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Solution 4.1
By the definition of shatter coefficients, if | A| < oo,

s(A,n) = max [{AN{z1,...,2,} | A € A}| < min(2",|A]).
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Therefore, for any n such that s(A,n) = 2", we know that n < log,|A|. Since the VC
dimension is defined as the maximum of such n, we conclude

The following trivial example shows that these upper bounds are tight. Let A = P(£2) where
Q={c1,...,cm}, hence |A| = 2™.

e If n < m, we choose z; = ¢;,i=1...,n, then

s(A,n) > {AN{ct,....ca} | A€ A} = 2" = min(2", | A]).

e If n > m, we choose z; = ¢;,i = 1,...,m and arbitrary z; for i =m +1,...,n, then

s(A,n) > {ANn{ct, -y Cmy Zmats -2 | A € A = 2™ = min(2", | A]).
Moreover, V4 = sup{n | s(A,n) = 2"} = m = log, | A|.

Solution 4.2

(a) We will show that there exists a set of d points that can be shattered by A, but for any
d + 1 points there is a subset of it that can not be picked up by sets in A.

— Consider a set of d points that are standard basis of R%: {e; € R | i = 1,...,d}
where e; has its i-th coordinate to be 1 and others to be 0s. For any subset S
of these d points, we define a; = I[e; € S| for i = 1,...,d. It is easy to see that
A = (—00,a1] X (—00,az] X ... x (=00, aq] picks out exactly the points (if any) in
S. Hence A can shatter these d points.

— Consider any d + 1 points {z',..., 291} in R? for j =1,...,d, define

4 i
J' = argmax z;.

i=1,....d+1

That is, 20" has the largest j-th coordinate. Now consider the subset S = {zj+ |
j = 1,...,d} that contains these “extreme” points. Note that |S| < d and by

construction of S all the other points are within (—oco,z!"] x (—00,22"] X ... X
(—o0, zl‘f]. Therefore, there is no way to pick out exactly the points in S by sets
in A.



(b) We will show that there exists a set of 2d points that can be shattered by A, but for
any 2d + 1 points there is a subset of it that can not be picked up by sets in A.

— Consider a set of 2d points as follows: {e; € R |i=1,...,d}U{e; € R?|i=

1,...,d} where e (respectively, e;) has its i-th coordinate to be 1 (respectively,
—1) and others to be 0s. For any subset S of these 2d points, we define {a;, b;,i =
1...,d} as follows (e is an arbitrary positive number smaller than 1):
po ) 1me ife;es 1 ifefes
;= —
—€ otherwise € otherwise

It is easy to see that A = (b1, a1] X (be,as] X ... x (bg,aq] picks out exactly the
points (if any) in S. Hence A can shatter these 2d points.

— Consider any 2d + 1 points {z!,..., 224"} in R?, for j = 1,...,d, define

jT = argmax z;, j~ = argmin z;
i=1,...,2d+1 i=1,...,2d+1

That is, 27" (respectively, 2/ ) has the largest (respectively, smallest) j-th coor-

dinate. Now consider the subset S = {2/, 27" | j = 1,...,d} that contains these

“extreme” points. Note that |S| < 2d and by construction of S all the other points

are within the closed rectangle [z1 ,21"] x [23 ,227] x ... x [zgf,zf]. Therefore,

there is no way to pick out exactly the points in S by sets in A.

(c) We claim V4 = 3 in this case. First, we show that there exists a set of 3 points in R?
that can be shattered by the class of closed balls in R?. Figure 1 shows 8 closed balls
that can pick out all subsets of {a,b, c}.

Figure 1: {a,b,c} can be shattered by closed balls in R?

Next, we would like to show that no 4 points in R? can be shattered by the class of all
closed balls in R2. Radon’s theorem says that any set of 4 points {a,b, c,d} in R? can



be partitioned into two disjoint sets whose convex hulls don’t have empty intersection.
There are two cases to consider:

— WLOG, {a,b,c,d} are partitioned into {a,b,c} and {d}, and the convex hull of
{a,b,c} contains {d}. Hence, any closed ball containing the triple {a,b, c} has to
include the singleton {d}. There is no way to pick out {a,b,c} without including

{d}.

