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By SAHAND NEGAHBAN AND MARTIN J. WAINWRIGHT
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APPENDIX A: INTRODUCTION

In this supplement we present many of the technical details from the
main work [1]. Equation or theorem references made to the main document
are relative to the numbering scheme of the document and will not contain
letters.

APPENDIX B: PROOF OF LEMMA 1

Part (a) of the claim was proved in Recht et al. [2]; we simply provide
a proof here for completeness. We write the SVD as ©* = UDV”, where
U e R™M*™ and V € R™2*™2 are orthogonal matrices, and D is the matrix
formed by the singular values of ©*. Note that the matrices U" and V" are
given by the first » columns of U and V respectively. We then define the
matrix I' = UTAV € R™>*™2 and write it in block form as

= T T , where T'y; € R™", and Tyy € RO —7)x(m2=7)
Ia1 T

We now define the matrices

A= |Y Y vT A A =A- A
0 Ty
Note that we have
T I T T T 0
/ 11 Lo 11 Lo 11
rank(A’) = rank [le 0| = rank [ 0 0 + rank [Fm ol < 2r,

which establishes Lemma 1(a). Moreover, we note for future reference that
by construction of A”, the nuclear norm satisfies the decomposition

(B.1) ITLar (©7) + A"l = [TLar (©7)l11 + 1A 1.

1
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2 S. NEGAHBAN AND M. J. WAINWRIGHT

We now turn to the proof of Lemma 1(b). Recall that the error A = O —©*
associated with any optimal solution must satisfy the inequality (30), which
implies that

(B.2)

1. * o) 1 * * o)
0 < (& X(A) + A {107l = 191} < X" (E)llop AN +An {10711 = 1Ol

where we have used the bound (31).
Note that we have the decomposition ©* = II4-(0*) + IIp-(0*). Using
this decomposition, the triangle inequality and the relation (B.1), we have

IOl = (M4 (©) + A) + (5 (©%) + A1
> |(Mar (©7) + A"y — |5 (67) + A"y
> T (©)llx + NA [l = {5 (©7)ll1 + NA M1}

Consequently, we have

1€l = 18l < 197l = {ITLar (©*) 1 + A"} + {I(Ts- (Ol + 1A [}
= 21 (Ol + Al — 1A |-

Substituting this inequality into the bound (B.2), we obtain
1 k *
0 < 5% Ellop AN+ An {205 (7)1 + A T = 1A 1}
Finally, since || +X*(&)[lop < An/2 by assumption, we conclude that
. 3 1
0 < AN {25 (O7) [l + SIA T = SIA 1}
Since |- (©%)[l1 = >/, 11 0;(©%), the bound (32) follows.

APPENDIX C: PROOF OF COROLLARY 5

Recall that for this model, the observations are of the form y; = (X;, ©*)+
g;, where ©* € R™*™M2 is the unknown matrix, and {&;}}¥; is an associated
noise sequence.

We now show how Proposition 1 implies the RSC property with an appro-
priate tolerance parameter 6 > 0 to be defined. Observe that the bound (25)
implies that for any A € C, we have

e » ominC) g — 12ty (/22 + |22 1l
©) =”‘“%“{|||A|||F A (f VESTINAS

imsart-aos ver. 2010/08/03 file: RR_AOS_Sahand_trim.tex date: November 16, 2010




NUCLEAR NORM MINIMIZATION SUPPLEMENTARY MATERIAL 3

where we have defined the quantity 7 > 0. Following the arguments used in
the proofs of Theorem 1 and Corollary 2, we find that

(C.2)

Al < Al +4 D0 05(0%) < 4y/2R 1| A]lp + ARy

j=r+1

Note that this corresponds to truncating the matrices at effective rank r =
2R,779. Combining this bound with the definition of 7, we obtain

TIAL < 44/2R A |p + 4R < 44 2R T Alp + 4R

Substituting this bound into equation (C.1) yields

1X(A)l2 o VOomin(X)
JN - 4

{1alle - 4\ 2Ryr /2 & — 4Ryr 0},

Aslong N > coRg/ (2-a) % (mq +mg) for a sufficiently large constant cg,
we can ensure that 4«/2Rq7'1*q/2 < 1/2, and hence that

122 - vowinl)
JN — 4

Consequently, if we define § := 16 Rq7'2_q, then we are guaranteed that for
all |||AH‘F > 6, we have 4Rq7’27q < |||Amp/4, and hence

”%(A)”Q N Umln( )
N - 16

for all ||A|p > 6. We have thus shown that C(2 R,779;J) with parameter
k(%) = ZeinX)

1 .
{3180F = 4Ry},

IAlF

The next step is to control the quantity || X*(€)[lop/N, required for speci-
fying a suitable choice of Ay.

