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The first part of this problem set provides some practice on the mathematical pre-requisites
for this course (vector calculus, elementary analysis, and linear algebra) and will calibrate your
degree of preparation for the course.

Reading: Boyd and Vandenberghe, §3.1, 3.2 and Appendix A for background material.

Solution 1.1

Consider the eigenvector decomposition Q =

n
∑

i=1

λiuiu
T
i .

First, suppose that Q is positive semidefinite. In this case, we must have uT
k Quk ≥ 0 for all

k = 1, . . . , n. But since the eigenvectors {ui} are all orthonormal, we have uT
k Quk = λk ≥ 0

for all k = 1, . . . , n.
In the other direction, suppose that all eigenvalues of Q are non-negative (i.e. λk ≥ 0 for

all k = 1, . . . , n). Then for any x ∈ R
n, we have

xT Qx =

n
∑

i=1

λi(x
T ui)

2 ≥ 0

so Q is positive semidefinite.

Solution 1.2

By decomposing x =

[

xA

xC

]

, we have

xT Mx = xT
AAxA + 2xT

ABxC + xT
CCxC

(a) ⇒ (b)
Let xC = 0, since xT Mx > 0,∀x 6= 0 we also have xT

AAxA > 0,∀xA 6= 0, thus A is positive
definite (so it is invertible).
Let xA = −A−1BxC , then xT Mx = xT

C(C − BT A−1B)xC . Again, since xT Mx > 0,∀x 6= 0
we also have xT

C(C − BT A−1B)xC > 0,∀xC 6= 0, thus C − BT A−1B is positive definite

(b) ⇒ (a)

min
x 6=0

xT Mx = min

{

min
xC 6=0

min
xA

xT
AAxA + 2xT

ABxC + xT
CCxC , min

xC=0
min
xA 6=0

xT
AAxA + 2xT

ABxC + xT
CCxC

}

= min

{

min
xC 6=0

min
xA

xT
AAxA + 2xT

ABxC + xT
CCxC , min

xA 6=0
xT

AAxA

}

Since A is positive definite, assuming that xC is fixed, xT
AAxA + 2xT

ABxC + xT
CCxC achieves

minimum at xA = −A−1BxC , thus

min
x 6=0

xT Mx = min

{

min
xC 6=0

xT
C(C − BT A−1B)xC ; min

xA 6=0
xT

AAxA

}
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As A and C−BT A−1B is positive definite, we have minx 6=0 xT Mx > 0 therefore M is positive
definite.

Solution 1.3

(a) False. A counter example is {ai} such that ai = 1
i ,∀i. Indeed,

s2k−1 =
2k−1
∑

i=1

1

i
=

k
∑

j=1

2j−1
∑

i=2j−1

1

i
≥

k
∑

j=1

2j−1 1

2j − 1
≥

k

2

So s2k−1 → +∞ as k → +∞, therefore sn does not converge.

(b) True.
xT Qy = xT (µy) = µxT y

xT Qy = xT QT y = (Qx)T y = λxT y

So µxT y = λxT y, but λ 6= µ we must have xT y = 0, thus xT Qy = 0

(c) False. Consider M =

[

0 1
−1 0

]

, then UT MU =

[

0 α

−α 0

]

for some α.

Thus UT MU is diagonal implies that UT MU = 0 ⇒ UUT MUUT = 0 ⇒ M = 0
(contradiction)

(d) True. Using mean value theorem, for all s, t ∈ [0, 1] and s 6= t, there exists ξ ∈ [s, t] ⊆
[0, 1] such that

f ′(ξ) =
f(t) − f(s)

t − s

Since |f ′(ξ)| ≤ 0.1, we have |f(t) − f(s)| ≤ 0.1|t − s|

(e) False. Consider R
1, we construct a counter example as following: for each k = 0, 1, . . . ,

x2k+i = (−1)k + i
(−1)k+1 − (−1)k

2k
,∀0 ≤ i ≤ 2k − 1

Clearly ||xi − xi+1||2 ≤
1

2[log2 i]−1
so for all ǫ > 0, there exists some N(ǫ) such that for

all i ≥ N(ǫ), we have ||xi −xi+1||2 < ǫ. However xn does not converge because x22k = 1
and x22k+1 = −1 for all k

Note: If we had assumed that there exists an N(ǫ) such that ‖xi − xj‖2 ≤ ǫ for all

i, j ≥ N(ǫ) (not just consecutive ones), then the statement would be true, since any
Cauchy sequence in R converges to some element of R.

Solution 1.4

(a) Since x∗ is a local minimum of gd(α) = f(x∗ +αd), we can apply the first-order necessary
optimality conditions to gd so as to conclude g′d(0) = ∇f(x∗)T d = 0. Since this statement
holds for all d ∈ R

n, we have have ∇f(x∗) = 0.
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(b) Using the hint, we first show that f(0, 0) is a local minimum along all lines. For β 6= 0,
let x2 = βx1 be an arbitrary line through (0, 0). We have

h(x1) : = f(x1, βx1) = (βx1 − px2
1) (βx1 − qx2

1) = pqx4
1 − β (p + q)x3

1 + β2x2
1

Taking first and second derivatives:

h′(x1) = 4pqx3
1 − 3β (p + q)x2

1 + 2β2x1

h′′(x1) = 12pqx2
1 − 6β (p + q)x1 + 2β2

so that h′(0) = 0 and h′′(0) = 2β2 > 0 for β 6= 0. Thus, by the sufficient optimality conditions,
the point (0, 0) is a local minimum on every line through the origin.

