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x1. In tro duction

² how can Alice transmit information reliably to Bob over an
unreliable channel?

² various applications: optical communication; wirelessnetworks;
storage(e.g., hard drives); neural systems

SENDER
(Alice) CHANNEL

NOISY RECEIVER
(Bob)

ENCODER DECODER

² error-control coding: compensatefor noisinessby selectively adding
redundancy to the transmission (thereby de¯ning codewords)

² Shannontheory yields fundamental bound: reliable communication
can achieved for all rates R below the channel capacity C

² fundamentally non-constructive =) leavesopen the designand
encoding/decoding problems



Examples of channel mo dels

Binary symmetric channel: (BSC) Channel output spaceY = f 0; 1g
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Binary erasure channel: (BEC) Channel output spaceY = f 0; 1; ¤g
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A ¯rst attempt: rep etition codes

Encoding: Intro duce redundancy by n-fold repetition:

Given sourcebit 0 ! transmit 0n = 00¢¢¢0 (n times)

Given sourcebit 1 ! transmit 1n = 11¢¢¢1 (n times)

Yields code C = f 0n ; 1n g with two codewords.

DecoderEncoder
Channel
Noisy

00000 10010 00000

source

0

PSfrag replacements

X Y bX

Decoding rule:

Decode to 1 ( ) received word Y has more 1s than 0s.

(E.g., if receive 10010! decode to 0.)



Graphical codes

² graphical codes(e.g., LDPC) basedon bipartite graphs
G = (V; C; E):

PSfrag replacements

x1 x2 x3 x4 x5 x6 x7 x8

a b c d

² each node i 2 V is associated with a bit i 2 f 0; 1g

² each check a 2 C connected to bit neighbors in V (a)

² check a imposeslocal parit y relation: f a (xV ( a) ) =

8
<

:
1 if ©i 2 V ( a) x i = 0

0 otherwise:

² overall code C de¯ned by product of checks

C := f x 2 f 0; 1gn j
Y

a2 C

f a (xV ( a) ) = 1g:



Decoding problem

² channel provides noisy observation vector y 2 Yn

² de¯nes a probabilit y distribution over codewords:

p(x jy ) /
Y

v2 V

f v (xv )
Y

a2 C

f a(xV (a) )

where f v (xv ) = p(yv j xv ).

² di®erent typesof decoding:

{ for minimal bit error rate, compute the marginal probabilit y
p(xv = 1 j y ) and then set

bxv =

8
<

:
1 if p(xv = 1 j y ) > 0:5

0 otherwise

{ for minimal word error rate, decode to

bx = arg min
x 2 C

p(x j y )

)

maximum lik elihood decoding



Iterativ e decoding of graphical codes

² iterativ e \message-passing"techniques (sum-product or belief
propagation; max-product or min-sum) have becomethe standard
approach

² exact for trees, but approximate for graphs with cycles

² remarkably good practical performance

² behavior well-understood for random code ensembles in asymptotic
regime as blocklength n ! + 1 (e.g., Lub y et al., 2001; Richardson &

Urbank e, 2001)

² open issues:performanceguaranteesfor intermediate length codes?



Computation trees and densit y evolution analysis

² unwrap the \computation tree" corresponding to message-passing

dynamics
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² density evolution: tracks evolving messagedensity (averaged over
channel and random code ensemble) (Lub y et al., 2001; Richardson &

Urbank e, 2001)

² determines thresholds for successfuldecoding under di®erent
channels (e.g., BSC, BEC, AWGN)

² only yields useful information in asymptotic regime (blocklength
n ! + 1 )



Key issues

1. Finite block-length codes

² \densit y evolution" valid in asymptotic setting

² delay constraints =) shorter block-lengths

² designof algorithms/co des?

2. Pseudocodewords and error °oors

² error °oors in LDPCs =) problem for low BER applications

² causedby low-weight pseudocodewords

3. Stronger decoding algorithms

² improvements on BP decoding?