LEMMA C.1.  If||g]l2 < 2vV/ N, then there are universal constants ¢; such
that

0 BIEn > (T 4\ [72)] < yoxp(-nin + .
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4 S. NEGAHBAN AND M. J. WAINWRIGHT

PROOF. By the definition of the adjoint operator, we have Z = %%* (&) =
+ SN | &:X;. Since the observation matrices {X;}N, are ii.d. Gaussian, if
the sequence {g;}Y, is viewed as fixed (by conditioning as needed), then the
random matrix Z is a sample from the I'-ensemble with covariance matrix

I = @ﬁz = %E. Therefore, letting Z € R™*™M2 he g random matrix
drawn from the 2023 /N-ensemble, we have

Pl Zllop > t] < P[|Z]Jop > 1.
Using Lemma H.1 from Appendix H, we have

B2} < 2225 (i

and

Nt2

Pl Zllop > EllZllop] +¢] < exp (— 1 W(E))

2,2 2
for a universal constant c;. Setting > = Q(Z2 (E)(Vﬁﬁvm” yields the
claim.

O

APPENDIX D: PROOF OF COROLLARY 6

This corollary follows from a combination of Proposition 1 and Lemma 1.
Let © be an optimal solution to the SDP (29), and let A = © — ©* be the
error. Since © is optimal and ©* is feasible for the SDP, we have ||O]; =
©* 4+ Allx < [|©*||:. Using the decomposition A = A’ + A” from Lemma 1
and applying triangle inequality, we have

|07 + A"+ A"[ly 2 |©7 + A"[ly — [|A"]ls.

From the properties of the decomposition in Lemma 1 (see Appendix B),
we find that

Ol = 0%+ A"+ A"l > Ol + A" [l — A

Combining the pieces yields that [|A” |1 < [|A’|l1, and hence [|A]lx < 2[|A|1.
By Lemma 1(a), the rank of A’ is at most 2r, so that we obtain [|A[; <

2V2r|Allr < 4V AllF.
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NUCLEAR NORM MINIMIZATION SUPPLEMENTARY MATERIAL 5

Note that X(A) = 0, since both © and ©* agree with the observations.
Consequently, from Proposition 1, we have that

o= TR = st -1z (5 + 2 180
= |||A\HFG -~ 12p(2)\/@+ 12(3) %>

1
—[lA
SN

\%

v

where the final inequality as long as N > cop?(X)r(mq+ms) for a sufficiently
large constant ¢o. We have thus shown that A = 0, which implies that
O = O* as claimed.

APPENDIX E: CONSISTENCY IN OPERATOR NORM

In this appendix, we derive a bound on the operator norm error for both
the low-rank multivariate regression and auto-regressive model estimation
problems. In this statement, it is convenient to specify these models in the
form Y = XO* + W, where Y € R"*"2 ig a matrix of observations.

ProprosITION E.1 (Operator norm consistency). Consider the multi-

variate regression problem and the SDP under the conditions of Corollary 3.
Then any solution © to the SDP satisfies the bound

~ max(2) [m1 + me
1 _ E3 < / v \/U ( \/ .
(E ) ‘HG @ H‘OP SC (E) n

min

We note that a similar bound applies to the auto-regressive model treated
in Corollary 4.

PROOF. For any subgradient matrix Z € 9||©|;, we are guaranteed
IZ]lop < 1. Furthermore, by the KKT conditions [3] for the nuclear norm
SDP, any solution ® must satisfy the condition

XTy

1 N
—XTx06 - +MZ = 0.
n

Hence, simple algebra and the triangle inequality yield that

N 1 .
1Ollop < H\(;XTX) lop [IXTW/nllop + An |-
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6 S. NEGAHBAN AND M. J. WAINWRIGHT
Lemma 2 yields that [|(2 X7 X )71 llop < %(E) with high probability. Com-
bining these inequalities yields
An
O'min(z) ’
We require that A, > 2| X7 W||op/n. From Lemma 3, it suffices to set \, >

€0/ Tmax (X)V %

1©llop < 1

. Combining the pieces yields the claim.
O

APPENDIX F: PROOF OF LEMMA 3

Let S™ ! = {u € R™ | |lullz = 1} denote the Euclidean sphere in m-
dimensions. The operator norm of interest has the variational representation

1 1
—NXTW|op = = sup sup oI XTWu
n n

uesSm—1 yggma—1

For positive scalars a and b, define the (random) quantity

U(a,b):= sup sup  (Xv, Wu).
u€a M1~ yep M2l
and note that our goal is to upper bound W(1,1). Note moreover that
U(a,b) =ab¥(1,1), a relation which will be useful in the analysis.

