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Abstract—The goal of decentralized optimization over a net- processors, and the processors must communicate to find pa-
work is to optimize a global objective formed by a sum of rameters minimizing the loss over the entire dataset. Hewev

local (possibly nonsmooth) convex functions using only local yhe communication should be efficient enough that network
computation and communication. It arises in various application - i o T e tational qai

domains, including distributed tracking and localization, multi- aerlcu.as 0 hot oNs€ F:ompu ationa gglns. ) L
agent co-ordination, estimation in sensor networks, and large- Distributed computation has.a long h'StO_ry In optimization
scale machine learning. We develop and analyze distributed and the 1980s saw significant interest in distributed dietect
algorithms based on dual subgradient averaging, and we provide consensus, and minimization. Earlier seminal work [6], [Z]
sharp bounds on their convergence rates as a function of the analyzed algorithms for minimization of a smooth function

network size and topology. Our analysis allows us to clearly K t | t hile distributi . f
separate the convergence of the optimization algorithm itself and f known to several agents while distributing processing o

the effects of communication dependent on the network structe.  cOmponents of the parameter vectoe R". More recently,

We show that the number of iterations required by our algorithm a few researchers have shifted focus to problems in which
scales inversely in the spectral gap of the network and confirm each processor locally has its own convex (potentially non-
this prediction’s sharpness both by theoretical lower bounds and differentiable) objective function [8], [9], [10]; [11].

simulations for various networks. Our approach includes the o kes t . tributi The first tri
cases of deterministic optimization and communication as well ur paper makes two main contributions. the nrst contri-

as problems with stochastic optimization and/or communication. bution is to provide a new simple subgradient algorithm for
distributed constrained optimization of a convex functiom
refer to it as adual averaging subgradient methosince it is
based on maintaining and forming weighted averages of sub-
|. INTRODUCTION gradients throughout the network. This approach is esabnti
different from previously developed methods [8], [9], [10]
T HE focus of this paper is the development and analysid these differences facilitate our analysis of netwoetiisg
of distributed a|gOI’itth for SOlVing convex OptimizatioﬂssueS, meaning how convergence rates depend on network
pr0b|emS that are defined over networks. Network'strudturgize and topology_ |ndeed, the second main contribution of
optimization problems arise in a variety of domains Wwithifhis paper is a careful analysis that demonstrates a cloke li
the information sciences and engineering. For instan@®-pr petween convergence of the algorithm and the underlying
lems such as multi-agent coordination, distributed tnagki spectral properties of the network.
and |Oca|izati0n, estimation prOblemS in sensor networlaé a By Comparison to previous Work’ our convergence results
packet routing are all naturally cast as distributed conved proofs are different, and our characterization of netwo
minimization [1], [2], [3], [4]. Common to these problems isscaling terms is often much stronger. As detailed compari-
the necessity for completely decentralized computatiai ih son with past work requires presentation of several of our
locally light—to avoid overburdening small sensors or floagi results, we give only a brief overview of related work here,
busy networks—and robust to periodic link or node failuregieferring detailed discussion to Sec. IV. The sharpestiteesu
As a second example, data sets too large to be procesgR@n previously for distributed projected gradient desce
quickly by any single processor present related challengesge discussed in the papers [12], [10] who show that if the
A canonical instance from statistical machine |earningﬁi§5 tnumber of time Steps is known a priori and the Stepsize is
problem of minimizing a loss function averaged over a largghosen optimally, are-optimal solution to the optimization
dataset (e.g. support vector machines [5]). With terabgfes proplem can be reached ifi(n?/¢2) time. Since this bound
data, it is desirable to aSSign subsets of the data to dmfer% essentia”y independent of network topo]ogy, it does not
capture the intuition that distributed algorithms shouéh-c
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to act in real time. In additional comparison to previous kyor whereX' is a closed convex set. Each functifnis convex and
our development yields network scaling terms that are oftéilence sub-differentiable, but need not be smooth. We assume
substantially sharper, specifically, our convergence satdes without loss of generality thabt € X', since we can simply
inversely in the spectral gap of the network. This allows usanslateX. Each nodei € V is associated with a separate
to build on known results to show that our algorithm obtainsgent, and each agentmaintains its own parameter vector
ane-optimal solution inO(n?/¢2) iterations for a single cycle x; € R%. The graphG imposes communication constraints on
or path,O(n/€?) iterations for a two-dimensional grid, andthe agents: in particular, agehtas local access to only the
O(1/¢€?) iterations for a bounded degree expander graph. Whjective functionf; and can communicate directly only with
also show that the network deviation terms we derive ard tigks immediate neighborg € N(i) :={j eV | (i,j) € E}.
for our algorithm. Moreover, results on a simulated system Problems of this nature arise in a variety of application do-
identification task using robust linear regression shoveket mains. A concrete motivating example is the machine legrnin
agreement with our theoretical predictions. problem first described in Sectioh I. In this case, theXds

Our analysis covers several settings for distributed mirtihe parameter space of the statistician or learner. Eactifum
mization. We begin by studying fixed communication protof; is the empirical loss over the subset of data assigned to
cols, which are of interest in areas such as cluster congutiprocessori, and assuming that each subset is of equal size
or sensor networks with a fixed hardware-dependent pratod@lr that the f; are normalized suitably), the functiofi is
We also investigate randomized communication protocots athe average loss over the entire dataset. Here we use cluster
randomized network failures, which are essential to handiemputing as our computational model, where each processor
gracefully in wireless sensor networks and large clustétis wis a node in the cluster, and’ contains edges between
potential node failures. Randomized communication prewidprocessors that are directly connected with small latancie
an interesting tradeoff bgtween. commumcayon savings an Standard dual averaging
convergence rates. In this setting, we obtain much sharper . . , :
results than previous work by studying the spectral progert Ou_r algorithm is base_d on Neste_ro_vs_ re(_:ent dual averaging
of the expected transition matrix of a random walk on thféIgorlthm [13], [14], de5|gn_ed for m|n_|m|zat|on of (potmily_
underlying graph. We also present a relatively straightéod nonsmooth) convex functiong subject to the constraint

extension of our analysis for problems with stochastic igratd * < X We begin by_descnblng the stgndard version o_f the
information. algorithm and then discuss the extensions for the distrtbut

The remainder of this paper is organized as follows. Septling of interest in this paper. The dual averaging scheme

tion [II is devoted to a formal statement of the problerﬁS based on groximal functions) : &' — R assumed to be

and description of the dual averaging algorithm, whereéésuongly convex with respect to some noff, that is,
Section' Ill states the main results and consequences of > (e

paper, which we complement in Section IV with acomparlso%@) V@) + (Vele)y - a)
to previous work. In Sectioh V, we state and prove baslo addition, we assume that > 0 over X’ and that(0) = 0;
convergence results on the dual averaging algorithm, whitifese are standard assumptions made without loss of general
we then exploit in Sectioh VI to derive concrete results thity. Examples of such proximal and norm pairs include:
depend on the spectral gap of the network. Sections VIl, the quadraticy(z) = %H:c“i which is the canonical
and VIl treat extensions with noise, in particular algonits proximal function. ClearlyéH()Hz = 0, and %HwHi is

with random communication and stochastic gradients respec

. . ; ; strongly convex with respect to thig-norm for z € R¢.
tlvely. In Section IX, we present the r_esults of simulatidinat . the entropic functions(z) — Zdﬂ 2: log z; — x;, which
confirm the sharpness of our analysis. I

is strongly convex with respect to thlg-norm for x in
the probability simplex{z | z = 0,>"" | z; = 1}.

[I. PROBLEM SETUP AND ALGORITHM We assume that each functighis L-Lipschitzwith respect
|—that is,

1
+5 |z —y|® forz,ye X.

