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Abstract— The error-correcting performance of low-density then using an approximate integration technique to estimat
parity check (LDPC) codes, when decoded using practical itera- the associated error probability. This method involvesnausi
tive decoding algorithms, is known to be very close to Shannon |44i0 over a sequence of channel noise realizations, byita
limits in the asymptotic limit of large blocklengths. A substantial bi dt d didate t . t Anoth h
limitation to the use of finite-length LDPC codes is the presence lase .owar S a candidate _rapplng se . no ,er approac
of an error floor in the low frame error rate (FER) region. 0 predict the performance utilizes a variant of importance
This paper develops two methods, a stochastic one based onsampling, where typically the simulations are performedain
importance sampling and a deterministic one based on high SNR a single but carefully chosen biasing density. This apgroac
asymptotics, as applied to suitably defined absorbing structures also obviates the need for analytical approximations.

within the LDPC code, to predict error floors. Our results are in . . . .
very close agreement with hardware-based experimental results ~_ Since the pioneering work by Richardson [11], the problem

and moreover extend the prediction of the error probability to as  Of efficiently predicting the error-floor behavior of grapased
low as 1073°. Our deterministic estimates are guaranteed to be codes has spurred significant research activity. Othevpast

a lower bound to the error probability in the high SNR regime.  has proposed various types of importance sampling schemes
. INTRODUCTION based on trapping sets [2], [5], [15], [16]. We work directly

The class of low-density parity check (LDPC) codes wasith combinatorial structures of factor graphs referredago
first introduced by Gallager [8], and has recently been tlabsorbing sets. An absorbing set is defined independently of
focus of intensive study [12]. These codes are attractiiee particular decoding scheme or channel noise model,&nd a
because they yield excellent error-correction, gettirgselto such can be studied analytically [3]. Our results also demon
the Shannon limit for large blocklengths, even when decodsttate a very close agreement with the experimental results
using suboptimal but practical message-passing algosithm obtained on a hardware emulator [17] for low probabilities

However, for intermediate block-lengths and low bit erroof error. Our past work [4] introduced a method based on
rates that are of primary interest in practical systems,ymasaxact enumeration of absorbing sets and importance sagnplin
LDPC codes exhibit arerror floor, which corresponds to In this work, we both refine this importance-sampling-based
a decrease in the slope in the plot of bit error rate (BER)pproach, and develop an analytic approach for lower bound-
versus signal-to-noise ratio (SNR). The error floor is coning the error probability. We illustrate its behavior forrizaus
monly attributed to the suboptimality of the iterative ddity codes, and quantized forms of sum-product decoding, slgowin
algorithms on graphs with cycles, and past work has studigdod agreement with hardware-based experimental reaslts,
concepts such as near-codewords [10], trapping sets [Mll as theoretical predictions that extend to probabditof
pseudocodewords [7], and elementary trapping sets [9]. émor as low as0~3°.
our own previous work, we have introduced the notion of 0
absorbing setss the main cause of the error floor of structured
LDPC codes. These absorbing sets are a specific type of neaA low-density parity check code of blocklengih can be
codewords [10] or trapping sets [11] that are stable undeapresented as the null space of a sparse parity check matrix
bit-flipping operations. It can be shown [3] that the factoff € {0,1}™*™. It is convenient to view the code in terms of
graphs associated with certain structured LDPC codes icontés Tanner graph [14]: a bipartite gragh= (V, F, E') in which
absorbing sets which have strictly fewer bits than the mimm V = {1,...,n} index the code bits anfl = {1, ..., m} index
codeword weight. The performance of an iterative decodirihe code checks, anBl = {e(i, j)|H (j,7) = 1}.
algorithm in the low BER region is predominantly dictated by To keep the paper self-contained, we briefly define the
the number and the structure of the smallest absorbingisetspotion of an absorbing set; see the papers [3], [4] for more
contrast to the performance of a maximum-likelihood decoddetails. For a subseb of V, let £(D) (resp.O(D)) be the
governed by the minimum distance codewords. set of neighboring vertices ab in F' in the graphG with