Let A= {u',...,u} and B = {v',...,vP} denote 1/4 coverings of S™ !
and S™27! respectively. We now claim that we have the upper bound
(F.1) U(1,1) < 4 max (Xo°, Wu®)

utcAvbeB
To establish this claim, we note that since the sets .4 and B are 1/4-covers,
for any pair (u,v) € S™~! x S™~! there exists a pair (u® v’) € A x B
such that u = u® + Au and v = v® + Av, with max{||Aul|s, |Av|2} < 1/4.
Consequently, we can write

(F.2)

(Xv, Wu) = (X0°, Wu) 4+ (Xob, WAu) + (X Av, Wu®) + (X Av, WAu).
By construction, we have the bound |(Xv?, WAu)| < ¥(1,1/4) = 1¥(1,1),
and similarly [(XAv, Wu®)| < 2¥(1,1) as well as (X Av, WAu)| < £0(1,1).

Substituting these bounds into the decomposition (F.2) and taking suprema
over the left and right-hand sides, we conclude that

9
U(1,1) < max (X0, Wu®) + —¥(1,1),
( )_uaeA,jgeB< ) 16( )
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NUCLEAR NORM MINIMIZATION SUPPLEMENTARY MATERIAL 7

from which the bound (F.1) follows.

We now apply the union bound to control the discrete maximum. It is
known (e.g., [4, 5]) that there exists a 1/4 covering of S™~! and §™2~1
with at most A < 8™ and B < 8™2 elements respectively. Consequently, we
have

(F.3) P[¥(1,1)] > 45n] < 8™ ™ max P

u® b

> 5

l|<va, Wu®)|

n

It remains to obtain a good bound on the quantity £ (Xv, Wu) = 137 (v, X;)(u, W;),
where (u,v) € 8™ ~! x §m2~! are arbitrary but fixed. Since W; € R™ has
iid. N(0,v?) elements and u is fixed, we have Z; := (u, W;) ~ N(0,v?)
for each ¢ = 1,...,n. These variables are independent of one another, and
of the random matrix X. Therefore, conditioned on X, the sum Z :=
Ly (v, Xi)(u, W;) is zero-mean Gaussian with variance
2 2
2 v (1 2 v T
= — | —|X < —|IX* X .
o i= 2 (2)xol3) < ZINTX/mlly

Define the event 7 = {a? < %} Using Lemma 2, we have || X7 X/nop <
90 max(X) with probability at least 1 — 2exp(—n/2), which implies that
P[7¢] < 2exp(—n/2). Therefore, conditioning on the event 7 and its com-
plement 7€, we obtain

Pz = 1) <P[|Z] > ¢ | T] + P[T"]

2
<exp|-—n + 2exp(—n/2).
( 207 (4+ |||E|||0p)>

Combining this tail bound with the upper bound (F.3), we have

2
m1-+msa o <xp(— )
Pll(1,1)] > 46n] <8 {exp( n718’/2m2”|0p> + 2 exp( n/2)}

Setting ¢ = 2002||S]lop ™22 this probability vanishes as long as n >
16(7711 + TI”LQ).

APPENDIX G: TECHNICAL DETAILS FOR COROLLARY 4

In this appendix, we collect the proofs of Lemmas 4 and 5.
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8 S. NEGAHBAN AND M. J. WAINWRIGHT

G.1. Proof of Lemma 4. Recalling that S™ ! denotes the unit-norm
Euclidean sphere in m-dimensions, we first observe that || X||op = sup,cgm-1 [|[Xu/2.
Our next step is to reduce the supremum to a maximization over a finite
set, using a standard covering argument. Let A = {u!,..., v} denote a 1/2-
cover of it. By definition, for any u € S™~!, there is some u® € A such that
u = u® + Au, where ||Aulls < 1/2. Consequently, for any u € S™~!, the
triangle inequality implies that

[ Xully < [[Xu®(ls + [ X Aullz,

and hence that || X |op < maxyeca | Xu®|l2 + 3] X |op. Re-arranging yields
the useful inequality

G.1 Xlop <2 Xu®s.
(G.1) IXTlop < 2 max || Xu®|l2

Using inequality (G.1), we have

ure€A N

_”|XTX|||Op > t} < P[max 1 i((u“, X;))? > E}
(G.2) <A™ max ]P’[% Z«ua’ X))? > _}

where the last inequality follows from the union bound, and the fact [4, 5]
that there exists a 1/2-covering of S™ ! with at most 4™ elements.

