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he pioneering work of Shannon provides fundamental bounds on the
rate limitations of communicating information reliably over noisy
channels (the channel coding problem), as well as the compressibility
of data subject to distortion constraints (the lossy source coding prob-
lem). However, Shannon’s theory is nonconstructive in that it only

Sparse graph codes

and message_paSSIng establishes the existence of coding schemes that can achieve the fundamental

. . . bounds but provides neither concrete codes nor computationally efficient algo-
a|90r|th ms for blnnlng rithms. In the case of channel coding, the past two decades have witnessed dra-
. . . matic advances in practical constructions and algorithms, including the

and COdlng Wlth S|de invention of turbo codes [3] and the surge of interest in low-density parity check

) ) (LDPC) codes [12], [17], [34]. Both these classes of codes are based on sparse
Informatlon graphs and yield excellent error-correction performance when decoded using

computationally efficient methods such as the message-passing sum-product
algorithm [17]. Moreover, their performance limits are well characterized, at least
in the asymptotic limit of large block lengths, via the density evolution method
[21], [34].

Despite these impressive advances in the pure channel coding problem, for
many other communication and signal processing problems, the current gap
between theory and practice remains substantial. Various applications under
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development—among them, distributed video coding [16], [33],
MIMO communication systems [46], as well as digital water-
marking and data hiding [11], [29]—require efficient methods
for various types of coding with side information. Classical
information-theoretic solutions to coding with side information
are based on binning, a general procedure that also underlies
various other communication problems. Given the wealth of
applications, there is great deal of contemporary interest in
developing practical codes and computationally efficient algo-
rithms. Although a large number of practical approaches have
been proposed, current theoretical
understanding of their performance
remains incomplete. The common
thread tying together these approach-
es is the framework of sparse graphical
codes and an associated set of mes-
sage-passing algorithms for decoding
and encoding [17], [20]. These itera-
tive algorithms, in which neighboring
nodes in the graph defining the code exchange information, may
either be of exact nature, such as the Viterbi algorithm for trellis
codes, or an approximate nature, such as the sum-product algo-
rithm for LDPC codes.

The purpose of this article is to provide an overview and
introduction to this rapidly developing area of research. We
begin in the following section with a brief introduction to the
basics of codes defined by factor graphs as well as iterative
message-passing algorithms for solving decoding and encoding
problems. Then we describe the problems of source coding
with side information (SCSI) and channel coding with side
information (CCSI) along with their applications to distributed
compression, MIMO communication, and information embed-
ding. In addition, we discuss the more general notion of bin-
ning, which underlies the classical information-theoretic
solutions to these and related communication problems.
Although conceptually appealing, naive random binning is
practically infeasible, which motivates the study of structured
schemes for constructing nested source-channel codes.
Accordingly, the core material in the section following is
devoted to an overview of structured methods for lossy com-
pression and binning, with a particular emphasis on the sparse
graphical codes studied in our recent work. Next, we discuss
some of the algorithmic challenges associated with sparse
graphical codes. In particular, many problems involving lossy
compression and binning appear to require novel message-
passing algorithms, related to but distinct from the usual sum-
product updates [17], [20]. Given the space constraints of this
article, we limit our discussion to simple but intuitively reveal-
ing examples, mainly involving binary sources and channels.
However, it should be stressed that the basic ideas are more
broadly applicable to general sources and channels.

BACKGROUND
This section is devoted to background material that underlies
our discussion. We begin with a brief description of binary linear

THERE IS NOW GREAT
INTEREST AND CONSIDERABLE
LITERATURE ON PRACTICAL
CODES AND ALGORITHMS
FOR PERFORMING BINNING.

codes and associated channel and source coding problems. We
then discuss how coding problems can be represented in terms
of sparse graphs and the use of message-passing algorithms for
decoding and encoding in such sparse graphical codes.

BASIC CHANNEL AND SOURCE CODING
Any binary linear code C of block length n and rate
R =1 — (m/n) can be specified as the null space (in modulo two
arithmetic) of a given parity check matrix H € {0, 1}7*", If the
parity check matrix is of full rank (m), then the code C consists of
2n—m = 9nR codewords. In the chan-
nel coding problem, the transmitter
chooses some codeword x € C and
transmits it over a noisy channel, so
the receiver observes a realization of a
noisy random variable Y=y.
Frequently, the channel is modeled as
memoryless, meaning that it can be
specified as a factorized distribution
P(y|x) =17, fi (xi; y:). As a simple example, in the binary
symmetric channel (BSC), the channel flips each transmitted bit
x; independently with some probability p. The goal of the receiver
is to solve the channel decoding problem: estimate the most likely
transmitted codeword, given by X = maxycc P(y|x). This decod-
ing task is typically a difficult problem in combinatorial optimiza-
tion since, in general, it entails searching over an exponentially
large set of possible codewords. The Shannon capacity of a chan-
nel specifies an upper bound on the rate R of any code for which
transmission can be asymptotically error-free. For example, for
the BSC with flip probability p, the capacity is given by
C=1—h(p), where A(p) = —ploga p— (1 — p)loga(1 —p) is
the binary entropy function.

