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Abstract—We consider the following problem of decentral- is simply provided samples from the unknown distributioh [7
ized statistical inference: given i.i.d. samples from an unknown [6].
distribution, estimate an arbitrary quantile subject to limits on This paper addresses the problem of estimating an arbitrary
the number of bits exchanged. We analyze a standard fusion- - A . .
based architecture, in which each ofm sensors transmits a q.uantlle of an un_known d|§tr|butlon, for_ which no unblasgd
single bit to the fusion center, which in turn is permitted to Single sample estimator exists. We consider a standardrfusi
send some numberk bits of feedback. Supposing that each based architecture, in which each of sensors is permitted
of m sensors receives1 observations, the mean-sqlljared Error to transmits a single bit to the fusion center, which in turn
of the optimal centralized protocol decays asO(g5-). First, o permitted to send some numberbits of feedback. For a

we describe a decentralized protocol based ok = m bits d lized | witk = m bits of feedback
of feedback that is strongly consistent, and achieves the samed€Ccentralized protocol witk = m bits of feedback, we prove

asymptotic MSE as the centralized optimum. Second, we describe that the algorithm achieves the order-optimal rate of th& be
and analyze a decentralized protocol based on only a single bit centralized method (i.e., one with access to the full ctitbec

(k = 1) of feedback. For step sizes independent af, it achieves of raw data). We also consider a protocol that permits only a
an asymptotic l'\fIZSE of order O(5#7), whereas for step sizes gjngie hit of feedback, and establish that it achieves tieesa
decaying asm ", it achiveves the same order of MSE—namely, rate This single-bit protocol is advantageous in thathvdtr
boe(tﬁ)_as the centralized optimum. We discuss the tradeoffs , target mean-squared error of the quantile estimate, i

ween these different protocols. ; o . .

yields longer sensor lifetimes than either the centralzefill

feedback protocols.

The remainder of the paper is organized as follows. We
begin in Section Il with background on quantile estimation,

Whereas classical statistical inference is performed inamd optimal rates in the centralized setting. In Section Il
centralized manner, many modern scienti ¢ and engineeringe begin by describing two algorithms for solving the decen-
applications (e.g., sensor networks) are inhered#gentral- tralized version. We then state our main theoretical result
ized data are distributed throughout a network, and cannot had illustrate the agreement between theory and simulation
aggregated due to various forms of communication cons$rairSection IV contains the proofs of our main results, and we
In statistical terms, such communication constraints yntipht conclude in Section V with a discussion.
the individual sensors cannot transmit the raw data; rathey
must compress or quantize the data (e.g., from a continuous-
valued observation to a binary random random variable), and
can transmit only this compressed representation backeto thWe begin by introducing some background on quantile
fusion center. There is a rich literature in both informatioestimation; see Ser ing [8] for further details.
theory and statstical signal processing on problems ofrdece
tralized statistical inference. A number of researcheasing Basic problem: Given a real-valued random variable, let
back to the seminal paper [9], have studied the problem Bfx) := P[X x] be its distribution function (necessarily
hypothesis testing under communication-constraints;[@f right-continuous). For anp < < 1, the " -quantile ofF
for an overview. A parallel line of work deals with problem ofis de ned asF () = ( ):=inf fx2 R j F(x) g.
decentralized estimation. Work in signal processing @iljc Morever, if F is continuous at , then we have = F( ( )).
formulates it as a quantizer design problem and considets nAs a particular example, for = 0:5, the associated quantile
sample behavior [1], [4]; in contrast, the informationdhetic is simply the median.
approach is asymptotic in nature, based on rate-distottien Now suppose that for a xed level 2 (0;1), we
ory [11]. In much of the literature on decentralized statadt wish to estimate the quantile = (). We work in
inference, it is assumed that the underlying distributians the non-parametric setting, in which the class of possible
known with a speci ed parametric form (e.g., Gaussian). &ordistributions lacks a particular parameterized form, tather
recent work has addressed non-parametric and data-drigatis es only mild conditions. In particular, we assumettha
formulations of these problems, in which the decision-makéhe distribution functior is differentiable, so thaX has the

I. INTRODUCTION

Il. BACKGROUND



Fig. 1. Sensor network for quantile estimation witim
sensors. Each sensor is permitted to transriibé message

to the fusion center; in turn, the fusion center is permitted to
broadcask bits of feedback.

density functionpy (x) = F9Yx) (w.r.t Lebesgue measure),
and moreover thaby (x) > O for all x 2 R.

