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. [17] for quantizing binary sources. Suitably designed degr
Abstract— Recent work has suggested that low-density gener- djstributions yield performance extremely close to theerat
ator matrix (LDGM) codes are likely to be effective for 10Ssy — gigiqrtion bound [17]. Various researchers have used tech-

source coding problems. We derive rigorous upper bounds on . o . . . .
the effective rate-distortion function of LDGM codes for the Mdues from statistical physics, including the cavity nueth

binary symmetric source, showing that they quickly approatt and replica methods, to provide non-rigorous analyses of
the rate-distortion function as the degree increases. We s LDGM performance for source coding [3], [4], [15]. However,
compare and contrast the standard LDGM construction with a  thys far, it is only in the limit of zero-distortion that this

compound LDPC/LDGM construction introduced in our previou s ; ;
work, which provably saturates the rate-distortion bound with anlalﬁl_s has been lr)nade_rlgso ro??llyb[M]’t[Sb]I" [;] .
nite degrees. Moreover, this compound construction can be  'NthiS paper, we beginin section I by establishing rig@ou

used to generate nested codes that are simultaneously goodupper bounds on the effective rate-distortion functionhufak-
as source and channel codes, and are hence well-suited toregular families of LDGM codes for all distortion® [
source/channel coding with side information. The sparse ah |o, %] under (maximum-likelihood) decoding. Our analysis is
hlgh-glrth graphical structure of our constructions render them based on a combination of the second-moment method. a
well-suited to message-passing encoding. . . . .
tool commonly used in analysis of satis ability problemg,[6
|. INTRODUCTION [7], with standard large-deviation bounds. Our bounds show

For channel coding problems, codes based on graphical ctirat LDGM codes can come very close to the rate-distortion
structions, including turbo codes and low-density parligek lower bound. Although the residual gap vanishes rapidias t
(LDPC) codes, are widely used and well understood [163heck degrees are increased, it remains non-zero for atg ni
However, many communication problems involve aspects dégree. In Sectiofll, we discuss a LDPC/LDGM compound
qguantization, or quantization in conjunction with channaonstruction, which we introduced in previous work [11].rele
coding. Well-known examples include lossy data compressiave provide a re ned analysis of the fact that this compound
source coding with side information (the Wyner-Ziv probjem construction can saturate the rate-distortion bound witite
and channel coding with side information (the Gelfand-Rémns degrees. We conclude in Sectibnl IV with a discussion of the
problem). For such communication problems involving gixantextension of our constructions to source and channel coding
zation, the use of sparse graphical codes and messagegassith side information [12], as well as the application of
algorithm is not yet as well understood. practical message-passing algorithms [17].

A standard approach to lossy compression is via trellidlotation: Vectors/sequences are denoted in baddg{ s),
code quantization (TCQ) [10], and various researchers haesmdom variables in sans serif forg.{, s), and random vec-
exploited it for single-source and distributed compres$®], tors/sequences in bold sans sedfg s). Similarly, matrixes
[18] as well as information embedding problems [1], [8]are denoted using bold capital letteesd, G) and random
A limitation of TCQ-based approaches is the fact that satatrixes with bold sans serif capitals.g, G). We usel (:; -),
urating rate-distortion bounds requires increasing tldlisr H(-), and D (:||-) to denote mutual information, entropy,
constraint length, which incurs exponential complexityef®@ and relative entropy (Kullback-Leibler distance), respety.
for message-passing algorithms). It is thus of consideralflinally, we usecard{-} to denote the cardinality of a set,
interest to explore alternative sparse graphical codetbosy || - ||, to denote thep-norm of a vectorBer(t) to denote a
compression and related problems. A number of researchBesnoulli-t distribution, andH,, (t) to denote the entropy of a
have suggested the use of LDGM codes for quantizati@er(t) random variable.
problems [13], [17], [4], [15]. Focusing on binary erasure
quantization (a special compression problem), Martiniad a !l BOUNDS ON STANDARDLDGM CONSTRUCTIONS
Yedidia [13] proved that LDGM codes combined with modi- In this section, we begin by de ning the check-regular
ed message-passing can saturate the fundamental boundLBGM ensemble. We then state and prove rigorous upper
number of researchers have explored variants of the submunds on the effective rate-distortion function of thisem-
product algorithm [15] or survey propagation algorithm§ [3ble under ML encoding.



