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Information-Theoretic Limits on Sparse
Signal Recovery: Dense versus Sparse
Measurement Matrices
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Abstract—We study the information-theoretic limits of exactly
recovering the support set of a sparse signal, using noisy projec-
tions defined by various classes of measurement matrices. Our
analysis is high-dimensional in nature, in which the number of
observations n, the ambient signal dimension p, and the signal
sparsity % are all allowed to tend to infinity in a general manner.
This paper makes two novel contributions. First, we provide
sharper necessary conditions for exact support recovery using
general (including non-Gaussian) dense measurement matrices.
Combined with previously known sufficient conditions, this result
yields sharp characterizations of when the optimal decoder can
recover a signal for various scalings of the signal sparsity & and
sample size n, including the important special case of linear spar-
sity (k = O(p)) using a linear scaling of observations (n = O(p)).
Our second contribution is to prove necessary conditions on the
number of observations n required for asymptotically reliable
recovery using a class of ~v-sparsified measurement matrices,
where the measurement sparsity parameter ~(n, p, k) € (0, 1] cor-
responds to the fraction of nonzero entries per row. Our analysis
allows general scaling of the quadruplet (n.p, k, ), and reveals
three different regimes, corresponding to whether measurement
sparsity has no asymptotic effect, a minor effect, or a dramatic
effect on the information-theoretic limits of the subset recovery
problem.

Index Terms—/{;-Relaxation, compressed sensing, Fano’s
method, high-dimensional statistical inference, information-the-
oretic bounds, sparse approximation, sparse random matrices,
sparsity recovery, subset selection, support recovery.

I. INTRODUCTION

PARSITY recovery refers to the problem of estimating the
support of a p-dimensional but k-sparse vector 3 € RP,
based on a set of n noisy linear observations. The sparsity
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recovery problem is of broad interest, arising in subset selec-
tion in regression [19], graphical model selection [18], group
testing, signal denoising [8], sparse approximation [20], and
compressive sensing [11], [7]. A large body of recent work
(e.g., [6]-[8], [11], [12], [18], [27], [28], and [30]) has analyzed
the performance of computationally tractable methods, in par-
ticular based on /; or other convex relaxations, for estimating
high-dimensional sparse signals. Such results have established
conditions, on signal sparsity and the choice of measurement
matrices, under which a given recovery method succeeds with
high probability.

Of complementary interest are the information-theoretic
limits of the sparsity recovery problem, which apply to the
performance of any procedure regardless of its computational
complexity. Such analysis has two purposes: first, to demon-
strate where known polynomial-time methods achieve the
information-theoretic bounds, and second, to reveal situations
in which current methods are sub-optimal. An interesting ques-
tion which arises in this context is the effect of the choice of
measurement matrix on the information-theoretic limits. As we
will see, the standard Gaussian measurement ensemble achieves
an optimal scaling of the number of observations required for
recovery. However, this choice produces highly dense matrices,
which may lead to prohibitively high computational complexity
and storage requirements.! In contrast, sparse measurement
matrices directly reduce encoding and storage costs, and can
also lead to fast decoding algorithms by exploiting problem
structure (see Section I-B for a brief overview of the growing
literature in this area). In addition, measurement sparsity can
be used to lower communication cost and latency in distributed
sensor network and streaming applications. On the other hand,
measurement sparsity can potentially reduce statistical effi-
ciency by requiring more observations to recover the signal.
Intuitively, the nonzeros in the signal may rarely align with
the nonzeros in a sparse measurement matrix.2 Therefore, an
important question is to characterize the trade-off between
measurement sparsity and statistical efficiency.

With this motivation, this paper makes two contributions.
First, we derive sharper necessary conditions for exact support
recovery, applicable to a general class of dense measurement
matrices (including non-Gaussian ensembles). In conjunction
with the sufficient conditions from previous work [29], this
analysis provides a sharp characterization of necessary and

IFor example, £; -recovery methods based on linear programming have com-
plexity O(p?) in the signal dimension p.

2Note, however, that misalignments between the measurements and the signal
still reveal some information about the locations of the nonzeros in the signal.
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sufficient conditions for various sparsity regimes. Our second
contribution is to address the effect of measurement sparsity,
meaning the fraction v € (0, 1] of nonzeros per row in the ma-
trices used to collect measurements. We derive lower bounds on
the number of observations required for exact sparsity recovery,
as a function of the signal dimension p, signal sparsity k, and
measurement sparsity «y. This analysis highlights a trade-off
between the statistical efficiency of a measurement ensemble
and the computational complexity associated with storing and
manipulating it.

The remainder of the paper is organized as follows. We
first define our problem formulation in Section I-A, and then
discuss our contributions and some connections to related work
in Section I-B. Section II provides precise statements of our
main results, as well as a discussion of their consequences.
Section III provides proofs of the necessary conditions for
various classes of measurement matrices, while proofs of more
technical lemmas are given in Appendices A—F. Finally, we
conclude and discuss open problems in Section I'V.

A. Problem Formulation

Let 8 € R? be a fixed but unknown vector, with the support
set of 3 defined as

S(B) = {i € {1,....p} | s #0}. 1)

We refer to k := |S(f)| as the signal sparsity, and p as the
signal dimension. Suppose we are given a vector of n noisy
observations Y € R”, of the form

Y =XB+W )

where X € R"*? is the known measurement matrix, and W ~
N (0, UQInxn) is additive Gaussian noise. Our goal is to per-
form exact recovery of the underlying sparsity pattern S(5),
which we refer to as the sparsity recovery problem. The focus of
this paper is to find conditions on the model parameters (n, p, k)
that are necessary for any method to successfully recover the
support set S(3). Our results apply to various classes of dense
and ~y-sparsified measurement matrices, which will be defined
in Section II.

1) Classes of Signals: The difficulty of sparsity recovery
from noisy measurements naturally depends on the minimum
value of (3 on its support, defined by the function

A* = min |G;]. 3
) in |5i] 3)
In this paper, we study the class of signals parameterized by a
lower bound A on the minimum value

Cok(N) = {B R |IS(B) = k,X°(8) 2 A} ()

The associated class of sparsity patterns C,, j, is the collection of
all N = (1]:) possible subsets of size k. We assume without loss
of generality that the noise variance o2 = 1, since any scaling
of ¢ can be accounted for in the scaling of 3.

