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Abstract—Various authors have obtained state-of-the-art re-
sults in lossy source coding by applying algorithms based on a
combination of message-passing and decimation to low-density
generator matrix codes, but to date, theoretical understanding of
these procedures has been limited. We show that certain forms
of soft decimation can be understood as iterative procedures for
attempting to maximize a cost function of the node biases. This
variational characterization allows us to exhibit appropriate
choices of stepsize that ensure convergence to a fixed point, and
to provide guarantees on the distortion of the encoding obtained
from the fixed point for the case of symmetric Bernoulli sources.
Our analysis applies to both an oracle form of soft decimation,
in which exact marginals can be computed, and a practical form
based on the (reweighted) sum-product algorithm.
Keywords: Lossy source coding; low-density generator ma-
trix (LDGM) codes; message-passing; decimation schemes;
variational methods.

I. INTRODUCTION

Sparse graph codes and message-passing algorithms are
widely used in coding theory, with a rich literature on both
theory and practice for channel coding (e.g., see the book [12]
and references therein). A line of more recent work has
focused on their use for lossy source coding (e.g., [3], [4], [7],
[15]), as well as for related problems involving compression
or quantization as sub-routines (e.g., [2], [18], [16]). Much
of this work has been based on low-density generator matrix
(LDGM) codes, obtained by taking the dual of low-density
parity check codes. A desirable consequence of the resulting
sparse graph structure of LDGM codes is that they are
well-suited to message-passing algorithms such as the sum-
product and max-product algorithms.

However, it turns out the standard sum-product algorithm
is not sufficient (on its own) to obtain good results in
lossy source encoding using LDGM codes. Indeed, there are
typically a large number of codewords that achieve roughly
the same distortion, so that the marginals from running sum-
product tend not to exhibit strong bias towards any partic-
ular codeword. Fortunately, message-passing algorithms in
conjunction with decimation turn out to be very effective for
lossy data compression using LDGM and related sparse graph
codes. In a message-passing/decimation scheme, the approx-
imate marginals obtained from one run of message-passing
are used to fix the values of certain bits (known as hard

decimation), or to adjust the biases of nodes (soft decima-
tion). These schemes were first introduced in the context of
survey propagation and satisfiability problems [9], and later
studied and extended by various researchers (e.g., [2], [18],
[3], [4], [10], [11], [15]). Although practical performance
of decimation schemes is excellent, obtaining theoretical
results has proven more challenging, in part because the act
of decimation introduces statistical dependencies among the
nodes. This dependency means that the assumptions required
for validity of techniques such as density evolution [12] are
no longer directly applicable.

In this paper, we provide a variational formulation of cer-
tain soft decimation schemes for lossy source encoding using
LDGM codes. Many classical message-passing algorithms
can be understood from a variational perspective, meaning
that they can be cast as methods for solving an underlying
optimization problem [14]. In the case of the sum-product
algorithm, the seminal work of Yedidia et al. [17] showed
that it is attempting to solve a (non-convex) optimization
problem known as the Bethe variational problem. These types
of variational characterizations provide a lens through which
the underlying algorithm can be studied, and can be useful in
establishing convergence and characterizing the fixed points.
Indeed, as we show in this paper, our variational characteri-
zation allows us to establish convergence of soft decimation,
and to provide guarantees on the distortion obtained from the
resulting fixed point. Although this paper focuses exclusively
on symmetric Bernoulli sources, many of the ideas are more
generally applicable to other memoryless sources.

The remainder of this paper is organized as follows. In
Section II, we provide background on the problem of lossy
compression, and the use of LDGM codes in this context.
In sectionIII, we state and prove our the main results on the
algorithms, and illustrate the performance of the sum-product
version.