A. Check-regular ensemble and lossy compression 06 Bound for standard LOGM

A low-density generator matrix (LDGM) code of rate
R = T consists of a collection ofh checks connected
to a collection ofm information bits; see FigurEl 1 for an

illustration. The ensemble of LDGM codes that we study in

Bound value

Fig. 1. Factor graph representation of an LDGM code with o s S

checks (each associated with a source bit),raridformation 0 005 01 015 02 D28 03 035 04 045 05

bits. The check-regular ensemble is formed by having each . . A .

check choose bit neighbors uniformly at random. Fig. 2. Plot of the functionU(v;D; ) for D = 0:11 and

¢ = 4. Forv =0, we haveU(0;D; {) =1—H, (D), so
that the upper bound(4) is always above the Shannon bound.

this paper are constructed as follows: each check connects t 1€ valuemaxyz 0.1y U(v; D; ) determines the excess rate
. . . . required beyond the Shannon bound to achieve distoRion

Yt information bits, chosen uniformly and at random from the

set of m information bits. We us& [{D,1}™ " to denote

the resulting generator matrix; by construction, each moolu

of G has exactlyy; ones, whereas each row (correspondinge ne A (3, D,u) = min{0, logp (8, D,u)}, wherep is the

to a variable node) has an (approximately) Poisson numbgtique positive roétof the quadratic equatioAx® +Bx+C

of ones. This construction, while not particular good frdma t with coef cients

coding perspective has been studied in both the satis ability

and statistical physics literatures [6], [14], [5], [7], et it ~ ~ = °2(1 =31 —-D) | 28)

is referred to as the K-XORSAT” or “p-spin” model. An B = ul—8)~+(1—up’*—D &+ (1—3)* .(2b)

advantage of this regular-Poisson degree ensemble ishbatt C = —D3§(1—)). (2¢)

resulting distribution of a random codeword is extremelgyea

to characterize: Ford = 0, we setA (0,D,u) = 0. Next de ne the function

F[D, 6] in a variational manner as follows

Lemma 1. Let G [{0,1}™ " be a random generator — o

matrix obtained by randomly placing: ones per column.

Then for any vectow [J0,1}™ with a fraction of v ug}g’é,] Hy (U) = Hy (D) +ulog (1 —38)e* @2 +3

ones, the distribution of the corresponding codewards is ] [ L1

Bernoulli@(v; yt)) where +(1—u)log 5e* ®P +(1-3) —DA (3,D,u) .
By =5 [1- (L - 20, @ ®

. . With th de nitions, have:
An LDGM code with generator matrix can be used to ! ese de nitions, we have

perform lossy data compression as follows. Given a sour€eeorem 1. The rate-distortion function of thg.-regular
sequencey [{0,1}" drawn i.i.d. from aBer(%) source, ensemble is upper bounded by

we use it to set the parities of the checks at the 1 S

top of Figure[dl. We then seek an optimal encoding ofRyp(D;Yyt) : = max 1~ Hy (D) + F [Didviyo)l .
the source sequence by solving the optimization problem v2[0.1] 1=H, (V) @)
d(E) 1= mingys g 1gm d(z%G,y), whered(.,-) denotes the

Hamming distortion. For a code of given raR, we are  To provide some intuition for the behavior of the func-
interested in the expected minimum distortiqE[d(¥=Y)] tion U(v;D,yy) := L Hb(?)“L,_'Fb[(E,));B(‘“V‘)] that determines the
that can be achieved, where the expectation is taken oweund [#), Figurdd2 provides a pfofor the caseD = 0.11
the Bernoulli source. For all distortior3 [0, %], the rate- andy; = 4. Forv = 0, it can be seen thd& [D;3(0;yt)] = 0,
distortion function is well-known to take the forlR(D) = so that theJ (0; D,yt) = 1 — Hp (D), implying that the upper
1—Hy (D). bound is always larger than the Shannon lower bound.