² tackling codeswith shorter cycles

² adaptive decoding methods



x2. Our approac h: Linear program relaxation

² reformulate maximum-likelihood (ML) decoding as a linear
program over the codeword polytope

² solve the LP over a relaxed polytope: linear programming (LP)
decoder

² linear programs are graph-structured, and can be solved either
by standard LP solvers, or variants of iterativ e message-passing

² error analysis reducesto study of linear program with random
cost function

² amenableto someanalysis in ¯nite-length setting



Codeword polytop e

De¯nition: The codeword polytope CH(C) µ [0; 1]n is the convex hull
of all codewords

CH(C) =
©

¹ 2 [0; 1]n j ¹ s =
X

x 2 C

p(x) xs
ª
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111

(a) Uncoded (b) One check (c) Two checks

² the codeword polytope is always contained within the unit
hypercube [0; 1]n

² vertices correspond to codewords



From in teger program to linear program

Given a noisy observation y, de¯ne cost vector µ = µ(y).

Example: For the BSC, set µs = 1 if ys = 0 and µs = ¡ 1 if ys = 1.

PSfrag replacements

µ

CH(C)

Key: Given received word y , optimal maximum lik elihood (ML) decoding
can be re-formulated linear program (LP) over the codeword polytop e:

min
x 2 C

nX

s=1

µsxs = min
¹ 2 CH ( C)

nX

s=1

µs ¹ s :



LP relaxation for appro ximate decoding

² each parit y check a 2 C de¯nes
a local codeword polytope
LOC(a)

² imposeall local constraints:

LOC(C) := \ a2 C LOC(a):
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Prop erties:

1. For trees, LOC(C) = CH(C).

2. In general,LOC(C) is a relaxation (i.e., CH(C) ½ LOC(C)).

Strategy: Solve the relaxed LP min
¹ 2 LOC (C)

P n
s=1 µs¹ s.

Solve with standard LP solver (e.g., simplex), or tree-reweighted max-pro duct

algorithm. (Feldman, Karger & Wainwrigh t, IEEE Info. Theory (to appear))



Di®eren t represen tations of relaxed polytop e

The polytope LOC(C) has distinct representations:

1. Lifted representation

(a) polytop e de¯ned with variables

¹ s 2 [0; 1] for each bit s = 1; : : : ; n

wa;J 2 [0; 1] auxiliary var. for check a

J even-sizedsubset of V (a)

(b) interpret wa; ¢ de¯ning the local codeword polytop e associated
with check a

(c) most closely related to belief propagation and Bethe formulation

2. Projected representation:

(a) auxiliary variables wa; ¢ can be eliminated by projection

(b) leads to a reduced representation over ¹ = f ¹ 1; : : : ; ¹ n g



Lifted represen tation and local codeword
polytop es

² for each check a, let C(a) denote set of local codewords

² for example, for a 3-check of the form a = f 1; 2; 3g, then

C(a) = f 000; 110; 101; 011g

² de¯ne prob. distribution w = f wa;J j J 2 C(a)g over local
codewords and imposeconstraints

Non-negativity: wa;J ¸ 0

Normalization:
P

J 2 C(a) wa;J = 1

Marginalization:
P

J 2 C(a) ;J s =1 wa;J = ¹ s for any bit node s



Pro jected form of relaxed codeword polytop e

² involves imposing constraints only on vector ¹ = f ¹ 1; : : : ; ¹ n g

² Probabilit y constraints: Require that ¹ v are marginal
probabilities 0 · ¹ v · 1

² Check constraints: for each check, let V (a) be the set of bit
neighbors

{ let S be an odd-sized subsetof the check neighborhood
V(a), indexing an odd-parit y subvector I S over V (a)

{ require that ¹ V (a) is separatedfrom I S by Hamming
distance at least 1:

X

v2 S

(1 ¡ ¹ v ) +
X

v2 V (a)nS

¹ v ¸ 1:

{ leadsto a total of 2jV (a) j¡ 1 constraints per check a



Pseudo codewords as fractional vertices in the
relaxed polytop e

Two vertex types in relaxed polytope:

integral: codewords

(e.g.,
h
0 1 0 1 0 1

i
)

fractional: pseudocodewords

(e.g.,
h
1 1

2 1 1
2 1 1

2

i
)
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¹ int

LOC(C)