II. BACKGROUND

We begin with background on the problem of lossy data
compression for binary sources, and how low-density gener-
ator matrix (LDGM) codes are used to solve the problem.

a) Lossy compression of binary sources: The goal of
lossy source coding is to compress a given sequence up to



some distortion. More precisely, for the case of symmetric
Bernoulli sources, we are given a bit string y ∈ {0, 1}n,
in which each yi ∼ Ber(1

2 ). Consider a binary code C

of rate R ∈ (0, 1), which consists of a collection of 2nR

binary sequences contained within the hypercube {0, 1}n. For
any such code, the minimum distance (MD) source encoding
problem (under Hamming distortion) is to find the codeword
ŷ ∈ C with minimal Hamming distance to the source
sequence y, which amounts to solving the combinatorial
optimization problem ŷ ∈ arg minỹ∈C ‖ỹ−y‖1. The resulting
optimal distortion is given by D(y) = ‖ŷ−y‖1

n , and our goal
is to achieve a low average distortion D : = E[D(y)], where
the expectation is taken over the randomness in the source
sequence. A brute force approach to the source encoding
problem entails a search over the exponentially large code-
book (2nR codewords); moreover, in the absence of addi-
tional structure, the source encoding problem is known to be
computationally intractable. In classical information theory,
this computational complexity is not the primary concern,
and random codebooks with exponential search are studied.
In contrast, the goal of sparse graph codes and message-
passing is to find computationally efficient procedures.

b) Low-density generator matrix codes: Low-density
parity check (LDPC) codes widely used for channel coding
problems [12]. The duals of such codes are known as low-
density generator matrix (LDGM) codes, and have proven
very effective for problems of lossy data compression. An
LDGM code of blocklength n and rate R = m

n can be
represented by a sparse generator matrix G ∈ {0, 1}n×m,
such that each codeword y ∈ C is in the range space of G,
so can be written in the form y = Gz, for some sequence
z ∈ {0, 1}m of information bits. For a binary code, all opera-
tions are performed in modulo two arithmetic. Assuming that
G is full rank, the resulting code has 2m = 2nR codewords.

n

m

ŷ1 ŷ2 ŷ3 ŷ4 ŷ5 ŷ6 ŷ7 ŷ8 ŷ9 ŷ10 ŷ11 ŷ12

z1 z2 z3 z4 z5 z6 z7 z8 z9

Fig. 1. Factor graph representation of low-density generator
matrix (LDGM) code. In the top row, a series of n checks
(represented by square nodes) are each connected to a
source bit (represented by a gray circular node). The checks
also connect to a set of m information bits (represented by
white circles) in the bottom row. The illustrated code has
n = 12 and m = 9 for design rate R = 0.75, and regular
check degree c = 3 and bit degree d = 4.

The structure of a given generator matrix G can be cap-
tured by its factor graph [6], G = (V, F,E), a bipartite graph
where V = {1, 2, · · · ,m} and F = {1, 2, · · · , n} are the set
of variable and check nodes respectively and (i, a) ∈ E if
and only if Gai = 1. For instance, Figure 1 shows a binary

linear code of blocklength n = 12 (square nodes) and m = 9
information bits (circular nodes), represented in factor graph
form by its generator matrix G ∈ {0, 1}12×9, with an overall
rate of R = 3/4. The degrees of the check and variable
nodes in the factor graph are c = 3 and d = 4 respectively,
so that the associated generator matrix G has 3 ones in each
row, and 4 ones in each column. Throughout this paper, we
use letters a, b, c, . . . to represent factors or checks F , and
numbers 1, 2, 3, . . . to represent variable nodes V .

c) Lossy compression using LDGM codes: We now de-
scribe how LDGM codes can be used to perform compression
of a binary source. Given a {0, 1}-valued source sequence
{ya, a = 1, . . . , n}, we assign to each check a ∈ F the
weight θa = 1−2ya. For theoretical convenience, we describe
the optimization in terms of the spin vector x ∈ {−1,+1}m,
obtained from the original sequence z ∈ {0, 1}m via the
mapping zi �→ xi = 1 − 2zi. Given the spin vector
x ∈ {−1,+1}m and the weight vector θ ∈ {−1,+1}n, we
define the cost function

J(x; θ) : =
n∑

a=1

θa

∏
i∈N (a)

xi, (1)

where N (a) is the set of neighbors of check a. In order
to solve the MD source encoding problem, we consider the
integer program

x∗ ∈ arg max
x∈{−1,1}m

J(x; θ). (2)

Any such x∗ defines a quantized sequence ŷ ∈ {0, 1}n with

elements ŷa =
1−

( ∏
i∈N(a) x∗

i

)
2 , and the associated Hamming

distortion is given by

D∗ = D(x∗) : =
1
2
− J(x∗; θ)

2n
. (3)

III. SOFT DECIMATION ALGORITHMS AND THEIR

PROPERTIES

In this section, we describe some soft decimation algo-
rithms, and state some theoretical results on their properties
for lossy source coding. Our first algorithm is based on an
“oracle” that can compute exact marginals, whereas our sec-
ond algorithm computes an approximation to the marginals
using the re-weighted sum product algorithm.