2) Decoders and Error Criterion: Suppose that nature
chooses some vector [ from the signal class Cp (). The
statistician observes n samples Y = X3 + W € R"™ and tries
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to infer the underlying sparsity pattern S((3). The results of
this paper apply to arbitrary decoders. A decoder is a mapping
g : R™ — C, 1, from the observations Y to an estimated subset
S = g(Y). We measure the error between the estimate S and
the true support S(/3) using the {0,1}-valued loss function
I[g(Y) # S(B)], which corresponds to a standard model selec-
tion error criterion. The probability of incorrect subset selection
is then the associated 01 risk P[g(Y") # S | S(8) = S], where
the probability is taken over the measurement noise W and
the choice of random measurement matrix X. We define the
maximal probability of error over the class C, () as

w(g)i= max Plg(Y)£S|S(B)=5. )

B ecp,-k ()‘)
We say that sparsity recovery is asymptotically reliable over the
signal class Cp 1 (A) if w(g) — 0 as n — oo.

With this setup, our goal is to find necessary conditions on
the parameters (n, p, k, A, ~y) that any decoder, regardless of its
computational complexity, must satisfy for asymptotically reli-
able recovery to be possible. We are interested in lower bounds
on the number of measurements 7 in general settings where both
the signal sparsity k and the measurement sparsity -y are allowed
to scale with the signal dimension p.

B. Past Work and Our Contributions

One body of past work [14], [24], [1] has focused on the
information-theoretic limits of sparse estimation under ¢5 and
other distortion metrics, using power-based SNR measures of
the form

E [IIX8]13]

SNR := —b 2
E {|[W]13]

= [181l3- ©)
(Note that the second equality assumes that the noise variance
o2 = 1, and that the measurement matrix is standardized, with
each element X;; having zero mean and variance one). It is im-
portant to note that the power-based SNR (6), though appro-
priate for />-distortion, is not the key parameter for the support
recovery problem. Although the minimum value is related to this
power-based measure by the inequality kA% < SNR, for the en-
semble of signals C,, x () defined in (4), the /,-based SNR (6)
can be made arbitrarily large while still having one coefficient
[ equal to the minimum value (assuming that £ > 1). Conse-
quently, as our results show, it is possible to generate problem
instances for which support recovery is arbitrarily difficult—in
particular, by sending A — 0 at an arbitrarily rapid rate—even
as the power-based SNR (6) becomes arbitrarily large.

The paper [29] was the first to consider the information-the-
oretic limits of exact subset recovery using standard Gaussian
measurement ensembles, explicitly identifying the minimum
value A as the key parameter. This analysis yielded necessary
and sufficient conditions on general quadruples (n,p,k,\)
for asymptotically reliable recovery. Subsequent work on the
problem has yielded sharper conditions for standard Gaussian
ensembles [22], [3], [13], [2], and extended this type of analysis
to the criterion of partial support recovery [3], [22]. In this
paper (initially posted as [32]), we consider only exact support
recovery, but provide results for general dense measurement
ensembles, including non-Gaussian matrices. In conjunction
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with known sufficient conditions [29], one consequence of our
first main result (Theorem 1, below) is a set of sharp necessary
and sufficient conditions for the optimal decoder to recover the
support of a signal with linear sparsity (k = ©(p)), using only
a linear fraction of observations (n = ©(p)). As we discuss
at more length in Section II-A, for the special case of the
standard Gaussian ensemble, Theorem 1 also recovers some
results independently obtained in past work by Reeves [22],
and concurrent work by Fletcher et al. [13] and Aeron et al. [2].

In addition, this paper addresses the effect of measurement
sparsity, which we assess in terms of the fraction v € (0,1]
of nonzeros per row of the the measurement matrix X. In
the noiseless setting, a growing body of work has examined
computationally efficient recovery methods based on sparse
measurement matrices, including work inspired by expander
graphs and coding theory [25], [33], [4], as well as dimen-
sion-reducing embeddings and sketching [9], [15], [31]. In
addition, some results have been shown to be stable in the /5
or /1 norm in the presence of noise [9], [4]; note, however,
that ¢5/¢; stability does not guarantee exact recovery of the
support set. In the noisy setting, the paper [1] provides results
for sparse measurements and distortion-type error metrics
(using a power-based SNR), as opposed to the subset recovery
metric of interest here. For the noisy observation model (2),
some concurrent work [21] provides sufficient conditions for
support recovery using the Lasso (i.e., #1-constrained quadratic
programming) for appropriately sparsified ensembles. These
results can be viewed as complementary to the information-the-
oretic analysis of this paper, in which we characterize the
inherent trade-off between measurement sparsity and statis-
tical efficiency. More specifically, our second main result
(Theorem 2, below) provides necessary conditions for exact
support recovery using -y-sparsified Gaussian measurement
matrices [defined in (7)], for general scalings of the parameters
(n,p, k, A,v). This analysis reveals three regimes of interest,
corresponding to whether measurement sparsity has no asymp-
totic effect, a small effect, or a significant effect on the number
of measurements necessary for recovery. Thus, there exist
regimes in which measurement sparsity fundamentally alters
the ability of any method to decode.

II. MAIN RESULTS AND CONSEQUENCES

In this section, we state our main results, and discuss some
of their consequences. Our analysis applies to random ensem-
bles of measurement matrices X € R"™*P, where each entry
X;j is drawn i.i.d. from some underlying distribution. The most
commonly studied random ensemble is the standard Gaussian
case, in which each X;; ~ N(0,1). Note that this choice gen-
erates a highly dense measurement matrix X, with np nonzero
entries. Our first result (Theorem 1) applies to more general en-
sembles that satisfy the moment conditions E[X;;] = 0 and
var(X;;) = 1, which allows for a variety of non-Gaussian dis-
tributions (e.g., uniform, Bernoulli, etc.).3 In addition, we also

3In fact, our results can be further generalized to ensembles of matrices which

have independent rows drawn from any distribution with zero mean and covari-
ance matrix X (see Theorem 3 in Appendix F).
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derive results (Theorem 2) for y-sparsified matrices X, in which
each entry X;; is i.i.d. drawn according to

X

ij

_ N(Q%/), w.p. 7y
0,

w.p. 1l —1.