In early work on error floors, Richardson [11] developedven (resp. odd) degree with respect/¥o Given an integer
a fast-simulation method, based on using simulation tra€espair (a,b), an(a,b) fully absorbing set is a subsét of V' of
a hardware emulator to extract trapping set candidates, aizk o, with O(D) of sizeb and with the property that each
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element ofV has strictly fewer neighbors i@ (D) than in of f,.s is the mean-shifted GaussiaM(v(u),o%I), where
F\O(D). v(p); = 1 — p for elements inside the absorbing set, and
Array-based LDPC code constructions [6] are a representdy); = 1 otherwise. With this choice, the IS weight is
tive of a class of high-performing structured LDPC codess It given by
known [3] that these codes have absorbing sets that ardystric
smaller than the minimum distance of the code; moreover, w(Y D), 0?) = _
results from hardware emulation show that their low BER ’ e az i (T —(-w)?)
performance and the error floor are indeed dominated by these (i) ) )
absorbing sets [17]. These codes will be used in the remain ere¥,are the values of the nodes in the absorblng_s_et.
of the paper to conveniently illustrate the methodologyettev Due to symmetry of th? code and_(;hannel, thg probability of
oped here. We consider the sum-product decoding algorithfifor—that is, theabsorbing probability—of any fixed(a,b)
and BPSK signalling (with mapping— 1, 1 — —1) over the absorbing set is .equal to that of any other exemp.lar having
additive white Gaussian noise (AWGN) channel. The Awcle same absorbing set structure. Since the associatets even

channel model assumes that the channel input {—1,1} are disjoint, the error probability associated with al(a, b)
corresponding to théth bit in the transmitted codeword, isabsorbmg sets is equal p0= Niets ¢, WhereNie, IS the total

received ag); = z; + w;, wherew, is a zero-mean Gaussianumber of (a,b) absorbing sets of the same structure. The

signal with variance?, itself independent of the channel inpuﬁssoc'ﬁted IS estimate pf|s.g|ven byp ~ p1s = Nets ‘jfsl;
and Gaussian signals associated with othefor ¢ # j. The ote that since we are usings as an approximation for

exact equations describing message updates of this dgorit?’ where ¢ denotes the error probability due to a fixed

are by now standard and well-known [12]. The sum-produ (?presentgtiye ‘.Jf the class (?f isqmorpbk;b) absorbing sets,
algorithm is typically allowed to run for a fixed number ofiN€ quantityps IS an approximation fop, and not g“ar"?‘T‘teed
iterations, both because convergence is not guaranteed Wmeenher upper or lower boupd the tru_e error probabilitye Th
cycles are present, and due to practical (delay) conssrdtor total number of(a, b) absorb'lng Sets In a given array-bgsed
practical hardware implementations, the real-valued egess LDPC code can be found using the technique discussed in [3].

in the sum-product decoding algorithm are necessarily qu&When the error floor is dominated by a particular isomorphic

tized, and we present results for various quantizationraelse sub—clq;s of(a,b) absorbing ;ets, the associated absorbing
probability can be used to estimate the error floor.

[1l. | MPORTANCE SAMPLING AND HARDWARE EMULATION In order to evaluate the accuracy of the importance sampling
erfor curves, we calculate 95% confidence intervals forsoin

for predicting error probabilities, based on mean-shyftihe on the curves. The standard scale for comparing FER curves
P 9 P y is log,,(p1s) andlog,,(p) versus SNR; accordingly, we first

original Gaussian density towards an absorbing set oféster . g ) . .
: . . . find the variance ofog,,(f1s). The variance of the estimator
We also derive approximate confidence intervals for these 2

o el
stochastic estimates, and show that hardware-based exgeri 'S '> Q'Vendbyvar(pIS) = E[(prs)”] e
tal results fall well within95% confidence intervals. Letting — denote convergence in distribution, the delta-

Importance sampling (IS) is a particular type of Moménethod [1'3] .states thf:\t if some SequenceQOf random variables
Carlo method which uses statistical sampling to approxémat X} satisfiesv M (X — p) — N(0,07), then for any
analytic expressions of probabilities. The basic idea is fyice-differentiable functiory, we have
perform simulation under a tilted distribution so as to make T an d rroNi2 2
the event of interest more likely; the averages are then re- M(f(Xar) = f)) = N0, [f ()] o),
weighted to compensate for the tilting. Supposing witholNote that by the central limit theorem, we have
Iosls of genzrality that the aII.-zeros Word is transmittext, WM(ﬁIS —p) N N(0,3%?) where 3 = M var(ps).