CH(C) ¹ f r ac

Possible outputs of LP decoder

1. codeword with guarantee of ML correctness

2. pseudocodeword



Link to standard iterativ e metho ds

The relaxed polytope LOC(C) is closely related to the standard
sum-product and max-product algorithms:

1. Relation to sum-product:

(a) polytop e LOC(C) imposesconstraints equivalent to the Bethe
formulation of belief propagation (Yedidia et al., 2001)

(b) this equivalenceguarantees exactnessfor trees

(c) optim um of BP not necessarilyattained at polytop e vertex

2. Relation to max-product:

(a) link to graph cover and ordinary max-product algorithm (Ko etter

& Vontob el, 2003)

(b) max-product is an algorithm for solving dual LP on trees

(c) tree-reweighted max-product algorithm link ed to dual LP for
arbitrary graphs (Wainwrigh t et al., 2003)



x3. Prop erties of LP decoding

A desirable feature of LP decoding is its amenability to analysis:

A. behavior completely determined by set of pseudocodewords

B. stopping set characterization for binary erasurechannel (BEC)

C. guaranteesfor the BSC basedon the fractional distance

D. stronger guaranteesfor codesbasedon expander graphs



A. Pseudo codewords

² other researchers have identi¯ed \pseudocodewords" for
di®erent channelsand codes:

(a) deviation sets for LDPCs (e.g.,Wib erg, 1996; Horn, 1999)

(b) pseudocodewords for tail-biting trellises (Forney et al., 2001)

(c) stopping sets for the BEC (e.g., Lub y et al., 1999)

(d) signal spacecharacterization of decoding (Frey et al., 2001)

(e) near codewords (McKa y et al., 2002)

² the polytope view (i.e., fractional versusintegral vertices)
uni¯es thesevarious notions

² pseudocodewords provide a geometrically intuitiv e distinction
betweensuccessand failure for LP decoding



LP decoding ¯nds optim um pseudo codeword

Two vertex types in relaxed polytope:

integral: codewords

(e.g.,
h
0 1 0 1 0 1

i
)

fractional: pseudocodewords

(e.g.,
h
1 1

2 1 1
2 1 1

2

i
)
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dmin
dfrac

Prop osition: Given the channel cost vector µ, the LP decoder ¯nds
the pseudocodeword with minimum weight

P
s µs¹ s. Therefore, there

are two possibleoutcomes:

(a) if it ¯nds a codeword, it must be ML optimal.

(b) otherwise it ¯nds a pseudocodeword (acknowledgedfailure).



Construction of a pseudo codeword

Refer to a fractional vertex of the relaxed codeword polytope LOC(C)
as a pseudocodeword.

Check A:
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The pseudocodeword is locally-consistent for each check =) it does
belong to the ¯rst-order relaxed polytope LOC(C).



Verifying global inconsistency

² ¯rst set all non-fractional bits to their preferred values
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² this generatesan inconsistent set of requirements for the remaining
bits =) vector doesnot belong to exact codeword polytope CH(C)



Codeword and pseudo codeword spectra
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Geometry of LP decoding

Prop osition: The LP relaxation is code-symmetric. Therefore, for the
purposesof analysis, can assumethat codeword 0 was sent.
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0

µ1µ2

CH(C)

LOC(C)

NLOC (0) = normal coneof LOC(C)

NCH (0) = normal coneof CH(C)

Prob. of successfulML decoding = Pr
£
µ 2 NCH (0)

¤

Prob. of successfulLP decoding = Pr
£
µ 2 NLOC (0)

¤



B. Performance for the BEC

² standard iterativ e decoding (sum-product; belief propagation) takes
a very simple form in the BEC: (e.g., Lub y et al., 2001)

While there exists at least one erased ( ¤) bit:

1. Find check node with exactly one erased bit nbr.

2. Set erased bit neighbor to the XORof other bit neighbors.

3. Repeat.

² success/failureis determined by presence/absenceof stopping sets
in the erasedbits (Di et al., 2002)

² for LP decoding, cost vector takesform µs =

8
>><

>>:

¡ 1 if ys = 1

1 if ys = 0

0 if ys erased

:

² stopping setscorrespond to cost vectors that lie outside the relaxed
normal coneNLOC (0)



Successful decoding in the BEC (I)
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0 ¤ ¤ 0 ¤ 0 0 0

1 2 2 1

While there exists at least one erased(¤) bit:

1. If possible,¯nd a check node with exactly one erased bit
neighbor.

2. Set erasedbit neighbor to the XOR of other bit neighbors.

3. Repeat.



Successful decoding in the BEC (I I)
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0 ¤ 0 0 ¤ 0 0 0

1 2 1 0

While there exists at least one erased(¤) bit:

1. If possible,¯nd a check node with exactly one erased bit
neighbor.

2. Set erasedbit neighbor to the XOR of other bit neighbors.

3. Repeat.



Successful decoding in the BEC (I I I)
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0 ¤ 0 0 0 0 0 0

1 1 0 0

While there exists at least one erased(¤) bit:

1. If possible,¯nd a check node with exactly one erased bit
neighbor.

2. Set erasedbit neighbor to the XOR of other bit neighbors.

3. Repeat.



Successful decoding in the BEC (IV)
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0 0 0 0 0 0 0 0

0 0 0 0

While there exists at least one erased(¤) bit:

1. If possible,¯nd a check node with exactly one erased bit
neighbor.

2. Set erasedbit neighbor to the XOR of other bit neighbors.

3. Repeat.



Unsuccessful decoding in the BEC (I)
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0 ¤ ¤ 0 ¤ 0 0 ¤

1 2 3 2

While there exists at least one erased(¤) bit:

1. If possible,¯nd a check node with exactly one erased bit
neighbor.

2. Set erasedbit neighbor to the XOR of other bit neighbors.

3. Repeat.



Unsuccessful decoding in the BEC (I I)
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0 0 ¤ 0 ¤ 0 0 ¤

0 1 3 2

While there exists at least one erased(¤) bit:

1. If possible,¯nd a check node with exactly one erased bit
neighbor.

2. Set erasedbit neighbor to the XOR of other bit neighbors.

3. Repeat.



Unsuccessful decoding in the BEC (I I I)
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0 0 ¤ 0 0 0 0 ¤

0 0 2 2

While there exists at least one erased(¤) bit:

1. If possible,¯nd a check node with exactly one erased bit
neighbor.

2. Set erasedbit neighbor to the XOR of other bit neighbors.

3. Repeat.



Unsuccessful decoding in the BEC (IV)
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0 0 ¤ 0 0 0 0 ¤

0 0 2 2

At this stage, the procedureterminates. The set of bits that
remain erasedS = f 3; 8g is a stopping set.

A stopping set S is a set of bits such that:

² every bit in S is erased

² every check that is adjacent to S has degreeat least two (with
respect to S)



LP decoding in the BEC

The performanceof the LP decoder in the BEC is completely
characterized by stopping sets:

Theorem:

(a) LP decoding succeedsin the BEC if and only the set of
erasuresdoesnot contain a stopping set.

(b) Therefore, the performanceof (¯rst-order) LP decoding is
equivalent to sum-product/b elief propagation decoding in the
BEC.

Corollary: With appropriate choicesof low-density parit y check
codes,LP decoding can achieve capacity in the BEC.



C. Guaran tees based on fractional distance

² the minimum distance of a code is given by

dmin = min
x;y 2 C; x 6= y

kx ¡ yk1

² for a linear code, this reducesto dmin = min
x 6=0

kxk1.

PSfrag replacements

x y

dmin

bdmin
2 c

Classical result: optimal maximum-likelihood decoding (ML) can
correct up to bdmin

2 c bit °ips (in the BSC).