In order to complete the proof, we need to obtain a sharp upper bound on
the quantity P[1 Y7 ((u, X;))% > L], valid for any fixed u € 5™~ 1. Define
the random vector Y € R™ with elements Y; = <u, Xi>. Note that Y is zero
mean, and its covariance matrix R has elements R;; = E[Y;Y;] = w2 (0%)li—y,
In order to bound the spectral norm of R, we note that since it is symmetric,
we have ||R|op < ,max "1 |Rij|, and moreover

[Rijl = [u"S(0) Nl < (1€ lop)? 1S < 4TS op.

Combining the pieces, we obtain

2|||E\Hop

m
(G3)  IRllop < max Y Iy Slop < 2|||E|||opZ| < —

j=1
Moreover, we have trace(R)/n = u?' Su < ||S|lop. Applying Lemma 1.2 with

t =5,/%, we conclude that
1 9 m
B[ VI3 > ISlop + 5y IRkep| < 2exp(—5m) +2exp—n/2)..
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NUCLEAR NORM MINIMIZATION SUPPLEMENTARY MATERIAL 9

Combined with the bound (G.2), we obtain
20 [m 24|12 o
G4 _1(T1( o é )Y o {2 } é p’
( ) ||| ||| P ||| ||| P (1 7) n (1 _,7)

with probability at least 1 — ¢; exp(—cem), which establishes the upper
bound (35)(a).

Turning to the lower bound (35)(b), we let B = {v!,...,vB} be an e
cover of S™~! for some ¢ € (0,1) to be chosen. Thus, for any v € R™,
there exists some v’ such that v = v® + Av, and ||Av|s < e. Define the

function ¥ : R™ x R™ — R via ¥U(u,v) = uT(%XTX>v, and note that
U(u,v) = ¥(v,u). With this notation, we have

UT(%XTX>UZ\I'(U,U) = Uk, k) 4+ 20(Av,v) + (A, Av)
> W(o", o) + 20 (Av, v),

since ¥(Av, Av) > 0. Since |V (Av,v)| < e|||(%XTX) llop, we obtain the
lower bound

Lor _ (1T : b b Lt
Omin <(EX X)) —veglnf;lv <HX X)v > ﬁé%qj(” U )—2€|||HX Xlop-

By the previously established upper bound(35)(a), have || 2 X7 X ||, < %

with high probability. Hence, choosing € = W ensures that 2¢| 1 XT X o < omin(2) /4.
Consequently, it suffices to lower bound the miﬁimum over the covering

set. We first establish a concentration result for the function ¥(v,v) that

holds for any fixed v € S™~!. Note that we can write

n

W(o,0) = > (v, X)),
=1

As before, if we define the random vector Y € R™ with elements Y; = (v, X;),
then Y ~ N(0, R) with ||R]op < 2“‘%&"" Moreover, we have trace(R)/n =
Y0 > opin(¥). Consequently, applying Lemma 1.2 yields

1 Izl
Pl Yz < omin(®) - %} < 2exp (= nlt - 2/V)?/2) +2exp(~3),
Note that this bound holds for any fixed v € 5™~ 1 . Setting t* = — (=7 omin(¥) 176)‘“;%:)(2)

and applying the union bound yields that

P[ min \I/(v vb) < omin(2)/2] < (%)m {2exp(—n(t* —2/\/5)2/2) +2exp(—g)},

vbeB
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10 S. NEGAHBAN AND M. J. WAINWRIGHT

which vanishes as long as n > %ﬁﬂm.