The goal of source coding, on the other hand, is to compress
a data source subject to some bound on the amount of distor-
tion. To be concrete, one might be interested in compressing a
symmetric Bernoulli source, meaning a bit string Y € {0, 1},
with each bit Y; equally likely to be 0 or 1. Here a natural distor-
tion metric would be the Hamming distance
dQy,y) = % % 1 19i — yil between a fixed source sequence y
and the compressed version y. Classical rate-distortion theory
specifies the optimal tradeoff between the compression rate R,
which indexes the number 2% of possible compressed
sequences y, and the average distortion D = E[d(\A’ ,Y)], where
the expectation is taken over the random source sequence Y and
its compressed version Y. For the symmetric Bernoulli source
considered here, this rate-distortion tradeoff is specified by the
function R(D) =1 — A(D), where A is the previously defined
binary entropy function. Given a code C, optimal source encod-
ing corresponds to finding the codeword y € C that is closest to
a given source sequence y—namely, solving the combinatorial
optimization problem y = arg mingcc d(X, y).

SPARSE GRAPHICAL CODES
Both the channel decoding and source encoding problems, if
viewed naively, require searching over an exponentially large

IEEE SIGNAL PROCESSING MAGAZINE [48] SEPTEMBER 2007



codebook, since |C| = 2”% for a code of rate R. Therefore, any
practically useful code must have special structure that facili-
tates decoding and encoding operations. The success of a large
subclass of modern codes in use today—including trellis
codes, turbo codes, and LDPC codes—is based on the frame-
work of factor graphs and message-passing algorithms [17],
[20]. Given a binary linear code C, specified by parity check
matrix H, the code structure can be captured by a bipartite
graph, in which circular nodes (©) represent the binary values
x; (or columns of H), and square nodes () represent the pari-
ty checks (or rows of H). For instance, Figure 1(a) shows the
factor graph for a rate R = 1/2 code in parity check form, with
m = 6 checks acting on n = 12 bits. The edges in this graph
correspond to 1s in the parity check matrix, and reveal the
subset of bits on which each parity check acts. The code illus-
trated is regular with bit degree three and check degree six.
Such low-density constructions, meaning that both the bit
degrees and check degrees remain bounded independently of
the block length 7, are of most practical use since they can be
efficiently represented and stored and yield excellent perform-
ance under message-passing decoding. In the context of a
channel coding problem, the shaded circular nodes at the top
of Figure 1(a) represent the observed variables y; received
from the noisy channel.

Trellis codes are another widely used class of codes. In
contrast to the classical trellis representation shown at the
bottom of Figure 1(b), the top part shows how a trellis code
can be represented in terms of a linearly ordered factor
graph (i.e., a chain). As we discuss in more detail in the fol-
lowing, the cycle-free structure of this graph is desirable
since message-passing algorithms for decoding/encoding
are guaranteed to be exact for such graphs [17], [31]. Note
that, in contrast to the cycle-free structure of the trellis
code in Figure 1(b), the factor graph representing the LDPC
code in Figure 1(a) has many cycles. For such graphs with
cycles, message-passing algorithms are no longer exact but
nonetheless perform well for many graphs, as we discuss in
the following.

MESSAGE-PASSING ALGORITHMS

The significance of codes based on sparse factor graphs is in
facilitating the use of message-passing algorithms for
encoding and decoding operations. Here we briefly discuss
of the sum-product and max-product (min-sum) algorithms
for factor graphs; given space constraints, our treatment is
necessarily superficial, but see the tutorial papers [17], [20]
for more detail. In the previous section, we described the
use of factor graphs for representing the structure of a bina-
ry linear code. More broadly, one can think of factor graphs
as specifying the factorization of some probability distribu-
tion in the form Py (x) = % [Taec fa(xN@)), where C repre-
sents the set of factors a in the decomposition, and the
factor /; is a function of the variables in its factor graph
neighborhood N(a). As a concrete example, in the case of
binary linear codes discussed previously, each factor £, cor-

responds to an indicator function for the parity check over a
particular subset of bits, so fz(xn) =1 if @ieN(a) x; =0,
and fy(xng)) = 0 otherwise. The constant Z, known as the
partition function, serves to normalize the probability dis-
tribution to unity. Observations y, which might either be
the output of a noisy channel or a realization of some data
source, are represented by a conditional distribution
Py x(y|x) = [T, fi(xi, i) and lead via Bayes’ rule to the
posterior distribution

acC i=

1 n
Pxy&|y) = o [ fabva) [ ] fitxi v 0]
1

Given this posterior distribution, the following two computational
tasks are of interest: 1) computing marginal distributions P(x; | y)
ateachnode 7 =1, ..., nand 2) computing the maximum a pos-
teriori (MAP) assignment Xmap := arg "y x Px |y (x|y). Note
that when the prior distribution IPx is uniform, as in the standard
coding set-up, then the MAP codeword is equivalent to the maxi-
mum likelihood (ML) codeword previously defined.

The sum-product and max-product algorithms are effi-
cient approaches, based on a divide-and-conquer strategy,
for solving the marginalization and MAP problems, respec-
tively. The updates can be cast as message-passing opera-
tions, in which nodes adjacent in the factor graph convey
the results of intermediate computations by passing mes-
sages (vectors in the case of discrete random variables). In a
factor graph, there are two types of messages: variable to
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[FIG1] (a) Factor graph representation of a rate R = 0.5 LDPC
code with bit degree d, = 3 and check degree d. = 6. (b) Top:
Factor graph representation of a trellis code as a chain-
structured graph. Bottom part: more standard trellis-diagram,
illustrating both the chain structure and the pattern of zeros
in the transition diagram.
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check messages (M;,) and check to variable messages (My;).
In the sum-product algorithm, these messages are updated
according to the recursive equations

