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Abstract— We consider the following problem of decentral-
ized statistical inference: given i.i.d. samples from an unknown
distribution, estimate an arbitrary quantile subject to limits on
the number of bits exchanged. We analyze a standard fusion-
based architecture, in which each ofm sensors transmits a
single bit to the fusion center, which in turn is permitted to
send some numberk bits of feedback. Supposing that each
of m sensors receivesn observations, the mean-squared error
of the optimal centralized protocol decays asO( 1

nm
). First,

we describe a decentralized protocol based onk = m bits
of feedback that is strongly consistent, and achieves the same
asymptotic MSE as the centralized optimum. Second, we describe
and analyze a decentralized protocol based on only a single bit
(k = 1) of feedback. For step sizes independent ofm, it achieves
an asymptotic MSE of order O( 1

n
√

m
), whereas for step sizes

decaying asm−1/2, it achiveves the same order of MSE—namely,
O( 1

nm
)—as the centralized optimum. We discuss the tradeoffs

between these different protocols.

I. I NTRODUCTION

Whereas classical statistical inference is performed in a
centralized manner, many modern scientific and engineering
applications (e.g., sensor networks) are inherentlydecentral-
ized: data are distributed throughout a network, and cannot be
aggregated due to various forms of communication constraints.
In statistical terms, such communication constraints imply that
the individual sensors cannot transmit the raw data; rather, they
must compress or quantize the data (e.g., from a continuous-
valued observation to a binary random random variable), and
can transmit only this compressed representation back to the
fusion center. There is a rich literature in both information
theory and statstical signal processing on problems of decen-
tralized statistical inference. A number of researchers, dating
back to the seminal paper [9], have studied the problem of
hypothesis testing under communication-constraints; see[10]
for an overview. A parallel line of work deals with problem of
decentralized estimation. Work in signal processing typically
formulates it as a quantizer design problem and considers finite
sample behavior [1], [4]; in contrast, the information-theoretic
approach is asymptotic in nature, based on rate-distortionthe-
ory [11]. In much of the literature on decentralized statistical
inference, it is assumed that the underlying distributionsare
known with a specified parametric form (e.g., Gaussian). More
recent work has addressed non-parametric and data-driven
formulations of these problems, in which the decision-maker

is simply provided samples from the unknown distribution [7],
[6].

This paper addresses the problem of estimating an arbitrary
quantile of an unknown distribution, for which no unbiased
single sample estimator exists. We consider a standard fusion-
based architecture, in which each ofm sensors is permitted
to transmits a single bit to the fusion center, which in turn
is permitted to send some numberk bits of feedback. For a
decentralized protocol withk = m bits of feedback, we prove
that the algorithm achieves the order-optimal rate of the best
centralized method (i.e., one with access to the full collection
of raw data). We also consider a protocol that permits only a
single bit of feedback, and establish that it achieves the same
rate. This single-bit protocol is advantageous in that, with for
a fixed target mean-squared error of the quantile estimate, it
yields longer sensor lifetimes than either the centralizedor full
feedback protocols.

The remainder of the paper is organized as follows. We
begin in Section II with background on quantile estimation,
and optimal rates in the centralized setting. In Section III,
we begin by describing two algorithms for solving the decen-
tralized version. We then state our main theoretical results,
and illustrate the agreement between theory and simulation.
Section IV contains the proofs of our main results, and we
conclude in Section V with a discussion.

II. BACKGROUND

We begin by introducing some background on quantile
estimation; see Serfling [8] for further details.

Basic problem: Given a real-valued random variableX, let
F (x) := P[X ≤ x] be its distribution function (necessarily
right-continuous). For any0 < α < 1, the αth-quantile ofF
is defined asF−1(α) = θ(α) := inf {x ∈ R | F (x) ≥ α}.
Morever, if F is continuous atα, then we haveα = F (θ(α)).
As a particular example, forα = 0.5, the associated quantile
is simply the median.