G.2. Proof of Lemma 5. Let S™ ! = {u € R™ | |lu|s = 1} denote

the Euclidean sphere in m-dimensions, and for positive scalars a and b, define
the random variable

U(a,b):= sup sup (Xv, Wu).

uca Sm—1ych Sm—1

Note that our goal is to upper bound ¥(1,1). Let A = {u!,..., v} and
B = {v',...,vP} denote 1/4 coverings of S™~! and S™~!, respectively.
Following the same argument as in the proof of Lemma 3, we obtain the
upper bound

(G.5) U(1,1) < 4 max (Xo°, Wu?)

ueeAvbeB
We now apply the union bound to control the discrete maximum. It is known
(e.g., [4, 5]) that there exists a 1/4 covering of S™ ! with at most 8™ ele-
ments. Consequently, we have

Xob, Wu®
(G6)  P[l(1,1)] > 46n] < 8*" max P[w > 6].
It remains to obtain a tail bound on the quantity P[M > 4], for any

fixed pair (u,v) € A x B.

For each i = 1,...,n, let X; and W; denote the i** row of X and W.
Following some simple algebra, we have the decomposition <XU’H7WU> =T —
Ty — T3, where

1 & 1
T, = 5> Z ((u, W5) + (v, Xi>)2 - §(uTCu + 0T w)
i=1
= 23 ((u, W) - L
2 = m gt ) 7 2
T; = izn: ((v X->)2 - lUTEU
3 0, - 5 4Ag 2

@
Il
—

We may now bound each Tj for j = 1,2, 3 in turn; in doing so, we make re-
peated use of Lemma 1.2, which provides concentration bounds for a random
variable of the form ||Y||3, where Y ~ N (0, Q) for some matrix Q = 0.

imsart-aos ver. 2010/08/03 file: RR_AOS_Sahand_trim.tex date: November 16, 2010



NUCLEAR NORM MINIMIZATION SUPPLEMENTARY MATERIAL 11

Bound on T3:.  We can write the term T3 as a deviation of ||Y||3/n from its
mean, where in this case the covariance matrix @) is no longer the identity.
In concrete terms, let us define a random vector Y € R"™ with elements Y; :=
(v, X;). As seen in the proof of Lemma 4 from Appendix G.1, the vector YV

. . . . . 2|2
is zero-mean Gaussian with covariance matrix R such that |R|op < mlfm;’p

(see equation (G.3)). Since we have trace(R)/n = vT Rv, applying Lemma 1.2
yields that

(G.7) P[T3| > %t] < 2exp(— w) + 2exp(—n/2).

Bound on Ts:.  We control the term 75 in a similar way. Define the random
vector Y/ € R™ with elements Y/ := (u, W;). Then Y is a sample from the

)

distribution N (0, (uf' Cu)l,xy), so that uTZWT2 is the difference between a
rescaled x? variable and its mean. Applying Lemma 1.2 with Q = (u” Cu)I,
we obtain

(G.8) P[|Ta| > 4(u’Cu)t] < 2exp ( — M) + 2exp(—n/2).

Bound on Ty:. 'To control this quantity, let us define a zero-mean Gaussian
random vector Z € R™ with elements Z; = (v, X;) + (u, W;). This random
vector has covariance matrix .S with elements

Sij = E[Z:Z;] = (uTCu)dij+(1—6;) (ul Cu)oT (©)=3171y 0T (0%) =I5y,

where §;; is the Kronecker delta for the event {i = j}. As before, by sym-
metry of S, we have ||S|lop < max;=1__n> 7|5, and hence

1—1
ISllop < (uCu) + ISllop + > [(u” Cu) v (O 71y 4 0T (©%) =315y
=1

+ > (W Cu) o7 (0%) 1y + T (0%) 5.
Jj=i+1

Since |0*[lop < 7 < 1, and (u"Cu) < [Cllop < [[Elop, we have
0 . 0 .
ISllop < UCHop + Illop +2 D> NCHopy ™t +2 > IZllopy’
7j=1 7j=1

1
<4%op (1 4+ ——
< 48llp (1 + =)
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12 S. NEGAHBAN AND M. J. WAINWRIGHT

Moreover, we have 12¢(5) — (uT Cu)+vTYv < 2||X]op, so that by applying

Lemma 1.2, we conclude that

24| op

n — TL2
(©9) B|ITi| > (=0 )t} < 2exp(_%)+2€xp(_n/2)’

which completes the analysis of this term.
Combining the bounds (G.7), (G.8) and (G.9), we conclude that for all
t>0,

(G.10)
_ )2
X0 Wl 4000l )] _ o, (8= 21V

n 1—x

+ 6exp(—n/2).