A. Weighted distributions

Both of our algorithms are based on a certain weighted
distribution over all binary vectors, which we now define.
Introducing a linear term which for obvious reasons will be
referred to as bias, consider the following cost function

K(x; θ, γ) : =
n∑

a=1

θa

∏
i∈N (a)

xi +
m∑

i=1

γixi. (4)

Note that this is a natural generalization of the cost function
J(x; θ) previously defined (1), to which it reduces when



γ = 0. For a given parameter β > 0, we then consider a
Gibbs distribution of the form

Pγ,θ (x) = exp
{
β K(x; γ, θ)− Φ(γ, θ)

}
, (5)

and we use Eγ,θ to denote expectation under the distribution
Pγ,θ. In this definition, the quantity

Φ(γ, θ) : = log
[ ∑

x∈{−1,+1}m

exp
{
βK(x; γ, θ)

}]
(6)

corresponds to the log normalization constant, and plays an
important role in the sequel. It is well-known (e.g., [14])
that the function Φ is strictly convex, and moreover that its
derivative has the form

∇γΦ(γ; θ) = Eγ,θ[X ] ∈ [−1,+1]m. (7)

These properties play an important role in the sequel.

B. Oracle algorithm

We begin by describing an “oracle” version of soft dec-
imation, based on a procedure that returns exact marginal
distributions of the Markov random field (5). Of course, this
procedure is not practical for large graphs with cycles (due
to the intractability of exact marginalization), but it serves
to build useful intuition for the practical algorithm that we
analyze in the sequel.

Apart from the vector θ ∈ Rm and the positive parameters
(β, λ), the algorithm also involves a positive weight and
a stepsize parameter α ∈ (0, 1). It generates a sequence
of iterates {γ(t)}∞t=0 contained with Rm according to steps
shown in Figure 2.

Algorithm 1 (Oracle version):

1) At time t = 0, initialize at a non-zero vector of biases
γ(0) ∈ [−λ, λ]m.

2) For iterations t = 0, 1, 2, · · ·
(i) Given parameters (θ, γ(t)) ∈ Rn × Rm, com-

pute the vector µ(t) ∈ R
m with elements

µi(t) = Eγ(t),θ[Xi] for i = 1, 2, . . . ,m.
(ii) Update the biases according

γ(t+ 1) = γ(t) + α
{
µ(t)− 1

λ
γ(t)

}
. (8)

(iii) Compute the estimate

x(t) = sgn(γ(t)) ∈ {−1,+1}m.

Fig. 2. Form of a soft-decimation algorithm based on an
oracle that computes exact mean parameters.

Of interest to us are the following questions:

• Under what conditions does the sequence {γ(t)}∞t=0

converge to some fixed point γ̂?
• When such convergence does occur, what are the prop-

erties of the final estimate x̂ : = sgn(γ̂)?

The following theorem sheds some light on the behavior
of this algorithm. In particular, it is based on linking it to the
function

FΦ(γ; θ, λ) : = Φ(γ, θ)− 1
2λ
‖γ‖22. (9)

We frequently adopt the shorthand FΦ(γ) when the fixed
parameters (θ, λ) are clear from the context. The following
result shows that Algorithm 1 is a technique for maximizing
this function, and will converge to a stationary point under
mild conditions. It also provides guarantees on the distortion
attained by the final output x̂.

