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Abstract— The error-correcting performance of low-density
parity check (LDPC) codes, when decoded using practical itera-
tive decoding algorithms, is known to be very close to Shannon
limits in the asymptotic limit of large blocklengths. A substantial
limitation to the use of finite-length LDPC codes is the presence
of an error floor in the low frame error rate (FER) region.
This paper develops two methods, a stochastic one based on
importance sampling and a deterministic one based on high SNR
asymptotics, as applied to suitably defined absorbing structures
within the LDPC code, to predict error floors. Our results are in
very close agreement with hardware-based experimental results,
and moreover extend the prediction of the error probability to as
low as 10−30. Our deterministic estimates are guaranteed to be
a lower bound to the error probability in the high SNR regime.

I. I NTRODUCTION

The class of low-density parity check (LDPC) codes was
first introduced by Gallager [8], and has recently been the
focus of intensive study [12]. These codes are attractive
because they yield excellent error-correction, getting close to
the Shannon limit for large blocklengths, even when decoded
using suboptimal but practical message-passing algorithms.

However, for intermediate block-lengths and low bit error
rates that are of primary interest in practical systems, many
LDPC codes exhibit anerror floor, which corresponds to
a decrease in the slope in the plot of bit error rate (BER)
versus signal-to-noise ratio (SNR). The error floor is com-
monly attributed to the suboptimality of the iterative decoding
algorithms on graphs with cycles, and past work has studied
concepts such as near-codewords [10], trapping sets [11],
pseudocodewords [7], and elementary trapping sets [9]. In
our own previous work, we have introduced the notion of
absorbing setsas the main cause of the error floor of structured
LDPC codes. These absorbing sets are a specific type of near-
codewords [10] or trapping sets [11] that are stable under
bit-flipping operations. It can be shown [3] that the factor
graphs associated with certain structured LDPC codes contain
absorbing sets which have strictly fewer bits than the minimum
codeword weight. The performance of an iterative decoding
algorithm in the low BER region is predominantly dictated by
the number and the structure of the smallest absorbing sets,in
contrast to the performance of a maximum-likelihood decoder
governed by the minimum distance codewords.

In early work on error floors, Richardson [11] developed
a fast-simulation method, based on using simulation tracesof
a hardware emulator to extract trapping set candidates, and

then using an approximate integration technique to estimate
the associated error probability. This method involves a simu-
lation over a sequence of channel noise realizations, suitably
biased towards a candidate trapping set. Another approach
to predict the performance utilizes a variant of importance
sampling, where typically the simulations are performed under
a single but carefully chosen biasing density. This approach
also obviates the need for analytical approximations.

Since the pioneering work by Richardson [11], the problem
of efficiently predicting the error-floor behavior of graph-based
codes has spurred significant research activity. Other pastwork
has proposed various types of importance sampling schemes
based on trapping sets [2], [5], [15], [16]. We work directly
with combinatorial structures of factor graphs referred toas
absorbing sets. An absorbing set is defined independently of
the particular decoding scheme or channel noise model, and as
such can be studied analytically [3]. Our results also demon-
strate a very close agreement with the experimental results
obtained on a hardware emulator [17] for low probabilities
of error. Our past work [4] introduced a method based on
exact enumeration of absorbing sets and importance sampling.
In this work, we both refine this importance-sampling-based
approach, and develop an analytic approach for lower bound-
ing the error probability. We illustrate its behavior for various
codes, and quantized forms of sum-product decoding, showing
good agreement with hardware-based experimental results,as
well as theoretical predictions that extend to probabilities of
error as low as10−30.

II. BACKGROUND

A low-density parity check code of blocklengthn can be
represented as the null space of a sparse parity check matrix
H ∈ {0, 1}m×n. It is convenient to view the code in terms of
its Tanner graph [14]: a bipartite graphG = (V, F,E) in which
V = {1, . . . , n} index the code bits andF = {1, . . . ,m} index
the code checks, andE = {e(i, j)|H(j, i) = 1}.

To keep the paper self-contained, we briefly define the
notion of an absorbing set; see the papers [3], [4] for more
details. For a subsetD of V , let E(D) (resp.O(D)) be the
set of neighboring vertices ofD in F in the graphG with
even (resp. odd) degree with respect toD. Given an integer
pair (a, b), an (a, b) fully absorbing set is a subsetD of V of
size a, with O(D) of size b and with the property that each



element ofV has strictly fewer neighbors inO(D) than in
F\O(D).

