in the event, albeit unlikely, that all the rounding errors had

magni tudes € and appropriaté signs.

The augnented recurrence is nost useful during the conputation of
a zero of A(x) . For instance, if z is approximtely a zero
of A then the error in z is approximately -A(z)/A(Z) , the
next step of Newton's iteration. may infer from'the recurrence
t hat }A z)] < |p|tee and that |A(z)[ > |q|]-dg . whence follows
| -A(z)/A(z)| <_(|lp|]+eg)/(]q|-de) provided this is positive;
ot herw se roundoff so obscures A that no such error bound for

Z can be estinmated.

Anot her instance arises during an iteration to conpute a zero of
A(x) . That iteration has to be stopped when z 1s so close to a
zero that roundoff nakes further iteration probably futile. A
good tine to stop i s when lﬁl < 2eeg; this inpliés that |A%z)|
cannot be much blﬂger t han e roundoff that accrued during its
conputation. ( The factor 2 1is necessary to ensure that sone
machi ne-representabl e argument z exists so close to a zero of A
that such an inequality can be satisfied. Wthout that factor,

t here woul d be sonme risk that p| > ec for all argunents z

even those adjacent to a zero of A. On the other hand, the
factor 2 is big enough because eg exceeds the change in A(z)

t hat woul d be caused by changing z to one of its neighbors.

During iteration to find a zero, the bound de wupon the error in
A(z) " is not very useful because substantial errors in A(z)
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cause the iteration to m sbehave in ways that are usually easy to
recogni ze without d . Therefore, during the iteration, d  can
be omtted fromthe augnented recurrence, which then sinplifies
to a short formthat runs significantly faster when N is |arge:
r =1zl ; q9q:=0; p:=ao; e:=]|pl/l2;
for J =1toN do { qgq:=zq+ p;
p:=zp + a ;
e:=re+|p };

e:=e- |p|l +e. .

After the |terat|oL Las_tern1nated and z has been accepted as an
approxi mate zero, running the previous augnented recurrence once
provides an estimate .(PPI+68)/(IQI-d$) of a bound upon the
error in z . That estimate is not a rigorous bound; it was
based upon an estinate -ﬁ(z%/A(z) that” coul d underestimate the
error in z . How badly? At worst by a factor 1/N according to

Laguerre's Theorem  The pol ynom al A%ﬁ) of d%%ree N rnust have
a zero ( satisfying %Z-Z+A(Z)/' z)| < D|A(z)/A(z2)]| .

Proof: We know that A(x) = ao(X-X1)(X-X2)( ... )(X-X~12)(X-XnN) ,
where Xi, X2, ..., X~n1,_ X~ are the (unknown) zeros, real and

conplex, of A . Let ( be whichever. of themis closest to z .
Since (- z+A(z)/A(z) = (1 - Zh(z-é)/(z-x,L ) A(z)/A(z) ,
cancel " 1 " and také nagnitudes to deduce the theorem

Therefore the error i n approximate zero z cannot exceed
.N(IpI+eS/(IqL-d@ - , o
rous but, i ke Laﬂuerre s theorem it is
factor near N ich may be annoying if
us error bound that is usually far |ess
nore conputation and nmuch nore thought.

This error bound is r
usual |y pessimstic b
N is very big. Ari
pessimstic costs sl

y
The si Iest_thougﬁ S ari%

t e when z approximates a real zero of a
real pol ynoni al X) . he sign of A(z) 1is the same as that of
p+ee and p-ee when they have the sane signs; otherw se the sign
of A(ZL IS obscured by roundoff, as it usually would be when z
is the best available approximation to a zero of™ A(x) . Now |et

und f the error in z ; or instance,

& or
t'r = (| p|+e€)/|q| . can check whether & truly bounds
the error In _z by run the short form of the augnménted
recurrence twice to see whether the signs of A(z-E% and A(z+¢)
are QPPOSIte' taki ng roundoff into account. Usually those signs
do difrer,_ and then we know for sure that A(x) vanishes between
z-& and z+¢ O herwi se accept what Laguerre's theoremtells us.
When conpl ex zeros of a polynom al are being conputed, error
bounds better than are provided by Laguerre's theorem require a
| ot of thought. Because conﬁlex variables lie beyond the syll abus
of this course, only a rough outline of those thoughts will be
sketched here, They begin with the divided difference