Moixi) < Y favw) [ Mieivw),  and
xjjeN(a)/i JjeN(a)/i
Migny) < Foxizg) [ Maitxo. )

beN(i)/a

The max-product (or min-sum) algorithm has a very similar
form, with the summation in (2) replaced by maximization. For
graphs without cycles, also known as
trees, the updates converge after a
finite number of updates and provide
exact solutions [17], [31]. For instance,
when applied to the chain-structured
factor graph in Figure 1(b) associated
with a trellis code, the min-sum algo-
rithm is equivalent to the Viterbi algo-
rithm, and will compute the most likely configuration (or
shortest trellis path) in a finite number of steps. However, these
algorithms are also frequently applied to graphs with cycles, for
which they are no longer exact but rather approximate methods.
Nonetheless, for certain classes of graphs with cycles (e.g., those
corresponding to LDPC codes with large block lengths), the per-
formance of these approximate message-passing schemes for
decoding is excellent, as substantiated by both empirical and
theoretical results [34].

BEYOND THE BASICS: CODING WITH

SIDE INFORMATION AND BINNING

Many problems in communication and signal processing require
coding approaches that go beyond channel or source coding
alone. Important examples include the problems of source cod-
ing with side information (SCSI) at the receiver, and the prob-
lem of CCSI at the transmitter. In this section, we begin with a
brief description of these problems, and their significance in var-
ious applications. We then discuss the more general notion of
binning, which is the key ingredient in the information-theoret-
ic solutions to these problems.

LOSSY SOURCE CODING WITH SIDE INFORMATION

It is often desirable to perform joint compression of a collection
of dependent data sources. Without any constraints on commu-
nication between the sources, one could simply pool all of the
data into a single source and apply standard compression meth-
ods to this pooled source. However, many application
domains—among them sensor networks [43] and distributed
video coding [6], [16]—require that compression be performed
in a distributed manner, without any communication between
the sources. In the information theory literature, one version of
lossless distributed compression is the Slepian-Wolf problem
[37]. Here we focus on the Wyner-Ziv extension to lossy
SCSI[42], in which the goal is to perform lossy compression of

NOVEL ALGORITHMS ARE
REQUIRED FOR SOLVING
CODING PROBLEMS OTHER
THAN CHANNEL DECODING.

a source X up to some distortion constraint, using side infor-
mation Y available only at the receiver. For instance, in the
context of distributed compression in a sensor network, the
side information represents the compressed information pro-
vided by adjacent sensors.

As a simple but pedagogically useful example, let us sup-
pose that we wish to compress a symmetric Bernoulli source
vector X € {0, 1}, As discussed previously, classical rate dis-
tortion theory asserts that the minimum rate required to
achieve average distortion D is given by R(D) =1 — A(D). In
the Wyner-Ziv extension [42] of this problem, there is an addi-
tional source of side information about the source sequence
X—say in the form Y = X & W, where
W ~ Ber(p) is observation noise—
that is available only at the decoder.
In this setting, the minimum achiev-
able rate is essentially specified by
the curve Ry, = —h (D * P) — h(D),
where D p=D(1 —p)+(1—-D)p is
the binary convolution. [Strictly speak-
ing, the Shannon limit is given as the lower convex envelope of
this function with the point (p, 0).] In comparison with the stan-
dard rate-distortion function R(D) =1 — A (D), we see that the
value of the side information is measured by the gap between
h(Dx* p) and 1, with equality for p = 1/2 corresponding to use-
less side information.

CHANNEL CODING WITH SIDE INFORMATION

The problem of CCSI takes a symmetric form with respect the
encoder and decoder roles: here the side information is avail-
able only at the encoder, and the goal is to perform (almost)
as well as if the side information were available at both the
encoder and decoder. One variant is known as the Gelfand-
Pinsker problem [15]. Given an input vector U, the channel
adds to it some fixed host signal S and possibly adds a noise
term as well. Even though the encoder knows the host signal
S, it cannot simply cancel this known interference (i.e., tidy
up the dirty paper [9]) due to some form of channel constraint
on the average transmitted power. This class of models pro-
vides an appropriate abstraction for various applications,
including the problem of coding on defective memory cells,
problems in digital watermarking and steganography, and
MIMO communication. The papers [2], [5], [29], and [46] and
references therein contain further background on the prob-
lem and these applications.

As an illustrative example, let us formalize the special case
of coding on binary dirty paper, also known as binary informa-
tion embedding. More specifically, suppose that for a given
binary input U € {0, 1}, the channel output takes the form
Y=U®S®Z, where S € {0, 1}" is a host signal (not under
control of the encoder), and Z ~ Ber(p) is a channel noise
vector. Typically, the host signal S is modeled as a realization
from some stochastic model (e.g., a symmetric Bernoulli
source). The encoder is free to choose the input vector U, sub-
ject to the average channel constraint E[||U||1] < én, so as to
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maximize the rate of information transfer. Conceptually, it is
useful to write U = Uy, where M is the underlying message
that is embedded, and note that the decoder’s goal is to recov-
er this embedded message M from the corrupted observation
Y. The capacity in this set-up is essentially determined by the
curve Rig(8, p) = h(8) — h(p). [To be precise [2], the Shannon
limit is specified by time-sharing between the curve Rig and
the point (0, 0).] As one special case, note that when § = 1/2,
the channel input constraint E[||U]||;] < n/2 effectively plays
no role, and the information embedding capacity reduces to
the classical capacity C =1 — A(p).

