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Linear algebra/Analysis and Calculus review




Chapter 1

Linear Algebra

1.1 Matrices

1.1.1 Basics

Nullspace The nullspace (or, kernel) of a m x n matrix A is the following subspace of R"™:
N(A) :={zeR" : Az =0}.

Range and rank The range (or, image) of a m x n matrix A is defined as the following
subset of R™:
R(A):={Az : z € R"}.

The range is simply the span of the columns of A.

The dimension of the range is called the rank of the matrix. As we will see later, the
rank cannot exceed any one of the dimensions of the matrix A: r» < min(m,n). It is equal
to n minus the dimension of its nullspace.

A basic result of linear algebra states that any vector in R" can be decomposed as
r=y+ 2z withy € N(A), 2 € R(AT), and z,y are orthogonal. (One way to prove this is
via the singular value decomposition, seen later.)

Symmetric Matrices : A square matrix A € R™" is symmetric if and only if A = AT.
The set of symmetric n X n matrices is denoted S”.

Orthogonal matrices. A square, nxn matrix U = [uy, ..., u,] is orthogonal if its columns
form an orthonormal basis. The condition u] u; = 0 if i # j, and 1 otherwise, translates in

matrix terms as UTU = I,, with I,, the n x n identity matrix.

Unitary matrix: An n x n matrix U is unitary if UU* = U*U = [ where U* is the
transpose of the conjugate of U.

Normal matrix: An n X n matrix A is normal if AA* = A*A
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1.1.2 Eigenvalue decomposition

A fundamental result of linear algebra states that any symmetric matrix can be decomposed
as a weighted sum of normalized dyads that are orthogonal to each other.
Precisely, for every A € S§", there exist numbers Ay,...; A, and an orthonormal basis

(u1,...,uy,), such that
n
i=1

In a more compact matrix notation, we have A = UAU?, with A = diag(\(,...,\,), and
U= [ul,...,un].
The numbers Ay, ..., A, are called the eigenvalues of A, and are the roots of the charac-

teristic equation

det(A\] — A) =0,

where [, is the n x n identity matrix. Eigenvalues and eigenvectors satisfies Au; = \;u;,
some other properties of eigenvalues

[} det(A) = H?:l )\Z
o Tr(A)=>" N\

For arbitrary square matrices, eigenvalues can be complex. In the symmetric case, the
eigenvalues are always real. There are only n (possibly distinct) solutions to the above
equation.

It is interesting to see what the eigenvalue decomposition of a given symmetric matrix A
tells us about the corresponding quadratic form, q4(x) := 27 Ax. With A = UAU”, we have

qa(z) = (UT2)TA(UTz) = Z Ai(uFz)?.

The eigenvalue decomposition thus corresponds to the decomposition of the corresponding
quadratic form into a sum of squares.

Spectral radius : The spectral radius p(A) of a square matrix A is defined as the maxi-
mum of the magnitudes of the eigenvalues of A.

Spectrum : The set of eigenvalues of A is called its spectrum.

Proposition : Two n x n matrices, A and B are called similar if B = S71AS for some
invertible matrix S. If two matrices are similar then they have same characteristic polyno-
mials.
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1.1.3 Singular value decomposition

The singular value decomposition states that any matrix A € R™*" can be expressed as

_ S0\yr_ N~ T
A—U(O O)V —;Uzuzvia

with U € R™™ V € R™" U,V orthogonal, and ¥ = diag(oy, . ..,0,) contain the singular
values of A. The number r < min(m,n) is the rank of A, and equals the dimension of its
range.

The singular values of A is the square roots of the positive eigenvalues of AT A

Moore Penrose inverse of a matrix A € R™*", denoted by A" is defined as

+._ by T
A= < 0 O)

Thus ATy is the solution for minimizing |Ax — y|.

1.1.4 Positive semi-definite matrices

Definition. A matrix A € 8" is said to be positive-definite (resp. positive semi-definite) if
and only if all the eigenvalues are positive (resp. non-negative). We use the acronyms PD
and PSD for these properties. The set of n x n PSD matrices is denoted S, while that of
PD matrices is written 87, . Often, we use the notation A > 0 (resp. A >) for the PSD
(resp. PD) property.