Array-based LDPC code constructions [6] are a representa-
tive of a class of high-performing structured LDPC codes. Itis
known [3] that these codes have absorbing sets that are strictly
smaller than the minimum distance of the code; moreover,
results from hardware emulation show that their low BER
performance and the error floor are indeed dominated by these
absorbing sets [17]. These codes will be used in the remainder
of the paper to conveniently illustrate the methodology devel-
oped here. We consider the sum-product decoding algorithm,
and BPSK signalling (with mapping0 → 1, 1 → −1) over the
additive white Gaussian noise (AWGN) channel. The AWGN
channel model assumes that the channel inputxi ∈ {−1, 1},
corresponding to theith bit in the transmitted codeword, is
received asyi = xi + wi, wherewi is a zero-mean Gaussian
signal with varianceσ2, itself independent of the channel input
and Gaussian signals associated with otherxj for i 6= j. The
exact equations describing message updates of this algorithm
are by now standard and well-known [12]. The sum-product
algorithm is typically allowed to run for a fixed number of
iterations, both because convergence is not guaranteed when
cycles are present, and due to practical (delay) constraints. For
practical hardware implementations, the real-valued messages
in the sum-product decoding algorithm are necessarily quan-
tized, and we present results for various quantization schemes.

III. I MPORTANCE SAMPLING AND HARDWARE EMULATION

In this section, we describe an importance sampling method
for predicting error probabilities, based on mean-shifting the
original Gaussian density towards an absorbing set of interest.
We also derive approximate confidence intervals for these
stochastic estimates, and show that hardware-based experimen-
tal results fall well within95% confidence intervals.

Importance sampling (IS) is a particular type of Monte
Carlo method which uses statistical sampling to approximate
analytic expressions of probabilities. The basic idea is to
perform simulation under a tilted distribution so as to make
the event of interest more likely; the averages are then re-
weighted to compensate for the tilting. Supposing without
loss of generality that the all-zeros word is transmitted, let
Y (1), . . . , Y (M) be a set ofM trials, eachY (i) ∈ R

n sampled
in an i.i.d. manner from a biased distributionfbias. The
associated IS estimate of a particular absorbing probability
is given by

q̂IS =
1

M

M∑

i=1

Ierror(Y
(i))w(Y (i)),

whereIerror is a0−1-valued indicator function for whether the
decoder converges to the given absorbing set on trialY (i), and
w(Y (i)) = f(Y (i))

fbias(Y (i))
is the appropriate weighting function to

produce an unbiased estimate.
In the case of the all-zeros codeword being transmitted in a

BPSK - modulated Gaussian channel, the original densityf is
an n-variate GaussianN(~1n, σ2In×n). A suitable choice [4]

of fbias is the mean-shifted GaussianN(ν(µ), σ2I), where
ν(µ)i = 1 − µ for elements inside the absorbing set, and
ν(µ)i = 1 otherwise. With this choice, the IS weightw is
given by

w(Y (i)|µ, σ2) =
e−

1
2σ2 [

∑
a

k=1(Y
(i)

k
−1)2]

e−
1

2σ2 [
∑

a

k=1(Y
(i)

k
−(1−µ))2]

,

whereY
(i)
k are the values of the nodes in the absorbing set.

Due to symmetry of the code and channel, the probability of
error—that is, theabsorbing probability—of any fixed(a, b)
absorbing set is equal to that of any other exemplar having
the same absorbing set structure. Since the associated events
are disjoint, the error probabilityp associated with all(a, b)
absorbing sets is equal top = Nsets q, whereNsets is the total
number of (a, b) absorbing sets of the same structure. The
associated IS estimate ofp is given byp ≈ p̂IS = Nsets q̂IS .
Note that since we are usinĝqIS as an approximation for
q, where q denotes the error probability due to a fixed
representative of the class of isomorphic(a, b) absorbing sets,
the quantityp̂IS is an approximation forp, and not guaranteed
to either upper or lower bound the true error probability. The
total number of(a, b) absorbing sets in a given array-based
LDPC code can be found using the technique discussed in [3].
When the error floor is dominated by a particular isomorphic
sub-class of(a, b) absorbing sets, the associated absorbing
probability can be used to estimate the error floor.