Polytop e-based view of minim um distance

² classicalminimum distance is smallest `1 norm betweenvertices of
the codeword polytope CH(C)

² natural to de¯ne an analoguefor the relaxed polytope LOC(C)

PSfrag replacements ¹ int

LOC(C)

CH(C) ¹ f r ac

dmin
dfrac

² De¯nition: De¯ne the fractional distance dfrac to be the minimum
`1-distance betweenany pair of vertices of LOC(C).

² for a code-symmetric polytope and linear code, the fractional
distance is the `1 distance from 0n and the nearest pseudocodeword



Error-correction in terms of frac. distance

Theorem: (Feldman et al., IEEE Tran. IT, to appear)

(a) In the binary symmetric channel, the LP decoder will succeed
as long as no more than bdfrac

2 c bits are °ipp ed.

(b) For any factor graph with variable degree¢ v ¸ 3, check degree
¢ c ¸ 2 and girth g, the fractional distance satis¯es

dfrac ¸
2

¢ c
(¢ v ¡ 1)[ g

4 ¡ 1] :

Remarks:

1. Implies that LP decoding can correct ­( n° ) errors with ° · 1.

2. For regular codes, can be shown that this particular de¯nition of
fractional distance is at most n° with ° < 1. (Vontob el & Ko etter,

2004)



A more re¯ned notion

² for the BSC, cost vector ° s =

8
<

:
+1 if ys = 0

¡ 1 if ys = 1

² LP decoding makesan error if and only if there exists a
pseudocodeword ¹ 0 such that

X

s2 V

° s¹ 0
s · 0 = cost of all zerosword

² this requires °ipping a set T µ V of bits such that:
X

s2 V nT

¹ 0
s ¡

X

s2 T

¹ 0
s · 0

² minimum cardinalit y T is sameas 1
2 -fractional distance when

¹ s 2 f 0; 1g, but dramatically di®erent for pseudocodeword
¹ s 2 [0; 1]



D. Guaran tees for expander graph codes

² exploit graph expansion properties to obtain stronger results beyond girth

² previous work on expander codes (Spielman et al., 1995; Bursh tein & Miller,

2002; Barg & Zemor, 2002)
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jSj · ®jV j

jC(S)j ¸ ½jSj

² De¯nition: Let ® 2 (0; 1). A factor graph G = (V; C; E ) is a

(®; ½)-expander if for all subsetsS ½ V with jSj · ®jV j, at least ½jSj

check nodes are incident to S



LP decoding corrects a constan t fraction of errors

² let C be an LDPC described by a factor graph G with regular
variable (bit) degree¢ v .

Theorem: Suppose that G is an (®; ±¢ v )-expander, where
± > 2=3 + 1=(3¢ v ) and ±¢ v is an integer.
Then the LP decoder can correct at least 3±¡ 2

2±¡ 1 (®n ¡ 1) bit °ips
in the binary symmetric channel. (Feldman et al., ISIT 2004)

² idea of proof:

{ given a code-symmetric polytop e, can assumethat 0 was sent.

{ decoder works if and only if primal LP optim um p¤ = 0.

{ dual certi¯cate of optimalit y: use expansion to construct a
dual-optimal solution with cost q¤ = 0

² \dual certi¯cate" proof technique is more generally applicable
(e.g., capacity-achieving expander codes: Feldman & Stein, SODA 2005)



Dual certi¯cate pro of technique

Primal decoding LP:

min:
X

i

µi ¹ i s:t :

8
>>>>><

>>>>>:

wa;J ¸ 0
P

J 2 C(a)
wa;J = 1

P

J 2 C(a) ;J v =1
wa;J = ¹ v

Dual LP:

max:
X

a

va s:t :

8
>><

>>:

va8a 2 C; ¿ia 8(i; a) 2 E free
P

i 2 S ¿ia ¸ va for all a 2 C; J 2 C(a); S 2 C(a)
P

a2 N ( i ) ¿ia · µi for all i 2 V



x4. Bey ond the ¯rst-order relaxation:
Hierarc hies of LP decoders

In tuition: pseudocodewords can be \pruned" by adding
constraints.