Y, .,y be a set of\/ trials, eachy () € R” sampled By applying the delta-method t(z) = log,,(x), we obtain
in an i.i.d. manner from a biased distributiofy;,s. The

e i (-1

In this section, we describe an importance sampling meth

2
_asspciated IS estimate of a particular absorbing prolabili VM (log(prs) — log(p)) N N(Q%).
is given by p?*(In10)
LM In practice, we cannot make direct use of this asymptotic
b — Terrol Y ) w (Y ), result, since we know neithep? = M var(pis) nor p.
RV ; eror¥ (V) However, we can estimate these quantities by their sample

. - . versions—namelyp = pig, and
wherelegnror is a0 — 1-valued indicator function for whether the ¥ Prs

decoder converges to the given absorbing set on¥rdl and ) ) 1 X D 2l o
w(Y®) = fbfa(Yi;’&) is the appropriate weighting function to R Noews <M z;ﬂe”"r(y( Nw? () - dfs |
produce an unbiased estimate. . = o

In the case of the all-zeros codeword being transmitted irf2reby obtaining the approximationar (log(prs)) — ~
BPSK - modulated Gaussian channel, the original density MW Finally, using this approximation, we can com-

an n-variate GaussiaiN (1,,,0%I,,x,,). A suitable choice [4] pute an approximate 95% confidence intervallf@s(p;s) by
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Fig. 1. Comparisons of importance sampling estimates of error probabilities witthwiage-based emulation results. (@), 8)

absorbing set of th¢2209,1978) array-based LDPC code (l§§, 4) absorbing set of th¢2209,2024) array-based LDPC code.
Dots below and above correspond to approximate 95% confidenceailstesee text for details.

applying Chebyshev’s inequality: be repeated for additional channels, since the only channel
A var(log(prs)) _ var(log(prs)) dependent quantity is the bound calculation in the secam st
P(|log(pis) — log(p)| > €) < > A 5 : . .
€ € A. Absorbing regions for decoders
Thus, the approximate 95% confidence intervalligf(is) is ~ Consider some fixed decoder (e.g., floating-point sum-
[log(fi1s) =+ €], wheree = /var(log(pis))/.05. product, quantized sum-product, or a bit-flipping decoder)

Figure 1 provides a comparison of the importance-samplifigat operates on an LDPC code of blocklengthOn any
(IS) predictions to results from hardware emulation [17] fogiven trial, the decoder is initialized with a log-likelibd ratio
two different codes, having different absorbing sets. Toes d (LLR) vector z € R" of observations at each bit node. After
surrounding the IS curves correspond to #3% confidence some fixed number of iterations, the estimated LLRs of the
interval; note how the IS prediction shows very good agre@iecoder are thresholded, yielding{@,1}" sequence that is
ment with the hardware emulation. an estimate of the transmitted codeword. The absorbingmegi
‘R of a given absorbing set is the set of LLR vecters R for
which the decoder outputs the indicator vector of the alisgrb
. . . set as its estimate.

Applying the IS method requires substantially less com- .4 properties of this absorbing region are important.tFirs
putation than direct smulatlon, but the computation m”ﬁtisachannel-independerumantity, since it is only a function
be re-performed each time that the channel parameters gfghe injtializing LLR vector> € R". (Although is a random
changed. In this section, we describe a procedure for gengtzio- with distribution dependent on the channel, condi-
ating analytical expressions, guaranteed to lower boued $,neq on a particular initialization, the decoder’s bebais
error probability in the high SNR regime, and that requwsureiy deterministic, and hence channel-independenc)ig
substantially less computation. At a high level, our prated j; \aries as features of the decoder (e.g., quantizatiosraeh
consists of the following three steps. etc.) are changed; indeed, the relative size of the absprbin
(a) First, we compute an inner bound to tdesorbing region region is a measure of its impact on a particular decoder.