(N

Note that when v = 1, the distribution in (7) is exactly the stan-
dard Gaussian ensemble. We refer to the sparsification param-
etery € (0, 1] as the measurement sparsity. Our analysis allows
this parameter to vary as a function of (n,p, k).

A. Tighter Bounds on Dense Ensembles

We begin by stating a set of necessary conditions on
(n,p,k,\) for asymptotically reliable recovery with any
method, which apply to general ensembles of zero-mean and
unit-variance measurement matrices. In addition to the stan-
dard Gaussian ensemble (X;; ~ N(0,1)), this result also
covers matrices from other common ensembles (e.g., Bernoulli
X,; € {—1,41}). Furthermore, our analysis can be extended
to matrices with independent rows drawn from any distribution
with zero mean and covariance matrix . (see Appendix F).

Theorem 1 (General Ensembles): Let the measurement ma-
trix X € R™*P be drawn with i.i.d. elements from any distri-
bution with zero mean and unit variance. Then a necessary con-
dition for asymptotically reliable recovery over the signal class
Cp7 k ()\) is

n > max{fi(p,k,A),-.., fe(p,k,\), k} )
where
log (P7FF™) — 1
Fr(p, b, A) o= (" ") ©

Slog (14 ma? (1- 7))

form=1,... k.

The proof of Theorem 1, given in Section III, uses Fano’s
method [10], [16], [17], [34], [35] to bound the probability of
error in a restricted ensemble, which can then be viewed as a
type of channel coding problem. Moreover, the proof constructs
a family of restricted ensembles that sweeps the range of pos-
sible overlaps between subsets, and tries to capture the difficulty
of distinguishing between subsets at various distances.

We now consider some consequences of the necessary con-
ditions in Theorem 1 under two scalings of the signal sparsity:
the regime of linear signal sparsity, in which k/p = « for some
a € (0, 1), and the regime of sublinear signal sparsity, meaning
k/p — 0. In particular, the necessary conditions in Theorem 1
can be compared against the sufficient conditions in Wainwright
[29] for exact support recovery using the standard Gaussian en-
semble, as shown in Table 1. This comparison reveals that The-
orem 1 generalizes and strengthens earlier results on necessary
conditions for subset recovery [29]. We obtain tight scalings of
the necessary and sufficient conditions in the regime of linear
signal sparsity (meaning k/p = «), under various scalings of
the minimum value A (shown in the first three rows of Table I).
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TABLE I
TIGHT SCALINGS OF THE NECESSARY AND SUFFICIENT CONDITIONS ON THE NUMBER OF OBSERVATIONS 7
REQUIRED FOR EXACT SUPPORT RECOVERY ARE OBTAINED IN SEVERAL REGIMES OF INTEREST

Necessary conditions Sufficient conditions
(Theorem 1) (Wainwright [29])
k=06
N2 @((p_l)) ©(plogp) ©(plogp)
= %
k= ©(p)
A2 = G(M) @(p) @(P)
= k
k=06(p
A2 = @((1)) O(p) O(p)
k= o) O(klog(p — k) O(klog(p — k)
)\2:@(%) og(p — ogl\p —
k =o(p) klog 2 klog(p—k
o on, | mex{o (k) o (B} | o (k)
k = o(p) klog 2
X2 = 6(1) ma.x{@( logk’“>,®(k)} © (klog )

We also obtain tight scaling conditions in the regime of sub-
linear signal sparsity (in which k/p — 0), when kA? = ©(1) (as
shown in row 4 of Table I). There remains a slight gap, however,
in the sublinear sparsity regime when kA2 — oo (see bottom
two rows in Table I).

In the regime of linear sparsity, Wainwright [29] showed,
by direct analysis of the optimal decoder, that the scaling
A2 = Q(log(k)/k) is sufficient for exact support recovery
using a linear fraction n = O(p) of observations. Combined
with the necessary condition in Theorem 1, we obtain the
following corollary that provides a sharp characterization of
the linear-linear regime.

Corollary 1: Consider the regime of linear sparsity, meaning
that k/p = « € (0,1), and suppose that a linear fraction n =
O(p) of observations are made. Then the optimal decoder can
recover the support exactly if and only if A2 = Q(log k/k).

Theorem 1 has some consequences related to results proved
in recent and concurrent work. Reeves and Gastpar [22] have
shown that in the regime of linear sparsity k/p = o > 0, and for
standard Gaussian measurements, if any decoder is given only
a linear fraction sample size (meaning that n = ©(p)), then one
must have kA% — 400 in order to recover the support exactly.
This result is one corollary of Theorem 1, since if \> = ©(1/k),
then we have

log(p—k+1)—1
%log(l + O(1/k))

= Q(klog(p — k)) > O(p)

so that the scaling n = ©(p) is precluded. In concurrent work,

Fletcher et al. [13] used direct methods to show that for the

special case of the standard Gaussian ensemble, the number of

log(p—k)
A2

observations must satisfy n > ) ( ) The qualitative

form of this bound follows from our lower bound fi(p, k, A),
which holds for standard Gaussian ensembles as well as more
general (non-Gaussian) ensembles. However, we note that the
direct methods used by Fletcher et al. [13] yield better control
of the constant prefactors for the standard Gaussian ensemble.
Similarly, concurrent work by Aeron et al. [2] showed that in
the regime of linear sparsity (i.e., k = ©(p)) and for standard

Gaussian measurements, the number of observations must sat-
isfyn > Q 10/\%) This result also follows as a consequence
of our lower bound f1(p, k, A).