Estimation rates: In this setting, a standard estimator foris
the sample quantilen () 1= Fy () whereFy denotes

the empirical distribution function based on i.i.d. sansple lows: Pm ]
(X1;::::Xn). Under the conditions given above, it can be u = v K i1 Yn+ (i) @
shown [8] that y( ) is strongly consistent for (i.e., " vl m
n 1% ), and moreover that asymptotic normality holds | (c) Feedback:the fusion broadcasts tha received bits
p__ d @1 ) fYn+1 (1);:::; Yn+1 (M)g back to the sensors.
N( N ) ! 1W ) (1)

so that the asymptotic MSE decrease<C4$=N), whereN
is the total number of samples.

1. DISTRIBUTED QUANTILE ESTIMATION

m!

The rst condition ensures in nite travel (i.e., that the-se
qguence ,, can reach
the second condition (which implies that !
for variance reduction. A standard choice satisfying these
conditions—and the one that we assume herein+is 1=n.

from any starting condition), whereas
0) is required

With this set-up, then-bit scheme consists of the following

steps:

Decentralized quantile estimation with m-bit feedback:

(a) Local decision:each sensor computes the binary |de-
cision
Yne1 (i) Yosr (i; n) 1= [(Xne1 (i) n); (3

and transmits it to the fusion center.
(b) Parameter updatethe fusion center updates its ¢

rent estimate ,+; of the quantile parameter as fol-

and p) allow it to compute the updated parameter
n+1 - Knowledge of this parameter sufces to compute the
ocal decision (3).

We consider the standard network architecture illustrated

in Figure 1. There aran sensors, each of which has
dedicated two-way link to a fusion center. We assume th
each sensoi 2 f1;:::;mg collects independent samples
X (i) of the random variabl&X 2 R with distribution func-
tion F( ):= P[X
the quantile estimation problem, in which sensoreceives
measurementX , (i) at time stepsn = 0;1;2;:::, and the
fusion center forms an estimatg, of the quantile. The
key condition—giving rise to the decentralized nature of th

problem—is that communication between each sensor and {

central processor is constrained, so that the sensor can
simply relay its measuremet(i) to the central location, but
rather must perform local computation, and then transmit
summary statistic to the fusion center. More concretely, w
impose the following restrictions on the protocol. First, a

transmit a single bity, (i) to the fusion center. Second, the
fusion center can broadcdstbits back to the sensor nodes at
each time step. We analyze two distinct protocols, dependi
on whetheik = mork =1.

A. Protocol speci cation

For each protocaol, all sensors are initialized with somed xe
o. The algorithms are speci ed in terms of a constgnt 0
and step sizes, > 0 that satisfy the conditions

and (2)

S
o)

]. We consider a sequential version of

The 1-bit feedback scheme is similar, except that it reguire
r[oadcasting only a single biZf.; ), and involves an extra
tep size parametés ,, which is specied in the statement
f Theorem 2.

Decentralized quantile estimation with1-bit feedback:

(a) Local decision:each sensor computes the bing
decision

Yh+1 (') I(Xn+1 (') n)

and transmits it to the fusion center.
(b) Aggregate decision and parameter updaftEhe
fusion center computes the aggregate decision

P .
irr;1 Yn+l (l)
m

ry

(®)

e
he
not

a
e

Zn+1 = |

(6)

and uses it update the parameter according to

n+1 nt nKm (Zn+1 ) (7)

where the constant is chosen as
by

C

m . .
o ) (1 )™ (8)
i=0
(c) Feedback:The fusion center broadcasts the agg
gate decisiorZ,+; back to the sensor nodes (o

bit of feedback).