— WLOG, {a, b, ¢,d} are partitioned into {a, b} and {c, d}, and the line segment a — b
intersects with the line segment ¢ — d. If there exists a pair of closed balls B; and
By such that By contains only a —b and Bs contains only ¢—d, then the symmetric
difference of By and B> consists of 4 disjoint parts, each of which contains a distinct
singleton from {a, b, ¢, d}. However, the symmetric difference of two closed balls in
R? can only consist of at most 2 disjoint parts. Therefore, at most one of the pairs
{a,b} and {¢,d} can be picked out by the class of closed balls.

In both cases, there exists a subset of {a,b, c,d} that can not be picked up by the class
of all closed balls. Therefore, V4 = 3.

Solution 4.3
(a)

Multiplying both sides by 2™ gives the desired result.

(b) It is a straightforward calculation showing that the moment generating function of 7 is

w5 () () - (5

Applying the Chernoff bound, for any s > 0,
k

; (?) = 9"P[Z >n— k]

< e tREe
= e*S(”*k)(l—FeS)”
= exp{nlog(l+e’)—
< exp{-nlog(k/n)—
< exp{—klog(k/n) —
= exp{nh(k/n)},

s(n—k)}
(n — k)log((n —k)/k)}

(n —k)log((n — k)/n)}



where in the second inequality we set s = log((n — k)/k) > 0. The last inequality holds
because k < n.

Solution 4.4

(a) It is obvious that V; is a measurable function of Z1,..., Z;. Moreover, for i > 0,

EVisi| Z1,...,Z) = E[EV|Zi,... 20 -ElV | Z1,... 2] | Z,..., Z]
= BEV | Z1....Zia] | Z1...., Z) =RV | Z4,... Z)]
= E[V|Z,...Z]-E[V | Z,...Z]
= 0.

In the next-to-last step, we use the tower property of conditional expectation.

(b) Notice that V,, = E[V | Z1,...Za| —E[V | Z1,... Zn1] =V —E[V | Z1,... Zy_1] and

>, Vi is a telescoping sum, hence )" ; V; = V. Another useful fact is that E[V;] =0
for each i = 1,...,n. Therefore,

var(V) = V&I‘(Z‘/Z‘)
i=1

= Zvar(Vi)Jr? Z cov(ViVj)
=1

1<i<j<n

= Zn:var(vi)H > EWVVj].
=1

1<i<j<n

For each pair i < j, E[V;V;] = E[E[V;V; | Zi, ..., Z;j_1]] = E[V:E[V; | Z1, ..., Z;_1]] = 0.
The second step is valid since V; € o(Z1,...,Z;) € 0(Z1,...,Zj—1) and the last step
follows from the fact that {V;} is a MDS with respect to {Z;}. Hence the second term
in the decomposition above is 0 and var(V) = "7, var(V;).

We claim that var[V; | Z1,. .., Zi—1] < ¢?/4. As shown in the proof of bounded difference
inequality, L; < V; < U; and U; — L; < ¢; almost surely, where

Li = Htlf{]E[f(ZlvaZn)‘Zla7Zlfl7t]_E[f(Zla7Zn)|ZlaaZlfl]}
Ui = Slip{E[f(Zl,...,Zn)’Zl,...,Zi_l,t]—E[f(Zl,...,Zn)‘Zl,...,Zi_l]}.

Applying Jensen’s inequality, we get

Vi — L U - Vi 1?
2 7 i i 7
o= i L;
K Ui_LiU+Ui_Li
Vi—L; 2 Ui_‘/;ng

U—L " U —L
= (Ui+ L)V — UiL;.



Now take the expectation on both sides (conditioning on Zi, ..., Z;_1) and notice that
both L; and U; are measurable functions of Z7,...,7Z;_1,

EV2 | Zy,...,Zi1] < ElU; + L)V —UiLi | Z1,. .., Zi_1]
= Ui+ L)EV; | Z1,...,Zi] — Ui L;

= -UL;

o Wi—Ly)?
- 4

< 4

- 4
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Therefore var[V; | Z1,...,Zi1] =E[V2 | Z1,...,Zi—1] < %, which implies var(V;) <
Plugging the bound into part (b) gives the desired bound.