In this section, we provide a formal statement of thgo the same norn-|
distributed minimization problem and a description of the |fi(x) — fily)| < L||lz —y|| forz,ye X. 2

distributed dual averaging algorithm. Many cost functionsf; satisfy this type of Lipschitz condi-

tion. For instance, condition (2) holds for any convex func-
A. Distributed minimization tion on a compact domain or for a polyhedral function on
A0 arbitrary domain/ [15]. The bound (2) implies that for

that are distributed over a network. More specifically, 1" @ € < and any subgradieny; € 9fi(z), we have
G = (V,E) be an undirected graph over the vertex s gill. < L, where-[|, denotes theiual normto |||, defined

V = {1,2,...,n} with edge setE C V x V. Associated Y vll, 2= supjy = (v,0).
with eachi € V is convex functionf; : R¢ — R, and our The dual averaging algorithm generates a sequence of

. - : e P !
overarching goal is to solve the optimization problem |terates{x_(t), 2(1)}iZo cqntamed withint x R acc_ordmg to
the following steps. At time stepof the algorithm, it receives

a subgradieny(t) € df(z(t)), and then performs the updates
2(t+1) = z(t)+g(t) and z(t+1) = T4 (2(t41), a(t)), (3)

We consider an optimization problem based on functio

1 n
in — a ject t X 1
min — ;ﬁ(m) subject toz € X, (1)
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where {a(t)}$2, is a non-increasing sequence of positive [1l. M AIN RESULTS AND CONSEQUENCES
stepsizes, and We will now state the main results of this paper and illustrat
. 1 some of their consequences. We give the proofs and a deeper
P . —
My (z0) := arf;?(m{ (e m) + a¢(x)} @) investigation of related corollaries in the sections tiwiofv.

is a type of projection. The intuition underlying this algbm
is as follows: given the current iterate:(), z(t)), the next A. Convergence of distributed dual averaging

iteratex(¢ 4 1) to chosen to minimize an averaged first-order We start with a result on the convergence of the distributed
approximation to the functiorf, while the proximal function dual averaging algorithm that provides a decompositiorhef t
¢ and stepsizex(t) > 0 enforce that the iteratef(t)}2, error into an optimization term and the cost associated with
do not oscillate wildly. The algorithm is similar to the “folv  network communication. In order to state this theorem, we
the perturbed leader” algorithms developed in the for @nlinjefine the averaged dual variablé) := 13" | z;(¢), and
optimization [16], though this specific algorithm seems & bwe recall the definition (6) of the local averaggT).

due to Nesterov [13]. In Section]V, we show that a simpL?
analysis of the convergence of the above procedure allows
to relate it to the distributed algorithm we describe.

eorem 1 (Basic convergence) Let the sequences
zi ()} and {z;(t)}2, be generated by the updates (5a)—
(5b) with step size sequender(t)}2°,, where is strongly
convex with respect to the norffa| with dual norm||-||,. For

C. Distributed dual averagin
] ging ) ~anyz* € X and for each node € V, we have
We now consider an appropriate and novel extension of

dual averaging to the distributed setting. At each iteratio f(@i(T)) — f(z*) < OPT+ NET, @)
t = 1,2,3,..., the algorithm maintains: pairs of vectors where
(zi(t), z;(t)) € X x R?, with the i** pair associated with , T
node: € V. At iteration ¢, each nodei € V computes 1 * L

' PT= — -1
an elementy;(t) € 0fi(z;(t)) in the subdifferential of the Tc»z(T)w(Qj )+ 2T ~— a(t—1) and ®
local functionf; and receives information about the parameters LT n B
{2;(t), j € N(i)} associated with nodesin its neighborhood e — 2 $™ (1) {2 DNz =z O, +112() = =),
N (7). Its update of the current estimated solutig(t) is based ot ne4

on a convex combination of these parameters. To model thi
weighting process, leP € R"*"™ be a matrix of non-negative
weights that respects the structure of the gréghmeaning
that for: # j, P;; > 0 only if (¢,j) € E. We assume thaP
is a doubly stochastic matrix, so that

STheorenﬂl guarantees that aftErsteps of the algorithm,

every nodei € V has access to a locally defined quantity

Z;(T) such that the differencg (z;(T)) — f(z*) is upper

bounded by a sum of four terms. The two terms in thetO

portion of the upper bound (7) are optimization error terms

common to subgradient algorithms. The third and fourta (N

are penalties incurred due to having different estimates at

different nodes in the network, and they measure the dewati

_ o : of each node’s estimate of the average gradient from the true

B Z by =1 foralljeV. average gradieﬁt.Thus, Theorem 1 ensures that as long the

) ) ) . ) ) bound on the deviatiof|z(t) — z;(¢)||, is tight enough, for
Usmg this notgtlon, given the non-increasing sequenceg appropriately chosem(t) (say a(t) o 1/v/%), the error of

of positive stepsizes, each node V' performs the updates 3, () is small uniformly across all nodes, and asymptotically

zi(t+1) = Z pijzi(t) +gi(t), and (5a) ?;)tgrsoaches zero. See Theorem 2 for a precise statement of

n
ZP” = Z PZJ =1 foralliEV, and
j=1 JEN()

n

> Py
=1

iEN(7)

JEN(3)

i(t+1) = T (z(t + 1), (1)), 5b
zi(t+1) (@t +1),a(t) (5b) B. Convergence rates and network topology

where the projectioﬂ}@ was defined previously (4). Inwords, \we now turn to investigation of the effects of network
node i computes the new dual parametei(t + 1) from topology on convergence rates. In this secfiove assume that
a weighted average of its own subgradientt) and the the network topology is static and that communication ogcur
parameters{z;(t),j € N(i)} in its neighborhoodV (i), and ;g a fixed doubly stochastic weight matiX at every round.
then computes the next local iteratg(t + 1) by a projection gince p is doubly stochastic, it has largest singular value
defined by the proximal functiogh and stepsizex(t) > 0. o1(P) = 1 (see[17, Chapter 8]). The following result shows
In the sequel, we show convergence of the local sequengg; the convergence rate of the distributed dual averaging

{z;(t)}$2, to the optimum ofi (1) via theunning local average algorithm is controlled by thepectral gapy(P) : = 1—o5(P)

R 1 Z of the matrix P, whereo.(P) is the second largest singular

Z:(T) T;@@. (6) @T?i h _ _—
Note that this quantity is locally defined at nodand can be Can{ :S 35; twfﬁt t‘,oi,ﬁf{?l‘,z(?iﬁ;rf‘;,%l{',‘g ipfie(?)rsuﬁ{f‘;ﬁ[; ft(')rrnzulsi.ms'gm :
computed in a distributed manner. 2In later sections, we weaken these conditions.
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Theorem 2 (Rates based on spectral gapjnder the con- matrix D = diag{di,...,d,}. We assume that the graph is
ditions and notation of Theorem 1, suppose moreover thadnnected, so that > 1 for all 4, and henceD is invertible.
$(a*) < R2. With step size choice(t) = R\/zllL_\CZ(P)’ With this notation, thenormalized graph Laplaciais

—1/2 —1/2
) * RL log(Ti) | L(G)=1-D"124D71/2
f[(@i(T)) — f(a") < Sﬁ V1-0aP) foralli€V.  the graph Laplacianc = £(G) is symmetric, positive
semidefinite, and satisfie§D'/21 = 0, where1 is the all
This theorem establishes a tight connection between thges vector. When the graph is degree-regubar=£ § for
convergence rate of distributed subgradient methods a&d the 1), the standard random walk with self loops 6ngiven
spectral properties of the underlying network. The inversg; the matrix P := I — %/; is doubly stochastic and
dependence on the spectral dapo,(P) is quite natural, since valid for our theory. For non-regular graphs, we make a minor
it is well-known to determine the rates of mixing in randonmodification in order to obtain a doubly stochastic matrét; |

walks on graphs [18], and the propagation of information i), = max;cy 6; denoteG’s maximum degree and define
our algorithm is integrally tied to the random walk on the 1

underlying graph with transition probabilities specified B. P, (G) =1 — ———— (D — A)=1 — 1 puegpie
. : o Omax +1 Omax + 1

Using Theorem 2, one can derive explicit convergence (9)
rates for several classes of interesting networks, andr€iiu o _ ) o
illustrates four graph topologies of interest. As a firstrapée, This mat.rlx is symmet_nc by construction and it is also dgubl
the k-connected cycle in panel (a) is formed by placing stochastic. Note t.hat if the graph §sregular, thenP, (G) is
nodes on a circle and connecting each node té iteighbors the standard choice above. Pluggifyg(G) into Theorem 2
on the right and left. For smak, the cycle graph is poorly |mm_ed|ately relates the convergence of distributed du_al av
connected, and our analysis will show that this leads tostoweraging to the spectral properties of the graph Laplacian; i
convergence rates than other graphs with better connigctivParticular, we have
The grid graph in two dimensions is obtained by connecting (RL log(Tn) )
nodes to theirk nearest neighbors in axis-aligned directions. f(z:(T)) — f(z*) =0 | (=————==], (10)