The results in Theorem 1 can also be compared to an intuitive
bound based on classical channel capacity results, as pointed out
previously by various researchers (e.g., [24] and [3]). Consider
a restricted problem, in which the values associated with each
possible sparsity pattern on 3 are fixed and known at the de-
coder. Then support recovery can be viewed as a type of channel
coding problem, in which the N = (ﬁ) possible support sets of
[ correspond to messages to be sent over a Gaussian channel.
Suppose each support set S is encoded as the codeword X 3,
where X has 1,i.d. Gaussian entries. The effective code rate is

then R = logT’“, and by standard Gaussian channel capacity
results, we have the lower bound
log (7)

7 Tog (1 + 1618) o
This bound is tight for £ = 1 and Gaussian measurements, but
loose in general. As Theorem 1 clarifies, there are additional ele-
ments in the support recovery problem that distinguish it from a
standard Gaussian coding problem: first, the signal power || 3|3
does not capture the inherent problem difficulty for £ > 1, and
second, there is overlap between support sets for & > 1. Note
that || 8|3 > kA? (with equality in the case when |3;| = A forall
indices 5 € 5), so that Theorem 1 is strictly tighter than the in-
tuitive bound (10). Moreover, by fixing the value of 5 at (k — 1)
indices to A and allowing the last component of [ to tend to in-
finity, we can drive the power || 3||3 to infinity, while still having
a non-trivial lower bound in Theorem 1.

B. Effect of Measurement Sparsity

We now turn to the effect of measurement sparsity on subset
recovery, considering in particular the y-sparsified ensemble
(7). Since each X;; has zero mean and unit variance for all
choices of y by construction, Theorem 1 applies to the y-sparsi-
fied Gaussian ensemble (7); however, it yields necessary condi-
tions that are independent of . Intuitively, it is clear that the pro-
cedure of y-sparsification should cause deterioration in support
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Fundamental limits of sparsity in three regimes

Rate

yk—>0\

0 0.5

tos (7)

Fig. 1. Rate R =

1 1.5
Signal dimension p

2 25
x10°

, defined as the logarithm of the number of possible subsets the decoder can reliably estimate based on n observations, is plotted using

(12) in three regimes, &épending on how the quantity vk scales. In particular, vk corresponds to the average number of nonzeros in 3 that align with the nonzeros

in each row of the measurement matrix.

recovery. Indeed, the following result provides more refined
bounds that capture the effects of y-sparsification. We first state
a set of necessary conditions on (n,p, k, A, y) in general form,
and subsequently bound these conditions in different regimes of
sparsity. Let ¢ (1, %) denote the Gaussian density with mean g
and variance o2, and define the family of mixture distributions

{¥m b
(”Z)%(l - (0, 1+ ?) :

Furthermore, let ~(-) denote the differential entropy functional.
With this notation, we have the following result.

(11)

Theorem 2 (Sparse Ensembles): Let the measurement matrix
X € R™*P be drawn with i.i.d. elements from the y-sparsified
Gaussian ensemble (7). Then a necessary condition for asymp-
totically reliable recovery over the signal class C,, () is

n > max{gl(p7k7)‘77)7'"7gk(p7k7)‘77)7k} (12)

where
log ("pF™) -

() — 5 log(2me)

gm(ps ks ) = (13)
form=1,... k.

The proof of Theorem 2, given in Section III, again uses
Fano’s inequality, but explicitly analyzes the effect of measure-
ment sparsification on the entropy of the observations. The nec-
essary condition in Theorem 2 is plotted in Fig. 1, showing dis-
tinct regimes of behavior depending on how the quantity vk
scales, where v € (0, 1] is the measurement sparsification pa-
rameter and k is the signal sparsity index. In order to char-
acterize the regimes in which measurement sparsity begins to
degrade the recovery performance of any decoder, Corollary 2

below further bounds the necessary conditions in Theorem 2 in
three cases.

Corollary 2 (Three Regimes): For any scalar v, let Hpinary (7)
denote the entropy of a Bernoulli(y) variate. The necessary
conditions in Theorem 2 can be simplified as follows.

(a) If ym — oo, then

log (*,"™) -

m 7k7/\7 Z —
gm (P ”) 1log (14 mA?)

(14a)

(b) If ym = 7 for some constant 7, then
log ("™ —
i7log (1+ mTAZ) +C

gm (P kA, ) > (14b)

where C' = 1 log (2me (7 + {5)) is a constant.
(c) If ym — 0, then

p—k+m) -1

m

log (
%r}/m log (1 =+ )\72) + meinary(’Y)

m (D kA y) > . (14¢)

Corollary 2 reveals three regimes of behavior, defined by the
scaling of the measurement sparsity y and the signal sparsity k.
Intuitively, vk is the average number of nonzeros in g that align
with the nonzeros in each row of the measurement matrix. If
vk — o0 as p — oo, then the recovery threshold (14a) is of the
same order as the threshold for dense measurement ensembles.
In this regime, sparsifying the measurement ensemble has no
asymptotic effect on performance. In sharp contrast, if v& — 0
sufficiently fast as p — oo, then the denominator in (14c) goes
to zero, and the recovery threshold changes fundamentally com-
pared to the dense case. Hence, the number of measurements
that any decoder needs in order to reliably recover increases
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TABLE II
NECESSARY CONDITIONS ON THE NUMBER OF OBSERVATIONS 7 REQUIRED FOR EXACT SUPPORT
RECOVERY IS SHOWN IN DIFFERENT REGIMES OF THE PARAMETERS (p, k, A, ¥)

Necessary conditions
k= k=0
(Theorem 2) o(p) ()
A2 = 6(%) klog(p—Fk) plogp
= o(+1+) © vk log L © vplog L
7= %Togk g v
N =0(x
N (1'“) O(klog(p — k)) O(plogp)
¥ = U gogw)
A2 = @(%) klog(p—Fk) plogp
o1y O Thosl O (Fiox T
Y= kllogllcc 5 ~
3 = (k)
O(klog(p — k O(plogp
ot (klog(p — k) (plogp)
2 1 gk
A2 = 9(2£=5) klog 2 klog(p—k
-0 f max {@ (log logkk:> ,© ( Oligplc ))} O(p)
v=0(%)

dramatically in this regime. Finally, if vk = ©(1), then the re-
covery threshold (14b) transitions between the two extremes.
Using the bounds in Corollary 2, the necessary conditions in
Theorem 2 are shown in Table II under different scalings of the

parameters (1, p, k, A, 7). In particular, if v = o ( and

1
klog k
the minimum value A? does not increase with k, then the de-

nominator vk log % goes to zero.