Now suppose that for a fixed levelα∗ ∈ (0, 1), we
wish to estimate the quantileθ∗ = θ(α∗). We work in
the non-parametric setting, in which the class of possible
distributions lacks a particular parameterized form, but rather
satisfies only mild conditions. In particular, we assume that
the distribution functionF is differentiable, so thatX has the
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Fig. 1. Sensor network for quantile estimation withm
sensors. Each sensor is permitted to transmit a1-bit message
to the fusion center; in turn, the fusion center is permitted to
broadcastk bits of feedback.

density functionpX(x) = F ′(x) (w.r.t Lebesgue measure),
and moreover thatpX(x) > 0 for all x ∈ R.

Estimation rates: In this setting, a standard estimator forθ∗ is
the sample quantileξN (α∗) := F−1

N (α∗) whereFN denotes
the empirical distribution function based on i.i.d. samples
(X1, . . . ,XN ). Under the conditions given above, it can be
shown [8] that ξN (α∗) is strongly consistent forθ∗ (i.e.,
ξN

a.s.→ θ∗), and moreover that asymptotic normality holds

√
N(ξN − θ∗)

d→ N
(

0,
α∗(1 − α∗)

p2
X(θ∗)

)

, (1)

so that the asymptotic MSE decreases asO(1/N), whereN
is the total number of samples.

III. D ISTRIBUTED QUANTILE ESTIMATION

We consider the standard network architecture illustrated
in Figure 1. There arem sensors, each of which has a
dedicated two-way link to a fusion center. We assume that
each sensori ∈ {1, . . . ,m} collects independent samples
X(i) of the random variableX ∈ R with distribution func-
tion F (θ) := P[X ≤ θ]. We consider a sequential version of
the quantile estimation problem, in which sensori receives
measurementsXn(i) at time stepsn = 0, 1, 2, . . ., and the
fusion center forms an estimateθn of the quantile. The
key condition—giving rise to the decentralized nature of the
problem—is that communication between each sensor and the
central processor is constrained, so that the sensor cannot
simply relay its measurementX(i) to the central location, but
rather must perform local computation, and then transmit a
summary statistic to the fusion center. More concretely, we
impose the following restrictions on the protocol. First, at
each time stepn = 0, 1, 2, . . ., each sensori = 1, . . . ,m can
transmit a single bitYn(i) to the fusion center. Second, the
fusion center can broadcastk bits back to the sensor nodes at
each time step. We analyze two distinct protocols, depending
on whetherk = m or k = 1.

A. Protocol specification

For each protocol, all sensors are initialized with some fixed
θ0. The algorithms are specified in terms of a constantK > 0
and step sizesǫn > 0 that satisfy the conditions

∞
∑

n=0

ǫn = ∞ and
∞
∑

n=0

ǫ2n < ∞. (2)

The first condition ensures infinite travel (i.e., that the se-
quenceθn can reachθ∗ from any starting condition), whereas
the second condition (which implies thatǫn → 0) is required
for variance reduction. A standard choice satisfying these
conditions—and the one that we assume herein—isǫn = 1/n.

With this set-up, them-bit scheme consists of the following
steps:

Decentralized quantile estimation withm-bit feedback:
(a) Local decision:each sensor computes the binary de-

cision

Yn+1(i) ≡ Yn+1(i; θn) := I(Xn+1(i) ≤ θn), (3)

and transmits it to the fusion center.
(b) Parameter update:the fusion center updates its cur-

rent estimateθn+1 of the quantile parameter as fol-
lows:

θn+1 = θn + ǫnK

(

α∗ −
∑m

i=1 Yn+1(i)

m

)

(4)

(c) Feedback:the fusion broadcasts them received bits
{Yn+1(1), . . . , Yn+1(m)} back to the sensors.

After the feedback step, each sensor has knowledge of
{Yn(1), . . . , Yn(m)}, which (in conjuction with knowledge of
m, α∗ and ǫn) allow it to compute the updated parameter
θn+1. Knowledge of this parameter suffices to compute the
local decision (3).

The 1-bit feedback scheme is similar, except that it requires
broadcasting only a single bit (Zn+1), and involves an extra
step size parameterKm, which is specified in the statement
of Theorem 2.