For instance, panel (b) shows an example of a dedrgad VT VAn-1(£(G))
graph in two-dimensions. The cycle and grid are possibighere), _;(£(G)) is the second smallest eigenvaluegt).
models for clustered computing as well as sensor networkshe next result summarizes our conclusions for the choice of

In panel (c), we show a random geometric gr621ph, costochastic matrix (9) via (10) for different network topgies.
structed by placing nodes uniformly at random[in1]* and .
connecting any two nodes separated by a distance less tﬁafﬁO"?ry 1. Under the COﬂdIItIOI’]S of Theorém 2, we have the
some radiusr > 0. These graphs are used to model thig OWINg convergence rates:
connectivity patterns of devices, such as wireless senetgsn (8) For k-connected paths and cycles,
that can communicate with all nodes in some fixed radius ball, . . RL nlog(Tn)
and have been studied extensively (e.g., [19]) [20]). Tlxeee f@(T)) - fa") =0 (ﬁ k) :
natural generalizations to dimensiahs- 2 as well as to cases .
in which the spatial positions are drawn non-uniformly. (b) For k-connected,/n x v/n grids,

Finally, panel (d) shows an instance of a bounded degree ~ . RL /nlog(Tn)
expander, which belongs to a special class of sparse graphs F@:(T)) = f(@7) = O <ﬁ k > '
that have very good mixing properties [21]. Expanders af
an attractive option for the network topology in distritdite
computation since they are known to have large spectral
gaps. For many random graph models, a typical sample is RL oy
an expander with high probability; examples include ran- f(@:(T)) — f(a*) =0 (f 10g(Tn))-

. . T
dom bipartite [22] and random degree-regular graphs [23]. ) . o .
In addition, there are several deterministic construstion (d) For expanders with bounded ratio of minimum to maxi-
degree regular expanders (see Section 6.3 of Chung [214). Th Mum node degree,
deterministic constructions are of interest because theybe R y RL
used to design a network, while the random constructions are J@(T)) = fa*) = O (\/T log(T”)) :
often much simpler.

In order to state explicit convergence rates, we need toNote that up to logarithmic factors, the optimization term
specify a particular choice of the matri® that respects the in the convergence rate is always of the or&dr/\/T, while
graph structure. Although many such choices are possiéte, hthe remaining terms vary depending on the network. In order
we focus on the graph Laplacian [21]. First, we fet R™*"™ to understand scaling issues as a function of network side an
be the symmetric adjacency matrix of the undirected gi@ph topology, it can be useful to re-state convergence ratesying
satisfying A;; = 1 when (4, j) € E and A;; = 0 otherwise. of the number of iteration$(e; ) required to achieve error
For each node € V, we letd, = |[N(i)| = Z?zl A;; e for anetwork types with n nodes. In particular, Corollary 1
denote the degree of nodg and we define the diagonalimplies the following scalings (to logarithmic factors):

8) For random geometric graphs with connectivity radius
Q(y/log*" ¢ n/n) for any e > 0, with high-probability

logn
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(b) (©) (d)
Fig. 1. lllustration of some graph classes of interest in distributed protocol#\ @agonnected cycle. (b) Two-dimensional grid with
4-connectivity, and non-toroidal boundary conditions. (c) A randauargetric graph. (d) A random 3-regular expander graph.

« for the single cycle grapHl.yci(e;n) = O(n?/€?), communication is of interest for a variety of reasons. Iféhis
« for the two-dimensional gridlia(e; n) = O(n/€?), an underlying dense network topology, we might want to avoid
« for a bounded degree expand@y,(e;n) = O(1/€?). communicating along every edge at each round to decrease
In general, Theorem 2 implies that at most communication and network congestion. For instance, tke us
1 1 of a gossip protocol [25], in which one edge in the network
Ta(e;n) = (9(72 —> (11) is randomly chosen to communicate at each iteration, allows
€ 1—03(P(G)) a more refined trade-off between communication cost and

iterations are required to achieve amccurate solution when number of iterations. Communication in real networks also
using communication matri®,, (G). A detailed comparison of incurs errors due to congestion or hardware failures, and we
these results with the previous work is provided in Sectéhn | can model such errors by a stochastic process.

The following theorem provides a convergence result for

It is interesting to ask whether the upper bound| (11) fro X . o ;
L : : the case of time-varying random communication matrices. In
our analysis is actually a sharp result, meaning that it cann__- . : . o o
articular, it applies to sequencés;(t)}72, and {z(¢)}2,

be improved (up to constant factors). On one hand, it 5 . g .
known that (even for centralized optimization algorithms)generated by the dual averaging algorithm with updates (5a)

any subgradient method requires at le@st’) iterations to and @) V(\j”th _;step size sequenge(?)}iZ,, but in whichp;;
achievec-accuracy/[24], so theé/e? term is unavoidable. The 's replaced withp; (t).

next proposition addresses the complementary issue, ganteheorem 3 (Stochastic communication)et {P(t)}, be
whether the inverse spectral gap term is unavoidable for the i.i.d. sequence of doubly stochastic matrices, and define
dual averaging algorithm, by establishing a lower bound og,(G) := X\ (E[P(t)" P(t)]). For anyz* € X andi € V,

the number of iterations in terms of graph topology: with probability at leastl — 1/7, we have

Proposition 1. Consider the dual averaging algorithm (5a)

o T
and [5b) with quadratic proximal function and COMMUNICALO ¢(z.(T)) — f(z*) < 1 w(x*) + L~ alt —1
matrix P, (G). For any graphG with n nodes, the number of E(T)) = fa) < To(T) )+ or ; -1
iterationsT¢ (c; n) required to achieve a fixed accuraey> 0 2 9 T
: 3L* (6log(T?n) 1
is lower bounded as — 2 t).
7 (1—/\2(G) Tt >ZO‘()
1 t=1
Tatein) = 2 1= )
1—03(Pu(G)) We provide a proof of the theorem in Section VII. Note that

The proof of this result, given in Sectidn VI-C, involveshe upper bound from the theorem is valid for any sequence
constructing a “hard” optimization problem and lower bound®f non-increasing positive stepsizgsi(t)}2,. The bound

ing the number of iterations required for our algorithm téonsists of three terms, with the first growing and the last
solve it. In conjunction with Corollary1, and the bound](11)two shrinking as the stepsize choice is reduced. If we assume
Proposition_ 1 implies that our predicted network scaling #atv(z*) < R?, then we can optimize the tradeoff between
sharp. Indeed, in Section 1X, we show that the theoreticlese competing terms, and we find that the stepsize sequence
scalings from Corollary 1—namely, quadratic, linear, and(t) o ©°-22 approximately minimizes the bound bound in
constant in network size—are well-matched in simulations.the theorem. For some universal constgnthis yields

<c @ 1og(T”)
VT /1= M(EPRH)TPR))

C. Extensions to stochastic communication links f@i(T)) — f(z¥) . (12)

Our results also extend to the case when the communication
matrix P is time-varying and random—that is, the mat#xt) Stochastic communication for distributed optimizationswa
is potentially different for eaclt and randomly chosen (butpreviously considered by Lobel and Ozdaglar [9]; however,
P(t) still obeys the constraints imposed &Y. Such stochastic their bounds grew exponentially in the number of nodes
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the network In contrast, the rates given here for stochastibe deviation probabilities if we assume that the noise of
communication are directly comparable to the convergenttee subgradient estimates is uncorrelated, which we show in
rates in the previous section for fixed transition matriddste Theorem 4 of the long version of this paper [26]. Specifically
specifically, we have inverse dependence on the spectral ga@ 5-dependent terms in the second bound of Thedrem 4
of the expected network—consequently achieving polynomiglqve are replaced by a term thai’# LRlTog% 4 /%)_
scaling for any network—as well as faster rates dependent on "

network structure. IV. RELATED WORK

. . , We now turn to surveying some past work with the aim of

D. Results for stochastic gradient algorithms giving a clear understanding of how our algorithm and result

For our last main result, we show that none of our converelate to and, in many cases, improve upon it. We first note tha
gence results rely on the gradients being correct. Spefficathe classical problem of consensus averaging [6], [12]} 25
we can straightforwardly extend our results to the case afspecial case of the problem (1) whériz) = ||z — 6;])3.
noisy gradients corrupted with zero-mean bounded-vagianallowing stochastic gradients also lets us tackle distebu
noise. This setting is especially relevant in situationshsuaveraging with noise [4]. Mosk-Aoyama et al. [27] consider
as distributed learning or wireless sensor networks, whanproblem related to our setup, minimizing;_, f;(z;) for
data observed is noisy. Lek; be theo-field containing all 2; € R subject to linear equality constraints, and they obtain
information up to timet, that is, g;(1),...,9:(t) € F; and rates of convergence dependent on network-conductance.
zi(1),...,z5(t + 1) € F; for all i. We define a stochastic As discussed in the introduction, other researchers have
oracle that provides gradient estimates satisfying designed algorithms for solving the problen (1). Earlierkso