BINNING SOLUTIONS

The term binning refers to a standard information-theoretic
approach to proving capacity results for coding with side
information, as well as related multiterminal problems [9],
[15], [33], [42], [46]. To illustrate the basic idea, let us con-
sider the binary information embedding problem described
previously but with no channel noise (p = 0). In this special
case, the problem is one of constrained channel coding—how
to transmit information over a channel that maps a binary
input input U € {0, 1} to a binary output Y= U@ S subject
to the average input constraint [£[||U||;] < én. Note that the
curve Rg reduces to A(8) when p = 0. If the host signal were
also known at the decoder, , then it would be straightforward
to achieve the rate A(8) by the following procedure. First, the
encoder chooses a binary sequence M € {0, 1}"* with én ones.
The number of such sequences is (J,), which by Stirling’s
approximation to factorial coefficients scales as 274 The
encoder then simply transmits U = M, which satisfies the
channel input constraint. In the second step, the decoder
receives Y =M @ S, and given knowledge of the host signal
S, it recovers the message M by a simple XOR operation.
The overall transmission rate for this scheme is
(1/m)log (5,) ~ hs, and it is the best that can be achieved.

What approach should be taken when the host signal S is
not known at the decoder? Simply attempting to cancel out
the host signal at the encoder (by transmitting U=M & S) is
not an option, since the sequence M@ S fails to satisfy the
channel input constraint. Although this naive approach fails,
the remarkable phenomenon is that even when the decoder
does not know the host signal, the optimal rate 4 (§) can be
achieved by a binning strategy. For this problem, the binning
strategy is to partition the set of all 2” binary sequences into a
total of B:= () ~ 2"%® bins. Figure 2(a) provides a toy
illustration of this binning procedure, where the set of all cir-
cular nodes (representing all 2" possible binary sequences)
are partitioned into B = 3 bins.

Both the encoder and decoder are given knowledge of the
partition, and the message vectors M are used to index the
bins. The encoder proceeds as follows: in order to transmit a
particular fixed message M, it restricts itself to the bin
indexed by M [see Figure 2(b)], and searches for a codeword
§M that differs from the host signal S in, at most, én posi-
tions. Each randomly constructed bin contains approximately

21 /B ~ 27111 elements and so can be viewed as a source
code with rate R~ 1 — Aé. In fact, the scheme requires that
each bin on its own acts as a good source code for quantizing
up to average distortion D. Under this assumption, standard
rate-distortion theory guarantees that it will be possible to
quantize the host S such that the average distortion satisfies
E[d(Sy, S)] < én. The encoder then transmits the quantiza-
tion error Ey :=S & éM, which satisfies the channel input
constraint by construction. Finally, the encoder receives
Y=Ey®S= éM, on which basis it can identify the message
M uniquely specified by the codeword éM.

Note this binning scheme can be viewed as a collection of
27 @) source codes for quantizing the host signal, all nested
within the full space of 27 binary strings. In order to solve the
more general information embedding problem with channel
noise p > 0, it is necessary to partition a good channel code
(with =< 2°[1=H®)] codewords) into a collection of good source
codes. Conversely, for the dual problem of source coding with
side information, one requires a good source code that can be
partitioned into good channel codes [42], [46]. However, the
preceding discussion has been rather idealized, in that it is
based on completely unstructured codes and bins, and provides
no concrete construction of such nested codes. Accordingly, the
following section is devoted to structured and practical
approaches based on sparse graphical codes for constructing
such nested source-channel codes.

PRACTICAL CONSTRUCTIONS AND ALGORITHMS

We now turn to an overview of practical constructions and algo-
rithms, beginning with the simpler problem of lossy compres-
sion, before moving onto practical codes for binning and coding
with side information.

(_JeJeo] Jeje] Jeje] Je)
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0000000000 e
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0000000000 e
000000000080
0000000000 e
000000000080
Ce00e00e00e

()

[FIG2] llustration of binning for binary information embedding.
(a) The original set of binary strings is partitioned into a set of B
bins (B = 3 in this diagram, with white, grey and black nodes
respectively). Each bin on its own is required to be a good source
code, meaning that it can be used to quantize the host signal S
up to average Hamming distortion sn. (b) The message M
specificies a particular bin (in this case, the bin with black nodes);
the message is transmitted implicitly, by using the chosen bin as
a source code to quantize the host signal S (square) by the
nearest codeword Sy, and transmitting the quantization error
Em =S ® Sm.
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PRACTICAL CODES FOR LOSSY COMPRESSION

For problems of lossless compression, the use of practical codes
and algorithms is quite well-understood, both for standard loss-
less compression [4], [14], [33] and for Slepian-Wolf type exten-
sions [13], [33], [35]. Many lossless problems can be converted
into equivalent channel coding problems (e.g., via syndrome
forming procedures), which allows known constructions and
methods from channel coding to be leveraged. For lossy com-
pression, in contrast, the current gap between theory and prac-
tice is more substantial.