Decentralized quantile estimation with1-bit feedback:
(a) Local decision:each sensor computes the binary

decision

Yn+1(i) = I(Xn+1(i) ≤ θn) (5)

and transmits it to the fusion center.
(b) Aggregate decision and parameter update:The

fusion center computes the aggregate decision

Zn+1 = I

(∑m
i=1 Yn+1(i)

m
≤ α∗

)

, (6)

and uses it update the parameter according to

θn+1 = θn + ǫnKm (Zn+1 − β) (7)

where the constantβ is chosen as

β =

⌊mα∗⌋
∑

i=0

(

m

i

)

(α∗)i (1 − α∗)m−i
. (8)

(c) Feedback:The fusion center broadcasts the aggre-
gate decisionZn+1 back to the sensor nodes (one
bit of feedback).

After the feedback step of this protocol, each sensor has
knowledge of the aggregate decisionZn+1, which (in con-
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juction with ǫn and the constantβ) allow it to compute the
updated parameterθn+1. Knowledge of this parameter suffices
to compute the local decision (5).

B. Convergence results

We now state our main results on the convergence behavior
of these two distributed protocols. In all cases, we assume the
step size choiceǫn = 1/n.

Theorem 1 (m-bit feedback). For any α∗ ∈ (0, 1), consider
a random sequence{θn} generated by them-bit feedback
protocol. Then
(a) For all initial conditions θ0, the sequenceθn converges
almost surely toθ∗ such thatP(X ≤ θ∗) = α∗.
(b) Moreover, if the constantK is chosen to satisfy
pX(θ∗)K > 1

2 , then

√
n (θn − θ∗)

d→ N
(

0,
K2 α∗ (1 − α∗)
[

2KpX(θ∗) − 1
]

1

m

)

, (9)

so that the asymptotic MSE isO( 1
mn

).

Remarks: After n steps of this decentralized protocol, a
total of N = nm observations have been made, so that our
discussion in Section II dictates (see equation (1)) that the
optimal asymptotic MSE isO( 1

nm
). Interestingly, then, the

m-bit feedback decentralized protocol is order-optimal with
respect to the centralized gold standard.

Before stating the analogous result for the 1-bit feedback
protocol, we begin by introducing some useful notation.
First, we define for any fixedθ ∈ R the random variable
Ȳ (θ) := 1

m

∑m
i=1 Y (i; θ) = 1

m

∑m
i=1 I(X(i) ≤ θ). Note that

for each fixedθ, the distribution ofȲ (θ) is binomial with
parametersm andF (θ). It is convenient to define the function

Gm(r, y) :=

⌊my⌋
∑

i=0

(

m

i

)

ri (1 − r)m−i, (10)

with domain(r, y) ∈ [0, 1]×[0, 1]. With this notation, we have

P(Ȳ (θ) ≤ y) = Gm(F (θ), y).

Theorem 2 (1-bit feedback). For any α∗ ∈ (0, 1), consider
a random sequence{θn} generated by the1-bit feedback
protocol. Then we have:
(a) The sequenceθn

a.s.→ θ∗ such thatP(X ≤ θ∗) = α∗.
(b) Suppose that the step sizeKm is chosen such that

Km >

√
2πα∗(1−α∗)

2pX(θ∗)
√

m
, or equivalently such that

γm(θ∗) := Km

∣

∣

∣

∂Gm

∂r
(r;α∗)

∣

∣

r=α∗

∣

∣

∣
pX(θ∗) >

1

2
, (11)

then

√
n (θn − θ∗)

d→ N
(

0,
K2

mGm(α∗, θ∗)
[

1 − Gm(α∗, θ∗)
]

2γm(θ∗) − 1

)

(12)
(c) If we choose aconstant step sizeKm = K, then as
n → ∞, the asymptotic variance behaves as

[

K2
√

2πα∗(1 − α∗)

8KpX(θ∗)
√

m − 4
√

2πα∗(1 − α∗)

]

, (13)

so that the asymptotic MSE isO
(

1
n
√

m

)

.