By determining the maximunil4) for a range of rates and

B. Theoretical results i
degreesyt, we can trace out parametric upper bounds on

We begin by stating our main results on the rate-disitortiqﬂe rate-distortion function. Figur@ 3 provides plots o€ th
performance of LDGM codes. Fér ({0, 1) andD, u [0, 5], - -

- N p
' . R 2 =L 2
11 particular, for bounded check degree the Poisson degree distribution AN explicit expression is - = ¢ B+ B2 4AC .
means that there are typically a constant fraction of isdlsidegree zero)  3Note that for even ¢, the functionU is symmetric aboul%, so we only

information bits. plot one half of the function.
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AN Stannon z(C,s,D) = xi(C,s,D) (6)

i=1
is the total number of codewords that are distorimptimal.

In order to apply apply the second moment bound (Leriima 2)
to this random variable, we need to compute the rst and
second moments. Here we will be taking expectations over
both the source sequenee I:Ber(%) and the choice of
random code&C from theyg-regular ensemble. In the following
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Fig. 3. The Shannon rate-distortion functidd(D) = 1 — logE[z (C,s,D)]" —logE[z (C,s,D)] > —logq(n),
Hp (D) provides a lower bound on any construction. Plots ; ; ;
of the upper bound[(4) for LDGM ensembles with [ whereq(n) is a polynomial function oh. It can be shown _[11]
{3:4;6}: using martingale arguments that such a statement is suf-

cient to establish that the expected distortion is less fhan
Consequently, we analyze normalized log probabilities.,(i.
%Iog E[z (C,s,D)]), and writeo(1) to capture terms of the

bound [#) on the rate-distortion function fg¢ [{B,4,6}. form 199D The rst moment is straightforward to bound
Also shown is the Shannon curiRD) = 1 — Hy, (D), which using standard results:

is a lower bound for any construction. Finally, an important ) )
special case of Theorel 1 is the limit of zero distortion£ Lemma 3. The rst moment is sandwiched as

0), in which case the rate-distortion function correspondsé - 1 JnR @ Ho(O))]

satis ability threshold. In this case, we recover as a dargl Elz(C.s D)l = n+ 12 ' (72)
the following result previously established by Creignou et E[z(C,s,D)] < (n+1)2"R @ H®  (7p)
al. [6]:

We also make use of the following alternative expression for
Corollary 1. The randomy-XORSAT satis ability threshold the second moment (see [11] for a proof):

. - 1
is lower bounded by () : = Rup Oiv1)’ where Lemma 4. The second moment c&jz (D)?] can be decom-
posed as
Rup(0:yy) = max 1+1log[1—3(v;Yd)] ®)  —
e v2[0,3] 1=Hp (V) Ez(D)] + E[z(D)]  PIx(D) =1]x(D) =1]. (8)

j&0
This special case reveals that our upper bounds are BQfiticularly important in our analysis is the following lera,

sharp, as the boundd (5) are known to be loose foltte 0 \yhich provides a large deviations upper bound on the condi-
case. Indeed, several researchers [14], [5], [7] haveetbtive tiona| probability in equation]8):

exact threshold values for the XORSAT problem. However, the N ]

looseness in the bounfll(5) rapidly vanishesyasncreases. L8mma 5. Conditioned on the event that codewgrdhas a

As an illustration, forys = 3, we havea (3) = 0.88949 in fractionvn ones, we have

contrast to the exact threshotd(3) = 0.91794, whereas for 1 logP[x;(D) =1|%(D) =1 <= F [D;3(v;yo]+ o(l),

Yt = 6, we havea (6) = 0.99623 in contrast to the exact n

thresholdc (6) = 0.99738. where the functiorF is de ned in equation3).
Proof: We can reformulate the probability on the LHS as
C. Proof of Theorerfil1 follows. LetT be a disﬁ:ﬁ variable with distribution
The remainder of this section is devoted to proving the PT=t) = —Iﬁlﬁl:l fort=0.1 ... Dn

previous result. Our proof exploits Shepp's second moment
method, which is a standard tool in satis ability analysis:

s=0 s

representing the (random) numberlsfin the source sequence

Lemma 2. For any positive integer valued random variableS. Let Y; and W; denote Bernoulli random variables with

z, we haveP[z > 0] = %_] parametersl = o(v;vyt) and 6(v;_yt) r_espectlvel_y. With this

set-up, conditioned on codewojdhaving a fractiorvn ones,

Given an LDGM codeC of rateR =1 >0, letN = 2"R the probabilityP[x; (D) = 1| Xxo(D) = 1] is equivalent to the

be the total number of codewords. For a given sequanEelprobability that the random variable