III. PROOFS OF OUR MAIN RESULTS

In this section, we provide the proofs of Theorems 1 and 2.
Establishing necessary conditions for exact sparsity recovery
amounts to finding conditions on (n,p, k, ) (and possibly )
under which the probability of error of any recovery method
stays bounded away from zero as n — oo. At a high-level,
our general approach is quite simple: we consider restricted
problems in which the decoder has been given some additional
side information, and then apply Fano’s method [10], [16],
[17], [35], [34] to lower bound the probability of error. In
order to establish the collection of necessary conditions (e.g.,
{filp, k. A), ..., fu(p,k,\)}), we construct a family of re-
stricted ensembles which sweeps the range of possible overlaps
between support sets. At the extremes of this family are two
classes of ensembles: one which captures the bulk effect of
having many competing subsets at large distances, and the other
which captures the effect of a smaller number of subsets at very
close distances [this is illustrated in Fig. 2(a)]. Accordingly, we

{Cp—k+m,m(/\)}m:1 k’
where the mth restricted ensemble is defined as follows.

Throughout the remainder of the paper, we use the notation
X; € R™ to denote column j of the matrix X, and Xyy €
R"™*IYI to denote the submatrix containing columns indexed by
set U. Similarly, let 3y € RIYI denote the subvector of 3 corre-
sponding to the index set U. In addition, let H(-) and k(+) denote
the entropy and differential entropy functionals, respectively.

consider the family of ensembles

A. Restricted Ensemble CNP,ker,m()\)

Suppose that the decoder is given the locations of all but the m
smallest nonzero values of the vector 3, as well as the values of

[ on its support. More precisely, let S represent the true under-
lying support of (3 and let 7" denote the set of revealed indices,
which has size |T| = k — m. Let U = S\ T denote the set
of unknown locations, and assume that 3; = A forall j € U.
Given knowledge of (7', B, ), the decoder may simply sub-
tract Xpfr = } ;cp X;f3; from Y, so that it is left with the
modified n-vector of observations

Y=Y XA+ W (15)

JEU

By re-ordering indices as need be, we may assume without loss
of generality that T = {p —k+m +1,...,p},sothat U C
{1,...,p—k+m}. The remaining sub-problem is to determine,
given the observations Y, the locations of the m nonzeros in U .4

We will now argue that analyzing the probability of error of
this restricted problem gives us a lower bound on the probability
of error in the original problem. Consider the restricted signal
class Cp_g4m,m(A) defined as

Cp—ttmm(A) = {5 € RP=H [U(B)] = m

Bi=A weU(ﬁ)} (16)

where we denote the support set of vector 3 as U (B)
{j | B; # 0}. For any 8 € Cp—k+m,m (), we can concatenate

B with a vector v of k —m nonzeros (with min; |v;| > ) at the
end to obtain a p-dimensional vector. If a decoder can recover
the support of any p-dimensional k-sparse vector 3 € Cp, x(A),
then it can recover the support of the augmented 3 and, hence,
the support of 3. Furthermore, providing the decoder with
the nonzero values of [ cannot increase the probability of
error. Thus, we can apply Fano’s inequality to lower bound the

4Note that if we assume the support of 3 is uniformly chosen over all (?)
possible subsets of size k, then given T, the remaining subset U is uniformly
distributed over the (?~**™) possible subsets of size .
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p—k+1

k(p — k)

Nubsets

(D

p—k+1

(b)

Fig. 2 Illustratlon of restricted ensembles. (a) In restricted ensemble C, ».1{A), the decoder must distinguish between ( ) support sets with an average overlap of

size £, whereas in restricted ensemble C,, 41,1 (A), it must decode amongst a subset of the k(p —

k) + 1 supports with overlap k — 1. (b) In restricted ensemble

Cp A+1,1(/\) the decoder is given the locations of the &k — 1 largest nonzeros, and it must estimate the location of the smallest nonzero from the p — k + 1

remaining possible indices.

probability of error in the restricted problem, and so obtain a
lower bound on the probability of error for the general problem.

B. Applying Fano to Restricted Ensembles
Consider the class of signals C~p_k+m7m()\) defined in (16),

which consists of M = (P75} models {3(1)7 __.7/}7(1\1)}
corresponding to the M possible subsets U C {1,...,p —

k + m} of size k. Suppose that a model index 6 is chosen uni-
formly at random from {1,..., M}, and we sample n observa-
tions Y € R™ via the measurement matrix X € R"*@—k+m)

For any decoding function f : R® — {1,..., M}, the average
probability of error is defined as

Il

while the maximal probability of error over the class
Cp—ktm,m(A) is defined as

w(f) = max P [f(f/) ¢i|0:z}.

1=

perr Z|0—Zi|

yeees

We first apply Fano’s lemma [10] to bound the error probability
over Cp—k+m,m(A) for a particular instance of the random
measurement matrix X, and subsequently average over the
ensemble of matrices. Thus, by Fano’s inequality, the average
probability of error and hence the maximal probability of error,
is lower bounded as

H(H‘EN/,)N()

log M

—1:1_1(9;17’)?)+1

log M

Perr(f) > - (A7)
Consequently, the problem of establishing necessary con-
ditions for asymptotically reliable recovery is reduced to
obtaininf uﬁper bounds on the conditional mutual information

I (0;17 X).
C. Proof of Theorem 1

In this section, we derive the necessary conditions stated
in Theorem 1 for the general class of measurement matrices,
by applying Fano’s inequality to bound the probability of

decoding error in each of the k restricted ensembles in the
family {gcp crmm(N}

We begin by performing our analysis of the error prob-
ability over Cp_gimm(A) for any m € {1,...,k}. Let
X e R"*@=k+m) pe g matrix with 1ndependent zero-mean
and unit-variance entries. Conditioned on the event that U is
the true underlying support of (3, the vector of n observations
can be written as

}N/:)N(UEU—FW:)\Z)N(]—FW
JjEU

Accordingly, the conditional mutual information in (17) can be

expanded as
I(a;?‘f{) :h(f/‘)?) —h(?’f),)?)
—h (?‘ )?) — h(W).