The class of trellis codes provides one widely-used method
for lossy compression [23], [39]. As illustrated in Figure 1(b),
a trellis code can be represented as a chain-structured factor
graph, which allows encoding/decoding problems to be solved
exactly via the sum-product or max-product algorithms. The
complexity of these message-passing algorithms is linear in
the trellis length but exponential in the trellis constraint
length. When used for lossy compression, the shaded nodes at
the top of Figure 1(b) represent the incoming stream of
source symbols (g1, y2 ..., etc.). Note that these source sym-
bols align with the edges in the trellis diagram shown in
Figure 1(b). The distortion metric is used to assign weights to
the edges of trellis diagram, and the minimum-distortion
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[FIG3] (a) Factor graph representation of a low-density generator
matrix (LDGM) code withn = 12, m =9 and rate R = 0.75. An
LDGM code has bit and check degrees bounded independently of
blocklength; for this example, d. = 3 and d, = 4. (b) Plots of the
effective rate-distortion function of several finite degree LDGM
ensembles in comparison to the Shannon bound, obtained using
the second moment bound (3).

encoding, or equivalently the shortest path through the trel-
lis, with edge lengths corresponding to distortion, can then be
computed exactly by running the min-sum algorithm (see
[23] for details). Various researchers have demonstrated the
practical utility of trellis codes for single-source and distrib-
uted compression [6], [41] as well as for information embed-
ding problems [5], [10]. In terms of theoretical guarantees,
trellis-based codes can saturate the rate-distortion bound if
the trellis constraint length is taken to infinity [39]. This con-
straint length controls the cardinality of the hidden random
variables, represented by diamonds in Figure 1(b); in particu-
lar, the cardinality of these random variables, and hence the
computational complexity of the Viterbi algorithm, grows
exponentially in the constraint length. Consequently, provably
achieving the rate-distortion bound using trellis codes
requires increasing computational complexity [39], even with
optimal encoding and decoding.

Given the limitations of trellis-based approaches, a parallel
line of recent work has explored the use of low-density genera-
tor matrix (LDGM) codes for lossy compression [7], [27], [30],
[40]. The class of LDGM codes is closely related to but distinct
from the class of LDPC codes. As opposed to a parity check rep-
resentation, an LDGM code of rate R = m/n is described by a
sparse generator matrix G € {0, 1}, For instance, Figure
3(a) shows a LDGM code with n = 12 code bits arranged across
the top row, and m = 9 information bits along the bottom row,
corresponding to an overall rate R = 0.75. When used for lossy
compression, say of a binary sequencey € {0, 1}, source decod-
ing using an LDGM code is very simple. For a given information
sequence z € {0, 1}, the associated source reconstruction
y € {0, 1}" is obtained by the matrix-vector product y = Gz,
performed in modulo two arithmetic. On the other hand, the
source encoding step is, in general, nontrivial, since it requires
solving the optimization problem Z = arg min,¢g,1y» d(Gz, y)
for the given distortion metric d.

Focusing on an idealized compression problem known as
binary erasure quantization, Martinian and Yedidia [27] showed
that LDGM codes combined with modified message-passing can
saturate the associated rate-distortion bound. This approach was
subsequently extended to a capacity-achieving scheme for the
deterministic broadcast channel [8]. Another line of research,
using techniques from both statistical physics [7], [30] and
probabilistic combinatorics [25], [26], has focused on the funda-
mental performance limits of sparse LDGM codes for compres-
sion of binary symmetric Hamming sources. To provide a flavor
for such results, Figure 3(b) plots some rigorous bounds on the
effective rate-distortion performance of LDGM code ensembles
formed by having each of the n checks choose at random a set of
d. information bits. [The code in Figure 3(a) corresponds to the
case d. = 3.] For a given R € [0, 1], the curve is an upper
bound on the average Hamming distortion D incurred by the
given code famil, when encoding and decoding are performed
optimally. Figure 3(b) shows curves for degrees d. € {3, 4, 6};
note how these effective rate-distortion function approaches the
Shannon limit as the degree d. increases.
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The curves in Figure 3(b) are derived using the first- and sec-
ond-moment methods [1], as applied to the random variable
N = N(Y) that simply counts the number of codewords that
achieve distortion D for a given source sequence Y. Note that
the code achieves distortion D for source sequence Y if and only
if {N(Y) > 0}. To study the probability of this event, we make
note of the upper and lower bounds

END? @ ®)
W < PIN>0] < E[N]. 3)

The first-moment upper bound (a) is simply a form of Markov’s
inequality, whereas the second-moment lower bound (b) fol-
lows by applying the Cauchy-Schwarz inequality. (In particular,
we have E[N] =E[NIN > 0)] < VE[N2]P[N > 0].) For a
symmetric Bernoulli source, it is straightforward to show that
for any code of rate R, regardless of its structure, the first
moment E[N] scales as 278=1+hD)  Consequently, by the
first moment upper bound (3)(a), we recover Shannon’s rate-
distortion bound for a symmetric Bernoulli source—namely,
that achieving distortion D is impossible unless R > 1 — A(D).

Unfortunately however, the first moment E[N] need not
be representative of typical behavior of the random variable
N, nd hence overall distortion performance of the code. As a
simple illustration, consider an imaginary code consisting of
27R copies of the all-zeroes codeword. Even for this nonsensi-
cal code, as long as R > 1— A(D), the expected number of
distortion D optimal codewords grows exponentially. Indeed,
if a fair coin is tossed n times, the number of heads will
almost always be larger than Dn, in which case N =0.
However, our imaginary code also exhibits a jackpot effect:
once in a while (more precisely, with probability
~ 27n[1=hD)]) “the coin flip will yield less than Dn heads, in
which case the random variable N takes on the enormous
value 2% Qverall, the first moment E[N] grows exponential-
ly as long as R > 1 — A(D); however, this exponential growth
is entirely misleading because the average distortion
incurred by using this code will be &~ 0.5 for any rate.