Theorem 1: Given a sequence {γ(t)}∞t=0 generated by
Algorithm 1:

(a) There exist numbers 0 < ε� < εu such that for all
α ∈ [ε�, εu], the sequence γ(t) converges to some γ̂ ∈
[−λ, λ]m for which ∇FΦ(γ)

∣∣
γ=γ̂

= 0.
(b) Suppose that |γ̂i| ≥ λ (1− 1

m ) for all i = 1, 2, . . . ,m.
Then for any global maximum γ̂ of FΦ and x̂ =
sgn(γ̂), we have

D(x̂) ≤ D∗ +
R

2β
(
log 2 +

λ

2
)
. (10)

Moreover, for any fixed point γ̂, we have

D(x̂) ≤ (D∗ + δ) +
λR

2
min

x∗∈X ∗(δ)

‖x̂− x∗‖1
m

, (11)

where X ∗(δ) is the set of δ-distortion achieving con-
figurations.

We provide the proof of this result in the following
section. To interpret its claims, note that for appropriate
choices of (λ, β), the bound (10) implies that the gap
between D(x̂) and D∗ is arbitrarily small. Similarly, if we
consider the lower bound (11), note that in the worst-case,
we have ‖x̂−x∗‖1

m ≤ 1, which yields the worst-case guarantee
D(x̂) ≤ D∗ + λ R

2 . For any fixed rate R ∈ (0, 1], this term
can be made arbitrarily small by our choice of λ.

Before going into the technical details, we pause to provide
some intuition as to why maxima of the function FΦ should
lead to a configuration x̂ with low distortion, as guaranteed
by the bounds (10) and (11). Recall that the source encoding
problem can be formulated as maximizing the function J
(see equation (2)). We now observe that

max
γ∈[−λ,λ]m

max
x∈{−1,1}m

K(x; θ, γ) = max
x∈{−1,1}m

max
γ∈[−λ,λ]m

K(x; γ)

= max
x∈{−1,1}m

J(x; θ) +mλ,

since the linear term is maximized when γ = λ sgn(x).
Therefore, the desired source coding problem (2) is equiva-
lent to solving

γ∗ ∈ arg max
γ∈[−λ,λ]m

max
x∈{−1,1}m

K(x; γ, θ), (12)

since if we set x∗ = sgn(γ∗), then we are guaranteed that
x∗ is optimal for the integer program (2). As a function of



γ, the quantity maxx∈{−1,1}m K(x; γ, θ) is piecewise linear.
The log partition function Φ(γ, θ) from equation (6) is a
smooth approximation to this piecewise linear function, one
that becomes increasingly accurate for large β > 0.

C. Proof of Theorem 1

With this intuition in place, we now turn to the technical
details.

(a) We first show by induction that γ(t) ∈ [−λ, λ]m for all
iterations t = 0, 1, 2, . . .. By definition of the algorithm, the
claim holds for t = 0. Assuming that it holds at iteration t,
we then observe that

‖γ(t+ 1)‖∞ ≤ (1− α

λ
)‖γ(t)‖∞ + α‖µ(t)‖∞

≤ (
1− α

λ

)
λ+ α = λ,

where we have used the fact that ‖µ(t)‖∞ ≤ 1. We now show
that for an interval of stepsize choices, the sequence in fact
converges to some γ̂ ∈ [−λ, λ]m satisfying ∇FΦ(γ̂) = 0.
By definition, the function Φ is the cumulant generating
function associated with the exponential family (5); therefore,
by standard properties of exponential families [14], it is
differentiable with ∇γΦ(γ, θ) = Eθ,γ [X ]. Consequently, we
have∇FΦ(γ) = Eθ,γ [X ]− γ

λ , and the update (8) is equivalent
to

γ(t+ 1) = γ(t) + α∇FΦ(γ(t)),

so that it is performing gradient ascent method on the
function FΦ. Moreover, from the continuity of ∇FΦ, there
is a constant L > 0 such that

‖∇FΦ(γ)−∇FΦ(γ′)‖2 ≤ L ‖γ − γ′‖2 ∀γ, γ′ ∈ [−λ, λ]m.

Therefore, by standard results on gradient ascent for
functions with Lipschitz derivatives [1], for a suitably small
but fixed ε ∈ (0, 1), the method converges to a stationary
point for all α ∈ [ε,min{1, 2−ε

L }].

