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The first part of this problem set provides some practice on the mathematical pre-requisites
for this course (vector calculus, elementary analysis, and linear algebra) and will calibrate your
degree of preparation for the course.

Reading: Boyd and Vandenberghe, §3.1, 3.2 and Appendix A for background material.

Solution 1.1

n
Consider the eigenvector decomposition ) = Z )\zuzuZT
i=1
First, suppose that @ is positive semidefinite. In this case, we must have quuk > ( for all
k=1,...,n. But since the eigenvectors {u;} are all orthonormal, we have U{Quk =X >0
forallk=1,...,n
In the other direction, suppose that all eigenvalues of @) are non-negative (i.e. A\ > 0 for
all k =1,...,n). Then for any x € R", we have

21 Qx = Z Ni(zTu)? >0

=1

so @ is positive semidefinite.

Solution 1.2
By decomposing = = [ iA ] , we have
C

e" Mz = 2l Az g + 22 Bao + 2t Cac

() = (b)
Let z¢ = 0, since 27 Mz > 0,V # 0 we also have xﬂAa:A > 0,Vxyg # 0, thus A is positive
definite (so it is invertible).

Let 24 = —A~ !Bz, then 2" Mz = :U:g(C’ — BTA™'B)z¢. Again, since 2/ Mz > 0,Vx # 0
we also have mg(C’ — BTA™'B)2zc > 0,VYxc # 0, thus C — BT A7 B is positive definite

minz? Mz = min { min min 2} Az 4 + 22 Bxo + 2L.Cxc, min min 2y Az s + 224 Bao + 2l.Cxc
z#£0 rc#0 A zo=02x47#0

= min { min min xAAa:A + 2xABa:c + a:CCxC, min JZAA.IA
zo#0 A zA#0

Since A is positive definite, assuming that x¢ is fixed, z AALE A+ 2z ABCCC + xCC’xC achieves

minimum at x4 = —A~ 1Bxc, thus

"Mz = C-B'A™'B A
r;l;gx x = mm{;rcl;énoxc( )xc,;n%xA :UA}



As A and C — BT A~!B is positive definite, we have ming,o T Mz > 0 therefore M is positive
definite.

Solution 1.3
(a) False. A counter example is {a;} such that a; = %,Vi. Indeed,
2k 1 271

52’“—1:2%:2 %2223'_1%1_125

i=1 j=1;=2i—1 j=1

S0 S9k—1 — +00 as k — 400, therefore s, does not converge.

(b) True.
2" Qy =" (ny) = pa'y
2'Qy =2"QTy = (Qz)"y = AaTy
So pxy = XxTy, but A # 1 we must have 27y = 0, thus 27 Qy = 0

(c) False. Consider M = { _01 (1) ], then UT MU = [ _Oa g ] for some a.
Thus UT MU is diagonal implies that UTMU = 0 = UUTMUUT =0 = M =0

(contradiction)

(d) True. Using mean value theorem, for all s,¢ € [0,1] and s # ¢, there exists £ € [s,t] C
[0, 1] such that
1oy _ 4 () = f(s)
1o =101
Since |f'(§)] < 0.1, we have |f(t) — f(s)] < 0.1]t — s

(e) False. Consider R!, we construct a counter example as following: for each k = 0,1, ...,

(1) = (1)

o7 No<i<2F_—1

1
Clearly ||z; — zit1]|2 < lio; 11 ° for all € > 0, there exists some N (e) such that for

all i > N(e), we have ||z; — zi+1]|2 < e. However x,, does not converge because xq2x = 1
and xy2k+1 = —1 for all k

Note: If we had assumed that there exists an N(e) such that ||z; — zj||2 < € for all
i,7 > N(€) (not just consecutive ones), then the statement would be true, since any
Cauchy sequence in R converges to some element of R.

Solution 1.4
(a) Since 2™ is a local minimum of gq(c) = f(2* + ad), we can apply the first-order necessary

optimality conditions to g4 so as to conclude ¢4(0) = Vf(2*)Td = 0. Since this statement
holds for all d € R™, we have have V f(z*) = 0.