[e-

After the feedback step of this protocol, each sensor has

knowledge of the aggregate decisi@n.;, which (in con-



juction with , and the constant) allow it to compute the so that the asymptotic MSE 3 nﬂg% .

updated parameter,+; . Knowledge of this parameter suf CeS(q) If we choose alecaying step siz&m = s, then
to compute the local decision (5). m’

p #

2
B. Convergence results 1 K= 2 B (1 ) . (14)
We now state our main results on the convergence behavior m 8px( ) 4 2 (1 )

of these two distributed protocols. In all cases, we assinae t ] N
step size choice, = 1=n. so that the asymptotic MSEB - .

Theorem 1 (m-bit feedback) For any 2 (0;1), consider

a random sequencé g generated by them-bit feedback Comparative Analysis

protocol. Then

(a) For all initial conditions o, the sequence, converges We can compute the relative performance of each proposed

almost surely to  such thatP(X Y= . algorithm. A simple calculation shows that settihg =
(b) Moreover, if the constantK is chosen to satisfy 1=px ( ) in algorithmm-bf yields the same asymptotic vari-
px ( )K> 3, then ance as the optimal centralized scheme. In practice, howeve

! the valuepx () is typically not knﬁwn. For the algorithm

© o (9) 1-bf, making the substitutiok = K= 2 (1 ) yields

p_ K2 @ )1
2Kpx( ) 1 m the asymptotic variance

n(n )N O

so that the asymptotic MSE ®(-1-). K2 (1

) 1.
Kpe( ) 1 m (15)

2
Remarks: After n steps of this decentralized protocol, a 4
total of N = nm observations have been made, so that our
discussion in Section Il dictates (see equation (1)) that tfince the stability criterion is the same as that fiedf, the
optimal asymptotic MSE i€O(=L-). Interestingly, then, the optimal choice isK = 1=px ( ). So although the rate is
m-bit feedback decentralized protocol is order-optimalhwitthe same, the prefactor for thebf algorithm is57% higher
respect to the centralized gold standard. than the optimal centralized scheme. The main advantage of
using algorithml-bf is that despite the performance loss, the
Before stating the analogous result for the 1-bit feedbaéletwork lifetime scales a®(m) compared tdO(1) for m-bf.
protocol, we begin by introducing some useful notation.
First, we dgne for any xed p2 R the random variable
Y():= 2 Tov@; )= 2T x(@) ). Note that D. Simulation example
for each xed , the distribution ofY ( ) is binomial with

. . . We now provide some simulation results in order to il-
parametersn andF ( ). It is convenient to de ne the function P

lustrate the two decentralized protocols, and the agreemen

bRy © , , between theory and practice. In particular, we consider the
Gm(ry) := ;ra n™ ' (10) quantile estimation problem when the underlying distiitnut
i=0 (which, of course, is unknown to the algorithm) is uniform on
with domain(r;y) 2 [0;1] [0;1]. With this notation, we have [0; 1] random. In this case, we hayg (x) = 1 uniformly for
POY() y) = Gm(F():y): all x 2 [0;1], so that taking the constakt = 1 ensures that

the stability conditions in both Theorem 1 and 2 are satis ed
Theorem 2 (1-bit feedback) For any 2 (0;1), consider We simulate the behavior of both algorithms for = 0:3
a random sequencé ng generated by thel-bit feedback over a range of choices for the network size Figure 2(a)
protocol. Then we have: illustrates several sample paths wf-bit feedback protocol,
(a) The sequence, 1*  such thatP(X )= showing the convergence to the correct

(b) Sugpﬁose(lthat) the step sizen is chosen such that o comparison to our theory, we measye the empirical

Km > ———p==, or equivalently such that variance by rst computing the aver = n(n )
2px () m . n. .