(b) Recall that x∗ ∈ arg maxx∈{−1,+1}m J(x; θ), and that
D∗ = 1

2 − J(x∗;θ)
2n . For any γ ∈ [−λ, λ]m, we have

FΦ(γ; θ, λ) ≥ βK(x∗; θ, γ)− 1
2λ
‖γ‖22

≥ βK(x∗; θ, γ)− λm

2
.

Maximizing both sides over γ ∈ [−λ, λ]m yields

max
γ∈[−λ,λ]m

FΦ(γ; θ, λ) ≥ β max
γ∈[−λ,λ]m

K(x∗; θ, γ)− λm

2

= β
{
J(x∗; θ) + λm

}− λm

2
,

thereby establishing the lower bound

max
γ∈Rm

FΦ(γ; θ) ≥ β{
J(x∗; θ) + λm

}− λm

2
. (13)

We now establish an upper bound on this same quantity in
terms of K(x̂; θ). In order to do so, we require the following
auxiliary lemma.

Lemma 1: Suppose that |γ̂i| ≥ λ (1 − 1
m ) for all

i = 1, 2, . . . ,m. Then x̂ : = sgn(γ̂) is an element of
argmaxx∈{−1,+1}m K(x; θ, γ̂).
See Appendix A for the proof of this claim, which we now
use in order to prove the bound (10). First observe that
whenever γ̂ achieves the global maximum, we have

max
γ∈Rm

FΦ(γ; θ) = FΦ(γ̂; θ) ≤ Φ(γ̂; θ)

≤ β max
x∈{−1,+1}m

K(x; θ, γ̂) +m log 2.

By Lemma 1, we then have

max
γ∈Rm

FΦ(γ; θ) ≤ βK(x̂; θ, γ̂) +m log 2

(i)
= β

{
J(x̂; θ) + λm

}
+m log 2, (14)

where equality (i) uses the fact that x̂ = sgn(γ̂). Combining
the lower bound (13) with the upper bound (14), we obtain

β
{
J(x̂; θ) + λm

}
+m log 2 ≥ β{

J(x∗; θ) + λm
}− λm

2
.

Dividing by 2βn and recalling that R = m/n, we conclude
that

D(x̂) =
1
2
− J(x̂; θ)

2n
≤ 1

2
− J(x∗; θ)

2n
+
R log 2

2β
+
Rλ

4β

= D∗ +
R

2β
(
log 2 +

λ

2
)
.

which establishes the upper bound (10).
It remains to prove the upper bound (11). Since x̂ =

sgn(γ̂) and Lemma 1 implies that x̂ is optimal, so for
x∗ ∈ X ∗(δ) we have

J(x̂; θ) +
m∑

i=1

|γ̂i| = K(x̂; θ, γ̂) ≥ K(x∗; θ, γ̂)

≥ J(x∗; θ) +
m∑

i=1

|γ̂i| −
m∑

i=1

|γ̂i| |x∗i − x̂i|.

Since γ̂ ∈ [−λ, λ]m, we conclude that

J(x̂; θ) ≥ J(x∗; θ)− λ‖x∗ − x̂‖1.
Dividing both sides by 2n and recalling the definition of the
distortion (3), complete the proof of the bound (11).

D. Algorithm based on (reweighted) sum-product

We now describe a practical algorithm based on a form of
message-passing. In particular, the sum-product algorithm is
a message-passing algorithm for computing approximations
to the marginals of a Markov random field [6], [17]. In the
current context, it can be used to compute approximations
to the mean parameters µi(t) = Eθ,γ(t)[Xi] in step (i) of
Algorithm 1.

Here we state and prove a theoretical result for a
reweighted version [13] of the sum-product algorithm. Like



the sum-product algorithm, it is a message-passing algorithm
but it involves weights on the edges of the graph. Let M j→i

denote the message passed from node j to node i in the graph.
The reweighted sum-product algorithm involves a collection
of weights {ρij , (i, j) ∈ E} associated with the edges of the
graph.