N N 9 considering our setup include the papers [9], [8]; however,
E[g:(t) | Fe-a] € 9fi(wi(t) and E |Gy | Fea| < (le) the convergence rateg there grow efpc?nenti[al]ly En]the numbe

) ) _ » ! of nodesn in the network. Nedi et al. [12] and Ram et
As a special case, this model includes an additive noisdeorag; [10] substantially sharpen these earlier results; ifipatly,

that takes an element of the subgradieift(«;(t)) and adds corollary 5.5 in the paper [10] shows that their projected
to it bounded variance zero-mean noise. Theorem 4 gives Quhgradient algorithm can obtain amptimal solution to the
convergence result in the case of stochastic gradients.ivge %bptimization problem irO (n? /¢2) time with optimal choice of
the proof and further discussion in Section VIII, nOtingtthas_tepsize. All the above papers study convergence of a gradie

because we adapt dual averaging, the analysis follows quit&thod in which each nodé maintainsz;(t) € X, and at
cleanly from that for the previous three theorems. time ¢ performs the update

Theorem 4 (Stochastic gradient updated)et the sequence

(1 2
{x;(t)}22, be as in Theorem 1, except that at each round oftilt +1) = arfeﬂln{§’| Z Pjix;(t) — agi(t)Hz} (14)

the algorithm agent receives a vectog;(t) from an oracle JENG)
satisfying condition (13). For eache V and anyz* € X, for g;(t) € dfi(x;(t)). The distributed dual averaging algo-
y T rithm (5a)-(5b) is quite different from the update (14). The
~ 1 8L . X
]E{f(:ci(T))} — f(z") < Y(x") + — Za(t —1) use of the proximal function> allows us to address problems
Ta(T) T with non-Euclidean geometry, which is useful, for example,
9 T for very high-dimensional problems or where the domain
%M Za(t). is the simplex|[24, Chapter 3]. The differences between the
—0(P) t=1 algorithms become more pronounced in the analysis. Since we

If we assume in addition thaj;(¢)||. < L and thatX has Use dual averaging, we can avoid some technical difficulties
finite radiusR : = sup, . v ||z — 2*|, then with probability at introduced by the projection step in the update (14); pedgis

least1 — 6, because of this technical issue, earlier works [8], [9] &dd
, T unconstrained optimization, and the averaging:ift) seems
~ * 1 « , 8L essential to the faster rates our approach achieves.
(7)) — < = t—1 _
F@(1)) = f@") = Toz(T)w(Qj )+ T ;a( ) In other related work, Johansson et al. [11] establish

T network-dependent rates for Markov incremental gradient
3L* log(T'y/n) Z (t) + SLR log descent (MIGD), which maintains a single vectoft) at

T 1-o03(P) tzla T ° all times. A tokeni(t) determines an active node at time
t, and at time step + 1 the token moves to one of its

=

As with the case of stochastic communication covered l% ‘ . . o :
ighborsj € N(i(t)), each with probabilityP;;. Lettin
Theoren 3, it should be clear that by choosing the steps g j € NG(t)) P Yiice) 9

R/T=0n(P) _ C o 'gzi?t)(t) € dfiw)(x(t)), the update is
a(t) o« Li\/; we have essentially the same optimization 1 )
error guarantee as the bourd (12), but with(E[P()2]) z(t+1)= argmin{§”$(t) - agi(t)(t)HQ}' (15)
replaced byo,(P). It is also possible to substantially tighten reX
Johansson et al. show that with optimal setting of

3More precisely, inspection of the constanin equation (37) of their paper and symmetric transition matri®, MIGD has convergence
shows that it is of ordey—2("—1) where~ is the lower bound on non-zero T . . .
entries of P, so it is at least” 1. rate O(max; 1/ %), where I' is the return time matrix
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= —-P+117/n)"L In this case, let\;(P) € [-1,1] {g(t)}2, C R be an arbitrary sequence of vectors, and
denote theth eigenvalue ofP. The eigenvalues df are thus consider the sequende:(t)}:2,:

land1/(1 — X;(P)) for i > 1, and we thus have . )
n 1 z(t+1) := argmin { Z (g(s),x) + d}(x)}
nz:nilaX’n Iy > tI'(F) =1+ Z m reEX —1 «

= t
S max{ 1 7 1 } _ 1 . —Hﬁ<Zg(s),a). (18)
1L 2(P) 1-M(P) [ 1—o0s(P) s=1

Consequently, the bound in Theorém 2 is never weaker, dfmMma 3. For a non-increasing sequendex(t)};<, of pos-

for certain graphs, our results are substantially tighter, itive stepsizes, and for any” € X,

shown in Corollaryl 1. Ford-dimensional gridsd > 2) T

we have T(e;n) = O(n?/4/e%), whereas MIGD scales aSZ<g(t)7 —Za t—1)lg(®)|? +— (x).

T(esn) = O(n/e*). For well-connected graphs, such as—1 23 oT)

expanders and the complete graph, the MIGD algorithm scalfige |emma is a consequence of Theorem 2 and Egq. (3.3) in

asT(e;n) = O(n/€?), a factor ofn worse than our results. Nesteroy [13]. We include a simple proof in Appendix A of the

long version of this paper [26]. Finally, we state a lemma tha
V. BASIC CONVERGENCE ANALYSIS FOR DISTRIBUTED  ga|lows us to restrict our analysis to the centralized seqeien
DUAL AVERAGING {y(t)}32, from (16).

In this section, we prove convergence of the distributed-alg mma 4. Consider the sequencels::(£)}3,, {z(t)}
rithm based on the updates (5a)4(5b). We begin in Selction VLE Nd {y(1)}, defined according to the delétil(Satﬂo(,Sb)

by defining auxiliary quantities and establishing lemmaefuis
in the proof then prove Theorem 1 in Section V-B. and (16), where eactf; is L-Lipschitz. For eachi € V/,

—_

T
A. Setting up the analysis Z_:f(xi(t)) —f@)
Using techniques related to those used in past wark [8], we T T
establish convergence via the two auxiliary sequences < Z fly(t)) — f(=*) + LZ alt) |2(t) — zt)]l, -
zZ(t _ ; (T d t) :=T1%(z(t (16) . o
2t) := g;zl() and - y(t) : =My (2(), ). Similarly, with the definitionsj(7) := 27 y(t) and

7(T) 1= A" 2,(t), we have
We begin by showing that the sequerite) evolves in a very #(T) T 2= ill)

simple way. We have [(@i(T)) — f(z")
T
L
Z(t+1) ZZ pij(z(t) = 2(t))) + 2(t) < F@U(T) - TZ ) [12() = z(@)ll, -
=1 j=1 t=1
- 1 i Proof: Using theL-Lipschitz continuity of thef;, we note
+= Zg] = 2(t) + — =3 g1, Q@n ) )
j=1 f(ai@) = f(@") = fly(t) = (&) + flzi(t) — Fy(2))
where the second equallty follows from double-stochastici < fly(®) = f(@™) + L|lzs(t) =y,
of P. Consequently, the averaged dual sequefiog)}:2, and we then use Lemmia 2, which givés;(t) — y(t)| <
evolves almost as it would for centralized dual averagi g ) — z(t)|l.. The second statement follows analo-

applied to f(z) = Y., fi(x)/n, the difference being that

¢:(t) is a subgradient at;(¢) (which need not be the same a

the subgradieny;(¢) at z;(¢)). The simple evolution (17) of

the averaged dual sequence alleviates difficulties witmgre B. Proof of Theorem]1

linearity of projection that have been previously chaliegg Our proof is based on analyzing the sequekigé)}:2,.
Before proceeding with the proof of Theorem 1, we state@iven an arbitraryr* € X, we have

few useful results regarding the convergence of the standar

gously after using the triangle inequality. [ ]