We bound the first term using the fact that the differential en-
tropy of the observation vector Y for a particular instance of
matrix X is maximized by the Gaussian distribution with a
matched variance. More specifically, for a fixed X, the distri-

bution of Y is a Gaussian mixture with density v (y|)N( >
(Gia)] 1 D) Sud ()?UﬁU, I) , where we are using ¢ to denote the

densny of a Gaussian random vector with mean X, v Py and co-
variance I. Let A (X ) denote the covariance matrix of Y con-

ditioned on X (hence, entry A;; ()~( ) on the diagonal represents

the variance of Y; given X ). With this notation, the entropy as-
sociated with the marginal densny »(yi |X ) is upper bounded by

5 10g (27re Ay (X)) When X is randomly chosen, the condi-

tional entropy of Y given X (averaged over the choice of X )
can be bounded as
¥)

n(7]%) < gh(ff,
< ZEX 3105 (2renss (X))
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The conditional entropy can be further bounded by exploiting
the concavity of the logarithm and applying Jensen’s inequality,

(7)) < 3 o (me £ [0 (9)]).

Next, the entropy of the Gaussian noise vector W~
N(0, Ixn) can be computed as h(W) = % log(2me). Com-
bining these two terms, we then obtain the following bound on
the conditional mutual information:

1 (7]%) £ 3 o 5 [ (7).

It remains to compute the expectation E< [Au‘ ()? )}, over

the ensemble of matrices X drawn with i.i.d. entries from any
distribution with zero mean and unit variance. The proof of the
following lemma involves some relatively straightforward but
lengthy calculation, and is given in Appendix A.

Lemma I: Giveni.i.d. Xz ; with zero mean and unit variance,
the averaged covariance matrix of Y given X is

Ex [A (f()} = (1 +mA? (1 - ﬁ)) wxn. (18)

Finally, combining Lemma 1 with equation (17), we obtain
that the average probability of error is bounded away from zero
if

log (" J,™) — 1

n <
Liog (1+ma? (1- =7 )

as claimed.

D. Proof of Theorem 2

This section contains proofs of the necessary conditions in
Theorem 2 for the y-sparsified Gaussian measurement ensemble
(7). We proceed as before, applying Fano’s inequality to each

{pcp b}

restricted class in the famlly ,in order
k

.....

In analyzing the probability of error over Cp k+m,m()\), the
initial steps proceed as in the proof of Theorem 1, by expanding
the conditional mutual information in equation (17) as

1(9;17‘5() :h(f/‘f() — (W)
th(ff,

=\
X) -5 log(2me)

using the Gaussian entropy for W ~ N(0, I, xx)-
From this point, the key subproblem is to compute the con-
ditional entropy of Y; = A ZJ,GU @ Xij + W;, when the sup-

port of ,[7 is uniformly chosen over all (p k+m) possible subsets

of size m. To characterize the limiting behavior of the random

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 56, NO. 6, JUNE 2010

variable }N/i, note that for a fixed matrix X , each }N/, is distributed
according to the density defined as

P (%|)~() = G

1 1
k+m) ; \/ﬁ

1 ~
X exp —5 ’l/z—)\ZX”
jeu

This density is a mixture of Gaussians with unit variances and
means that depend on the values of {X;i,..., Xip—k4m) }»
summed over subsets U C {1,...,p — k +m} with |U| =m.
At a high-level, our immediate goal is to characterize the
entropy h(¢m).

Note that as X varies over the sparse ensemble (7), the se-
quence {d}m (y7| )?)} ,
is actually a sequence of random densities. As an intermediate
step, the following lemma characterizes the average pointwise
behavior of this random sequence of densities, and is proven in
Appendix B.

indexed by the signal dimension p,

Lemma 2: Let X be drawn with iid. entries from the
-sparsified Gaussian ensemble (7). For any fixed y; and m,

Ex [V’m (yi|)~()} = ,,(y;), where

1 vi
exp | —————~
or (14 L2 2 (1 + W)
U ( + 7 ) ¥
19)
is a mixture of Gaussians with binomial weights L ~
Binomial(m, 7).

For certain scalings, we can use concentration results for
U -statistics [26] to prove that v),,, converges uniformly to 1),,,
and from there that (1), ) = h(1,,). In general, however,
we always have an upper bound, which is sufficient for our
purposes. Indeed, since differential entropy h(1),,) is a concave
function of v,,,, by Jensen’s inequality and Lemma 2, we have

(i) =EL

Exh(dm)] < (Exlm]) = h(B,,).

With these ingredients, we conclude that the conditional mu-
tual information in (17) is upper bounded by

I(e;?\i)gih(fq

n
= Z E<[h(¢m)] — B log(2me)

=\ n
X) -3 log(2me)

3 \

< nh@ )= 3 = log(2me)

where the last inequality uses the fact that the entropies h(¢,,)
associated with the densities 1,,(y;) are the same for all 4.
Therefore, the probability of decoding error, averaged over the
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sparsified Gaussian measurement ensemble, is bounded away
from zero if

log (") — 1
H(t),,) — 3 log(2me)

n <

as claimed.

E. Proof of Corollary 2

In this section, we derive bounds on the necessary conditions
gm(p, k, A,v) form = 1,..., k, which are stated in Theorem 2.
We begin by applying a simple yet general bound on the entropy
of the Gaussian mixture distribution with density 1),,, defined in
(11). The variance associated with the density 1,,, is equal to
02, =14 mA?, and so h(1),,) is bounded by the entropy of a
Gaussian distribution with variance o2, as

hp,) < %log(%re(l +mA?)).

This yields the first set of bounds in (14a).

Next, to derive more refined bounds which capture the ef-
fects of measurement sparsity, we will make use of the following
lemma (which is proven in Appendix C) to bound the entropy
associated with the mixture density 1, .

Lemma 3: For the Gaussian mixture distribution with density

¥, defined in (11)

h(%,,) <Er [% log <1 + LT)P)} + H(L) + %10g(27re)

where L ~ Binomial(m, 7).
We can further bound the expression in Lemma 3 in three

cases, delineated by the quantity ym. The proof of the following
claim in given in Appendix D.