pE({x, y}) = (ft ;3 - {§y)glj ; -y) if xEy,
It resenbles the derivative in many ways besides their simlar
definitions; they also figure in simlar estimates for the zeros
of a function. For instance,

be any anrOX|nate bo
y - =
n
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Lemm: Let z be fixed at the center of sone ion |x-z|] <&
t hr oughout which f(x IS contlnuousl | entlable and
suppose al so that | Bf ({x, z}) /6 at every x
therein. Then f(x) mnust vanlsh at once_insidé that
region. ( It naY be an interval on the r aI aX|s or a disk
in the conpl ex plane. And |f al so Lbf({x y})| > 0 at all
X in the region vanls t” on ce t herein.)

Pr oof : Construct the m nmap tXx) {x z}) . This

map i s inspired by Newton's and the Secant |terat| ns. Since the

di vi sor cannot van|sh, P st be continuous throughout the

regi on. Moreover, 2-2 = -1 ( z)/bf({x z}) , which i I|es

x)-z| < & throughou he reg vihi ch ‘nmeans t hat IS

continuous map of this closed bounded convex region into |tself
By Brouwer's flxed point theorem P nust have at Ieast one
fixed point x P(x) in the region; that is where f(x) =0

The derivative and the d|V|ded dlfference of our polynom al A(Xx)
share anot her property; E% can be conputed wi thout any division
froma revised version of rner's recurrence as follows:

=0 ;
Por jzlptoN do{ Q: yQ+p

values of p = A(z) and p g z}) woul d be

ut for rounding errors mhlch shaII e i'gnored here to

y. the exP03|t|on How does vary as y runs about sonme
gion containing a zero of A(X close to z If y=z,
h

n

o=

Q(z) as conputed by Horner's recurrence. Clhermnse
e subscripted values p; we introduced to explain that
ce, we can_infer that

q : gy-n 2No2 Pj Sna-j wher e

Q =
If we can find sone s > mex{ | z|, |yl } . then |Sk| < ksk-r and
| Z%Z(Nﬁ-)lm :

ast inequality is a polynomal in s that
ot her _augnented recurrence simlar to the one
ve. To determine s , we choose any known
p|+ee)/(|q|-de} , say, and assune fhat

+ & hen we run anot her au nented

e R(s and deduce that for all y z|

ndoffI IIf th( )
y does, then the
€ in the region

i
can be conpute
t hat conput es

error bound E

) | -
allomance for

=_Cc—

een omtted fromthe foregoi ng account
e scope of this course. he i nportant
om what has been presented so far are

b
because they i h
r
o of a polynomi al as accurately as we
r
n
0
e
r

conclusions’to
t hat we can conput Z
like if we carr nough
r
e

|
y
A nunber of detai
ie
b

cision, “and that we can prove our
off into account with conplete rigor.
comput e better error bounds that cone
f uncertalnty i mposed by roundoff,

worth their cost because other sources
dom nate over roundoff.

result correct akln o]
Al though it is possi

ever closer to the limt
such bounds are hardly e
of uncertainty so ofte

D=0 QM
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I nterpreting Roundoff as Perturbations in Data:

Let us return to the perturbed recurrence and express p; .in
terms of the roundlnP errors (the Geek letters) and the given
coefficients _aj nstead of conmputing A(z) (= ¥ ajz™i

. we
i nduction that actua (z) := 28 ajz™~i  where

can prove Qg I Ty Pn = :
ai = a 1+-)(1+Zj_+1)(---.)(1+ZN12)/((1+T1])(1+TE+1)(---) 1+1) )
= aj 1iejt<2N-a‘”J It ) E , otherw se “ao(l+eg)=*2N

In other words, the conputed val ue , Obtained instead of the
desired value A(z) , is exactly what woul d have been conputed

wi t hout roundoff it each coefficient a had first been perturbed
to a nearly |nd|st|n?U|shabIe nunber a . This is the sense in
whi ch roundoff conm fted during the conputation of A(z IS no

ut at

worse than a few rounding errors per coefficient coomtted before
that conputation. |f the given coefficients are uncorrelatedly
uncertain by as nuch as 2N wunits in their |ast significant
digits, then that uncertainty in A(z) W dom nat e what ever
uncertainty subsequently accrues to p because of roundoff. This

c
view of the rounding errors is called a "Backward Error-Analysis".