In order to evaluate the accuracy of the importance sampling
error curves, we calculate 95% confidence intervals for points
on the curves. The standard scale for comparing FER curves
is log10(p̂IS) and log10(p) versus SNR; accordingly, we first
find the variance oflog10(p̂IS). The variance of the estimator
p̂IS is given byvar(p̂IS) = E[(p̂IS)2] − p2.

Letting
d−→ denote convergence in distribution, the delta-

method [13] states that if some sequence of random variables
{XM} satisfies

√
M(X̄M − µ)

d−→ N(0, σ2), then for any
twice-differentiable functionf , we have

√
M(f(X̄M ) − f(µ))

d−→ N(0, [f ′(µ)]2σ2).

Note that by the central limit theorem, we have√
M(p̂IS − p)

d−→ N(0, β2) where β2 = M var(p̂IS).
By applying the delta-method tof(x) = log10(x), we obtain

√
M(log(p̂IS) − log(p))

d−→ N

(
0,

β2

p2(ln 10)2

)
.

In practice, we cannot make direct use of this asymptotic
result, since we know neitherβ2 = M var(p̂IS) nor p.
However, we can estimate these quantities by their sample
versions—namely,p ≈ p̂IS, and

β2 ≈ N2
sets

(
1

M

M∑

i=1

Ierror(Y
(i))w2(Y (i)) − q̂2

IS

)
.

thereby obtaining the approximation̂var(log(p̂IS)) ≈
β̂2

p̂2
ISM (ln 10)2

. Finally, using this approximation, we can com-
pute an approximate 95% confidence interval forlog(p̂IS) by
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Fig. 1. Comparisons of importance sampling estimates of error probabilities with hardware-based emulation results. (a)(4, 8)
absorbing set of the(2209, 1978) array-based LDPC code (b)(6, 4) absorbing set of the(2209, 2024) array-based LDPC code.
Dots below and above correspond to approximate 95% confidence intervals; see text for details.

applying Chebyshev’s inequality:

P(| log(p̂IS) − log(p)| ≥ ǫ) ≤ var(log(p̂IS))

ǫ2
≈ v̂ar(log(p̂IS))

ǫ2
.

Thus, the approximate 95% confidence interval forlog(p̂IS) is
[log(p̂IS) ± ǫ], whereǫ =

√
v̂ar(log(p̂IS))/.05.

Figure 1 provides a comparison of the importance-sampling
(IS) predictions to results from hardware emulation [17] for
two different codes, having different absorbing sets. The dots
surrounding the IS curves correspond to the95% confidence
interval; note how the IS prediction shows very good agree-
ment with the hardware emulation.

IV. D ETERMINISTIC LOWER BOUNDS AND CHANNEL

INVARIANCE

Applying the IS method requires substantially less com-
putation than direct simulation, but the computation must
be re-performed each time that the channel parameters are
changed. In this section, we describe a procedure for gener-
ating analytical expressions, guaranteed to lower bound the
error probability in the high SNR regime, and that require
substantially less computation. At a high level, our procedure
consists of the following three steps.

(a) First, we compute an inner bound to theabsorbing region
associated with an absorbing set from a particular class.
This step is a purely deterministic computation, and is
independent of the underlying channel model.

(b) Second, using a generalized Chernoff approximation [1],
we compute an analytical approximation to theabsorb-
ing probability: i.e., the probability under the specified
channel model that the log-likelihood vector falls into this
given absorbing region. This approximation is guaranteed
to lower bound the true absorbing probability in the high
SNR regime.

(c) Third, we combine the absorbing probability with a count
(or lower bound) on the cardinality of the class of absorb-
ing sets. The combination of these three ingredients yields
deterministic approximations to the error probability, guar-
anteed to be lower bounds in the high SNR regime.

We note that this procedure can be carried out forany channel.
Indeed, once the absorbing regions and counts in steps one and
three have been calculated once, this computation need not

be repeated for additional channels, since the only channel-
dependent quantity is the bound calculation in the second step.

A. Absorbing regions for decoders

Consider some fixed decoder (e.g., floating-point sum-
product, quantized sum-product, or a bit-flipping decoder)
that operates on an LDPC code of blocklengthn. On any
given trial, the decoder is initialized with a log-likelihood ratio
(LLR) vector z ∈ R

n of observations at each bit node. After
some fixed number of iterations, the estimated LLRs of the
decoder are thresholded, yielding a{0, 1}n sequence that is
an estimate of the transmitted codeword. The absorbing region
R of a given absorbing set is the set of LLR vectorsz ∈ R

n for
which the decoder outputs the indicator vector of the absorbing
set as its estimate.