{0, 1}", de ne for each codeword = 1,...,N an indicator i 1N I

variablex;(C, s, D) for the event that codeworlis within Uu = Yj + W; (9)

Hamming distanceDn of the source sequence Thus, the i=1 j=1




is less tharDn. To bound this probability, we use Chernoff'sCombining with Lemmd4, we obtain th%tlog E[z(D)?] is

bound in the form upper bounded by
C1 1

%IogP[UsDn] = nf %IogMU(A)—)\D .(10) R(l—Hb(D))+Vg1[g§]{RHb(V)+F[D,6(v;vt)]}+0(1)-

We begin by computing the moment generating functibg. NOW Plugging this bound into the second moment

Taking conditional expectations and using independenee, §PUNd (Lemmall2) and using Lemnid 3, we obtain that
s P g incep \Eplog Pz(D) > 0] is lower bounded by

S LN R(1—Hy (D)) — max {RHy (V) + F[D, 8(v; oI} + o(1).
Mu@) = PT =t My Mw)]" veo
t=0 The probability of nding aD-optimal word will not vanish
exponentially fast as long as this quantity stays non-megat
with some simple algebra, this condition is equivalent te th
bound

Of interest to us is the exponential behavior of this expoess
in n. Using the standard entropy approximation to the binomi

coef cient, we can write% logMy(A) as
1—Hp (D) +F[D,3(v;yi)]

C 11 R = ma . 12
1 C1 ¢t t v2 [o,)i] 1—Hp (V) (12)
— log exp n Hp — —Hp(D)+ —logMy (A) ] ] ]
n =0 n n Therefore, the true rate distortion function must be smalle
L1 t L1 EIF than the RHS of this equation, thereby completing the proof
+ 1—— logMw(@®)  +0(1)  of the theorem. O

where the cumulant generating functions have the form  D. Proof of Corollaryl
| (| To prove the corollary withD = 0, we note quatiofl(9)
— — 5eA Fjﬁ
logMy(A) = log |‘£‘:|L 0)e” +9 . (11a) now entails evaluating the probability thatj:1 W =0,
logMw () = log (1—28)+3de* . (11b) where thew; are i.i.d. Ber(3(v;yy)) variables. By Sanov's
. . eorem, the error exponent (i.é=) in this case is simply
Note that the exponential behavior of the Chernoff boling (1@ OII5(v;ye)) = log(1 — 8(v:yy)). Substituting this into

is determined bymaXuzo,o1 G(u; A) where equation [(#) and using the fact thit, (0) = 0 yields the

G(U;A) 1= Hyp (u) — Hp (D) + ulog My (A) result.
+ (1 —u)logMw (A) —AD.

Since cumulant generating functions are strictly conves, w
are guaranteed th& is strictly convex inA; similarly, it can

be seen thatG is strictly concave inu. Moreover, for any

D >0 anddé [(0,1), we haveG(u;\) —» +oco asA - —oo,
Thus, by standard min-max results [9], we can interchange th
order of minimization (oveA < 0) and maximization (over

u [0, D]). Taking derivatives with respect @ to nd the Fig. 4. lllustration of compound LDGM and LDPC code
minimum, we nd that% =0 is equivalent to construction. The top section consists of @nm) LDGM

code with generator matrixs and constant check degrees

(1 —0)exp(A) dexp(A) ¢ = 4, its rate isR(G) = . The bottom section consists
+(1-u) -D =0. of a (m;k) LDPC codes with degre€ v; <) = (2;4),
(1 —3)exp(A) + & (1—23) +dexp(h) desc'r(ibed by parity check matrid and with rateR(H) =