Now suppose that we take a parabolic path to the origin — say x2 = γx2
1. Then

f(x1, γx2
1) =

(

γx2
1 − px2

1

) (

γx2
1 − qx2

1

)

= (γ − p) (γ − q)x4
1

For any γ ∈ (p, q), there holds f(x1, γx2
1) < 0 for all x1 6= 0, so that (0, 0) cannot be a local

minimum.

Solution 1.5

(a) To prove (i) =⇒ (ii): Say x∗ is a global minimum. From the necessary first-order
condition ∇f(x∗) = 0, we have Qx∗ = b, whence b ∈ Range(Q). From the necessary second-
order condition ∇2f(x∗) � 0, we obtain Q � 0.
Turning to (ii) =⇒ (i): suppose that b = Qx∗ for some x∗ ∈ R

n and Q � 0. Then we can
write

f(x) =
1

2
xT Qx − xT Qx∗

=
1

2
[x − x∗]T Q [x − x∗] −

1

2
(x∗)T Qx∗

≥ −
1

2
(x∗)T Qx∗,

with equality holding for x = x∗. The final inequality relies on the fact Q � 0.

(b) For (i), set Q = I and b = 0. For (ii), set

Q =

[

1 0
0 0

]

and b = 0.

For (iii) set Q = −I and b = 0.

Solution 1.6

Test solution

(a) We know that Jensen’s inequality holds when n = 2. Now suppose that it is true up to
n, we will prove that if f : R

d → R is convex then

f(
n+1
∑

i=1

λixi) ≤
n+1
∑

i=1

λif(xi),∀xi ∈ R
d, λi ≥ 0 and

n+1
∑

i=1

λi = 1
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Indeed, WLOG assume λn+1 > 0, let x̄n =
λnxn + λn+1xn+1

λn + λn+1
and λ̄n = (λn +λn+1), we

have

f(
n+1
∑

i=1

λixi) = f(
n−1
∑

i=1

λixi + λ̄nx̄n) ≤
n−1
∑

i=1

λif(xi) + λ̄nf(x̄n) (by induction hypothesis)

Furthermore,

f(x̄n) = f

(

λn

λn + λn+1
xn +

λn+1

λn + λn+1
xn+1

)

≤
λn

λ̄n
f(xn) +

λn+1

λ̄n
f(xn+1)

Therefore

f(

n+1
∑

i=1

λixi) ≤

n+1
∑

i=1

λif(xi)

(b) Let f(x) = ex, and λi = 1
n ,∀i. Since f(x) is convex, we can use Jensen’s inequality

(

n
∏

i=1

xi

)
1

n

= f

(

n
∑

i=1

1

n
log xi

)

≤
n
∑

i=1

1

n
f(log xi) =

1

n

n
∑

i=1

xi

(c) Let f(x) = − log x

h(x) = −
n
∑

i=1

xi log xi = −
n
∑

i=1

xi(− log
1

xi
) = −

n
∑

i=1

xif

(

1

xi

)

Since f(x) is a convex and xi ≥ 0,
∑n

i=1 xi = 1, using Jensen’s inequality we have

n
∑

i=1

xif

(

1

xi

)

≥ f

(

n
∑

i

xi
1

xi

)

= f(n) = − log n

Therefore h(x) ≤ log n

(d) Consider convex function f(x) = ex, using Jensen’s inequality we have

f

(

p log |a|

p
+

q log |b|

q

)

≤
f(p log |a|)

p
+

f(q log |b|)

q

This proves Young’s inequality: ab ≤
|a|p

p
+

|b|q

q
.

Now by Young’s inequality,

n
∑

i=1

xi

(
∑n

i=1 |xi|p)1/p
.

yi

(
∑n

i=1 |yi|q)1/q
≤

n
∑

i=1

(

1

p

|xi|
p

∑n
i=1 |xi|p

+
1

q

|yi|
q

∑n
i=1 |yi|q

)

= 1

Therefore,

xT y =
n
∑

i=1

xiyi ≤ ||x||p||y||q
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Solution 1.7

(a) Using the fact that the tangent approximation is an underestimate for any convex differ-
entiable f , we have for any x, y ∈ C,

f(y) ≥ f(x) + ∇f(x)T (y − x)

f(x) ≥ f(y) + ∇f(y)T (x − y)

Adding these two inequalities and re-arranging yields the monotonicity of the gradient map-
ping.
(b) A counterexample is given by the function G : R

2 → R
2 defined by

G(x) : =

[

x1 + 2x2

x2

]

If G were the gradient of any function f , then f would be twice continuously differentiable,

implying that its second order mixed derivatives would agree (i.e., ∂2f
∂x1∂x2

= ∂2f
∂x2∂x1

). In terms

of G, this would imply that ∂G1

∂x2
= ∂G2

∂x1
, which does not hold in this case. Therefore, G cannot

be the gradient of any function. Moreover,

[G(x) − G(y)]T (x − y) = [x1 + 2x2 − y1 − 2y2, x2 − y2]
T [x1 − y1, x2 − y2]

= (x1 − y1)
2 + 2(x2 − y2)(x1 − y1) + (x2 − y2)

2

= [(x1 − y1) + (x2 − y2)]
2 ≥ 0,

so that G is monotonic.
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