UC Berkeley
Department of Electrical Engineering and Computer Science

EECS 227A
NONLINEAR AND CONVEX OPTIMIZATION

Solutions 5

Fall 2009

Reading: Boyd and Vandenberghe, Chapter 5

Solution 5.1
Note that we have Vf(x) =1 for any x € R". Since for any feasible point Vh(z) = 2z # 0,
any local minimum will be regular. From the Lagrange multiplier theorem, there exists \*
such that

Vf(x*)+ A*Vh(z™) =0,

or equivalently 1+ 2\*z* = 0. Using the requirement that h(z*) = ||z*||> — 1 = 0, this yields
the two possibilities
1 \/ﬁ)
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By using the second order optimality conditions, we have
y' (V2f(2*) + N*VZh(z*))y > 0

for all y € V(2*) := {y|2(z*)Ty = 0}. Since V2f(z*) = 0 and V2h(x*) = 2I, the above
condition is equivalent to 2X\*y” Iy > 0 for all y € V(x*), which can hold only for non-negative
A*. Hence the only point satisfying the first and second order conditions for a local minimum
is x* = —%1. Since the constraint set is compact and f is continuous, an optimal point a*
exists, and the above point must be the optimum.

One geometric interpretation of the Lagrange multiplier conditions is that the gradient
direction V f(z*) = 1 is parallel with the gradient Vh(z*) = 22* associated with the constraint
h(z) = ||z||> — 1 = 0, which defines the boundary of a circle.

Solution 5.2

(a) Note that the constraint set for £ problem is
T .
Cr={zeR":|z|a=1,ejx=0,0=1,...,k}

satisfies C7 D Cy D ... O C,. Since all these problems have the same objective, we
must have the optimal value satisfies A\ < Ag... < A,

(b) Suppose az,...,a, satisfies Y | a;e; = 0. By multiplying both sides with e}, note
that e;‘gei =0,Vi # k and e;‘gek =1, we have ap = 0,Vk = 1,...,n. Therefore, e1,...,¢e,
are linearly independent.

(c) First consider problem Pj. Since e; # 0, the optimum is regular, so that the Lagrange
multiplier theorem guarantees the existence of some uj; € R such that

2Qe1 +2u7 161 = 0.



Taking inner products of both sides of this equation with e; and using ||e1|? = 1 yields
that A\; = —u7 ; is a Lagrange multiplier, and (A1, e1) are an eigenvalue/vector pair.
Now from the linear independence established in (b), the points es,...e, are regular
optima for problems P, Ps ... P, respectively. So by our Lagrange multiplier condition,
for i = 2,...,n, there exists a unique p; = {uzl, Wiy ,,u;f‘vi} € R* for problem P; such
that

i—1
2Qei + 2p1} i + [ ) uijes] = 0. (1)
=1

Take inner products of both sides with e; and use the orthogonality condition to obtain
2¢f Qe; + 247 illes|* = 2 + 207, = 0.

Thus, we can identify A; = —pu7; as the Lagrange multiplier for F; associated with the
constraint ||z||*> — 1 =0.

We have already shown that (Aj,e;) are an eigenvalue/vector pair for Q. We now
proceed by induction on i: suppose that for j = 1,...,7 — 1, the corresponding (A;, ;)
are eigenvalue/vector pairs for ). Consider equation (1) for P;. Taking inner products
with e; for j =1,...,7 — 1, using the orthogonality relations and the fact that (by the
induction hypothesis) e; is an eigenvector with eigenvalue \; yields

2¢] Qe; + i ;|lejl|* = 2¢] Njei + iy = pi; = 0.

Thus, substituting 7; = —A; and p7 ; =0 for all j = 1,...,7—1 into equation (1) yields
that 2Qe; = 2)\e;, so that (\;, e;) are another eigenvalue/vector pair.

Solution 5.3

(a)

(b)

Translating the condition for regularity to linear constraints, the row vectors af, ..., al

forming A be linearly independent. If rank(A) < m, this is not posssible.

If A is rank-deficient (say rank(A4) = k < m), then we can form a reduced matrix of the
form

T
a;,
B=|...
T
a;,
where {i1,...,i} are a subset of k indices from {1,...,m}, such that B has rank k,

and imposes the same set of constraints as A. Thus, the original problem is equivalent
to min f(x) subject to Bz = 0. Any optimum for the reduced problem will be regular
by construction, so that the Lagrange multiplier theorem yields that there exist scalars
)\fj e R for j =1,...,k such that

k
V(™) + Z Aiyai; = 0.
j=1



We can now add Lagrange multipliers A\j = 0 for any index ¢ not included in {31, ..., i},
which leads to the Lagrange multiplier condition for the original problem.