T
dual averaging algorithm. We begin with a result about Lip;, Zf )
schitz continuity of the projection mapping (4), recallitigat —
[[-Il. is dual norm toj-||. T = T o
Lemma 2. For an arbitrary pair u,v € R¢ we have = szi(xi(t)) = f(@") + Z [fily fi(wi(t))]
HHw u, ) — Hw (v, H <allu—1|,. =t =t
This result is standard in convex analysis (€.g. [15, Theore < ZZ filzi(t)) = f(2") + Lly(t) — z:(0)]], (19)

X.4.2.1], or [13, Lemma 1]). We next state the convergence t=!i=1
guarantee for the standard dual averaging algorithm. Libe inequality following by thel-Lipschitz condition onf;.
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Now let g;(t) € Of;(x;(t)) be a subgradient of; at xz;(t). VI. CONVERGENCE RATES SPECTRAL GAR AND
Using convexity, we have the bound NETWORK TOPOLOGY

n n In this section, we give concrete convergence rates for
> filwi(t) = fi(a*) < {gi(t),xi(t) =) . (20) the distributed dual averaging algorithm based on the rgixin
i=1 i=1 time of a random walk according to the matriX. The

Breaking the right hand side of (20) into two pieces, we abtapnderstanding of the dependence of our convergence rates in

terms of network topology is crucial, because it can provide
i@'(t) 25(t) — 2%) important cues to the system administrator in a clustered
— L computing environment or for the locations and conneatisit

- n of sensors in a sensor network. We begin in Section VI-A with

Z (9: (), y(t) — ) + Z (g;(t), z:(t) — y(¢)). (21) the proof of Theorem 2, which we follow in Sections VI-B

P —1 and VI-C with proofs of the graph-specific convergence rates

stated in Corollary 1 and the lower bound of Proposition 1,

~.

By definition of the updates for(t) and y(¢), we have tivel
£ =T%(L 7S gi(s), «). Thus, we see that the first copoo VeY: , , ,

y( . X An Lus=1 Lui=1 ghL e - i Throughout this section, we adopt the following notational

term in the decomposition (21) can be written in the same Wa¥nventions. For an x n matrix B, we call its singular values

as the bound in Lemma 3, and as a consequence, we havgl(B) > 95(B) > --- > o,(B) > 0. For a real symmetric

1 I n matrix B, we use\;(B) > A2(B) > ... > \,(B) to denote
— <Zgi(t),y(t) —x*> the n real eigenvalues ofB. We let A, = {z € R" |
1

t=1 \i=1 z > 0,37  x = 1} denote then-dimensional probability

1 1" 2 1 simplex. Letll denote the vector of all ones. For stochastic
< 5 Za(t - UH” Zgi(f) + mi//(l"*) P, we have the following inequality: for any positive integer
t=1 i=1 * t=1,2,...andx € A,
L? 1 t t t
< — - =Y Plx —1/n|, < vV/n||P'xz—1/n|, <ox(P)+vn. (24
<5 2 alt- D+ S7mele) @2 | /nlly < vl /nly < o2(P)' V. (24)

See the book [17] for a review of relevant Perron-Frobenius
It remains to control the final two terms in the bounds (19heory.

and (21). Sincdlg, (1), < L,

T g 1 I A. Proof of Theorem|2

>N —lly(®) =z @)l + ~ DO Lgilt), wilt) —y(t) We focus on controlling the network error terms in the

t=1i=1 . t=1i=1 bound (7), Y1, a(t)||z(t) — z:i(t)||, . Define the matrix
2L o & | O(t,s) = Pt and®(t, s) = L _d(t, s) . Let [D(t, )]

= n Z — ly(8) =z be thejth entry of theith column of®(¢, s). Then

t=1 i=1

By definition of y(¢t) and z;(¢t) as projections ofz(¢) and Zit+1) = i[@(us)} i2i(s)
z;(t), respectively, thex-Lipschitz continuity of the projection I

=1

operatorH;"((-,a) (see Lemmal2) implies ’ ¢ n
T . + 3 (Senlist-0) +a0. @)
- DO lly(t) — @bl < o DD ad |z -z, - rest =

t=1 i=1 t=1 i=1 The above clearly reduces to the standard update (5a) when
Combining this bound with (19) and (22) yields the running = t- Sincez(t) evolves simply as in (17), we assume that
sum bound z;(0) = 0 to avoid notational clutter and use (25) to see

T 2 t—1 n

S ) - F")] € —op(a®) + £z S a(t-1) 2(t) = zi(t) =D > (1/n—[@(t—1,9)])g;(s — 1)

t=1 o(T) 2 =1 s=1j=1

2L S5 o)1 (A -0 -at-1). @
+ z; doa ) -z @), . (23 n 2 9i gi :
t=1 j=1 =

Applying Lemma 4 to/(23) and recalling the definition (8) ofVe havellg:(1)||, < L for all i andt, so the equality (26) and
OPT gives thats>7_ [f(x:(t)) — f(=*)] is upper bounded by d€finition of & imply

T N B t—1 n .
opr+ 1Y alt)[2 300 - 0. + o) - o] IO 7O =2 2L e =],

=Y a1 = gie—1)

Dividing both sides byl" and using the convexity of yields + ’
our desired result (7).

*
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This in turn is further bounded by B. Proof of Corollaryf 1
-1 n The corollary is based on bounding the spectral gap of the
Z Z lg;(s = V)|, |[@(t —1,5)]] matrix P,,(G) from Eg. (9). We begin with a technical lemma.
s=1j=1 Lemma 5. Let § = §,,.x. The matrixP satisfies
%Z lg(t = 1) = gi(t = DIl 72 (Po(@)) <Inax{1friini5ﬂ (L) i) Al(ﬁ)fl}.
i=1 s S+1 TS+
t—1
Proof: By a theorem of Ostrowski on congruent matrices
< 2 Lot = 1,8)l = 1/nl, +2L. 27) (cf Theoremy4 5.9/ [17]), we have °
— . .5.9] ,

Now we break the sum in (27) into two terms separated Ae(DY2LDY?) {miin 5i)\k(ﬁ)7m?X5i)\k(£)} . (3Y)
by a cutoff pointt. The first term consists of “throwaway” 12 ) i
terms, that is, timesteps for which the Markov chain with SinceLD/Z1 = 0, we have\,(£) = 0, and so it suffices

transition matrixP has not mixed, while the second consistl® focus oni(DV2L£D'/2) and A,_,(D'/2LD/?). From
of stepss for which |[®(t — 1,5)]; — 1./n|, is small. Note the definition [(9), the eigenvalues &f are of the forml —

that the indexing on®(t — 1,5) = P!~**! implies that (Omax + 1)~ " A (D'2LD'/?). The bound((31) coupled with
for small s, ®(t — 1,s) is close to uniform. From[ (24), the fact that all the eigenvalues gfare non-negative implies

[[@(t,5)]; — L/nll; < Vnoo(P) . Hence, if that o5(P) = maxi<p {|1 — (dmax + 1) 7' As(DV2LDV2) [}
is upper bounded by the Iarger of— aéf‘*iil)\n,l(ﬁ) and
-1 max e
t—s> logie_l — 1, |[®(ts)); — 1/nll, < vne. s A (L) — L. - ] -
log o2(P) Much of spectral graph theory is devoted to bounding

An—1(L) sufficiently far away from zero, and Lemma 5 allows

us to leverage such results. Computing the upper bound in

1 Lemma/5 requires controlling both,,_;(£) and A\;(£). To
[[®(t,s)]; —1/n||, < T (28) circumvent this complication, we use the well-known idea of

a lazy random walk [18], in which we repladeby % (I+ P).