associated with an absorbing set from a particular class.Exact computation of the absorbing region is prohibitively
This step is a purely deterministic computation, and isxpensive, since it involves testing the decoder overan
independent of the underlying channel model. dimensional space. (For instance, discretizing each difoen
(b) Second, using a generalized Chernoff approximation [b ¢ |ocations, yields the complexitg?(¢").) In practice, we
we compute an analytical approximation to thbsorb- are forced to seek approximations to the absorbing region,
ing probability. i.e., the probability under the specifiedhased on examining particular low-dimensional projecti@n
channel model that the Iog-likelihood vector falls IntOSthlof the absorbing region_ To approximate the exact absorbing
given absorbing region. This approximation is guaranteeggion, we first divide the bit nodes of the absorbing set
to lower bound the true absorbing probability in the highhto groups of nodes with the same number of satisfied and
SNR regime. unsatisfied check nodes. For example, (i) absorbing set
(c) Third, we combine the absorbing probability with a counh the (2209, 1978) array code is made up of six variable nodes
(or lower bound) on the cardinality of the class of absortyf type (4,1) and two variable nodes of typ,0), where
ing sets. The combination of these three ingredients yielglfy (4, 1) node is connected to four satisfied check nodes and
deterministic approximations to the error probabilityagl one unsatisfied check node and gfy0) node is connected
anteed to be lower bounds in the high SNR regime.  to five satisfied checks and zero unsatisfied checks. Each of
We note that this procedure can be carried outfoy channel these groups of nodes is associated with an axis. All bit #ode
Indeed, once the absorbing regions and counts in steps dne are initially assigned value '1’ (the all-zeroes codewonrdier
three have been calculated once, this computation need B&SK). In the two-dimensional case, the region is found by

IV. DETERMINISTIC LOWER BOUNDS AND CHANNEL
INVARIANCE
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Fig. 2. Subsets of the signal space regions for which the decoder conviergbge absorbing set. These plots show particular
projections of these absorbing regions. (a) Absorbing region fof,8) absorbing set in th¢2209, 1978) array code. The plot
shows three different levels of quantizatidis, 2), (8,4), and (9, 5) fixed-point quantization [17]. Note how the absorbing region
contracts as the quantization scheme improves. (b) Absorbing regian(8 6) absorbing set in th€2209, 1978) array code.

trying all combinations of shifts for the two groups of nodesB. Asymptotics for absorbing probability

where each axis ranges from the absorbing set (centered at @/hereas the absorbing region itself is channel-independent
shift of —2) to the all-zeros codeword (centered at a shift)of jis effect on decoding depends heavily on the channel. In
separated by increments of siz@1. The decoder is run fdi0 particular, if we view the decoder’s input vectdr € R™ as

iterations, and if the hard decision at the end of thesetiters random, drawn from a distribution specified by the channel

is the absorbing set, then we include this combination dtshiyode|, then the absorbing set’s influence corresponds to the
of the absorbing set nodes in a setThe approximation 10 popapility mass assigned to the absorbing region. tet
the abs_orbmg region is this sétof points that decode to the yanote the signal-to-noise ratio of the channel, and for a
absorbing set. given absorbing regiof®, consider the absorbing probability
P,[Z € R] = [ fz(z;7)dz, whereP, denotes the fact that
Figure 2 illustrates some approximations of absorbing rée channel probability distribution varies as a functidn o
gions, for different decoders and different absorbing .set§¢ SNR, andfz(z;v) is the density of the channel under
Each panel is a two-dimensional plot, with the upper rigfonsideration. Assuming tha¥ has a moment generating
(0,0) point corresponding to receiving the all-zeros codewoffnctionE[exp(\" Z)] for some neighborhood of zero, we may
(without any noise), and the lower left-2, —2) centered use the (generalized) Chernoff approximation [1]:
on the absorbing set. The marked contours correspond t . T
the boundary between not decoding to and decoding to tthgP”[Z €R] ir;fo{SR(_)\) +log Efexp( Z)]}Gl)
app_ropriate absorbing set (tqwards lower left). Panelliajvs where Sg(=\) := sup,cr(—ATu) is the support func-
regions for the(4,8) absorbing set, taken from the Tanner; we . :
ion of the setR. As an example, whenZ is multi-
graph of the(2_209, 1978) array-based LDPC che, for threevariate Gaussian with mean zero and signal-to-noise pa-
different quantized forms of sum-product (details of tharmu

— 2 . s
tization choices are in [17]). The four variable nodes in th:??m?ter17 IP’_Z 1/%’ Irom 1(1d)2 %V% obtar:n tzea.?gprgx'
(4,8) absorbing set are all3,2) nodes, so the four nodes ation log P,[Z € R] ~ 202 (O R), where ( R) =

’ ’ ’ min,er ||u/|2 denotes the minimum Euclidean distance from

are randomly divided into two pairs in order to show a tw06 to R. This approximation becomes exact as the signal-to-

dimensional plot, which highlights the symmetry of Varmblno'se — 1/02 tends to infinity.
nodes of the same type and thus supports the method Oﬁ/l = . ' .