Two properties of this absorbing region are important. First,
it is a channel-independentquantity, since it is only a function
of the initializing LLR vectorz ∈ R

n. (Althoughz is a random
vector, with distribution dependent on the channel, condi-
tioned on a particular initialization, the decoder’s behavior is
purely deterministic, and hence channel-independent.) Second,
it varies as features of the decoder (e.g., quantization scheme
etc.) are changed; indeed, the relative size of the absorbing
region is a measure of its impact on a particular decoder.

Exact computation of the absorbing region is prohibitively
expensive, since it involves testing the decoder over ann-
dimensional space. (For instance, discretizing each dimension
to ℓ locations, yields the complexityO(ℓn).) In practice, we
are forced to seek approximations to the absorbing region,
based on examining particular low-dimensional projections R̃
of the absorbing region. To approximate the exact absorbing
region, we first divide the bit nodes of the absorbing set
into groups of nodes with the same number of satisfied and
unsatisfied check nodes. For example, the(8, 6) absorbing set
in the(2209, 1978) array code is made up of six variable nodes
of type (4, 1) and two variable nodes of type(5, 0), where
any (4, 1) node is connected to four satisfied check nodes and
one unsatisfied check node and any(5, 0) node is connected
to five satisfied checks and zero unsatisfied checks. Each of
these groups of nodes is associated with an axis. All bit nodes
are initially assigned value ’1’ (the all-zeroes codeword under
BPSK). In the two-dimensional case, the region is found by
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Fig. 2. Subsets of the signal space regions for which the decoder convergesto the absorbing set. These plots show particular
projections of these absorbing regions. (a) Absorbing region for a(4, 8) absorbing set in the(2209, 1978) array code. The plot
shows three different levels of quantization:(6, 2), (8, 4), and (9, 5) fixed-point quantization [17]. Note how the absorbing region
contracts as the quantization scheme improves. (b) Absorbing region for a (8, 6) absorbing set in the(2209, 1978) array code.

trying all combinations of shifts for the two groups of nodes,
where each axis ranges from the absorbing set (centered at a
shift of −2) to the all-zeros codeword (centered at a shift of0),
separated by increments of size0.01. The decoder is run for50
iterations, and if the hard decision at the end of these iterations
is the absorbing set, then we include this combination of shifts
of the absorbing set nodes in a setS. The approximation to
the absorbing region is this setS of points that decode to the
absorbing set.

Figure 2 illustrates some approximations of absorbing re-
gions, for different decoders and different absorbing sets.
Each panel is a two-dimensional plot, with the upper right
(0, 0) point corresponding to receiving the all-zeros codeword
(without any noise), and the lower left(−2,−2) centered
on the absorbing set. The marked contours correspond to
the boundary between not decoding to and decoding to the
appropriate absorbing set (towards lower left). Panel (a) shows
regions for the(4, 8) absorbing set, taken from the Tanner
graph of the(2209, 1978) array-based LDPC code, for three
different quantized forms of sum-product (details of the quan-
tization choices are in [17]). The four variable nodes in the
(4, 8) absorbing set are all(3, 2) nodes, so the four nodes
are randomly divided into two pairs in order to show a two-
dimensional plot, which highlights the symmetry of variable
nodes of the same type and thus supports the method of
grouping nodes of one type into one axis. Note how the size of
the absorbing region shrinks as the quantization is improved.

The effect of better quantization on absorbing regions is
also seen in panel (b), which shows absorbing regions for
the (8, 6) absorbing set of the same code under three differ-
ent quantization schemes. The effect of a finer quantization
scheme is more pronounced when the bits in the absorbing
set have only marginally more neighboring satisfied versus
unsatisfied checks since the additional bits used to represent
the messages can more easily help favorable messages over-
power the unfavorable messages, as is the case for the(4, 8)
absorbing sets.