(c) We lose uniqueness of the Lagrange multiplier, because there is freedom in which subset
of k linearly independent rows that we choose to form the reduced problem.

Solution 5.4

The given problem is equivalent to minimizing —y”z subject to g(z) = 27Qx — 1 < 0.
The constraint set is closed and bounded, and the cost function is continuous, so that a global
minimum exists.

If y =0, then f(z) =0 for all z in the constraint set, and the result follows. Otherwise,
for y # 0, we have

Vf(x)=-y,  Vg(z)=2Qz.
Since @ > 0, any feasible point is regular. Assume that z* is a local minimum. By the KKT
conditions, there exists a p* > 0 such that

—y + p*2Qz* =0, pt =0 if ()T Q" < 1.

Since y # 0, we must have g* > 0 and thus (z*)7Qz* = 1, and y = 2u*Qz*. Multiplying
both sides of this latter equation by (z*)7 yields

(@*)Ty = 20" (¢ Qz* = 2p™.

But we also have

2 H* yTx*
Take inner products of both sides with y” to obtain
T, % __ UTQ_ly
y o= T o
ylz
which is equivalent to y?z* = 4++/yTQ~1y. Therefore, the optimal minimum is —/y7Q~1y,

and so the optimal value of the original maximization problem is \/yZQ1y.
Now for any = # 0, let Z = x/v/2TQz. We have 27 QZ = 1 so that  is feasible for the

maximization problem and
T
_ yx —
y'r=——=<Vy'Qly

VaTQx —

as required.

Solution 5.5

(a) Simple manipulation yeilds

1
—= Az = bl >
m

vm

1
—=1Az1s = blloo
m

vm

1
| Az cheb — blloo > 7mHAxcheb — b2 >

NGD



(b) From the expression z;, = (AT A)~'ATb we note that
AT = AT(b— AATA) 1) = ATh— ATh =0

therefore AT = 0 and AT = 0. Obviously we also have |||y = ||7|| = 1 so # and ¥
are dual feasible. We can write the dual objective value at ¥ as

T — " _ (Azs —0)rig _ Hﬁs“%
7151 71511 71511
and similarly,
1715113
bT — Isll2
7211

Therefore, v gives a better bound than 7 Finally to show that the resulting lower bound
is better than the bound in part (a), we have to verify that

sl o 1
> —=|n
Hrls”l /*mH SHOO

This follows from the inequalities

lzlly < Vmllzllz, [|2llee = [l]2

which hold for general x € R™.

Solution 5.6

The Lagrangian is

N N
1
L(z, 21, 2n) = Y |lwill2 + gllz = wolls =Y 2] (i — A — by)
i=1 =1

We first minimize over y;. We have

. 0 if [[z]]2 <1
. T - 7 =
lgif lgillz + =i v { —oo0  otherwise
(If ||z]|2 > 1, choose y; = —tz; and let t — oo, to show that the function is unbounded below.

If ||zi]l2 < 1, it follows from the Cauchy-Schwarz inequality that ||ly;|l2 + 27 v; > 0, so the
minimum is reached when y; = 0).

We can minimize over x by setting the gradient with respect to x equal to zero. This
yields

N
T =X+ Z AZTZ
i=1
Substituting in the Lagrangian gives the dual function

S (Aiwo +b:) Tz — SIS, ATzl iff|zfle <Li=1,...,N
—00 otherwise

g(zl,...,zN):{



Therefore the dual problem is

minimize S0, (Ao + b)) 2 — S| SN, AT 2|3
subject to [|zilla <1l,i=1,...,N

Solution 5.7
If £ minimizes ¢, then
Vfo(2) + 2aAT (A% —b) = 0

Therefore Z is also a minimizer of
fo(z) +vT(Az —b)
where v = 2a(AZ — b). Therefore v is dual feasible with

g(v) =inf, fo(z) + T (Ax —b)
= fo(Z) + 20| AZ — b||3

Therefore,
fo(x) = fo(&) + 20| AT — b3

for all  such that Az = b.