² several natural ways to generateconstraints:

1. generating additional checks: redundant for the code, but
tighten the LP relaxation

2. other \lift-and-pro ject" methods (e.g., Lovasz & Schrijv er, 1990)

² similar in spirit to generalizedbelief propagation procedures
(Yedidia et al., 2002)

² desirableproperty: decoding performanceis guaranteed to
improve (or at least not degrade) for any channel



Illustration: Hamming code
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f A © B

(a) First-order relaxation (a) Higher-order relaxation

Key: Adding the additional check f A © B removes a subset of

pseudocodewords from the ¯rst-order relaxation.



A conjecture

Canonical full relaxation: add a local codeword polytope for every
possiblecheck (i.e., one for each dual codeword).

Illustration (Hamming code):

H 1 =

2

6
6
4

A : 1 1 1 1 0 0 0

B : 0 1 1 0 1 1 0

C : 0 0 1 1 0 1 1

3

7
7
5 H 2 =

2

6
6
4

A © B : 1 0 0 1 1 1 0

B © C : 0 1 0 1 1 0 1

A © C : 1 1 0 0 0 1 1

3

7
7
5

H 3 =
h
A © B © C : 1 0 1 0 1 0 1

i

Add a local codeword polytope constraint for each such check.

Conjecture: This relaxation provides an exact description
of the codeword polytope.



Higher-order pseudo codeword spectra
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Coun terexample: Dual of (7,4,3) Hamming code

² consider the dual C? of the (7; 4; 3)-Hamming code:
h
0 0 0 0 0 0 0

i h
1 1 1 1 0 0 0

i

h
0 1 1 0 1 1 0

i h
0 0 1 1 0 1 1

i

h
1 0 0 1 1 1 0

i h
0 1 0 1 1 0 1

i

h
1 1 0 0 0 1 1

i h
1 0 1 0 1 0 1

i

² can show that the point ¹ ¤ = ( 2
3 ; : : : ; 2

3 ) satis¯es all constraints
in the canonical full relaxation

² moreover, there holds

(¡ 1T )¹ ¤ = ¡
14
3

< ¡ 4 = min
x 2 C?

(¡ 1)T x

so that ¹ ¤ is a vertex (i.e, a pseudocodeword)



Sum-of-circuits prop ert y

² for a subclassof binary linear codes, the full metric relaxation
is exact

² basedon matroids with the \sum-of-circuits" property
(Seymour, 1981)

² the subclassis characterized by forbidding three particular
subcodesobtained via sequenceof

(a) code puncturing

(b) code shortening

² includes as special cases:

(a) all tree and trellis codes

(b) all cycle codes

(c) all cutset codes on planar graphs



Polynomial-time algorithms

² full relaxation involves imposing an exponential number of
constraints (a local polytope for each dual codeword)

² naively might expect that resulting LP not polynomial-time
solvable

² for sum-of-circuits codes, there exists a separation oracle for
canonical full relaxation =) ellipsoid algorithm is applicable
(Gro etschel et al., 1987)

² hence,binary linear codessatisfying sum-of-circuits are ML
decodable in polynomial time



Various open questions

² provides a considerably larger classof ML-decodable codes

(a) are any such codesuseful (in isolation)?

(b) which are useful in a concatenatedor turb o setting?

² multi-stage adaptive decoding methods

{ solve ¯rst-order relaxation

{ stop if ML correct; elsere¯ne set of constraints and re-solve

² other techniques for forming hierarchies: complexity versus
decoding performance



Summary

² LP relaxations for error-correcting decoding

² amenableto analysis in ¯nite-length setting

² provides someinsight into standard iterativ e methods

Op en directions:

1. beyond worst-case:average-caseperformanceanalysis

2. extremely fast methods for solving LP relaxations? (e.g.,
°ow-basedformulations; combinatorial algorithms)

3. stronger relaxations (e.g., semide¯nite) and performance
guarantees

4. study of trade-o®complexity of LP decoder and error
probabilit y
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