Setting t = 10y/m/n and combining with the bound (G.6), we conclude that

1600[|%lop

P[lp(1,1)] > T

1/%] < 87 {6exp(—16m) + 6exp(—n/2)} < 12exp(—m)
as long as n > ((4log 8) + 1)m.

APPENDIX H: PROOF OF PROPOSITION 1

We begin by stating and proving a useful lemma. Recall the definition (22)
of p(%).

LEMMA H.1. Let X € R"*™2 pe q random sample from the ¥-ensemble.
Then we have

(H.1) El Xlop] < 12p(X) [v/mi1 + v/m2]
and moreover

2
(H.2) PlIXNop = E[ll Xflop] + 2] < exp (- #@))-

PRrROOF. We begin by making note of the variational representation

X lop = sup ul Xw.

(uw)e8m1—1x gma—1

Since each variable u? Xv is zero-mean Gaussian, we thus recognize || X||op
as the supremum of a Gaussian process. The bound (H.2) thus follows from
Theorem 7.1 in Ledoux [6].
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NUCLEAR NORM MINIMIZATION SUPPLEMENTARY MATERIAL 13

We now use a simple covering argument establish the upper bound (H.1).
Let {v',...,v™2} be a 1/4 covering of the sphere S™2~!. For an arbitrary
v € S™271 there exists some v’ in the cover such that ||v — v7|jy < 1/4,
whence

1Xvllz < X0 [l2 + [1X (0 = v)]|2.

Taking suprema over both sides, we obtain that || X [lop < max;j—1__asp [|[Xv7]|2+
X llop- A similar argument using a 1/4-covering {u',...,u*} of §™~1
yields that

. |
IXv7lla < max {u', Xv7) + 7] X]lop.

Combining the pieces, we conclude that
< UXv7).
1Xlop <2 _ma {u', Xo/)
j=1,....Ma

By construction, each variable (u’, Xv/) is zero-mean Gaussian with vari-
ance at most p(X), so that by standard bounds on Gaussian maxima, we
obtain

E[ X[lop) < 4p(2)y/log(M1 M) < 4p()[v/log M + /log Ms].

There exist 1/4-coverings of S ! and S™2~! with log M; < m;log8 and
log My < mglog8, from which the bound (H.1) follows.
O

We now return to the proof of Proposition 1. To simplify the proof, let
us define an operator Ty : R™>™M2 — R™ M2 gych that vec(Tx(©)) =
VEvec(0). Let X' : R™*m2 — RN be a random Gaussian operator formed
with X/ sampled with i.i.d. N(0,1) entries. By construction, we then have
X(©) = X/(Tx(©)) for all © € R™*™2, Now by the variational characteri-
zation of the fo-norm, we have

1X(Te(0))]2 = sup (u, X'(Tx(0))).
ueSN-1
Since the original claim (25) is invariant to rescaling, it suffices to prove it
for matrices such that ||7%(0)|r = 1. Letting ¢ > 1 be a given radius, we
seek lower bounds on the quantity

Z*(t) := inf "(Ts(©
(t) @é%(t)u;;]vpﬂ(u,%( =(©),

where R(t) = {© e R™>*™ | [T2(0)]r =1, [[©]1 < t}.
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14 S. NEGAHBAN AND M. J. WAINWRIGHT

In particular, our goal is to prove that for any ¢t > 1, the lower bound

Z*(t 1 my +m
(H.3) % > 2 —12p(%) [%]1/2 t
holds with probability at least 1 — ¢j exp(—coN). By a standard peeling
argument (see Raskutti et al. [7] for details), this lower bound implies the
claim (25).

We establish the lower bound (H.3) using Gaussian comparison inequali-
ties [4] and concentration of measure (see Lemma I.1). For each pair (u, ©) €
SN=1x R(t), consider the random variable Z, o = (u, X'(Tx(0))), and note
that it is Gaussian with zero mean. For any two pairs (u,©) and (v/,0),
some calculation yields

(H.4) E[(Zuo — Zwe)’] = lu® Te(©) — v’ @ Te (0]

We now define a second Gaussian process {Y, 0 | (u,0) € SN1 x R(¢)}
via

Y%@ ‘= <g7 u> + <<G’ TE(®)>>7
where g € RY and G € R™*™2 are independent with i.i.d. N(0,1) entries.
By construction, Y;, ¢ is zero-mean, and moreover, for any two pairs (u, ©)
and (u/,0"), we have

(H5)  E[(Yue —Yue)?] = lu—u'[3 +1T:(0) - T=(0") I

For all pairs (u, ©), (v/,0") € SN~1 x R(t), we have |lull2 = [[v/|]2 = 1, and
moreover ||[Tx(0)|r = [|[T2(©")||r = 1. Using this fact, some algebra yields
that

(H6) Ju®Te(0) —u' @ To(O)E < lu— |l + | T(0) — Ts(&)].