B. Asymptotics for absorbing probability

Whereas the absorbing region itself is channel-independent,
its effect on decoding depends heavily on the channel. In
particular, if we view the decoder’s input vectorZ ∈ R

n as
random, drawn from a distribution specified by the channel
model, then the absorbing set’s influence corresponds to the
probability mass assigned to the absorbing region. Letγ
denote the signal-to-noise ratio of the channel, and for a
given absorbing regionR, consider the absorbing probability
Pγ [Z ∈ R] =

∫
R

fZ(z; γ)dz, wherePγ denotes the fact that
the channel probability distribution varies as a function of
the SNR, andfZ(z; γ) is the density of the channel under
consideration. Assuming thatZ has a moment generating
functionE[exp(λT Z)] for some neighborhood of zero, we may
use the (generalized) Chernoff approximation [1]:

log Pγ [Z ∈ R] ≈ inf
λ>0

{
SR(−λ) + log E[exp(λT Z)]

}
,(1)

where SR(−λ) := supu∈R(−λT u) is the support func-
tion of the set R. As an example, whenZ is multi-
variate Gaussian with mean zero and signal-to-noise pa-
rameter γ = 1/σ2, from (1) we obtain the approxi-
mation log Pγ [Z ∈ R] ≈ − 1

2σ2 d2(~0;R), where d(~0;R) =
minu∈R ‖u‖2 denotes the minimum Euclidean distance from
~0 to R. This approximation becomes exact as the signal-to-
noiseγ = 1/σ2 tends to infinity.

Moreover, this same approach can also be applied to com-
pute analytical approximations for other channels, which could
be used to model time-varying behavior or model uncertainty.
Consider a mixture channel, in which the noise on per-symbol
basis is eitherN(0, σ2) with probability 1/2 (“good” channel
state), orN(0, 4σ2) with probability1/2 (“bad” channel state).
In this case the Chernoff approximation (1) no longer has an
explicit solution, but can be computed easily.

C. Computing lower bounds on error floors

We now put together the pieces to compute approximations
to error floors. We also prove that these approximations are
guaranteed to be lower bounds in the high SNR regime.
Overall, given that the all-zeros codeword was sent, the error
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Fig. 3. IS result and the deterministic estimate of abs. probability for the(8, 6) abs. sets of the(2209, 1978) array-based LDPC code.
(a) Standard AWGN channel. (b) Mixture channel: noise given byN(0, σ2) with probability 1

2
, andN(0, 4σ2) with probability 1

2
.

probability can be decomposed into a disjoint union of error
events, including the error probability associated with some
classA of isomorphic absorbing sets, so thatperr ≥ P[A].
The error event associated with the classA can be decomposed
into a disjoint union of error events associated with individual
absorbing sets.

Since each absorbing set belonging to the same class has
the same unlabeled structure, they all look the same from the
point of view of the transmitted codeword, and thus each of
these individual error probabilities is identical, so that

perr ≥ card(A) P[Z ∈ R], (2)

wherecard(A) denotes the number of absorbing sets in the
given class. In past work [3], we have described analytical
methods for computingcard(A) for structured LDPC codes,
so let us focus on the absorbing probabilityP[Z ∈ R]. From
equation (1), the absorbing probability for the AWGN channel
decays at a rate specified byd2(0;R), the minimum Euclidean
distance from the all-zeros vector to the absorbing region
R. In practice, we cannot compute this minimum distance
exactly, since the true absorbing regionR is a complicated
subset ofRn. However, consider the projections̃R ⊂ R

d

computed by the procedure previously described. Note that
by construction, any vector insidẽR ⊂ R

d, if padded with
(n − d) zeros to extend it to ann-vector, is guaranteed to
lie within the true absorbing region. Therefore, the probability
P[Z ∈ inverse image ofR̃ under projection] is guaranteed to
be a lower bound to the true absorbing probabilityP[Z ∈ R].
We illustrate the bound obtained by this procedure for(8, 6)
absorbing sets of the(2209, 1978) array-based LDPC code in
Fig. 3. The bound shows a very close agreement with the IS
curve and, as predicted theoretically, becomes a lower bound
as the SNR increases.

V. CONCLUSION

We presented two methods for evaluating the probability of
error of iteratively decoded LDPC codes. The first method,
building on our previous work, uses importance sampling
with appropriate mean shifts with respect to absorbing sets,
and produces stochastic error probabilities, showing very
close agreement with experimental results obtained from a

hardware emulator. The second method produces determin-
istic estimates, based on computing projections of absorbing
regions and using asymptotics to estimate associated error
probabilities. These deterministic estimates are guaranteed to
lower bound the true error probability in the high SNR regime.
An interesting future direction is whether similar techniques
can yield matching upper bounds on error probabilities.
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