In terms of the associated quadratic form g4(z) = 27 Ax, the interpretation is as follows.
A matrix A is PD if and only if g4 is a positive-definite function, that is, ¢g4(z) = 0 if and
only if x = 0. Indeed, when \; > 0 for every i, then the condition

ga(z) = Z Ni(ui2)? =0

trivially implies ul 2z = 0 for every 4, which can be written as Uz = 0. Since U is orthogonal,

it is invertible, and we conclude that x = 0.

Example A well-known example of a PSD matrix is the covariance matrix associated with
a random variable in R". This matrix is defined as

Y =E(x —2)(r—2)T,

where  := Ez, and E denotes the expectation operator associated with the distribution of
the random variable x.
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1.1.5 Schur complement

Schur complement of a block matrix M = ( 4B ) is defined as

C D
M/A=D—-CA™'B
Some properties of Schur complement
o det(M) = det(A)det(M/A)
o rank(M) = rank(A) + rank(M/A)

1.2 Norms

1.2.1 Norms

Definition A mapping (.,.) : V x V — F'is called an inner product if
o (z,9) = (y.2)
o (z,2) >0,VereV,'="iff t =0
o (ax +by,z)=a(x,z)+bly,2),Ya,b e F

The inner product on R™ : (z,y) = 2Ty = > 1" |z
The inner product on R™" : (X,Y) = tr(X7Y) = > i XigYis

Lemma < z,y > is an inner product on R" iff there exists a positive definite matrix A
such that < z,y >= 27 Ay

Definition A function f: R™ — R is called a norm if
e f is nonnegative: f(z) > 0,Vx € R
e f is definite: f(z) =0onlyifx =0
e f is homogenous: f(tx) = |t|f(x),Vz € R",t € R

e [ satisfies the triangle inequality: f(z +y) < f(x) + f(y),Vz,y € R
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1.2.2 Examples
The Euclidean norm is ||z||s = VaTx
The l;-norm or Manhattan distance: ||z||; = Z |z

i=1
Chebyshev or [-norm: ||z = max{|xi|}

1/p
The l,-norm (p > 1): ||z|, = (ZH:QHI’)

Quadratic norms: P € 87, ||z||p = VaT Pz = |[PY?z]|
The Frobenius norm of a matrix X € R™*" is

IX|le = VEr(XTX) = | > X2
=1

There are many other norms that are important or interesting in some applications. For
example, for k € {1,...,n} we can define

k

21, =) |l

=1

where for every 4, |x[y is the i-th largest absolute value of elements of z. The norm is a

kind of mixture between the [;- and [,.-norms, respectively obtained upon setting k = n and
k=1.
The largest singular value of A can be characterized as

Omax(A) = 111<1§1<x o, = max||Aa:H2 x|l = 1.

The largest singular value is a matrix norm.

1.2.3 Dual norm

Let ||.|| be a norm on R". The associated dual norm, denoted ||.||. is defined as
Izl = sup{z"a|z] <1}
The dual of the dual norm is the original norm: ||z||. = ||z, V2 and
2w < |zl Vo, 2
The dual of the Euclidean norm is the Euclidean norm, due to Cauchy-Schwarz inequality
sup{z’ [l|z[l2 < 1} = [l2l2

The dual of [1-norm is the [,-norm
Generally, the dual of the [, norm is the /, norm where 1/p+1/¢ =1

6
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1.2.4 Norm equivalence

For any two norms ||.|| and ||.||' on R™, there exists some positive constant ¢ € R such that
]l < efl]l’, Vo € R"

Weierstrass’s Theorem If f is a real-valued continuos function on a non-empty compact
set S, then there min, f is attained.

Proof Let a = minj,— ||z]’, then
0 <a=llz/lzllll" = [l=|I'/ [l

(Using Weierstrass’s theorem)



Chapter 2

Analysis and Calculus

2.1 Open and closed sets

An element x € C' C R” is called an interior point of C' if there exists an € > 0 such that
{wllly—zla < ey cC

The set of all points interior to C' is called the interior of C', denoted as intC'.

