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EECS 227A
NONLINEAR AND CONVEX OPTIMIZATION

Solutions 2
Fall 2009

Reading: Sections 1.2—1.3 of Nonlinear programming by Bertsekas. (Note: Be sure to
use the scanned PDFs on webpage to obtain the correct numbering of the problems in this
assignment.)

Solution 2.1
The problem is to perform an unconstrained minimization of the function f(z,y) = 322 +y*
using various methods. Using the starting point 20 = (1, —2), we have

f(@%) =19, Vf@a")=[62 4] = [6 —32]
(a) Steepest descent with s =1, 0 = 0.1 and 3 = 0.5 takes the form:
ot = 204 pmsd®
where d® = —V f(2"). Here are the results of determining the appropriate m according to the

Armijo rule:

m | 57 | J@) — @+ p7sd) | —opmsV ] (@) d
0 1 -810056 106
1 .D -38409 53
2 .25 -1277.75 26.5
3 125 2.8125 13.25
4 | .0625 17.828125 6.625

So one iteration of steepest descent requires 5 internal iterations to determine the value
of m; it yields the new point 2! = (0.625,0) where f(z!) = 1.17.

(b) Steepest descent with s = 1,0 = 0.1 and § = 0.1.

m | 57 | J(@) — @ + p7sd) | —0B"sV (@) d
1 -810056 106
1 1 -16.4464 10.6

Now only 2 internal iterations are required, and yield the new point 2 = (0.4, 1.2) where
f(z') = 2.55. The smaller value of 3 reduced the amount of time to find the stepsize, but
yielded a new point x! with higher cost.

(c) Newton’s method with s = 1,0 = 0.1 and § = 0.5. We now use the descent direction
d® = —(V2f(22))"1Vf(2?). Calculations yield

d’ = — [g fs} B 6 32] =[-1 2/3].
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m | 57 | (@) — J@+ psd) | —apmsV (@)D
0 1 15.8395 2.733

So one iteration of Newton’s method requires only 1 internal iteration to determine m, and
yields ! = (0, —4/3)" with f(x') = 3.1605. Although fewer internal iterations were required,
the cost of the resulting x! is higher. In this case, determining the descent direction (involving
the inverse of the Hessian) was straightforward, but this calculation is potentially expensive.

Solution 2.2
Since Vf(x) = (2 + B)||=|°z, we have

2= (1= 52+ B)l|2")7)2" = ot = 1 - s(2+ 6)\\96'“\\5‘ el

Let v =1 — s(2+ B)|z*||®. So +* < 1,Vk and we also have [|" 1| = [v*] ||z*||
e If 70 < —1 then |z!|| > [|2°]|, so v! <7 < —1. Similarly, v* < —1, V.
Therefore {||z*||} is strictly increasing, hence it does not converge.
o If 9 = —1 then 2! = —29 similarly 2¥*! = —2*. So {z*} converges only if 2 = 0
which contradicts with 40 = —1

o If -1 <~% <1 (s> 0), then ||| < [2°], so v* >~ > —1. Similarly, v* > —1, V.
Therefore ||2¥| is decreasing and bounded below (by 0), so it converges to x*.

= (1-s2+ ﬁ)||a:*Hﬁ):v* =" =0

o If v0 =1 then 2! = 29, thus z* = 2°, Vk. The sequence also converges to z°
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In summary, {z*} converges to * = 0 if and only if 2z =00r 0 < s < ——————
e RS

Solution 2.3 X
Notice V f(z) = 3||z||"2x, and let y = —z then

IVi(z) = Vil
[l = yll

3
= inH*% —ooasz —0

Therefore, the Lipschitz condition does not hold.
It is easy to see that if ||z¥|| = % for some k then the steepest descent algorithm converges
to 0 in finite iterations.
It remains to show that the algorithm does not converges in infinite steps. If this is not true,
then

Ve > 0,3N = N(e) : Vk > N, ||z"|| < €

Let e = (%)2, then

k
|

3
k k|- k
lz** = '1 = 5l I 2 et > 2




So eventually, ||z*|| > ¢ which is a contradiction.