With this cautionary example in mind, the second
moment lower bound (3)(b) allows us to assess the represen-
tativeness of the first moment by comparing its squared
value to the second moment E[N?]. Intuitively, there are
two factors that control the behavior of this second moment,
and hence the rate-distortion performance of the code. The
first factor is the overlap probability: for each @ € (0, 1], how
likely is it that two codewords at Hamming distance wn both
lie within Hamming distance Dn of the same source
sequence? This overlap probability typically decays exponen-
tially with the distance. The second factor is the weight enu-
merator, or the number of codewords at a given distance wn,
which typically grows exponentially in the distance. The
behavior of the second moment is governed by this balanc-
ing act between the overlap probability and the weight enu-
merator, and the second moment bound (3)(b) yields the
curves shown in Figure 3(b).

BINNING AND COMPOUND CODES

WITH NESTED STRUCTURE

As discussed previously, information-theoretic arguments
show that the fundamental limits for both source coding and
channel coding with side-information (the Wyner-Ziv and
Gelfand-Pinsker problems, respectively) are achieved by bin-
ning schemes. However, the typical methods proposed in such
information-theoretic arguments are impractical, involving
unstructured codes. Accordingly, there is now great interest
and considerable literature on practical codes and algorithms
for performing binning. Several researchers have studied bin-
ning schemes for SCSI based on trellis codes [33], [41], com-
binations of trellis and turbo codes [6], [19], and trellis codes
with LDPC codes [44]. Many of these approaches yield good
practical performance, close to the information-theoretic
bounds in certain regimes. As discussed earlier, however,
provably achieving information-theoretic limits with trellis
constructions requires taking the constraint length to infinity
[39], which incurs exponential decoding complexity. Other
work has studied the use of lattice codes for SCSI problems
[46] or lattice codes in conjunction with LDPC codes [18].
However, the complexity of lattice decoding also grows expo-
nentially in dimension, in the absence of efficient approximate
algorithms. A parallel line of research has focused on practical
constructions for CCSI, also known as the Gelfand-Pinsker or
dirty paper problem, including schemes based on combina-
tions of trellis coding in conjunction with channel coding
methods, such as LDPC or turbo-like codes [5], [10], [38].
Using various types of iterative message-passing, it has been
shown empirically that such constructions can lead to excel-
lent practical performance.

Here we describe some of our recent theoretical work
[24]-[26] on low-density codes that have a nested structure
naturally suited to binning procedures. The basic construc-
tion, shown in Figure 4(a), is quite simple, consisting of an
LDGM code (top section of figure) compounded with an LDPC
code (bottom part of figure). Compound constructions of this
nature have been studied in past work, notably on raptor codes
[36] and related punctured codes [32], but with exclusive focus
on channel coding problems, as opposed to lossy compression
and binning that is of interest here. The code shown in Figure
4(a) has block length n, and a rate R = (m — k1) /n. Any code-
word x € {0, 1} at the top layer can be generated as x = Gz,
where z € {0, 1} is a string of information bits in the middle
layer. The information bits, in turn, are required to satisfy a set
of k1 parity checks (bottom layer), via the relation Hyz = 0.
Figure 4(b) shows a closely related code C’ with rate
R' = (m—ky —ky)/n < R, i.e., in fact, a subcode of the orig-
inal code. This subcode is formed by requiring that the infor-
mation bits z that generate some codeword x € C satisfy an
additional set of ko parity check constraints (Hoz = u)—con-
cretely, for the subcode shown, k2 = 2 and u = [1 0]. Varying
the choice of the parity check vector u e {0, 1}% yields a set of
2% such subcodes or bins, and the union of all these subcodes
is equivalent to the original code C. In this way, the compound
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LDGM/LDPC construction leads to sparse graphical codes that
are naturally nested: i.e., the original code C is partitioned
into a set of 2%2 subcodes, as is required in binning procedures
[compare to Figure 2(a) and (b)]. Moreover, as we discuss pre-
viously, there always exist finite choices of the check and node
degrees for which codes from the
associated compound family are
Shannon optimal for both source and
channel coding.

COMMUNICATION PROBLEMS
INVOLVING QUANTIZATION

partitioned into a family of good source codes. Starting
with the compound code C shown in Figure 4(a), assume
that the parameters n, m and k; are chosen such that its rate
satisfies Rega = (m —ky)/n=1— h(p) — (¢/2) for some
e > 0. Given the Shannon optimality of the code family, this
rate choice will guarantee that C is a
channel code that can yield asymptoti-
cally reliable communication on any
BSC with parameter p.

AND BINNING OFTEN PRESENT

PRACTICAL BINNING FOR DIRTY
PAPER CODING

To cement this connection, let us now
illustrate how the compound con-
struction in Figure 4 can be used to
implement the binning steps needed
for dirty paper coding, again focusing on the binary case and
rates on the curve Rig(8, p) = h(8) — h(p) for simplicity (see
“Channel Coding with Side Information”). We begin by specify-
ing a good channel code and then showing how it can be

[FIG4] (a) A compound LDGMY/LDPC construction, consisting of a
(n, m) LDGM code specified by generator matrix G (top part of
figure) compounded with a (m, k1) LDPC code specified by parity
check matrix H, (bottom part of figure). The n variable nodes
(denoted by x) at the top level are the codeword bits, whereas
the m variable nodes in the middle layer (denoted by z) are
information or state bits. (b) A coset subcode of the code in
panel (a), obtained by enforcing an additional set of parity
checks . This nesting property of the construction is key for
coding with side information.