Solution 4.5
To simply the notation, we denote a = (a',...,a"*) € (RY)* and b= (b!,...,b%) € (R)F.
(a)

Mi@) -t M) = (3(0) - To)) + (o) - inf 2109

The first term M(a) — ]/\/[\n(a) < SUPpe(rd)k
notice that for each b € (R%)¥,

My (a) = M(b) < My (b) — M(b) < sup
be(R2)k

Taking the infimum over b on the left hand gives us

M,(a) — inf M(b)<
(@) bel(%d)’“ ()_bes(%g)k

My (b) — M(b)‘ .

Combining the bounds for both terms yields the desired inequality.

(b) Define fy(x) = minj—y, x|z — b’||3. Note that since z is supported on [-B, B]¢ for
some B < +00, 0 < f(x) < d(2B)? = 4dB?. Now we can write

— 1 & .
sup |Mu(b) —M®)| = sup Zfb(X(”)—E[fb(X)]'
be(Rd)k be(RF | TV
o (1 n )
=  sup / S If(XD > ] = PIfy(X) > 1] | dt
be(R)k |JO (”; Aol
1 — ,
< 4dB? sup = Tf(XY > 1] = P[fp(X) > 1]
be(RA)k 0<t<4dB? | i

The last inequality comes from the fact that f(x) < 4dB? almost surely.



Now we define the collection of sets
A= {4, |be (RHY* 0<t <4dB?},

where Ay; C R? is defined as Ap; = {x € R? | fy(x) > t}. Then the above inequality
could be written as

< 4dB? sup
Ap €A

sup | My (b) = M(b)|

be(R2)k

Pa(Ase) — P(Ay)|
Applying the general Glivenko-Cantello theorem,

P| sup
be(Re)k

)
=
|
=
=
Y
ILI
A

Pa(Ase) — P(Ay0)| > €/4dB
Ap €A

ne?
8s(A,n) exp {_512(1234} .

The above technique of transforming from maximizing over a class of functions to max-
imizing over a collection of sets (which we are familiar with) can be found in Devroye
et al’s book (Lemma 29.1 and Corollary 29.1). Now it remains to bound the shattering
coefficient of A. Notice that each Ay; € A is the complement of union of k closed balls
centered at &/ with radius t'/2. See figure 2 for illustration of a particular Ay, in R2.
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Figure 2: Voronoi diagram induced by b', b2, b3. The gray area is Apy.
To bound the shattering coefficient of A, we need the following lemma:

— The class B of all closed balls in R? has VC dimension no greater than d + 2
(Corollary 13.2 in Devroye et al.). Therefore, s(B,n) < (n + 1)4+2.

—For A = {A1UAy | A1 € A, Ay € Ao}, s(An) < s(Ai,n)s(Az,n) (Theorem
13.5(iv) in Devroye et al.). Therefore, the class of union of k closed balls R? has
shattering coefficient upper bounded by (n + 1)k(¢+2),



— For a class A, defined as A. = {A° | A € A}, then s(A,n) = s(A.n) (Theorem
13.5(ii) in Devroye et al.).

Combining these three lemmas, we conclude that s(A,n) < (n+1)F4+2) < (n4-1)2k(d+1),
Hence,

—

M, (b) — M(b)‘ > e] < 8(n + 1)K+ exp{ ne’ } .

P __ne
[ sup 51242 B4

be(R2)k

(c) Combining part(a) and (b),
P|M(a)— inf M(b) > < P
LCR R IR T

n(e/2)?
S 8(n + 1)2k(d+1) exXp {_51(26[/2_)84}

My (b) — M(b)’ > 6/2]

— 0,

as n — +0o. Therefore M(a) - infye(rays M (D).

Solution 4.6

Zy, is a function of Xj,...,X,. Changing one X; can change Z, by at most 1/n. Hence
Z,, satisfies the bounded difference condition with ¢; = 1/n for i = 1,...,n. Applying the
bounded difference inequality, for any fixed € > 0,

P(|Z, — E[Z,]| > €] < 2¢72¢,

which implies that
o0 o0
2
D PZn —E[Z]| 2 €] <) 27 < fo0.
n=1 n=1

By the first Borel-Cantelli lemma, Z,, — E[Z,] <% 0. Hence E[Z,] — Z, = 0,(1). Because
Zn = 0p(1), E[Z,] = (E[Z,] — Z) + Z,—0. Therefore, Z,, = (Z, — E[Z,]) + E[Z,] <> 0.