@G 1 overL =20 runs. The normalization by n is used to isolate
m( ) = Kn (ri ), px( )> 5 (11) theeffect ofm. We estimate the variance by running algorithm
@r 2 for n = 2000 steps, and computing the empirical variance of

then 1 & for time stepsn = 1800 through ton = 2000. Figure 2(b)
p_ N K2Gm( 5 )1 Gm( ;5 ) shows these empirically computed variances, and a congparis
n(n )! 0 2m( ) 1 to the theoretical predictions of Theorems 1 and 2 for cartsta

(12) step size; note the excellent agreement between theory and

(c) If we choose aconstant step siz&, = K, then as practice. Panel (c) shows the comparison betwrgejmhﬁ

n'1l , the asymptotic variance behaves as algorithm, and thel-bf algorithm with decayin@.: m Step
! P # size. Here the asymptotic MSE of both algorithms decays like

K Zp 2 g ) (13) 1=m for m up to roughly500 after this point, our xed choice
8Kpx( )m 4 2 (1 ) of n is insuf cient to reveal the asymptotic behavior.
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IV. ANALYSIS A. Proof of Theorem 1
Our proofs of Theorem 1 and 2 exploit results from thé) The m-bit feedback algorithm is a special case of the
stochastic approximation literature [5], [2]. In partiaylboth general upgate (16), with, = % and H( n;Yh+1) =
types of parameter updates (4) and (7) can be written in tke % i";l Yn+1 (i; n) . Computing the averaged
general form function, we have "
a = + oH( n; Yos 16 1 X N
n+1 n n (n nl) ( ) h() — KE a Yn+1(|; n)J N
whereYns1 = (Yn+1 (1);::: Yner (M)). i=1
Note that the step size choicg = 1=n satises the = K( F(n);

conditions in equation (2). Moreover, the sequeQiGe Yn+1 )
is Markov, since , andY,+; depend on the pastonly via ;
andY,.
In addition to these assumptions, convergence requires an [ 1h(n) = K] 11 F(n)] <O
additional attractiveness condition. For each xe® R, let . .
for all 6 , by the monotonocity of the cumulative

() denote the distribution oY conditioned on . A key . = . . . .
L . ; S distribution function. Finally, we compute the conditibna
quantity in the analysis of stochastic approximation atfaors . .
variance ofH as follows:

whereF ( ) = P(X n). We then observe that satis es
the attractiveness condition (18), since

is the averaged fzunction Pm Yot ()

= 2 |:17n+1| i

h() = HGy) (dy) = EH(GY)j 1 @7 Rl = KO mo
K? K?2

We assume (as is true for our cases) that this expectation = WF( [l F(n)l m (21)
exists. Now the differential equation method dictates timater ing the fact that! i ‘B li iables. Th
suitable conditions, the asymptotic behavior of the up{bég \l/JvSemcgan so:;u deathalt: Ia Sumalgwoste;nuorgl; variaples. Thus,
is determined essentially by the behavior of the ORE= ’ '
he (). y by RE (b) Note that ( ) = ()= Kpx( ) > 1, so

that the stability condition (19) holds. Applying 2the asyotic
normality result (20) with the variand®( )= K- (1 )

(computed from equation (21)) yields the cIaTm.

Almost sure convergenceSuppose that the followingttrac-
tiveness condition

h( )| ] < O forall 6 (18)

is satis ed. If, in addition, the variance

R():=Var[H( ;Y)j ] is bounded, then we are areB: Proof of Theorem 2
guaranteed that, gs (seex5.1 in Benveniste et al. [2]). This argument involves additional analysis, due to the eggr
Asymptotic normality: In our updates, the random variablegate decision (6) taken by the fusion center. First, theeggge
Y, take the formY, = g(Xn; n) Where theX, are i.i.d. decisionZ,.; is a Bernoulli random variable; we begin
Suppose that the following stability condition is satis:ed by computing its parameter. Each transmitted Wit (i) is

dh 1 Ber(F ( n)), where we recall the notatida( ) : = P(X ).

