EECS 281B / STAT 241B: Advanced Topics in Statistical Learnin@pring 2009

Lecture 9 — February 18
Lecturer: Martin Wainwright Scribe: Will Chang

‘ Note: These lecture notes are still rough.

9.1 Quick recap: Kernel PCA

Idealized model: Given data x € X, map it up to feature space z — ®(z), where it is
assumed to lie in a subspace with some additive noise.

subspace in
feature space

AR
O(x) = 2P +w (9.1)

NN~

random fixed additive noise

Example: Polynomial kernel of degree 2

K(z,y) = (1+ (z,y))* (9-2)
O (21, 25) = (1, V221, V2x9, V21129, 22, 22) (9.3)

1 o

?5‘31 5 Do

2x P
. Z 2; @jj +w (9.4)
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Last time, we derived that eigenvectors of the sample covariance operator are of the form

=) o®(z). (9.5)
i=1
Dimension reduction: given new & € X, compute projections

(b;, 0(7)r =Y aK(@,2") R Vji=1,2....m (9.6)
i=1
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Derived linear equation in R™

Ko = \na

for & € R" (eigenvectors),

K e R™™ K;; = K(x(i),x(j)) (“kernel Gram matrix”)

Intuition: Look at linear kernel.

K(z,y) = 'y,
Feature map x — ®(z) =z
d
identity

Sample covariance matrix

The kernel Gram matrix is

(9.10)

(9.11)

The covariance matrix is d X d in this case, but could be infinite dimensional in another
kernel feature space. The kernel Gram matrix will always be n x n, where n is the number

of data points.

9.2 Graph kernels

9.2.1 All-subsets kernel

Given an index set Z = {1,2,...,d} and vector z = (x1, z9,...,x4), define for any A C Z:

pa(x) = Hxl

€A
The feature map is ¢ : x — R2d,

®(z) = (¢o(r), P13(2), .. .)
= (¢a(z))acz € R*.
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(9.12)



EECS 281B / STAT 241B Lecture 9 — February 18 Spring 2009

How do we compute that?

K(z,y) = (®(z), <1>(y)>R2d (9.15)
= ¢a(x)da (9.16)
ACT
= Z H ;. (9.17)
ACTZi€eA

This expression can be interpreted as the weighted sum of all paths 0 — d in the directed
graph below. (The weight for each path is the product of all edges in the path.)

1 1 1 1
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If T}, is the weighted sum of all paths 0 — k, then

Td = (1 + l’dyd)Td_l (918)
By induction,
d
K(z,y) = [[(1 + 295 (9.19)
j=1

Side note: Polynomial kernel is related but different.

d
z,y) = (1+ Zf’?jyj)k (9.20)

Polynomial kernel has higher order powers, e.g. z3y3, e

The all-subsets kernel is a special case of a multiplicative kernel. Given X = A} X Xy X+ - - X Xy
and kernels K; : X; x &; — R, you can define a new kernel K: X x X — R via:

K(z,y) = [ [ Ki (x5, ) (9.21)

j=1
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9.2.2 ANOVA kernel

The all-subsets kernel can be generalized to other kinds of graph kernels. For an ANOVA
kernel, restrict all-subsets kernel to subsets of cardinality exactly m, where m < d.

Feature map ®,,(z) = (64(2))[Aj—m € R() (9.22)
Kangm (@,y) = > [[ =i (9.23)
|A|=m i€ A
R (9.24)
1<i1 <ip<...<im<d Il=1

This last expression can be interpreted as the weighted sum of all paths (0,0) — (d,m) in
the graph below. (Again the weight for each path is the product of all edges in the path.)

(d LO) (d, 0)
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O—>O
O
(d-1,m-1) (d, m)

(d-1,m) (d, m)

If T7 is the weighted sum of all paths (0,0) — (7, s), then:

=1 (9.25)
T.,=0 (9.26)
7, =0 (9.27)
T = 2y, T+ T ! (9.28)

Kanm)(z,y) = T2 can be solved with dynamic programming in O(dm) time. For more on
the topic, see Scholkopf & Smola.
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9.2.3 String kernels

(Haussler 1999) Frequently we want to compare strings (i.e. finite sequences of characters
from some alphabet) for, say, document classification. The naive “bag-of-words” way is
simply to count the number of occurrences of given substrings (e.g. words within a document).
More sophisticated would be to compare all strings by all the ordered substrings they contain!
Define:

¥ £ finite alphabet, e.g. {a...z}. (9.29)
" £ set of all strings of length n. (9.30)
PO U X" = set of all finite strings. (9.31)

n=1

Given s € X%, |s| £ length of s = (s(1),...,s(|s|)) (9.32)
Given index set Z =1 < iy < iy < -+ <ij, < |3, (9.33)
S(T) = (s(i))iez (9.34)

I(S(T)) £ length of subsequence =i, —i; + 1 (9.35)

(E.g. if s = chat, length of subsequence cat is 4.) Feature space is indexed by all strings of
length n. Given u € X",

(®(s)u= > NP, where A € (0,1] (9.36)
I|8(T)=u

(E.g. if A = 0.5, cat is stronger than c...a...t.)

Example: Let n = 3. In the case of u = asd,

®(Nasdaq) asq = A*; (9.37)

®(lasso dimension),sq = 2)°, if not counting space. 9.38)

So for @ : ¥* — R*"I| we must compute, for strings s and ¢:

Kn(s,t) = Y ()u®(t)s (9.39)

(S

END OF LECTURE
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