Lemma 4: Let E = E [% log (1 + L—f)}, where L ~
Binomial(rm, ).
(a) If ym > 3, then

1
E< 3 log (1 +mA?) and (20a)

1 mA2
E>-1 1+——. 2
2 7 log < +t3 ) (20b)
(b) If ym = 7 for some constant 7, then
1 A?
E<=7log (1 + 0 > and (21a)
2 T
1 A2
E>-(1-e)log <1+ m—) (21b)
2 T
(c) If ym < 1, then
1 A2
E < i'ym log({1+ — ) and (22a)
Y
1 A2
E>—-ymlog|(1+—|. (22b)
4 Y
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Finally, combining Lemmas 3 and 4 with some simple
bounds on the entropy of the binomial variate L (summarized
in Lemmas 5 and 6 in Appendix E), we obtain the bounds on
gm(p, k, A,~y) in (14b) and (14c).

IV. DISCUSSION

In this paper, we have studied the information-theoretic limits
of exact support recovery for general scalings of the parame-
ters (n, p, k, A, 7). Our first result (Theorem 1) applies gener-
ally to measurement matrices with zero-mean and unit-variance
entries. It strengthens previously known bounds, and combined
with known sufficient conditions [29], yields a sharp character-
ization of recovering signals with linear sparsity with a linear
fraction of observations (Corollary 1). Our second result (The-
orem 2) applies to y-sparsified Gaussian measurement ensem-
bles, and reveals three different regimes of measurement spar-
sity, depending on how significantly they impair statistical effi-
ciency. For linear signal sparsity, Theorem 2 is not a sharp re-
sult (by a constant factor in comparison to Theorem 1 in the
dense case); however, its tightness for sublinear signal sparsity
is an interesting open problem. Finally, Theorem 1 implies that
no measurement ensemble with zero-mean and unit-variance
entries can further reduce the number of observations neces-
sary for recovery, while the paper [29] shows that the standard
Gaussian ensemble can achieve the same scaling. This raises an
interesting open question on the design of other, more computa-
tionally friendly, measurement matrices which achieve the same
information-theoretic bounds.

APPENDIX

A) Proof of Lemma 1: We begin by defining some ad-
ditional notation. Recall that for a given instance of the ma-
trix X, the observation vector Y has a Gaussian mixture distri-
bution with density 1) (y| )~(> = ﬁZU ¢ ()?UEU,I),
where ¢ denotes the Gaussian density with mean X U ﬁU and
covariance I. Let i ()?) =E [)N/‘ )q € R™ and A ()?)

|~ ~ AT
E [YYT’ X} —u (X)u (X) € R™ "™ be the mean vector
and covariance matrix of Y given X , respectively. Accordingly,
we have

o (5) = ety X

and
£[777|] - > (Xudo) (Rufs) +1.

[k

m

With this notation, we can now compute the expectation of the
covariance matrix [E(, [A (X )} , averaged over any distribution
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on X with independent, zero-mean and unit-variance entries. To
compute the first term, we have

e [F (777 9] = e T

U

P Y R

i#J'GU

(p k+m) ZZI+I

m U jeU
=(1+m\?) I

S RT

JEU

+1

where the second equality uses the fact that E [X' j )N(JT} =1,
and E¢ [)N(Z)N(JT} = 0 for ¢z # 7. Next, we compute the second

term as
2

,T+Z 3 ;?;?T]
UV1€(L]¥]J€V

(X)) =
LZ gl
:<@ﬁm>
(o)

From here, note that there are ( possible subsets U of
size . For each U, a counting argument reveals that there are
("7) (%) subsets V' of size m which have |U N V| = § over-

m—6
laps with U. Thus, the scalar multiplicative factor above can be

written as

(i) - () (20

Finally, using a substitution of variables (by setting 6’ = § — 1)
and applying Vandermonde’s identity [23], we have

Qpﬁm) 2
_ (”_iﬁm;;o <m_1> <m]i_5/k_ 1)

m2\2
T p—k+tm

Z 21

U,V jeunVv

2

S lunvi|I

UV

)

Combining these terms, we conclude that

= [A (}?)} = <1+m)\2 <1— ﬁ))[
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B) Proof of Lemma 2: Consider the following sequences
of densities:

Ym (y7|)?) =

1 1
X;mexp —3 yl—/\ZX”

JjeEU

1 y?

o P\ T )
or (14 £22) 2(1+22)

where I ~ Binomial(m,~). Our goal is to show that for
any fixed y;, the pointwise average of the stochastic sequence
of densities 1),,, over the ensemble of matrices X satisfies

Ez |:"7Z}m (yi|X>:| = P (93)-

By symmetry of the random measurement matrix X ,
it is sufficient to compute this expectation for the subset
U = {1,...,m}. When each X,; is iid. drawn ac-
cording to the +y-sparsified ensemble (7), the random vari-
able 7 = (= A7, Kij)
distribution which can be described as follows. Denoting the
mixture label by L, then Z ~ N (y” %) if L = ¢, for
{ = 0,...,m. Moreover, define t2he modified random variable
7 = s (y, -, )N(,]) . Then, conditioned on the
mixture label L. = £, the random variable Z has a noncentral
chi)—square distribution with 1 degree of freedom and parameter
e, Letting M,(t) = E [exp(tZ) | L= 4 denote the /th

moment-generating function of Z, we have

has a Gaussian mixture

2
1 1 LA
Ev |——exp | == | =2 X;,
X /27‘_ p 2 y J; J
1
= Ny V/ N
> (-

Evaluating the moment generating function [5] of a noncentral
chi-square random variable then gives the desired quantity

Ex [wm (y|§)}

=Ep

) P(L=10).

1 y?

exp | —————
L2
2 (1 + T)
as claimed.