Mj→i(xi)← κ
∑
xj

ψj(xj)ψij(xi, xj)

∏
k∈N (j)\i

[Mk→j(xj)]ρkj

[Mi→j(xj)]1−ρij
,

(15)

In this update, the quantity κ > 0 denotes a normalization
constant, whose value may change from line to line, typically
chosen so that

In the tree-reweighted version of the algorithm, the edge
weights ρij ∈ [0, 1] are derived from a probability distribu-
tion over spanning trees of the graph [13]; for this choice, we
say that the edge weights are valid. Note that the ordinary
sum-product algorithm corresponds to the setting ρ ij = 1 for
all edges, but for a graph with cycles, this choice is invalid.
On the other hand, for any valid choice of edge weights, it
can be shown that

• the updates (15) have a unique fixed point [13], and
• the updates will converge to this unique fixed point with

appropriate scheduling of the message updates [5], [8].

Upon convergence, the fixed point M ∗ of the messages can
be used to compute approximations µ̃ to the single node
marginals using the equation

τi(xi) = κi ψi(xi)
∏

j∈N (i)

[M∗
j→i(xi)]ρji , (16)

where the normalization constant κi > 0 is chosen to ensure
that

∑
xi
τi(xi) = 1. A final useful fact is that the algorithm

is actually computing the value of a function Ψ that provides
an upper bound on the cumulant generating function—viz.

Φ(γ, θ) ≤ Ψ(γ, θ). (17)

We now describe how this algorithm can be used to
implement a practical version of Algorithm 1.

As with Algorithm 1, this algorithm turns out to have a
variational interpretation in terms of the function

FΨ(γ, θ) : = Ψ(γ, θ)− 1
2λ
‖γ‖22. (20)

Note that this function is the same as FΦ, but with the
surrogate function Ψ replacing the true cumulant generating
function Φ.

Theorem 2: Given a sequence {γ(t)}∞t=0 generated by
Algorithm 2:

(a) There exist numbers 0 < ε� < εu such that for all
α ∈ [ε�, εu], the sequence γ(t) converges to some γ̂ ∈
[−λ, λ]m for which ∇FΨ(γ)

∣∣
γ=γ̂

= 0.
(b) Suppose that |γ̂i| ≥ λ (1 − 1

m ) for all i = 1, 2, . . . ,m.
Then for any global maximum γ̂ of FΨ and x̂ =

Algorithm 2 (Message-passing version):

1) At time t = 0, initialize at a non-zero vector of biases
γ(0) ∈ [−λ, λ]m.

2) For iterations t = 0, 1, 2, · · ·
(i) Given parameters (θ, γ(t)) ∈ R

n × R
m, run

the reweighted sum-product algorithm on the
Markov random field Pθ,γ(t) to compute ap-
proximate mean parameters µ̃(t) ∈ Rm with
elements

µ̃i(t) = τi(+1)− τi(−1). (18)

(ii) Update the biases according

γ(t+ 1) = γ(t) + α
{
µ̃(t)− 1

λ
γ(t)

}
. (19)

(iii) Compute the estimate

x(t) = sgn(γ(t)) ∈ {−1,+1}m.

Fig. 3. Form of a soft-decimation algorithm based on an
oracle that computes approximate mean parameters using
(reweighted) sum-product.

sgn(γ̂), we have

D(x̂) ≤ D∗ +
R

2β
(
log 2 +

λ

2
)
. (21)

Moreover, for any fixed point γ̂, we have

D(x̂) ≤ (D∗ + δ) +
λR

2
min

x∗∈X ∗(δ)

‖x̂− x∗‖1
m

, (22)

where X ∗(δ) is the set of δ-distortion achieving con-
figurations.

Proof: (a) This claim follows by an argument entirely
analogous to the proof of Theorem 1(a). This same argument
also shows that γ̂ ∈ [−λ, λ]m, as before.