Solution 2.4

Our approach is to show that {d*} thus defined satisfies the gradient-relatedness condition.
Let {2*} be any subsequence that converges to a non-stationary point Z (so that V f(z) # 0).
Since f is continuously differentiable, we also have V f(z¥) — Vf(Z). Now the definition of
the direction d* yields that

n

ldill3 =3 (@)? = [IVF(") o)

=1

where ||V f(2%)||0o : = max;—1__, %ﬁ(mk)] Since V f(zF) converges to V f(Z), it is bounded

and hence d* is also bounded. Moreover, it holds that V f(2*)Td* = —||V f(2*)||%,. Thus,
Vit —IV£(=M)Z
IV £ (2*) |2l [ IV £ (2*) |2l V f (%) oo
—IVf(@")s
IVF(@*)ll2

which stays bounded away from zero since V f(z*) converges to a non-stationary point by
assumption. Thus, the sequence {dk} is gradient-related, so that every limit point must be
stationary by the result proved in class.

Solution 2.5
Notice that V f(z) = Qx, so

aF = 2F — aQaf = (I - aQ)2b = 25 = (I - aQ)Fa”

Note that if (A, u) is eigen-pair of @ then (1 — a\,u) is an eigen-pair of A :=1 — a@Q
Since @ is invertible, its eigenvectors form a basis of R", so 2°

Yoy Biug, so

can be written as z0 =

n n

a:k = Ak 0= Z/BZAkuz = Zﬂl(l - Oz)\i)kui
i=1 i=1

Notice that if A; < 0 then 1 —aX; > 1so (1 — a/\i)k — o0 as k — oo.

Therefore, unless 2° belongs to the subspace spanned by the eigenvectors of @ corresponding

to the non-negative eigenvalues, the sequence {z*} diverges.

f(x,w:;(”yc)TQ(j)

). Figenvalues of Q) are m = 0.001 and M = 3.999

M —m\?
= 0.9990
(M—i—m)

Solution 2.6

2 1.999

where @ = ( 1.999 2
The rate of convergence is
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A starting point for which the convergence rate is sharp:
Oy 1/m _ ( —706.9300
1/M 707.2836
(By transforming u = Uz where Q = UAU7 is the eigen-decomposition of @, we get f(z) =

g(u) = mui + Mu3)
(See Figure 1.3.2, p61 Nonlinear programming)

Solution 2.7
Without loss of generality, we assume that z* = 0. (If not, we simply apply the transformation
y = x — z* to the problem.) The update then takes the form

2*H = (I — sQ)a* — sek.
Using the triangle inequality, we have

%] < (T = Q)™ + sfle" |
< qllz Y| + 50

where ||(I — sQ)z*~1|| < ¢||z*~!|| follows from the same argument as used in class. Applying
this inequality recursively yields

lol < q gt 2]+ 6] + 0

k—1
< @l 458>
=0

sd
1—gq

< ¢"ll=") +

where the final line uses the fact that for ¢ € [0,1)

k—1 e 1
i < i _ ‘
‘ €= Z q 1—¢q
1=0 1=0
Solution 2.8
(a) Note that x* = —Q~!c is the optimal solution. So by a change of variables (consider

x «— x —z*), we can assume ¢ = 0 WLOG.
Since V f(z) = Qz, we have

.Tk+1 _ ﬂj‘k . ank + ﬂ(l‘k o xkfl) — ((1 + ﬁ)I o O[Q)SUk _ /Bxkfl

() (e ()



k _ _
Let yk = < xf_l > and A = < 1+5 )II aQ g I >, above equation is equivalent

to
yk-i-l — Ayk

Suppose v is eigenvalue of A,

((Hﬁ)II—OéQ —gf)(;«“):1,(;);5&@:(1%—@—5/@3[;

Hence 14 8 — v — /v = aX (*) for some eigenvalue A of Q.