This is a quadratic equation iexp(A) with coef cients 1-&

speci ed in equation[[da); the unique positive rootpis as

de ned. Finally, from the Chernoff bound{lL0), we have

1 I11. CoMPOUND CONSTRUCTIONS
ﬁlog PlU=nD] = sup G(u;A (u;D)).

u2[0.D] In this section, we describe a compound construction, dis-

cussed in our previous work [11] in which an LDGM code
Recognizing thaF [D, 8] = supy, 0,0 G(U; A (u; D)) com- s concatenated with an LDPC code. By contrast with the
pletes the proof of the lemma. O  standard LDGM construction, nite degrees suf ce to satara
We are now ready to complete the proof of the theorenhe rate-distortion bound. The compound code construction
First of all, by combiping-{ emmall 3 andl 5, we can uppes illustrated in Fig[H}; it is de ned by a factor graph with
bound: log E[z(D)] ¢, PIXj (D) =1 | xo(D) = 1] by three layers, and consists of an LDGM code with generator

_ ) matrix G and an LDPC code with parity check matrk.
R =H, (D) +J2“[%?§]{RHb (V) +FID,5(viyol}- Note that a sequencg [J0,1}" is a codeword of this
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IV. DISCUSSION

In concurrent work [12], we have shown that the joint
LDGM/LDPC construction in FigurEl4 generates good nested
constructions (i.e., a good channel code can be partitioned
into good source codes, and vice versa), which can be shown
to saturate the Wyner-Ziv and Gelfand-Pinsker bounds. We
have also shown [17] that message-passing algorithms based
on survey propagation [3], when applied to LDGM codes
with suitable degree distributions, yield rate-distantimade-
offs very close to the Shannon bound. It remains to explore
variants of such message-passing algorithms for the contpou

OO 0.65 O‘.l O.‘15 O.‘2 0.‘25 013 o.és O.‘4 0.45 05
Weight
Fig. 5. Plot of the functionV (v; D; ) for =4, aregular
LDPC with degrees( v; ¢) = (4;8), ratesR(G) = 1
and R(H) = 0:5, and distortionD = 0:11. This function
remains belowR = 0:5 for all v, so that the code saturates
the Shannon lower bound.

construction, and problems of coding with side information
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joint LDPC/LDGM construction if and only if there exists [y
an information sequence [0, 1}™ such that (ay’G =y°,
and (b)Hz = 0 (where all operations are in modulo two
arithmetic).

The major decit of LDGM codes—from the point of
view of both source and channel coding—is that they contaihg]
large numbers of poorly separated codewords. Herein lies thy)
motivation for adding the bottom LDPC precode: it serves to
push apart the valid information bit sequenzes{D, 1}, 5
thereby spreading apart the associated sequerf&sthat
are codewords in the joint LDGM/LDPC construction. To
formalize this intuition, a proof similar to that of Theordn
establishes the following

(2]

(7]
Theorem 2. The rate-distortion function ofy¢-regular
LDGM/LDPC compound construction (with asymptotic[sl
LDPC weight enumeratorA(v)) is upper bounded by (9]

Reom(D; Yt) = maXyzpo0,11V (v; D, Yt), where (10]

1
1—Hp (D) + FID;8(v; yo)l
1—AW) R(H)

L1

(13) [11]

V(v;D,yy) : =

[12]

Note that this statement includes Theof@m 1 as a special cagg
in which R(H) = 1 and A(v) = Hp (v). Of interest to us
here is that these compound constructions (VRifH) < 1)
can saturate the rate-distortion bound with nite degr@dse
key is that with suitable choice of LDPC degrees, we can
ensure thatA(v) is negative in a region around zero, which®]
prevents the overshooting phenomenon illustrated in Ei@ur [16]
More speci cally, Figurd illustrates the analogous plot &
joint LDGM/LDPC construction withy; = 4, LDPC degrees
(Yv,Ye) = (4,8), ratesR(G) = 1 and R(H) = 0.5, and
distortion D = 0.11. Notice how this curve remains below
R = 0.5 for all v []D,0.5], demonstrating that the upper[1
bound [IB) meets the Shannon lower bound.

[14]

[17]

] S. Cocco, O. Dubois, J. Mandler, and R. Monasson.
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