(b) Recall that x∗ ∈ argmaxx∈{−1,+1}m J(x; θ), and
that D∗ = 1

2 − J(x∗;θ)
2n . For any γ ∈ [−λ, λ]m, we have

FΨ(γ; θ) ≥ FΦ(γ; θ) by construction. Therefore, following
the same steps as in the proof of Theorem 1(b) leads to the
lower bound

max
γ∈Rm

FΨ(γ; θ) ≥ β{
J(x∗; θ) + λm

}− λm

2
. (23)

We now need to establish an analogue of Lemma 1, in
particular showing that x̂ = sgn(γ̂) achieves the maximum,
and that this maximum can be used to upper bound FΨ. This
step requires more work, but the key results are summarized
in the following:

Lemma 2: Given a fixed point γ̂ of Algorithm 2, suppose
that |γ̂i| ≥ λ (1 − 1

m ) for all i = 1, 2, . . . ,m. Then x̂ : =
sgn(γ̂) is an element of argmaxx∈{−1,+1}m K(x; θ, γ̂), and
moreover if γ̂ is the global max of FΨ(γ; θ), then we have

FΨ(γ̂; θ) ≤ β {
J(x̂; θ) + λm

}
+m log 2. (24)



Proof: Some further background on the reweighted sum-
product algorithm [13] is required for this proof. Given
an undirected graph G, consider a collection {T ∈ T} of
its spanning trees, and let {ρ(T ), T ∈ T} be a probability
distribution over this trees. For a given vector of parameters[
γ̂ θ

] ∈ Rm × Rn, suppose that we can find a set of tree-
structured parameters {(γ(T ), θ(T )), T ∈ T} such that∑

T∈T

ρ(T )
[
γ(T ) θ(T )

]
=

[
γ̂ θ.

]
(25)

In this case, by convexity of the cumulant generating func-
tion [14] and Jensen’s inequality, we have the upper bound

Φ(γ̂, θ) ≤
∑
T∈T

ρ(T )Φ(γ(T ), θ(T )).

The reweighted sum-product minimizes this upper bound
over the collection of all possible parameters satisfying
equation (25). It can be shown [13] that at the optimum, the
algorithm finds a set of parameters

{(
γ(T ), θ(T )

)
, T ∈ T

}
satisfying equation (25) such that

Eγ(T ),θ(T )[X ] = ∇Ψ(γ̂, θ)︸ ︷︷ ︸
µ̃

for all T ∈ T, (26)

where E(γ(T ),θ(T )) denotes expectation under the tree-
structured distribution on T . The vector µ̃ ∈ [−1,+1]m

corresponds to the single-node marginals returned by the
algorithm. Moreover, by construction of the algorithm, the
value Ψ(γ̂, θ) is given by

Ψ(γ̂, θ) =
∑
T∈T

ρ(T )Φ(γ(T ), θ(T )). (27)

We now turn to the proof of Lemma 2. As in the proof
of Lemma 1, we may assume without loss of generality that
γ̂i > 0 for all i = 1, 2, . . . ,m, so that x̂ = sgn(γ̂) = 11. Since
the function (γ, θ) �→ maxx∈{−1,+1}m K(x; γ, θ) is convex,
using equation (25) and Jensen’s inequality, we have

max
x∈{−1,+1}m

K(x; γ̂, θ) ≤
∑
T∈T

ρ(T )max
x

K(x; γ(T ), θ(T )),

with equality holding if there is a configuration x̂ that
achieves a common maximum. Therefore, our next step is
to show that x̂ ∈ argmaxx∈{−1,+1}m K(x; γ(T ), θ(T )) for
each tree T ∈ T.

By Theorem 2(a), for any fixed point of Algorithm 2, we
have ∇γΨ(γ̂, θ) = γ̂

λ . Consequently, using equation (26), the
condition |γ̂i| ≥ λ (1 − 1

m ) implies that

E(γ(T ),θ(T ))[X ] ≥ 1− 1
m
, for every tree T ∈ T.

Following the proof of Lemma 1, we conclude that x̂ ∈
arg maxx∈{−1,+1}m K(x; γ(T ), θ(T )) for each tree T ∈ T,
and hence that x̂ ∈ arg maxx∈{−1,+1}m K(x; γ̂, θ).