For largers, we simply have||[®(¢, s)]; — ]1/n|\1 < 2. The The resulting symmetric matrix has the same eigenstruetsire

above suggests that we split the Sumtat: % P. Further (I+P) is positive semidefinite so

We break apart the sum (27) and use (28) to see that since

By settinge ! = T'\/n, fort — s + 1 > %, we have

1
t—1—(t—1t)=17 and there are at mosf steps in the 02<5(1+P)) = >\2< (I+P))
summation,
and hence,
_ 1 1 1/2 1/2
12(8) — (D). < L ZJ"I’ (t—1,8)e; — L/nl, o2 (5 + P)) = (1 - o 12LDV?2)
s=t—t S
-7 <1— ———\,_1(L). (32)
2 5max 1
+LZH<I>Hs> VA o et N
Consequently, it is sufficient to bound only,_;(£), which is
10g(T\f) log(T/n) more convenient from a technical standpoint. The convergen
Llog oa(P)1 +t3L = 2L1 — 5(P) +3L. (29) rate implied by the lazy random walk through Theorem 2

is no worse than twice that of the original walk, which is
The last inequality follows from the concavity bfg(-), since insignificant for the analysis in this paper.

logoa(P)~t > 1 — o3(P). We are now equipped to address each of the graph classes
Combining [(29) with the running sum bound (23) in theovered by Corollary 1.
proof of Theorem 11, we immediately see that fiorc X, Cycles and pathsRecall the regulak-connected cycle from
T . Figure[1(a), constructed by placing nodes on a circle and
1 L? connecting every node toneighbors on the right and left. For
_ * < * - _ .
Zf(y(t)) @) < o(T ¥(@") + 2 Za(t b this graph, the Laplaciag is a circulant matrix with diagonal

entries1 and off-diagonal non-zero entries1/2k. Known

T T
+6L22a(t) 142 log(T'v/n) Za(t)' (30) results on circulant matrices (see [28, Chapter 3]40r [25,
P 1—05(P) Section V1A imply thatk,, -1(£) = 1—cos (%) +0 (&1 ).
Appealing to Lemma 4 allows us to obtain the same resuit Taylor expansion ofos(-) gives thath,1(£) = © (&,

on the sequence;(t) with slightly worse constants. Note Now consider the regulat-connected path, a path in which
that 37, ¢~1/2 < 2y/T — 1. Thus, using the assumptioneach node is connected to theeighbors on its right and left.
that o (z*) < R2?, using convexity to boundf(y(T)) < By computing Cheeger constants [26, Lemma 6], we see that if
LSl F(y(®)) (and similarly forZ;(T)), and settinga(t) & < \/n, then),_1(£) = ©(k?/n?). Note also that for thé-

as in the statement of the theorem completes the proof. connected path on nodesmin; 6; = k andd,,.x = 2k. Thus,
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we can combine the previous two paragraphs with Lemma 5Recall thatll € R is the eigenvector of” corresponding

to see that fork-connected paths or cycles with< \/n, to its largest eigenvalud, Let v € R™ be the eigenvector of
o2 P corresponding to its second singular valag(P). By using
o3(P)=1-0 (2> (33) the lazy random walk defined in Section VI B, we may assume
n without loss of generality thats(P) = o9(P). Letw =

Substituting bound (33) into Theorem 2 yields Corollaty)1(abe a normalized version of the second elgenvectoPpénd
Regular grids:Now consider the case of @n-by-\/n grid, note thaty_"_, w; = 0. Without loss of generality, we assume
focusing in particular on reguldt-connected grids, in which that there is an index for which w;, = —1 (otherwise we
any node is joined to every node that is fewer thdrorizontal can flip signs in what follows); moreover, by re-indexing as
or vertical edges away in an axis-aligned direction. In thizeeded, we may assume that = —1. We sett = [-1,1] C
case, we use results on Cartesian products of graphs [Rland define the univariate function$(x) := (c + w;)z,
Section 2.6] to analyze the eigen-structure of the Lapﬁacia;o that the global problem is to minimiz# Yoy filz) =
In particular, they/n-by-y/n k-connected grid is simply the - L3 (c4w;)z = cx for some constant > 0 to be chosen.
Cartesian product of two reguld-connected paths of/n Note that eacly; is ¢ + 1-Lipschitz. By construction, we see
nodes. The second smallest eigenvalue of a Cartesian grodommediately thatz* = —1 is optimal for the global problem.
of graphs is half the minimum of second-smallest eigenglue Now consider the evolution of thgz(¢)}°, C R"™ as
of the original graphs [21, Theorem 2.13]. Thus, based on thenerated by the update (5a). By constructjpft) = ¢ + w;
preceding discussion df-connected paths, we conclude thafor all ¢. Defining the vectoy = (¢ + w) € R™, we have
if & <n'/% then we have\,_;(£) = ©(k?/n), and we use

Lemma 5 and (32) to see that !
(32) , z(t+1):Pz(t)+g:P2,z(t—1)+Pg—|—g:ZPTg
k —
wr)=1-0(%). (39 - - ’
= PT Il == PT t]l

The result in Corollary 1(b) immediately follows. ; (w+ecl) Tz:;) we

Random geometric graphsising the proof of Lemma 10 i—1
from Boyd et al. [25], we see that for aryandc > 0, if r = - Z o2(P) w + ctll (36)

log' t¢ n/(n), then with probability at least — 2/n°1, =0

1+e 1+e since P1 = 1. In order to establish a lower bound, it suffices
log™“n — Va2elogn < & < log"**n +v2clogn  (35) to show at least one node is far from the optimum aftsteps,
for all i. Thus, lettingC be the graph Laplacian of a randorand we focus on nodé. Sincew; = —1, we have by[(36)
geometric graph, if we can boung, (L), (35) coupled with -
Lemma 5 will control the convergence rate of our algorithm. - 1 —oo(P)~

Recent work of von Luxburg e?al\. [29] gives conce?ntrationz1 1) = ZJQ )it =- 1—09(P) et (37)
results on the second-smallest eigenvalue of a geomesqahgr
In particular, their Theorem 3 says thatrif= w(y/logn/n), Recalling that)(z) = 222 for this scalar setting, we have
then with exceedingly high probabilityy,—1(£) = Q(r) =

w(logn/n). Using (35), we see that for= (log" *“ n/n)!/?, wi(t+ 1) = argmin {zi(t T xQ}

the ratio 2% — ©(1) and A\, 1(£) = Q log 71 ) with ceX 20(1)
high probability. Combining the above equation with Lemma 5 — argmin { (z+ o)zt + 1))2}’
and (32), we have TeX
log'™n Hencex (¢) is the projection of-«(t)z (¢t + 1) onto [—1, 1],
oa(P)=1-10Q - : and unlessz; () > 0 we havef(zy(t)) — f(—=1) > ¢ > 0.

) If ¢+ is overly small, the relation (37) will guarantee that
Thus we have obtained the result of Corollary 1(c). Our bsungl(t) < 0, 50 thatz, (¢) is far from the optimum. If we choose

show that a grid and a random geometric graph exhibit tlgeS 1/3, then a simple calculation shows that we require

same convergence rate up to logarithmic factors. t = Q((1 — 02(P))~") to drive z (t) above zero.
Expanders: The constant spectral gap in expanders [21,

Chapter 6] removes any penalty due to network communi-
cation (to logarithmic factors), yielding Corollary 1(d). VII. CONVERGENCE RATES FOR STOCHASTIC
COMMUNICATION

C. Proof of Proposition 1 In this section, we develop theory appropriate for stochas-
Our proof is based on construction of a set of objectiic and time-varying communication, which we model by
functions f; that force convergence to be slow by using tha sequence{P(¢)}:2, of random matrices. We begin in
second eigenvector of the matri®. Olshevsky and Tsitsik- Section VII-Al with basic convergence results and then prove
lis [30] independently use similar techniques to prove adlowTheorem 3. Section VII-B contains analysis of gossip algo-
bound for distributed consensus. rithms, and we analyze random edge failures in Section VII-C
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A. Basic convergence analysis then break the summation frotto 7" into two separate terms,

Recall that Theorem | 1 involves the sun$€Parated by the cut-off poirtt Throughout this derivation,
2L ST S (1) |2(t) — zi(t)]|,. In Section | VI, we We let \o = X\ (E[P(t)T P(t)]) to ease notation. Using the
showed how to control this sum when communicatioRrobabilistic bound (39), note that-s > 31;% 1 implies
between agents occurs on a static underlying netwqﬁ{”@ (t,s)e; — ]1/n||2 > e] <. Consequentlil, the choice
structure via a fixed doubly-stochastic matrix We now
relax this assumption and instead fett) vary over time. . 3log(T%n) _ 6logT + 3logn o 6logT +3logn