() := d—( ) > é: (19) Using the de nition (10), we have the equivalances
Then we have P(Zn+1 =1) = Gm(F(n): ) (22a)
p_ d  R( ) = Gm( ;5 )= 6Gm(F( ) )i (22b)

The following result is elementary (proof omitted due to
Seex3.1.2 in Benveniste et al. [2] for further details. space constraints):



Lemma 1. For xed x 2 [0; 1], the functiorf (r) := Gu (r;x)
is non-negative, differentiable and monotonically desieg.

To establish almost sure convergence, we use a similar
approach as in the previous theorem. We begin by computing

the functionh as follows

h() = KmnE[Zna il
= Kn[Gm(F(); ) Gm(F(C ) I;
using the equivalences (22). We now establish the attr

tiveness condition (18). In particular, for any such that

F()6 F( ), we calculate thah( ) [ ] is given by

Km[Gm(F(n): ) Gm(F(C ); JlI[n

where the inequality follows from the fact th&,(r;x)
is monotically decreasing im for each xed x 2 [0;1]

1< 0

(using Lemma 1), and that the functioR is monotoni-

cally increasing. Finally, computing the varian& ) :=
Var[H(;Y )| 1, we have

2
YL Gm(F() N =
since (conditioned on), the decisiornZ,,+; is Bernoulli with

parameteiG, (F( ); ). Thus, we can conclude that !
almost surely.

R() = KZGm(F();

- X X
= %I(Pﬁ

N ( Pmo@@ ), whence

m)] ! 1. Furthermore, we can write

yields that pi-X 1<

E[I(X
P

p—_ X X
E[X (X m]="MmE p—l P

Letusseta= (1 ) to simplify notation. Since P m
is a continuity point of the normal distribution, we havegse
X7.2, [3]) that

Z Pwoexp &M

p_— 2a
m) ! X p
1 2a

dx

P m and evaluating
2. Finally, gpme algebra

Making the change of vegigbye: X
the integral, we obtain—"

2
establishes tha% .. converges to 2"(’71)

as claimed.
Returning now to the proof of the theorem, we use
Lemma 2 and put the pieces together to obtain that
RC ) , converges to

Ky @) px(
" b "
KZ2=4 _ 1 KZ2 (1 ) _
g,ﬁzm"*gx( )) 1 m 8Kpx( ) 4 2 @ )
with K > % for stability, thus completing the

proof of the theorem.

(b) To show asymptotic normality, we need to verify the

stability condition. By chain rule, we hav%h—( ) =

Km@@GF () » )px( ). From Lemma 1, we have
r=
€& (F(); ) < 0, so that the stability condition holds as

longas m( ) > % (where , is de ned in the statement).

Thus, asymptotic normality holds.

In order to compute the asymptotic variance, we need

investigate the behavior d®( ) and ( )asm ! +1.

First examiningR( ), the central limit theorem guarantee

that G (F( );y)! m
have
2 K2
R(C )= KaGm(FC )i )L Gm(FC ) JIE —*
We now turn to the behavior of( ):
Lemma 2. Asm! +1 , we have
r
@G ) | m :
@ RO 2 @ )

Proof: We compute thaG9, (1) = 2= is equal to

by c
Mot o™ (mopr@ nm
i=0
With a bit of algebra, we obtain that
_ EXI(X m)] E[X]E[I(X m)]
Gn(r) = ‘@ N

where X is binomial with parametergm;
E[X] = m. Applying the central

S

), and mean [11]
limit theorem

V. DISCUSSION

This paper treated the problem of decentralized quantile
estimation under communication constraints, and proposed
two different approaches. We showed thatrarbit feedback
?(I)gorithm achieves the same asymptotic variance as the cen-
tralized estimator. We also analyzed the asymptotic behavi
of 1-bit feedback schemes. Among the extensions that we are
currently investigating involve noisy channels, and pcote

—r— - Consequently, We pasedqor <L <m bits of feedback for reducing the constant

in the rate.
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