-

Let us reconsider the conputation of a zero of A(x) fromthis
oint of view W shall accept =z as a purported approxi nmation
o azeroof A when p t he conputed value of A(z) , 1is

deened neﬁllglble; but that will actually nean that the perturbed

polynomal p = A(z is negligible, so "z wll actually lie
close to a zero of the perturbed polynonial A . Because the
zeros of a polynom al are known to be continuous functions of its
coefficients, ~and because the coefficients of A and A are so
nearly indistinguishable, one mght hope their zeros are al nost

t he sane too. wever, sone closely neighboring polynomals A

and A have surprisingly different Zzeros. or exanple, |et

Ax) = x22 - %2X11 + B6x10 - 220x° + 465x8 - 792x7 +924x6 - T92x5 + 495x4 - 220x3 + 66x2 - 12 +1
= X - 12,

and let A(x) := A(x) - x8/10s . In other words, the perturbed

80Iynon1a| A(X) 1s obtained from A(x) by_repla0|ng 924xs by
23.999999xs , "a change in the ninth significant decinmal. Then;

al though all twelve zeros of A are at 'z =1, tw of the zeros
of A "are at z = 0,729843788 and z = 1.370156212 . (These
are the zeros of (x-1)2 - x/10 , which you should confirmas a
divisor of A(x) .) A simlar but slight nore extrenme exanple
is constructed fromthe same A(x) := (x-1)22 but now perturb it
to A(X) := A(x) - A(-x)/5109 , _changing each coefficient inits
tenth sig. dec. “~or beyond. For instance 12X ets changed into
12.0000000024x , and ~924xs into 923.9999998152xs . You shoul d
be able easily to conmpute the two real zeros z = 1.36828744 and
z = 0.73084059 of A(x) .

The foregoing two exanpl es naK give the false inpression that the
zeros of "a Pplynonlal can be hypersensitive to tiny perturbations
inits coefficients only if the zeros are repeated. Actually the
truth is slightly but crucially different fromthat. Zeros can be
hypersensitive to tiny perturbations in coefficients only if such
tiny perturbations could cause the zeros in question to change.
their multiplicities. An explanation and proof of this assertion
woul d be too conplicated to Include in this note; instead, the
assertion will be illustrated by an exanple. This exanple is
siml|ar to one discovered in the late 1950's by Janes H

W1 kinson and used for the same purpose. Let

5
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A(X) = x12 - 78x1* + 2717x2° - 55770x° + 749463x8 - 6926634x7 +
+ 44990231x6 - 206070150x5 + 657206836x+ - 1414014888x3 +
+ 1931559552x2 - 1486442880x + 479001600

= x-1)(x-2)(x-3 C x-10) (x-11) (x-12

= G EGAS AL e g D e 1)
Its zeros, the consecutive integers from 1 to 12, do not seem
especially cl ose together but in fact an extrenely t|n¥ change
to its coefficients can change the zeros enough to nake two of
t hem coal esce. Specifically, A( X = Al xg - ANA(-Xx) has a
double zero at z = 8.4835138 when A = 5.60027810-10 . Al though

the zeros of A are hypersensitive to roundof f t hese nunbers "z
and A can be calculated easily on a programmbl e cal cul ator by
nmeans interesting enough to nmerit inclusion in this note.

The double zero z of A(x) nust satisfy A(z) = A(z) =0 ;
that means A(z) - AA(-z) = A(z) + '(-2) = . _El'imnating
A produces an equation (z2)/'A(z) + A(-z)/A(-z) =0, that
identifies z as one of the 2 finite zeros of ]
A(X)ITAX) + A(-xX)TA(-x) = Zizxz( 1/(x-j) - U (x+)) .
Every such zero |ies between two consecutive honzero integers
between -12 and 12, so it is easy to conpute accurately by
Newt on's or Secant iteration. Each such zero z deternines a

1Y)

correspondi n A= A2)/A(-2) =T(z) I'(z+1)/(I(z-12) I'(z+13
The srnglllestg A and(i%s (z )are ghé énes)eéﬁi ite aéove.)