1) Markov chain mixing for stochastic communicatioive log \y! log A\;! B 1—=X ’
useP(t " to denote the doubly stochastic
matnx( ;t |t§é§|c))nt Tr]:e(u)p])date employed by thi/a algomhmguarantees that ff— s > 7 — 1, then

modulo changes iP, is given by the updates (5a) and (5b):

1 5 o 310%(Tin) 1
IP’[HqD(t,s)ei - ]1/7”&“2 > T} < (T n) /\2* ogA2 ﬁ

2 (t+1) Zp” zi(t)+gi(t), :Ei(t+1):H%(zi(t+1),a). (40)

Recalling the definitiond(t,s) = L= _ &(t,s) and the
In this case, our analysis makes use of the modified definitiggund [(27), we have
®(t,s) = P(s)P(s+1)-- P( ). However, we still have the 1
evolution ofz(t+1) = z(t)+< >, g;(¢) from equation((17), S0 <7 / Bt —1 8\ — 1 o
and moreover] (26) holds essentlally unchanged: 12t = =)l < Z |19 =1, s)e: /mli+

t—1 n

2(t) —zi(t) =) ) (1/n—[@(t = 1,8)]0)g;(s = 1)

pos Breaking7 into the sum up td and from? to t — 1 gives

T

n
t—1 t—1-%

1
P S Y LG R SO

To show convergence for the random communication model,

. 2 t—1-%
we must control the convergence @, s) to the uniform <9. 3log(T"n) v S |8 - 1 s)e; — /]l
distribution. We first claim that 1—X =
P[||@(t, s)e; — L/n|, > €] < e 2Xs (E[P(t HTP)) """, and hence

(39) 3log(T?n)

which we establish by modifying a few known results [25]. [12(t) = zi(t)ll. = 2L - —= "

Let A,, denote then-dimensional probability simplex and
u(0) € A, be arbitrary. Consider the random sequence s Ot -1, 1 LoL. (41
{u(t)}2, generated byu(t + 1) = P(t)u(t). Letv(t) := vn Z I ) /nH2 - (4D
u(t) — 1/n correspond to the portion af(¢) orthogonal to
the all 1s vector. Calculating the second moment¢f + 1),

S

T - Now for any fixed pairs’ < s, since the matrice®(t) are
E[(o(t+1),0(t+1) [v(®)] =E[o(t) P(t) " P(t)v(t) | v(t)] doubly stochastic, we have
— v(t) TEIP() T P(®)]o(t) 18— 1,)es — 1/

< o0 a(EP0)"P0) " ;

s—1,8)®(t —1,5)e; — ]1/'n||2
since(v(t), 1) = 0, v(¢) is orthogonal to the first eigenvector < |®(s — 1,8)], ||<I>(t —1,5)e; — ]1/n||2
of P(t), and P(t)T P(t) is symmetric and doubly stochastic. < ||®(t — 1,5)e; — 1/

Applying Chebyshev’s inequality yields - o 2

lu(t) — 1/n| Eflo(t)|? where the final inequality uses the bouf®(s — 1,5)]|, < 1.
p| = 22 S ) < et From the bound [(40), we have the bound
[[u(0)]l2 [u(0)]12 € |@(t—1,t —T—1)e; —1/n||, < & with probability

||;)\2(EP(t)TP(t))t at least L - 1/(T?%n). Sin(_:e s ranges betweenl
and ¢ — t in the summation S, we conclude that

[u(0)]; = LY" Hence, assuming that > 3,

Replacingu(0) with e; and noting thatle; — 1 /n||; < 1 yields we have||z(t) — z(t)||, < Lw + Lk + 2L with

the claim |(39). probability at leastl — 1/(7?n). Applymg the union bound
2) Proof of Theorem |3:Using the claim [(39), we now over all iterationst = 1,...,7 and nodes = 1,...,n,

prove the main theorem of this section, following an argutmen 6L log(T?n) I

similar to the proof of Theorem 2. We begin by choosing &| max ||z(t) — z(t)||, > g + +2L

(non-random) time indeX such that fort — s > %, with high b 1= Tvn T

probability, ®(¢, s) is close to the uniform matrifill " /n. We Recalling the master result in Theorem 1 completes the proof

2 HU(O)
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B. Gossip-like protocols stochastic matrixP, P? < P, so [17, Theorem 4.3.1]
i i ievi i 1.1 Tl
Gossip algorithms are procedures fqr achlevmg _co.nsensus i Ay (IE(I i —P(t)) (71 n P(t)))
a network robustly by randomly selecting one edge) in the 2 2 2 2
network for communication at each iteration; upon selegtio 1 1 1 1
nodes: and j average their values [25]. Gossip algorithms < 02 <QI + QEP(t)) < 9 + 502(EP(t)). (43)

drastically reduce communication in the netyvork but enjo¥hus any bound o, (EP(#)) provides an upper bound on the
fast convgrgence and are robust t.o changes in topolggy. convergence rate of the distributed dual averaging alyorit

1) Partially gsynchronous gossip protocolén a p.artlally' with random communication, as in Theorém 3.
asynchronous iterative method, agents synchronize their i'~ - ciqor the communication protocol in which with prob-
erations [[1], which is the model of standard gossip, Whe%ﬁ)ility 1-6,/(6 + 1), nodei does not communicate
MMURA otherwise the node picks a random neighbor. If a node

cation occurs on one random edge. In our framework, thzlspiCkS a neighborj, then j also communicates back with
corresponds to using the random transition maffi§¢) =

J T Itis cl hatP(£)T P(t) — P i to ensure double stochasticity of the transition matrix. We
- 3(ei __ej)(ei - ej)_ - Itis clear tha (t) Pt)=P(), g A(t) be the random adjacency matrix at time When
since P(t) is a projection matrix.

there is an edgéi, j) in the underlying graph, the probabilit
Let A be the adjacency matrix of the graghand D be the gei. j) ying grap P y

) g ) - : that nodei picks edge(i,7) iS 1/(dmax + 1), and thus
diagonal matrix of its degrees. At rourid edge(i,j) (with EA(t);; = 20msstl  The random communication matrix is
A;; = 1) is chosen with probabilityi / (1, AT). Thus, 7 (Omaatl)

P(t)=1— (Omax +1)"1(D(t) — A(t)). Let A and D be the

1 1 T adjacency matrix and degree matrix of the underlying (non-
EP(t) = (1, A1) Z I- §(ei —e;)(ei —¢)) stochastic) graph an# be communication matrix defined in
1’ (1.5):Aij=1 , (9). With these definitions, it is easily shown that
=@ = g P e EP(t) = I — (max + 1) (ED(t) — EA(1))
. . 6max 2 25max + 1
since Z(i,j):Aij=1(ei —e¢j)(e; —e;)" = 2(D — A). Using = <§max'|'1> I+ mR

an identical argument as that for Lemma 5, we see that (42) S _

implies that A, (EP(t)) < 1 — %%, 1(£). Note that and hencel — Ay (EP(1)) = FEhess (1 — A2(P)). Using

(1, A1) = (1, D1), so that for approximately regular graphs@)y we see that the spectral gap—and hence our convergence
(1, A1) ~ némax, andmin, 6;/ (1, A1) ~ 1/n. Thus, at the guarantee—decreases by a factor proportional to the maximum
expense of a factor of roughly/n in convergence rate, we degree in the graph. The amount of communication performed

can reduce the number of messages sent per round from @ggreases by the same factor. _ )
number of edges in the grapB,(ndmayx), to one. A related model we can analyze is that of a network in

2) Totally asynchronous gossip protocoklow we relax which at every time step of the algorithm, an edge fails with

the assumption that agents have synchronized clocks, Rgoability o independently of the other edges. We assume
the iterations of the algorithm are no longer synchronizel® are using the model of communication in the prequel, so
Suppose that each agent has a random clock ticking at re@f_t) =1~ (0max+1)7"D(?) +(5max+1_) A(t). Let A, D,_
valued times, and at each clock tick, the agent randonfij?dl’ be as before and be the Laplacian of the underlying
chooses one of its neighbors to communicate with. FurthdaPh; we have
assume that each agent computes an iterative approxiniation gy A=p o 10
annera , EP(t) = I D A

g; € 0f;(z;(t)), and that the approximation is always unbiased Omax + 1 Omax + 1
(an example of this is wheyf is the sum of several functions, I 1—p D2 pl/2 7

i : : =I-—— = 1—p)P.
and agent simply computes the subgradient of each function Omax + 1 £ PI+(1—p)
sequentially). This communication corresponds to a gossipplying the convergence guarantee (12), we see that we lose

protocol with stochastic subgradients, and its convergengt most a factor of/T — p in the convergence rate.
can be described by combining (42) with Theorem 4. This

type of algorithm is well-suited to completely decentratiz VIII. STOCHASTIC GRADIENT OPTIMIZATION

environments, such as sensor networks. The algorithm we have presented naturally generalizes to
the case in which the agents do not receive true subgradient
information but only an unbiased estimate of a subgradiént o
fi- That is, we now assume that during rourebent; receives