(d) If we choose adecaying step sizeKm = K√
m

, then

1

m

[

K2
√

2πα∗(1 − α∗)

8KpX(θ∗) − 4
√

2πα∗(1 − α∗)

]

, (14)

so that the asymptotic MSE isO
(

1
nm

)

.

C. Comparative Analysis

We can compute the relative performance of each proposed
algorithm. A simple calculation shows that settingK =
1/pX(θ∗) in algorithmm-bf yields the same asymptotic vari-
ance as the optimal centralized scheme. In practice, however,
the valuepX(θ∗) is typically not known. For the algorithm
1-bf, making the substitution̄K = K/

√

2πα∗(1 − α∗) yields
the asymptotic variance

2π

4

K̄2 α∗ (1 − α∗)
[

2K̄pX(θ∗) − 1
]

1

m
. (15)

Since the stability criterion is the same as that form-bf, the
optimal choice isK̄ = 1/pX(θ∗). So although the rate is
the same, the prefactor for the1-bf algorithm is57% higher
than the optimal centralized scheme. The main advantage of
using algorithm1-bf is that despite the performance loss, the
network lifetime scales asO(m) compared toO(1) for m-bf.

D. Simulation example

We now provide some simulation results in order to il-
lustrate the two decentralized protocols, and the agreement
between theory and practice. In particular, we consider the
quantile estimation problem when the underlying distribution
(which, of course, is unknown to the algorithm) is uniform on
[0, 1] random. In this case, we havepX(x) = 1 uniformly for
all x ∈ [0, 1], so that taking the constantK = 1 ensures that
the stability conditions in both Theorem 1 and 2 are satisfied.
We simulate the behavior of both algorithms forα∗ = 0.3
over a range of choices for the network sizem. Figure 2(a)
illustrates several sample paths ofm-bit feedback protocol,
showing the convergence to the correctθ∗.

For comparison to our theory, we measure the empirical
variance by first computing the averageêl

n =
√

n(θn − θ∗)
overL = 20 runs. The normalization by

√
n is used to isolate

the effect ofm. We estimate the variance by running algorithm
for n = 2000 steps, and computing the empirical variance of
êl
n for time stepsn = 1800 through ton = 2000. Figure 2(b)

shows these empirically computed variances, and a comparison
to the theoretical predictions of Theorems 1 and 2 for constant
step size; note the excellent agreement between theory and
practice. Panel (c) shows the comparison between them-bf
algorithm, and the1-bf algorithm with decaying1/

√
m step

size. Here the asymptotic MSE of both algorithms decays like
1/m for m up to roughly500; after this point, our fixed choice
of n is insufficient to reveal the asymptotic behavior.
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(a) (b) (c)
Fig. 2. Convergence ofθn to θ

∗ with m = 11 nodes, and quantile levelα∗ = 0.3. (b) Log-log plots of the variance againstm for
both algorithms (m-bf and1-bf) with constant step sizes, and theoretically-predicted rate. (b) Log-log plots of the variance against
m for m-bf and1-bf algorithms with constant step size (c) Log-log plots ofm-bf with constant step size versus1-bf algorithm with
decaying step size.

IV. A NALYSIS

Our proofs of Theorem 1 and 2 exploit results from the
stochastic approximation literature [5], [2]. In particular, both
types of parameter updates (4) and (7) can be written in the
general form

θn+1 = θn + ǫnH(θn, Yn+1) (16)

whereYn+1 = (Yn+1(1), . . . Yn+1(m)).
Note that the step size choiceǫn = 1/n satisfies the

conditions in equation (2). Moreover, the sequence(θn, Yn+1)
is Markov, sinceθn andYn+1 depend on the past only viaθn−1

andYn.
In addition to these assumptions, convergence requires an

additional attractiveness condition. For each fixedθ ∈ R, let
µθ( · ) denote the distribution ofY conditioned onθ. A key
quantity in the analysis of stochastic approximation algorithms
is the averaged function

h(θ) :=

∫

H(θ, y)µθ(dy) = E [H(θ, Y ) | θ] . (17)