(b) Using the hint, we first show that f(0,0) is a local minimum along all lines. For § # 0,
let 9 = Bz be an arbitrary line through (0,0). We have

h(z1) := f(z1, f1) = (Bar — paf) (Bar — q2f) = peai — B (p+ @)ai + f2at

Taking first and second derivatives:

W(z1) = dpgz} —383(p+q)ai +26°m
W'(z1) = 12pgai — 68 (p+ q)z1 + 267

so that A’(0) = 0 and A" (0) = 23? > 0 for 3 # 0. Thus, by the sufficient optimality conditions,
the point (0,0) is a local minimum on every line through the origin.
Now suppose that we take a parabolic path to the origin — say z9 = ’ym%. Then

fla1,ya?) = (vat —pa?) (vaf —q2l) = (v—p) (v — @)}

For any v € (p,q), there holds f(z1,vz?) < 0 for all 1 # 0, so that (0,0) cannot be a local
minimum.

Solution 1.5
(a) To prove (i) = (ii): Say z* is a global minimum. From the necessary first-order
condition V f(z*) = 0, we have Qz* = b, whence b € Range(Q). From the necessary second-
order condition V2f(x*) = 0, we obtain Q = 0.
(

)
Turning to (i4) = (i): suppose that b = Qz* for some z* € R™ and @ > 0. Then we can
write

f@) = 1aTQe—aTQu

2
_ 1 T X _1 *\T *
Z _%({B*)TQ{B*7

with equality holding for x = a*. The final inequality relies on the fact @ > 0.

(b) For (i), set @ = I and b = 0. For (ii), set

For (iii) set @ = —1I and b = 0.

Solution 1.6
Test solution

(a) We know that Jensen’s inequality holds when n = 2. Now suppose that it is true up to
n, we will prove that if f: R¢ — R is convex then

n+1 n+1 n+1

FO Ximi) > Nif (i), Vo e REL N > 0and Y Aj=1

i=1 i=1 =1



AnTn + Anp1Tn41

Indeed, WLOG A >0, let T, =
ndee assume Ap1 et T, o Ao

have

n+1 n—1 n—1

f(z Aix;) = Z Nii 4+ ApTp) < Z Nif(x:) + A f(Zn) (by induction hypothesis)
= = i=1

Furthermore,
— - )‘n )\n—i—l )\n )\n+1
f(@n) =f <>\n T Tn + Mr o+ Ao 517n+1> j\nf(l‘n) + j\n f(Tny1)
Therefore
n+1 n+1

FO X)) <Y Nif (@)
=1 =1

Let f(z) = e®, and \; = £, Vi. Since f(z) is convex, we can use Jensen’s inequality

(i]f[lxiy:f(Z logmz><z F(log ;) = Zx

i=1

Let f(z) = —logx

n n
—Zmilog:ﬁi:—sz log Zﬁfzf( )
i=1 i=1

Since f(x) is a convex and x; > 0,> " | x; = 1, using Jensen’s inequality we have

S g (;) > f (Z “i) — f(n) = —logn
i=1 ¢ i ¢
Therefore h(z) < logn

Consider convex function f(z) = e, using Jensen’s inequality we have

F <plog|a| N q10g|b|> < f(plog|al) n f(qlog |b])

p q p q
b q
This proves Young’s inequality: ab < | i | |
q
Now by Young’s inequality,
i T Yi < i (1 ’«Tz‘p + 1 |y2|q ) _
2 S ) (o ) = 2 \p S P a S [l

Therefore,

n
2Ty = miyi < [lllpllyllg
i=1

and A\, = (A + Any1), we



Solution 1.7
(a) Using the fact that the tangent approximation is an underestimate for any convex differ-
entiable f, we have for any x,y € C,

> f(z)+ V() (y — )
f@) = fy)+Viw(@—y)

Adding these two inequalities and re-arranging yields the monotonicity of the gradient map-
ping.

(b) A counterexample is given by the function G : R? — R? defined by

1 + 279
X2

6lo) o= |

If G were the gradient of any function f, then f would be twice continuously differentiable,
2 2
implying that its second order mixed derivatives would agree (i.e., 69?1 5;2 = 33?2 gxl ). In terms

of G, this would imply that %—% = %—gf, which does not hold in this case. Therefore, G cannot

be the gradient of any function. Moreover,

(G(z) — G(Z/)]T (x—y) = [z1+ 222 —y1 —2y2, T2 — yz]T (1 — y1, 22 — 2]
(w1 —y1)* + 22 — y2) (@1 — y1) + (w2 — 92)°

= [(w1— 1)+ (22— 2)]> >0,

so that G is monotonic.