A set C is open if intC' = C

A set C'is closed if its complement R™ \ C' is open

The closure of C'is defined as C' = R" \ int(R" \ C). A point z is in the closure of C' if
Ve>0,FyeC:|lz—yl,<e

The boundary of C is defined as C° = C'\ intC.

2.2 Sequences
A sequence {xy} of scalars is said to converge to a scalar z if

Ve >0,3K = K(e) : |z, — x| <e,Vk > K

We write this as lim,_ . xp =
A sequence {z} of scalars is said to converge to oo if

Vo, 3K x> b,Vk > K
A sequence {z} is Cauchy sequence if
Ve > 0,3K = K(e€) : |z — x| < €6,YVm,n> K

Increasing/nonincreasing (monotonic) sequence, bounded above/below sequence

Proposition: FEvery monotonic sequence converges to a possibly infinite number. If it is
bounded, then it converges to a finite real number.

We say that a vector z € R" is a limit point of a sequence {zx} C R" if there exists a
subsequence of {z;} that converges to z.
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Proposition:
(a) A bounded sequence converges iff it has a unique limit point.
(b) A sequence converges iff it is a Cauchy sequence

(c) Every bounded sequence has at least one limit point.

2.3 Functions

Domain of a function. The domain of a function f : R" — R is the set domf C R"
over which f is well-defined, in other words:

dom f:={xr € R": —o0 < f(x) < +0o0}.
Here are some examples:
e The function with values f(x) = log(z) has domain dom f = R .

e The function with values f(X) = logdet(X) has domain dom f = S}, (the set of
positive-definite matrices).

epi graph Given a function f : R"™ — R, the epigraph of f is the set

epif = {(z,t) € Rz € domf, f(z) < t}

Function f is said to be closed if its epigraph is closed.

Continuous function: f is continuous at x if for any sequence {x;} that converges to z,

f(z;) also converges to f(x): llm flx) = f( llm x;)

Linear function : What kind of function satisfies:

FOz+ (1= Ny) = Af(2) + (1= ) fy), Ve, y,A € [0, 1]

2.4 Derivatives

Definition Let f: R — R be some function, fix some z € R" and consider the expression

i L@ 100 = @)

t—0 t

where e; is the i unit vector. If the limit exists, it is called the i** partial derivative of f at
x, denoted by df(x)/0x;
The gradient of f at z is defined as the column vector

9
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For any y € R"™, we define one-sided directional derivative of f in the direction y to be

Py — i L)~ @)

t—0Tt t

The function f is called differentiable at z if the gradient V f(z) exists and V f(x)Ty =
f'(x;y) for every y € R™
If f: R* — R™ then the gradient matrix of f is the n x m whose i*" column is the
gradient V f;(x) of f;
Vf(z)=[Vfi(@)...Vfn(2)]
The transpose of Vf (or Df) is called the Jacobian of f and is the matrix whose i entry
is 0f;/0x;

Chain rule Let f: R¥ — R™ and g : R™ — R" be continously differentiable functions
and h be their composition: h(z) = g(f(x)), the the chain rule for differentiation states that

Oh(z) = 0f(z)0g(f(x)),Vz € RF
Examples:
(a) V(f(Az)) = ATV f(Ax)
(b) V2(f(Aa)) = AV f(Az)A

m

(c) f(x)=log Z exp(al x + b;) then Vf(z) = %ATZ where 2z = (exp(alz + b)),
z

=1

Derivative of matrix trace

OTr(XA)

aZL‘i]‘

= aj; = VxTT<XA) = AT

Second derivative Suppose each one of the partial derivatives of a function f : R" - R is
continuously differentiable function of z, the Hessian of f is the symmetric matrix | &?A 8];_ ()]
10T

Mean value theorem If f: R — R is continuously differentiable over an interval I, then
Va,y € 1,3€ € [x,y] such that

Cauchy’s mean value theorem If f,g: R — R is continuously differentiable over an
interval [, then Vz,y € I,3¢ € [z, y] such that

10