2(1]\; ) 2(;'(2)6) then 0 < aXi(Q) < 2(1 + B), Vi.
Therefore, —(1 4 ) < X\i(A) + 8/Xi(A) < (1 + (), which implies |\;(4)] < 1, Vi.
Let v = ||A|l2 = max{|\;(4)} < 1, we have

Ifo<ax

k k k k
Il 1 = 1l Ay* I < [[Al2lly* (L = Ylly"

The sequence {y*} thus converges linearly with the rate of 7, so is {z*}.
By solving (*) for v, we have

v:%<1+ﬂ—a/\i\/(1+5—a)\)2—4ﬂ)

(Note that v might be complex number.)
Therefore,

1
- St B—arnt VO +B—arN?—4
v Ae?}?ég>}2) +B—arE /(148 —a)) 6’

We choose a, 3 as following
L4 (va—ymY
WM+ ym2 \VM 4+ ym

We have, for any A € {\(Q)}

1+ﬂ—a)\i\/(1+ﬂ—a)\)2—4ﬂ’

oM + m — 2)\) iJ4(M+m2)\)2 _4<\/M—\/R>2

N~ N

(VM + /m)? (VM + /m)* VM +m
_ W(M+m—2A)i\/(M+m—2A)2—(M—m)2]
- W(M+m—2)\)i2\/(M—)\)(m—)\)’
_ W (M+m_2A)i2¢\/(M—A)(A—m)j(sincemgAgM)
= W—W\/(M+m—2/\)2+4(M—)\)()\—m)
M-m VM- m

(M +ym)? M+ yim




Therefore the corresponding convergence rate is
VM —+/m
Ry -S—
VM ++/m

Note: To find optimal «a, 8 we would solve the following problem

1

a®. /) =argmin max —|1+8B8—-alEt+/(1+8—aN)?2 -4

(o, 87) = argmin max - |1+8 VG —a)?—45
With careful derivations (complex number issue), one can prove that the above values
for a, 8 are the optimal solution.
In many cases, the solution of m@in g\a}?{ f(0, ) often satisfies f(0*,\;) = ¢, Vi.

AL,

Assuming that the parameter (3 is appropriately chosen, it is a reasonable conjecture
that the method would have better behavior for functions with varying steepness. We
provide empirical support for this conjecture with our experimental results reported in
the following part.

For f(z) = 3a2(1 + 7 cos(z)),

f'(x) = & + ya cos(z) — %79@2 sin(z).

The following four plots show successive iterates and the total number of iterations for
four different choices of 3, where the final plot shows 8 = 0, corrresponding to steepest
descent. For the intermediate value of 3 = 0.5, fewer iterations are required overall. For
too large values of G, the method overshoots.

o=0.1,3=011, =

12 T

4 93

’niter=




o=0.T, B0 50 = N gy =4
0

o=0.1 ,[?:=D.9,}{init=4Jniter=1 a3
0



o=0.1, By, =4

init =" it er™
[Sheepest descent)
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For the function f(z) = 531", |2; — tanh(zy;)|?, we have

n

f(z) = Z(tanh(xyi) —2zi)(1— tanh(myi)Q)yi

i=1

) F=0.1,n,,=1203




A=0.5,n, =669
4 T

) B=0.9.n,, =267
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Steepestdescent, n, =1334
4 .

) 0 )
function [x_opt, n_iter] = heavy_ball(alpha, beta, epsilon, x_init)
% Replace your function definition here
gamma = 0.5;
f =@(x) 0.5%xx."2.%(1+cos(x));
grad _f = @Q(x) x + gammaxxx(cos(x) — 0.5xxxsin(x));
range = [—1.5%pi:0.01:1.5%pi];

plot (range , f(range)); hold on;

x = [x_init x_init];
dist = inf;
n_iter = 0;

while dist > epsilon
x_new = x(end) — alphaxgrad_f(x(end)) + betax(x(end)—x(end—1));
dist = abs(x.new — x(end));
X = [x x_new |;
n_iter = n_iter + 1;

end

x_opt = x(end);

plot (x, f(x),’rx’); hold on;

end
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