Moreover, equality holds whenever © = ©’. The conditions of the Gordon-
Slepian inequality [4] are satisfied, so that we are guaranteed that

(H.7)

E[ inf [|X(Ts(© :E{'f Zu}>E{'f Yu}
oI, 1% (T5(O))l:] oy Sup Zue| 2B Iuf  sup Yue

We compute

—&[ s (o] +E[ it (G, T(0))]

= E[|lgll2] — E[ sup (G, Tx(0)))]
OER(t)

> VN — tEIIT(G) o)

E| inf sup Y,e
OER(t) yegN-1
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NUCLEAR NORM MINIMIZATION SUPPLEMENTARY MATERIAL 15

where we have used the fact that Ty is self-adjoint, and Holder’s inequality
(involving the operator and nuclear norms). Since 7% (G) is a random matrix
from the ¥-ensemble, Lemma H.1 yields the upper bound E[||T%(G)|lop] <
12p(¥) (y/m1 + /mz2). Putting together the pieces, we conclude that

f o IFOEON 1y o) (/)
OER(t) VN 2 VN

Finally, we need to establish sharp concentration around the mean. Since
IT5(©)||r = 1 for all © € R(t), the function f(X) : = infeer [|X'(T%(0))[l2/VN
is Lipschitz with constant 1/ V/N, so that Lemma I.1 implies that

- [X(©)]2 _ 1 Vmi + y/ma 9
P{eg}zfm v, < 5 12p(%) (T) t—3d| <2exp(—N§°/2)

for all 6 > 0. Setting § = 1/4 yields the claim.

APPENDIX I: SOME USEFUL CONCENTRATION RESULTS

The following lemma is classical [4, 8], and yields sharp concentration of
a Lipschitz function of Gaussian random variables around its mean.

LEMMA I.1.  Let X € R™ have i.i.d. N(0,1) entries, and let and f : R™ —
R be Lipschitz with constant L (i.e., |f(z)— f(y)| < L||z—vyll2 Vz,y € R™).
Then for all t > 0, we have
t2
ar2)
By exploiting this lemma, we can prove the following result, which yields
concentration of the squared fo-norm of an arbitrary Gaussian vector:

PIf(X) — Ef(X)| > 1] < 2exp (-~

LEMMA 1.2.  Given a Gaussian random vector Y ~ N(0,Q), for all t >
2//n, we have
(L.1)

T n(t— %)
P E|||Y||2—traceQ| > At Qllop| < 2exp —— +2exp (—n/2).

PROOF. Let /@ be the symmetric matrix square root, and consider the

function f(z) = ||[v/Qx||2/+/n. Since it is Lipschitz with constant [|v/Q|lop/v/7

Lemma I.1 implies that
(L.2)
né?

P[| VOX|2 — E|VQX|2 | > vnd] < 2exp (—m> for all § > 0.
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16 S. NEGAHBAN AND M. J. WAINWRIGHT

By integrating this tail bound, we find that the variable Z = ||\/QX||2/\/n
satisfies the bound var(Z) < 4||Q|lop/n, and hence conclude that

(L.3)

VR - [812)] = | fimeet@n - BVGX v < 22

Combining this bound with the tail bound (I.2), we conclude that
(L.4)

2
P[%H\/@Xb—\/trace(Q) | > 6+24/ ”|QTE|OP} < 2exp <_2|||7Z§”|op> for all 6 > 0.

Setting 0 = (t —2/v/n) 1/||Q]lop in the bound (I1.4) yields that

(L5)

n(t — n)?2
P lIVAX I — race(@) | > 1l | < 2650 (—%) |

Similarly, setting 6 = /||Q|lop in the tail bound (I.4) yields that with prob-
ability greater than 1 — 2exp(—n/2), we have

(1.6) \'Y”Z [l < Dy Q< 41

Using these two bounds, we obtain

Y3 trace(Q HY||2 trace(Q HYH2 trace(Q)
- < 461l

with the claimed probability.
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