L)?
2w (1 + T)

C) Proof of Lemma 3: Let Z be a random variable dis-
tributed according to the density (19) with mixture label L ~
Binomial(mn, 7). To compute the entropy of Z, we expand the
mutual information I(Z; L) and obtain

h(Z) = h(Z|L) + H(L) — H(L|Z).
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The conditional distribution of Z given that L. = / is Gaussian,
and so the conditional entropy of Z given L can be written as

e (50)))

Using the fact that 0 < H(L|Z) < H(L), we obtain the upper
and lower bounds on h(Z)

hZ|L) = EyL

WZIL) < W(Z) < h(ZIL) + H(L)

as claimed.

D) Proof of Lemma 4: Let E .= Ep, [% log (1 + LTAQ)} ,
where L ~ Binomial(m,~). We first derive a general upper
bound on £ and then show that this bound is reasonably tight in
the case when ym < 1. We can rewrite the binomial probability

as
m _
p(f) =(£>7[(1—v)’" ‘
ym (m =1\ , 4 m—~
== 1—
£<£_1>w (1=2)
and hence
m Jo 1—}—%)
1 g( o’ m—1 ¢
E=_ _ 7 1 -yt
27mZ=1 7 <£_1>7 (1=2)

Taking the first two terms of the binomial expansion of

2 g . .
(1 + ’\7) and noting that all the terms are non-negative, we
obtain the inequality

o\ ¢
(1+3)
v

and consequently log (1 + %)

X2
> 1+ —
gl

> 41og (1+

change of variables (by setting #/ = ¢ — 1) and applying the
binomial theorem, we obtain the upper bound
—ym 0
=357 g

A2\ (m—1\ ,_ i
(1+2) (12
=1
1 A2\ 1\ L
§7mlog(1+ ) ( )7/ (1—y)m=t
=0

1 ( ,\2)
—ymlog {1+ — ).
2 g

In the case when ym < 1, we can derive a similar lower
bound by first bounding F as
> p(b)

1 2
E > —log 1—1—)\—
2 "=

:%mg <1+ %) (I=(@=7").

%) . Using a
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Now using the fact that 1 + x < e forallx € R, and e™ <
1 — § for z € [0,1], we have

1 2
E > —log (1—1— A—) (I—e77)
v

<i’110g( +%) (.

This yields the upper and lower bounds in (22).

Next, we examine the case when ym = 7 for some constant
7. The derivation of the upper bound for the ym < 1 case holds
when ym = 7 as well. The proof of the lower bound follows the
same steps as in the ym < 1 case, except that we stop before
applying the last inequality (a). This gives the bounds in (21).

Finally, we derive bounds in the case when ym > 3. Since
the mean of a L ~ Binomial(m, ) random variable is ym, by
Jensen’s inequality the following upper bound always holds:

1 L2 1
Er [—log <1+ —ﬂ < =lo
2 g

To derive a matching lower bound, we use the fact that the
median of a Binomial(m, ) distribution is one of {|ym]| —
1, |ym], [ym] + 1}. This allows us to bound

g(1 +mA?).

N}

Ez% ZZ: 1og< +$>p(€)
z% ( Lva—l) >Z_L%_1p(£)
Zi (1+m—)‘2>

where in the last step we used the fact that (am]-1)X*

X R
M > mA for ym > 3, and Y, . p(l) >

Thus we obtain the bounds in (20).
E) Bounds on Binomial Entropy:

NI=V

Lemma 5: Let L ~ Binomial(m, ), then

H(L) < %log <27re <m'y(1 -7+ 11—2>> :

Proof: We immediately obtain this bound by applying the
differential entropy bound on discrete entropy [10]. As detailed
in [10], the proof follows by relating the entropy of the discrete
random variable L to the differential entropy of a particular con-
tinuous random variable, and then upper bounding the latter by
the entropy of a Gaussian random variable. [ |

Lemma 6: The entropy of a binomial random variable L ~
Binomial(m, v) is bounded by

H(L) < meinary(7)~
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Proof: We can express the binomial variate as

L = Y".,Z, where Z; ~ Bernoulli(y) iid. Since

H(g(Zv,...,Zm)) < H(Z1,...,Zm), we have

= meinary (’Y) -

Lemma7: Ify=o (
m — 0.

Proof: To find the limit of memary (v) = my log +
m(1l — v)log ﬁ, let v = f( for some function f, and
assume that f(m) = w(logm). We can expand the first term as

), then m Hpinary (7) — 0 as

1
m logm

log f(m)
f(m)

logm

f(m)

my 1og§ log(m.f (m)) =

.f( )

and so lim,,, .o, M7y log% = 0. The second term can also be

expanded as

—m(1—7)log(1 — 7)1 )
= -mios (1= 27 ) + g s (1= )

:—10g<1—

Since f(m

) — oo as m — oo, we have the limits

1 m
lim (11— —— =1 and
m—00 < mf (m))

lim <1 — ;> =1
m—oo mf(m))

which in turn imply that

1 m
lim log|{1— ——— =0 and
oo g( mf(m)>

gy e (1= )
|

F) Generalized Measurement Ensembles: In this section,
we extend the necessary conditions in Theorem 1 to a gen-
eralized class of measurement matrices by relaxing the i.i.d.
assumption. The proof of Theorem 3 below exactly mirrors
that of Theorem 1, and is omitted. The key modification occurs
when constructing the restricted ensembles, because the choice
of columns to be removed from the matrix X affects the distri-
bution of the observations. The proof of Lemma 1 can then be
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easily extended to the generalized measurement ensemble. In
order to state the result, we define the functions

m(p,k7)‘) = Tgr{lﬂnp} L4+ = p k-l—m Z Z ZL]
|T|=p—k+m UCT i,j€U
|Ul=m
\ 2
(GEE)] YD T @)
m UVCT €U
UIEVI=m j€V
form € {1,...,k}, which sums over all possible subsets of

size m of the covariance matrix Y.

Theorem 3: Let each row of the measurement matrix X €
R™*P be drawn i.i.d. from any distribution with zero mean and
covariance matrix >. Then a necessary condition for asymptot-

ically reliable recovery over the signal class C,, 1 () is
n>max{fl(p,k,)\),...,fk(p,k,)\),k} (24)
where
- log (P7F+m) —
Pl X) = 12l ) (25)

2 log(am(p, k, N))

form =1,...,k.
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