We assume (as is true for our cases) that this expectation
exists. Now the differential equation method dictates thatunder
suitable conditions, the asymptotic behavior of the update(16)
is determined essentially by the behavior of the ODEdθ

dt
=

h(θ(t)).
Almost sure convergence:Suppose that the followingattrac-
tiveness condition

h(θ) [θ − θ∗] < 0 for all θ 6= θ∗ (18)

is satisfied. If, in addition, the variance
R(θ) := Var[H(θ;Y ) | θ] is bounded, then we are are
guaranteed thatθn

a.s.→ θ∗ (see§5.1 in Benveniste et al. [2]).
Asymptotic normality: In our updates, the random variables
Yn take the formYn = g(Xn, θn) where theXn are i.i.d.
Suppose that the following stability condition is satisfied:

γ(θ∗) := −dh

dθ
(θ∗) >

1

2
. (19)

Then we have
√

n (θn − θ∗)
d→ N

(

0,
R(θ∗)

2γ(θ∗) − 1)

)

(20)

See§3.1.2 in Benveniste et al. [2] for further details.

A. Proof of Theorem 1

(a) The m-bit feedback algorithm is a special case of the
general update (16), withǫn = 1

n
and H(θn, Yn+1) =

K
[

α∗ − 1
m

∑m
i=1 Yn+1(i; θn)

]

. Computing the averaged
function, we have

h(θ) = KE

[

α∗ − 1

m

m
∑

i=1

Yn+1(i; θn) | θn

]

= K (α∗ − F (θn)) ,

whereF (θn) = P(X ≤ θn). We then observe thatθ∗ satisfies
the attractiveness condition (18), since

[θ − θ∗]h(θn) = K [θ − θ∗] [α∗ − F (θn)] < 0

for all θ 6= θ∗, by the monotonocity of the cumulative
distribution function. Finally, we compute the conditional
variance ofH as follows:

R(θn) = K2Var

[

α∗ −
∑m

i=1 Yn+1(i)

m
| θn

]

=
K2

m
F (θn) [1 − F (θn)] ≤ K2

4m
, (21)

using the fact thatH is a sum of Bernoulli variables. Thus,
we can conclude thatθn → θ∗ almost surely.
(b) Note thatγ(θ∗) = −dh

dθ
(θ∗) = KpX(θ∗) > 1

2 , so
that the stability condition (19) holds. Applying the asymptotic
normality result (20) with the varianceR(θ∗) = K2

m
α∗(1−α∗)

(computed from equation (21)) yields the claim.
�

B. Proof of Theorem 2

This argument involves additional analysis, due to the aggre-
gate decision (6) taken by the fusion center. First, the aggregate
decision Zn+1 is a Bernoulli random variable; we begin
by computing its parameter. Each transmitted bitYn+1(i) is
Ber(F (θn)), where we recall the notationF (θ) := P(X ≤ θ).
Using the definition (10), we have the equivalances

P(Zn+1 = 1) = Gm(F (θn), α∗) (22a)

β = Gm(α∗, α∗) = Gm(F (θ∗), α∗). (22b)

The following result is elementary (proof omitted due to
space constraints):
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Lemma 1. For fixedx ∈ [0, 1], the functionf(r) := Gm(r, x)
is non-negative, differentiable and monotonically decreasing.

To establish almost sure convergence, we use a similar
approach as in the previous theorem. We begin by computing
the functionh as follows

h(θ) = KmE [Zn+1 − β | θ]

= Km [Gm(F (θ), α∗) − Gm(F (θ∗), α∗)] ,

using the equivalences (22). We now establish the attrac-
tiveness condition (18). In particular, for anyθ such that
F (θ) 6= F (θ∗), we calculate thath(θ) [θ − θ∗] is given by

Km [Gm(F (θn), α∗) − Gm(F (θ∗), α∗)] [θn − θ∗] < 0,

where the inequality follows from the fact thatGm(r, x)
is monotically decreasing inr for each fixedx ∈ [0, 1]
(using Lemma 1), and that the functionF is monotoni-
cally increasing. Finally, computing the varianceR(θ) :=
Var [H(θ, Y ) | θ], we have