It remains to establish the bound (24). We have

max
γ∈Rm

FΨ(γ; θ) = FΨ(γ̂; θ) ≤ Ψ(γ̂, θ)

=
∑
T∈T

ρ(T )Φ(γ(T ), θ(T )),

using equation (27). Now

Φ(γ(T ), θ(T )) ≤ β max
x∈{−1,+1}m

K(x; γ(T ), θ(T )) +m log 2

= βK(x̂; γ(T ), θ(T )) +m log 2,

since x̂ achieves the maximum for each problem
(γ(T ), θ(T )). Consequently, taking the weighted sum
over trees, we conclude that

FΨ(γ̂; θ) ≤ β
∑
T∈T

ρ(T )K(x̂; γ(T ), θ(T )) +m log 2

= βK(x̂; γ̂, θ) +m log 2,

where the final equality uses the linearity of K in (γ̂, θ) and
the relation (25). Finally, since x̂ = sgn(γ̂) and ‖γ̂‖∞ ≤ λ,
we have

βK(x̂; γ̂, θ) +m log 2 ≤ β{
J(x̂; θ) + λm} +m log 2,

as claimed.
Returning to the main thread of the proof, combining

the upper bound (24) with the lower bound (23) yields the
claim (21). Finally, we need to prove the lower bound (22).
Since x̂ = sgn(γ̂) and Lemma 2 implies that x̂ is optimal,
this bound follows by the same argument as in Theorem 1.

In order to illustrate performance of the algorithms, we
performed some numerical simulations. (See the papers [4],
[15] for more comprehensive sets of simulations using similar
algorithms.) Figure 4 illustrates the average distortion verses
the number of iterations in both cases of ordinary sum-
product (edge weights ρij = 1) as well as reweighted sum-
product (edge weights ρij = .9) for the case of LDGM-(d,2).
We performed simulations using codes with blocklength
m = 500, rate R = 0.5, and we set the message-passing
parameters as β = log(m) ≈ 6.2, λ = 1 and α = 0.1.

It is interesting to notice that since the distortion (D) only
depends on the sign of the limit point, it converges really
fast–within 15—20 iterations—even though the bias (γ) may
converge somewhat more slowly This makes the algorithm
practically very efficient. In our experience to date, we have
that reweighted BP is slower to converge than ordinary BP,
and yields slightly higher distortion.

IV. DISCUSSION

In this paper, we have shown that soft decimation al-
gorithms can be understood from a variational perspective,
namely as methods for trying to maximize a certain cost
function. This variational perspective allowed us to spec-
ify stepsize choices that ensure convergence, and to prove
bounds on the sub-optimality of the final solutions. There
remain a number of questions left open in this paper. It
remains to determine the minimal setting of the parameter
β that ensures that the resulting biases satisfy the conditions
of our theorem. In practice, we have observed that the choice
β ≈ logm is sufficient. We also plan to study the trade-offs
between the settings of β and λ. Whereas the theoretical
bounds benefit from small λ, convergence is aided by larger
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Fig. 4. Average distortion vs number of iterations, ordinary
sum-product (a), reweighted sum-product (b). Both sets of
simulations were performed on the same rate R = 0.5
LDGM code with blocklength m = 500, and using
message-passing parameters β = log(m) ≈ 6.2, λ = 1,
and α = 0.1.

values. We suspect that there are connections between the
performance of soft decimation, and the clustering structure
of the δ-optimal solutions, which should be further explored.
Finally, it would be interesting to see if variants of these ideas
can be used to improve the performance of channel coding
algorithms.

APPENDIX

Without loss of generality, we may assume that γ̂i > 0 for
all i = 1, 2, . . . ,m, so that x̂ = sgn(γ̂) = 11. Letting µ̂i =
Eγ̂ [Xi], we observe that the relation ∇FΦ(γ̂) = 0 and the
assumption γ̂i ≥ λ (1 − 1

m) imply that µ̂i ≥ 1 − 1
m . Define

p̂i = Pγ̂ [Xi = −1], and observe that p̂i = 1−µ̂i

2 , so that the
condition 1 − µ̂i ≤ 1

m implies that p̂i ≤ 1
2m . Consequently,

we have∑
x �=x̂

Pγ̂(x) ≤
m∑

i=1

∑
{x �=x̂,xi=−1}

Pγ̂(x) =
m∑

i=1

p̂i ≤ 1
2
,

which implies that Pγ̂(x̂) ≥ 1
2 , so that x̂ ∈

argmaxx∈{−1,+1}m K(x; θ, γ̂) as claimed.
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