CHALLENGES NOT PRESENT
IN ORDINARY CHANNEL
CODING OR LOSSLESS
SOURCE CODING PROBLEMS.

ENCODING

In the encoding step, we use the sub-
code of C shown in Figure 4(b) to
embed a message M € {0, 1}*2 through
our choice of the coset (i.e., we enforce
the additional parity check constraints
Hsz = M). Moreover, let us assume that &y is chosen such that
the rate Rsoy = (m — k1 —ko)/n =1 — h(S) + (¢/2). Given
this subcode C(M), we now use it to quantize the host signal
S € {0, 1}, thereby yielding a quantized version §M € {0, 1),
By construction, the quantized sequence is a codeword of C(M),
meaning that there exists an information sequence
zm € {0, 1}™ with éM = Gzy and moreover Hy zy = 0 and
Hs zy = M. This latter parity check constraint is the key, in
that it corresponds to the implicit embedding of the message M
into the quantized sequence §M. Moreover, since C(M) is a good
source code and its rate Rgoy is sufficiently large, the quantiza-
tion error E=S & éM has average Hamming weight less than
8p, so that it can be transmitted over the channel without violat-
ing the input constraint.

DECODING

The decoder receives the sequencey=E®S®W = Sy @ W,
where W is an independent identically distributed (i.i.d.)
Bernoulli (p) noise sequence, and its goal is to first recover éM,
from which it can then recover the unknown message
M € {0, 1}*2. Since it does not know this message, the decoder
operates over the original code C, consisting of the union of all
possible cosets, and its task of recovering éM is equivalent to
performing channel decoding over a BSC with flip probability p.
Therefore, our earlier choice of rate Rcya guarantees that the
decoder will be able to recover §M with high probability. In sum-
mary, the overall scheme succeeds in transmitting A2 bits of
information in each n uses of the channel. Hence, the overall
rate R = (ko)/n satisfies R = Rcya — Rsou = h(8)—
h(p) — €, showing that we can come arbitrarily close to the
curve Rig.

FINITE DEGREES ARE SUFFICIENT

In the preceding discussion, we assumed that the compound
construction could be used to perform source and channel
coding arbitrarily close to the Shannon limits. Indeed, our
recent work [25], [26] shows that it is possible to achieve rates
arbitrarily close to the Shannon limits, for both source and
channel coding, with all node degrees (check and variable)
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remaining strictly bounded independently of blocklength.
Retaining bounded degrees is crucial if the graphs are to
remain sparse and amenable to efficient message-passing algo-
rithms. In order to understand why the compound construc-
tion yields an optimal source code, let us return to the
second-moment analysis discussed previously. Recall the two
factors that control the rate-distortion performance of a code:
the overlap probability of two codewords separated by a dis-
tance wn both being distortion D-optimal for the same source
sequence, and the weight enumerator that specifies the num-
ber of codewords at distance wn. Note that for any fixed dis-
tance w, the overlap probability is purely a function of the
source, whereas the weight enumerator is a code-specific
quantity. Accordingly, the purpose of the LDPC code at the
bottom of Figure 4(a) is to control this weight enumerator. It
is known from early work of Gallager [12] that suitable LDPC
codes have linear minimum distance, so that the LDPC code
component of the compound construction reshapes the weight
enumerator so that the proportion of low-weight sequences is
asymptotically vanishing. Application of the second moment
method then yields that the overall compound construction
saturates the rate-distortion bound; we refer the interested
reader to the papers [24]-[26] for further details.

ALGORITHMIC CHALLENGES

The preceding sections focused primarily on the structure of
sparse graph codes, and their use in performing lossy com-
pression, coding with side information, and binning. In this
section, we turn to some algorithmic issues associated these
codes when applied to lossy compression and binning. The
significance of bounded degree graph codes is their suitabili-
ty to efficient algorithms, such as the sum-product and min-
sum algorithms, that operate by passing messages along the
edges of the factor graph. For pure channel decoding prob-

lems, the behavior of message-passing decoding is relatively
well-understood, especially in the large block length limit
[21], [34]. Many problems in lossless source coding share key
features with channel coding problems, which allow similar
algorithms to be leveraged. In contrast, for lossy source cod-
ing and multistage binning, there remain various open chal-
lenges associated with the design and analysis of
message-passing algorithms.

GRAPH AND SOLUTION SPACE STRUCTURE

We begin by providing some intuition for the features of chan-
nel coding problems (and many lossless source coding prob-
lems) that allow iterative message-passing, despite its low
complexity, to be such a successful decoding algorithm. As dis-
cussed previously, message-passing algorithms such as sum-
product and min-sum are exact methods for trees (graphs
without cycles). Herein lies the first reason for the success of
iterative message-passing: for bounded degree factor graphs
such as those associated with LDPC codes [Figure 1(a)], ran-
dom constructions ensure that the length of the typical cycle
is of the order log n. Consequently, from the local perspective
of a message-passing algorithm, these graphs are tree-like in
that it is possible to take a large number of steps before wrap-
ping around a cycle. It is this locally tree-like nature that
underlies the density evolution analysis of message-passing for
LDPC codes [21], [34]. A second reason for the success of itera-
tive message-passing involves the structure of the posterior
distribution Py |y, defined in equation (1), obtained after
observing a particular noisy channel realization Y=1y.
Channel coding always involves transmitting a particular code-
word x; after transmission over a noisy channel, the received
version y is typically a short distance away, with the distance
proscribed by the noise level [see top part of Figure 5(a)].
Consequently, at least for suitable noise levels, the posterior
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[FIG5] (a) Top: in the channel coding problem, received channel sequence (pentagon) is a noise-perturbed version of the transmitted
codeword. Bottom: in the lossy source coding problem, source sequence (pentagon) is typically at similar distance from many
codewords. (b) Cluster structure of solutions in satisfiability problems, and the alternative representation used by the survey
propagation algorithm. (c) Empirical results [40] for lossy compression of the symmetric Bernoulli source for blocklengths n = 10, 000.
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distribution typically has a unimodal shape, heavily peaked
around the transmitted codeword, so that local message-pass-
ing algorithms like the sum-product algorithm are able to
recover the transmitted codeword.