R(θ) = K2
mGm(F (θ), α∗) [1 − Gm(F (θ), α∗)] ≤ K2

m

4

since (conditioned onθ), the decisionZn+1 is Bernoulli with
parameterGm(F (θ);α∗). Thus, we can conclude thatθn →
θ∗ almost surely.
(b) To show asymptotic normality, we need to verify the
stability condition. By chain rule, we haveh

dθ
(θ∗) =

Km
∂Gm

∂r
(r, α∗)

∣

∣

∣

r=F (θ)
pX(θ). From Lemma 1, we have

∂Gm

∂r
(F (θ), α∗) < 0, so that the stability condition holds as

long asγm(θ∗) > 1
2 (whereγm is defined in the statement).

Thus, asymptotic normality holds.
In order to compute the asymptotic variance, we need to

investigate the behavior ofR(θ∗) and γ(θ∗) as m → +∞.
First examiningR(θ∗), the central limit theorem guarantees

that Gm(F (θ∗), y) → Φ
(√

m y−α∗

α∗(1−α∗)

)

. Consequently, we
have

R(θ∗) = K2
mGm(F (θ∗), α∗) [1 − Gm(F (θ∗), α∗)] → K2

m

4
.

We now turn to the behavior ofγ(θ∗):

Lemma 2. As m → +∞, we have

∂Gm(r, α∗)

∂r

∣

∣

r=F (θ∗)
→ −

√

m

2πα∗(1 − α∗)
.

Proof: We compute thatG′
m(r) = ∂Gm(r,α∗)

∂r
is equal to

⌊mα∗⌋
∑

i=0

(

m

i

)

[

iri−1(1 − r)m−i − (m − i)ri(1 − r)m−i−1
]

.

With a bit of algebra, we obtain that

G′
m(r) =

E[XI(X ≤ α∗m)] − E[X]E[I(X ≤ α∗m)]

r(1 − r)

where X is binomial with parameters(m,α∗), and mean
E[X] = α∗m. Applying the central limit theorem

yields that 1√
m

X
d→ N (α∗√m,α∗(1 − α∗)), whence

E[I(X ≤ α∗m)] → 1
2 . Furthermore, we can write

E[XI(X ≤ α∗m)] =
√

mE

[

X√
m

I

(

X√
m

≤ α∗√m

)]

.

Let us seta = α∗(1− α∗) to simplify notation. Sinceα∗√m
is a continuity point of the normal distribution, we have (see
§7.2, [3]) that

E

[

X√
m

I(
X√
m

≤ α∗√m)

]

→
∫ α∗

√
m

−∞
x

exp
(

−(x−α∗
√

m)2

2a

)

√
2πa

dx

Making the change of variabley = x−α∗√m and evaluating
the integral, we obtainα

∗
√

m

2 −
√

a
2π

. Finally, some algebra

establishes that∂Gm(r,α∗)
∂r

∣

∣

r=α∗
converges to−

√

m
2πα∗(1−α)

as claimed. �

Returning now to the proof of the theorem, we use
Lemma 2 and put the pieces together to obtain that

R(θ∗)

2Km

˛

˛

˛

∂Gm(r,θ∗)
∂r

∣

∣

r=α∗

˛

˛

˛
pX(θ∗)−1

converges to

K2
m/4

2Km

√
mpX(θ∗)√

2πα∗(1−α∗)
− 1

=
1

m

[

K2
√

2πα∗(1 − α∗)

8KpX(θ∗) − 4
√

2πα∗(1 − α∗)

]

,

with K >

√
2πα∗(1−α∗)

2pX(θ∗) for stability, thus completing the
proof of the theorem.

�

V. D ISCUSSION

This paper treated the problem of decentralized quantile
estimation under communication constraints, and proposed
two different approaches. We showed that anm-bit feedback
algorithm achieves the same asymptotic variance as the cen-
tralized estimator. We also analyzed the asymptotic behavior
of 1-bit feedback schemes. Among the extensions that we are
currently investigating involve noisy channels, and protocols
based on1 < L < m bits of feedback for reducing the constant
in the rate.
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