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Abstract — Transmission of packets over computer
networks is subject to packet-level errors, which ap-
pear as “bursts” of bit-level errors and are not well
modeled by memoryless binary channels. Using a
standard scrambling technique [1] transmission of
packets can be modeled by the q-ary symmetric chan-
nel (q-SC) with alphabet size q and error probability
p. Furthermore, significant improvements in compu-
tational efficiency can be obtained by codes that op-
erate at the packet-level instead of the bit-level. The
capacity of the q-SC is 1 + p logq(p) + (1− p) logq(1− p)−
p logq(1−q), which is close to 1−p for large q. [1] first de-
signed an efficient decoding algorithm for LDPC codes
on the q-SC, and showed that it can afford rates arbi-
trarily close to 1− 2p. We improve the analysis of this
decoding algorithm to show that LDPC codes with
the Tornado edge distribution, together with an era-
sure pre-code, can achieve rates ε-close to capacity.
We also extend this decoder into a family of decoding
algorithms which become progressively more power-
ful but also more complex. We show that in the limit,
when the decoder is allowed to look infinitely deep
into the decoding tree, it can achieve capacity with-
out pre-coding. However computational requirements
make this decoder impractical.

Verification decoding on LDPC graphs relies on the idea
that if the sum of all neighboring variable nodes of a check
node is zero, then with probability 1− 1/(q− 1) all the neigh-
boring variable nodes are correct. The message passing de-
coding algorithm passes a proposed value and a 0/1-state in-
dicating whether the value is verified. Consider the edge (v, c)
between a variable node v and a check node c, and the tree as-
sociated with the neighborhood of v. Initially v has a received
value rv from the q-SC, and an unverified state ξ = 0.

1. v sends to c the message (ω, ξ) = (ωj , 1) if ∃ neighbor
j s.t. ξj = 1 or ωj = rv, or if ∃i �= j s.t. ωi = ωj .
Otherwise (ω, ξ) = (rv, 0).

2. c sends to v the message (ω, ξ) =
`P

i ωj , 1
´

if ξj = 1
∀j. Otherwise (ω, ξ) =

`P
i ωj , 0

´
.

Let pi and qi be the probabilities that messages passed from
variable to check nodes at the ith round of the decoding algo-
rithm are {wrong and unverified}, or {correct and unverified},
respectively. Let p0 = p and q0 = 1 − p. Then the decoding
error recursions are [1] pi+1 = p0(λ(1−ρ(1−pi))+(ρ(1−pi)−
ρ(1−pi−qi))λ

′(1−ρ(1−pi))) and qi+1 = (1−p0)λ(1−ρ(1−pi)).
The Tornado distribution [2] with parameters D ≥ 1 and α ≥
1 is defined by the degree polynomials λ(x) = 1

HD

PD
k=1

xk

k
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and ρ(x) = eα(x−1), where HD =
PD

i=1 1/i. The error re-
cursions become pi+1 ≤ θpi + θ

α
(1 − e−αqi) and qi+1 ≤ θηpi,

where θ = αp/HD and η = (1 − p)/p.
(pi, qi) converge if pi+1 ≤ θpi +

θ
α
(1−e−αθηpi−1) converges.

By Lemma 1 a sufficient condition for convergence of pi to
a nonzero error probability x is θ + θ2ηe−αθηx < 1. The re-
maining uncorrected errors can be handled by an erasure code,
such as the Tornado code [2]. The combined rate of the LDPC

and erasure codes is R = (1 − (1 + θη)x)
“
1 − p

θ
(1−e−α)

(1−1/(D+1))

”

≈ (1 − ε)(1 − p) if α � 1, D � 1 and θ = 1 − δ. The condi-
tion for an error recursion fixed point at x > 0 then implies
that α = O(1/(ε)). Thus the complexity of the verification
decoding, which is proportional to the number of edges in the
LDPC graph with n variable nodes, is O(n/ε). The probabil-
ity of decoding error is the probability of false verification.

Lemma 1. Let f : R
2 → R be a continuous function with

partial derivatives D1f and D2f . Call x ∈ R a fixed point
of f if f(x, x) = x. Let x0 ∈ R, x1 = f(x0, 1 − x0), and
xn+1 = f(xn, xn−1) for n ≥ 1. If there are constants A and
B such that A + B < 1, |D1f | ≤ A and |D2f | ≤ B, then a
unique fixed point x of f exists, and x = limn→∞ xn.

Theorem 1. Over n uses of the q-SC with error probability
p, an erasure pre-code and a LDPC code with the Tornado
distribution can together achieve a rate of (1− ε)(1− p). The
computational complexity of the encoder and the decoder is
O( 1

ε
n log q), and the decoding error probability is O(n/q).

Now consider a message passing decoding algorithm that
looks infinitely deep into the decoding tree.

1. v sends to c the message (ω, ξ) = (ωk
j , 1) if ∃j s.t. ξj =

1, or if ∃j, k s.t. ωk
j = rv, or if ∃i �= j, k, l s.t. ωk

i = ωl
j .

Otherwise (ω, ξ) = ([rv, ω1, . . . , ωdv−1], 0).

2. c sends to v the message (ω, ξ) =
`P

i ω1
j , 1

´
if ξj = 1

∀j. Otherwise (ω, ξ) = ([Σ], 0), where [Σ] denotes the
vector of all possible sums of one element from each ωj .

The error recursions for this decoding algorithm are pi+1 =
pλ(1−ρ(1−pi)) and qi+1 = p(ρ(1−pi)−ρ(1−pi − qi))λ

′(1−
ρ(1 − pi)) + (1 − p)λ(1 − ρ(1 − pi)). Applying the Tornado
distribution, the error recursions become pi+1 ≤ θpi and
qi+1 ≤ θηpi + θ

α
(1 − e−αqi). Thus (pi, qi) → (0, 0) if θ < 1.

Theorem 2. A LDPC code with the Tornado distribution can
achieve a rate of 1 − p over the q-SC with error probability p.
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