The foregoing exanples warn us that sone polynomals are so

hypersensitive to roundoff in their coefficients that their zeros

cannot be determ ned w
f

ermn hout carryin? extraya?ant preci sion that
may be un{ustlfled S

0
he coefficien
0

L ift ( are inftrinsically uncertain
by"as little as a few rounding errors. |In such cases, “~we should
try to find out where the polynomal canme from it may have cone
froma problemthat determned its roots quite accurately until it
was transfornmed into an explicit polynom al equation. For exanfle
A(X) = (1-A)x22 - 78(1+A)xr2r + 2717(1-A)x2° - ... + 479001600( 1-A)

has’ t he sane zeros as the eﬁpre55|on

I(x) r(x+1)/ﬁ (x-12) F(x+133) - A,
but, for any fixed tiny value of ~ A, at |east about -l og(|Al)
nore sig. dec. nust be carried when the polynomal A(x) 1S used
than when the latter expression is used to cal cul ate those zeros
to any preassigned accuracy, as we shall see.

Condi ti on Nunbers: _

How sensitive can a zero z of sone function f(x) be to snal
erturbations Af in f ? Condition nunbers answer questions

ike this in a quantitative way. Before we conmpute a condition
nunber, we nust choose a norm A¥”J to neasure the size of
smal | perturbations; ideally ||  takes the same value for al
perturbations Af _that are about equally likely or about equally
(in)significant. There is no reason why | Af | shoul d not depend
upon z ; hence, one such normfor perturbations

_ ) AA( X = 2d Aaj XNi
in the polynomal A(x) maght be
AA| 7 = 3 | Day zNv |

whi ch serves as an upper bound for |AA(Z¥| g t hough not for
| AA(X) | when |x} > rz| ). Gven a normitor f , a relative
condi tion nunber tor the Infinitesiml changes Az caused by
infinitesimal perturbations Af in f would be
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K(z, £, q[..]1) = miXAftoIAz/Zl/(IIAfII/IIfII)
where the maxi numis taken over all infinitesiml nonzero Af and
Az is obtained froma root of (f+Af) (z+Az) =0 cl osest to the
root z of féz) =0 . Cbnsequently, Az = -Af(z)/f’éz? i f
f'(z) £0 and terns of order (132 ed and fhen
K(z, £, |[...]|) = ( maxar~o | Af Z)I/IIAfII) Ilfflllzf(Z)I :
The maxi mum i'n parent heses depends upon z d ]l || but not upon
, and turns out to be |le(z)*|| where e(x) is called "the
eval uation functional" because it extracts a value f(x) = e(x)"f
fromany function f . For the exanp ) AL above,
lle(z) Il = maXAA#oI,AAZ)I IIAAl = 1, so
. K(z, A II---II) = IIAII/I2A( |
This condition number Y bounds the magnification ratio
(1Az| /| z])! (]| AA T Al for atively tiny perturbations AA
A sinmlar analysis aPplles to equatlons f(x) = A when f(x) can
be conputed correct to nearly as nmany sig. dec. as are carried by
the arithnetic. The appropriate norntthen is actually a sem -norm
[| AF || = |£d(z?J , and he algroprl te relative condi |on nunmber is
K(z, f-A ] := maxar ([Az|/]z])/(ll fII/IIfII) = I/sz(Z)I
Let us conpare condition nunbers for the or 90|ng ex nB
A(é) c= (1-A)x22 - 78(1+A)xrr + 2717(1- A) . 479001600( 1- A)
an
f(x) :=T(x) M(x+1)/(I(x-12) T x+13 A x [(T(x+13)/T(x+1)) +A.
Sgnée ||AQ}(H£2 fsfté( ) ( )h ( ) i ( me)soén f?%d t hat
K( z )/ ( H : I#A)/
whi ch vi ndi cat es he earller clalntt bout - og 1o(| A]) nor e
SI dec must be carried to solve A(z) : 0 than to solve
ﬁ% equal |l y accurately And mhen = 0 the condition.
nunber of the(lntege“ ”) 1 ( i3 l/((12 f‘('azﬂ of A is
K(z Y= Mz z z
= 646646 when

whi ch explains a loss of 7 sig. dec. when that zero i s conput ed.

The foregolng condi tion nunbers Kk pertain only to sinple zeros
;condition nunbers for nultiple zeros Iie beyond this course.
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