NOVEL ALGORITHMIC APPROACHES
By way of contrast, let us consider the problem of lossy source
coding, say using an LDGM code illustrated in Figure 3(a).
Like an LDPC code, such an LDGM code with bounded degrees
also exhibits locally tree-like structure. However, for a lossy
compression problem, the structure of the posterior distribu-
tion is radically different. Due to the geometry of spheres in
high dimensions, it is very unlikely that a typical source
sequence is extremely close to any particular codeword; rather,
it is more likely to be roughly equidistant from a large number
of codewords [see bottom part of Figure 5(a)]. Consequently,
unlike the unique mode associated with a channel coding pos-
terior, the source coding posterior will typically have many
local modes, corresponding to many codewords whose distor-
tion is close to minimal. Indeed, as shown by our moment
analysis (see previous), the typical number of such D-good
codewords scales exponentially in the block length for suitably
large rates. This multimodal structure in the posterior pres-
ents substantial challenges for naive message-passing algo-
rithms. Indeed, if the unmodified sum-product algorithm is
applied to an LDGM code for lossy source coding, it either fails
to converge or provides uninformative marginal information.

These difficulties suggest that novel algorithms are
required for solving coding problems other than channel
decoding. Some recent inspiration comes from the statistical
physics community, and their work [28] on the survey propa-
gation algorithm for £-SAT problems. The k-SAT problem is a
classical problem in computer science, with important con-
nections to circuit design, artificial intelligence, and com-
plexity theory. It is closely related to lossy compression
problems: indeed, the encoding problem for an LDGM code
can be recast as an instance of a MAX-XORSAT problem, a
related class of satisfiability problems. The k-SAT problem
has similar structure, in that for appropriate clause densities
(the analog of code rate), there are exponentially many satis-
fying assignments. Moreover, statistical physicists [28] have
conjectured that the space of satisfying assignments has a
clustered structure, in which solutions are grouped into an
exponential number of well-separated clusters. Working from
this perspective, Mézard et al. [28] introduced the survey
propagation algorithm, a novel type of message-passing
explicitly designed to deal with clustering in the space of fea-
sible solutions, that turns out to be extraordinarily successful
for solving satisfiability problems. Maneva et al. [22] showed
that survey propagation can actually be derived as an
instance of the ordinary sum-product algorithm, but as
applied to an ingenious factor graph representation of satisfi-
ability problems, one which encodes the cluster structure
[see Figure 5(b) for an illustration].

The k-SAT problem shares common features with source

coding, which suggests that similarly modified message-pass-
ing algorithms should also be useful for lossy data compres-
sion and related binning problems. Based on this intuition, a
number of researchers have explored modifications of stan-
dard message-passing [30] or survey propagation algorithms
[71, [40] for quantizing binary sources, as well as adaptation of
survey propagation to coding for the Blackwell channel [45].
As with survey propagation applied to £-SAT problems, typical
use of these algorithms entails multiple rounds. In each
round, the algorithm is run until convergence, and the results
are used to determine a subset of strongly biased variables. In
the decimation phase, the biased variables are either set to
their preferred values, known as hard decimation [7], [40],
[45], or reinforced towards their preferred values, known as
soft decimation [30]. Wainwright and Maneva [40] showed
that LDGM codes constructed using suitable degree distribu-
tions, with encoding performed using message-passing and
decimation steps, yield performance extremely close to the
symmetric Bernoulli rate-distortion bound. Figure 5(c) shows
some representative results, using LDGM codes with block-
length n = 10, 000 and suitably irregular degree distributions
[34]. In other recent work, Fridrich and Filler [11] extended
this approach to achieve state-of-the-art performance for
embedding in digital steganography.

DISCUSSION

In this article, we have provided an overview of codes based
on factor graphs for lossy compression, and coding with side
information. Effective constructions for these problems have
a wide range of applications, including MIMO communica-
tion, sensor networks, distributed video coding, and digital
watermarking, as well as for related communication prob-
lems where binning plays an important role. We have empha-
sized the importance of low-density constructions—meaning
that the variable and check degrees in the associated factor
graphs remain bounded independently of blocklength—in
permitting the application of efficient message-passing algo-
rithms. We also pointed out that communication problems
involving quantization and binning often present challenges
not present in ordinary channel coding or lossless source
coding problems, including nonuniqueness of optimal solu-
tions and possible clustering in the solution space. Recent
work has started addressing these challenges, and shown that
novel variants on standard message-passing algorithms can
yield excellent practical performance for various quantization
and binning problems. Nonetheless, the theoretical under-
standing of such combined message-passing and decimation
procedures is still incomplete.
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