. . ) . oreover, this same approach can also be applied to com-
grouping nodes of one type into one axis. Note how the size of

the absorbing region shrinks as the quantization is immfové;me analytical approximations for other channels, whihld
9req 9 e used to model time-varying behavior or model uncertainty

Consider a mixture channel, in which the noise on per-symbol

The effect of better quantization on absorbing regions sis is eithetV (0, o2) with probability 1/2 (“good” channel
also seen in panel (b), which shows absorbing regions fstate), orNV (0, 402) with probability1/2 (“bad” channel state).
the (8, 6) absorbing set of the same code under three diffdr this case the Chernoff approximation (1) no longer has an
ent quantization schemes. The effect of a finer quantizatierplicit solution, but can be computed easily.
scheme is more pronounced when the bits in the absorbing )
set have only marginally more neighboring satisfied verss Computing lower bounds on error floors
unsatisfied checks since the additional bits used to represe We now put together the pieces to compute approximations
the messages can more easily help favorable messages deeerror floors. We also prove that these approximations are
power the unfavorable messages, as is the case fofdils¢ guaranteed to be lower bounds in the high SNR regime.
absorbing sets. Overall, given that the all-zeros codeword was sent, thererr

Q
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Fig. 3.IS result and the deterministic estimate of abs. probability for(#6) abs. sets of th€2209, 1978) array-based LDPC code.
(a) Standard AWGN channel. (b) Mixture channel: noise givem\iy), o) with probability 1, and N(0, 40*) with probability 1.

probability can be decomposed into a disjoint union of errdrardware emulator. The second method produces determin-
events, including the error probability associated witlmeo istic estimates, based on computing projections of abisgrbi

class.A of isomorphic absorbing sets, so that, > P[A].

regions and using asymptotics to estimate associated error

The error event associated with the clasan be decomposed probabilities. These deterministic estimates are guaeahto

into a disjoint union of error events associated with indiial
absorbing sets.

lower bound the true error probability in the high SNR regime
An interesting future direction is whether similar techmég

Since each absorbing set belonging to the same class bas yield matching upper bounds on error probabilities.
the same unlabeled structure, they all look the same from theAcknowledgements: Work supported by NSF grant CCF-0635372 and
point of view of the transmitted codeword, and thus each efgrant from Marvell Corp. through the UC Micro program. Connpmit

these individual error probabilities is identical, so that

> card(A) P[Z € R],

Perr @

where card(A) denotes the number of absorbing sets in they
given class. In past work [3], we have described analytical
methods for computingard(.A) for structured LDPC codes, 3]
so let us focus on the absorbing probabiltyZ € R]. From
equation (1), the absorbing probability for the AWGN channel
decays at a rate specified 8%(0; R), the minimum Euclidean [4]
distance from the all-zeros vector to the absorbing region
R. In practice, we cannot compute this minimum distancéb]
exactly, since the true absorbing regi®his a complicated [6]
subset of R™. However, consider the projectio® c R¢
computed by the procedure previously described. Note thét
by construction, any vector insidR C R, if padded with i8]
(n — d) zeros to extend it to am-vector, is guaranteed to
lie within the true absorbing region. Therefore, the proligb 9]
P[Z € inverse image ofR under projectiohis guaranteed to [10]
be a lower bound to the true absorbing probabiffy € R].
We illustrate the bound obtained by this procedure (&16)
absorbing sets of the2209, 1978) array-based LDPC code mH%
Fig. 3. The bound shows a very close agreement with the 1S
curve and, as predicted theoretically, becomes a lowerdoun
as the SNR increases. (23]
V. CONCLUSION [14]
We presented two methods for evaluating the probability EJS]
error of iteratively decoded LDPC codes. The first method,
building on our previous work, uses importance samplings]
with appropriate mean shifts with respect to absorbing, se 137]
and produces stochastic error probabilities, showing very
close agreement with experimental results obtained from a

infrastructure support provided by NSF grant CNS-0403RR0OJECT.
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