The two communication “protocols” we analyze now maka vectorg;(t) with Eg;(t) = g¢;(t) € 0fi(x;(t)). The proof
selection of each edge at each iteration of the algorithi;m made significantly easier by the dual averaging algorjithm
independent. We begin with random edge inclusions amdich by virtue of the simplicity of its dual update smooths
follow by giving convergence guarantees for random eddlee propagation of errors from noisy estimates of individua
failures. For both protocols, computation BfP(t) " P(t) is subgradients throughout the network. This was a difficuity i
in general non-trivial, so we work with the model of lazyprior work, where significant care was needed to pass noisy
random walks in Section VI-B. We observe that for any PSBradients through nonlinear projections [[10].

C. Random edge inclusion and failure
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A. Proof of Theoreml4 Taking the expectation for the final term in the bound|(46),
We begin by using convexity and the Lipschitz continuity® recall thate; () € F;—1, so
of the fi (equations (19) and (20)); hence the running sum E [(e; (), zi(t) — 2*)]

Sie f((0)) = (z) is bounded by —E[EG (1) - Gi(t) | For)os(t) — )] =0, (47)

T n
Z 1 Z — o) + Z ZL ly(t) — z;(¢)||  Which proves the first statement of the theorem.
P =1 o1 To show that the statement holds with high probability when
1 I X is compact andlg;(t)||, < L, itis sufficient to establish that
== Z [ (Gi(t), @i (t) — ™) + L ||ly(t) — (1) the sequencey; (t) —gi(t), z;(t) —2*) is a bounded difference
i martingale and apply Azuma’s inequality [31]. (Under com-
+ (gi(t) — gi(t), s (t) — ™) . (44) pactness and bounded norm conditions, our previous bounds

on terms in the decomposition (45) now hold for the analogous
We bound the first two terms of (44) using thggrms in the decompositioh (46) without taking expectatipn
same derivation as that for Theorem 1. In particu- gy assumption on the compactnessifand the Lipschitz
lar, 21:1 (9i(t), mi(t) —a*) = Z 1(Gi (1), y(t) —z*) + assumptions orf;, we have
S (Gi(t), @i(t) — y(t)), and LemmﬂB applies to arb|trary

Gi(t). So we bound the first term in (44) with (e;(t), zi(t) — x*) <|lg:(t) — Gi(D)]], l|lzi(t) — z*|| < 2LR.
1 1L 1O 2 Recalling(47), we conclude that the last sum in the decompo-
m@(l’*) + 3 at—1) " Zgi(t) sition (46) is a bounded difference martingale, and Azuma’s
t=1 i=1 * inequality implies that
T n
1 ~ T n
t=1 i=1
Holder’s inequality implies thafE[||g;(¢)]|, [|g;(s)|],] < L? L . . .
andE [[5:(1)]. < L for anyi, j, s, t. We use the two inequal- Dividing by T" and setting the probability above dpwe obtain
ities to boundTS) We have AN Jog 1
n RN z; —_ < )
. . HTZZ zi(t) - 2%) <ALR\[ =22,
E| =5 ZszHMUMSL ==
i=1 i,j=1 with probability at leastl — 0.
Further,z;(t) € F,_; andy(t) € F,_; by assumption, so The second statement of the thgorem is now obtained by
appeallng to Lemma 4. By convexity, we hayéz;(T)) <
E(Gi(t), zi(t) —y(t)) < Ellg:(0)|, lz:(t) — y (@)l L7, F(xi(t)), thereby completing the proof.
=EE[llg: (0l | Fe-alllzi (@) —y@)])
< LE ||lz:(t) — y(t)]|. IX. SIMULATIONS

We report experimental results on the convergence behavior

the distributed dual averaging algorithm as a function of

e graph structure and number of nodesas well as giving
comparison of distributed dual averaging to the methods in

Recalling that ||z;(¢t) —y(t)|| < a(t)]|2(t) — z(t)]],, we

proceed by putting expectations around the norm terms in (
and [(29) to see that

LEHy(t) —m®) <E|E) - 50| the papers [11], [10] in this section. These results illatstr
a(t) ' - . the excellent agreement of the empirical behavior with our
theoretical predictions and improved algorithmic perfance.
< ZL [[@(t—1,8)]i = L/n||, +2L For all experiments reported here, we consider distributed
minimization of a sum off;-regression loss functions; these
10g(T\f) 13 are robust versions of standard linear regression and lusefu
- 1 — O'Q(P) ’ in system identification [32]. In this problem, we are given

pairs of the form(b;,y;) € R? x R and which to estimate the

L finee; (t) = g;(t) — gi(¢). Th I ith th .
et us definer, (t) = g(f) — gi(t). Then coupled with t e)yector that so thatb;, z) ~ y;. That is, we minimize

above arguments, we can bound the expectation of (44) b
T

E Y fly(t) - fa)

()%gi(pn me bz | =~y Bel,. (48)

V) ; Setting L = max; ||b;]|2, we note thatf is L-Lipschitz and

+ (2L2 log(T + 6L2> Z non-smooth at any point witkb;, 2) = y;. It is common to
2(P) =1 impose some type of norm constraint on the solution of (48),

AN so we sett = {z € R? | ||z||, < 5}. For a given graph
+ = Z E [(e;(t),x;(t) —2z*)]. (46) sizen, we form a random instance of a regression problem
[ with n data points. In order to study the effect of graph
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Fig. 3. Each plot shows the number of iterations required to reach a fixed amcar(vertical axis) versus the network size
(horizontal axis). Each panel shows the same plot for a differaqhgtopology: (a) single cycle; (b) two-dimensional grid; and (c)
bounded degree expander. Step sizes were chosen according pethrlsgap. Dotted lines show predictions of Corollary 1.

10°

: and panel (c) shows that expander graphs have the desirable
ig z 42132 property of constant network scaling.
e n =625 Our final set of experiments compares the distributed dual
averaging method (DDA) that we present to the Markov
incremental gradient descent (MIGD) method [11] and the
T(e; 400) ] distributed projected gradient method [10]. In Figure 4, we
plot the quantityT(e;n) versus graph size for DDA and
MIGD on grid and expander graphs. We use the optimal
stepsizea(t) suggested by the analyses for each method.
(We do not plot results for the distributed projected gratie
“ﬂ‘%\\ method [10] because the optimal choice of stepsize acaprdin

T TN, PRl T(e;625)
‘e \k

107} T(¢; 225)
‘ ‘ it does not fit on the plots.) Fig. 4 makes it clear that—
200 400

to the analysis therein results in such slow convergence tha

0 600 800 1000 1200 especially on graphs with good connectivity properties—the

Iterations . . . .
_ : dual averaging algorithm gives improved performance.
Fig. 2. Plot of the function error versus the number of

iterations for a grid graph (see text).
X. CONCLUSIONS ANDDISCUSSION

size and topology, we perform simulations with three défér  In this paper, we proposed and analyzed a distributed dual
graph structures, namely cycles, grids, and randeragular averaging algorithm for minimizing the sum of local convex
expanders [23]. In all cases, we use the setting of the step dunctions over a network. It is computationally efficiennda
a specified in Theorem 2 and Corolldry 1. we provided a sharp analysis of its convergence behavior as
Figure (2 provides a plot of the function errora function of the properties of the optimization functiomsla
max;[f(Z;(T)— f(x*)] versus the number of iterations for gridthe underlying network topology. Our analysis demonsgrate
graphs with a varying number of nodess {225,400,625}. close connection between convergence rates and mixing time
In addition to demonstrating convergence, the plots aled random walks on the underlying graph; such a connection
shows how the convergence time scales as a function of teenatural given the local and graph-constrained natureuof o
graph sizen. For any fixede > 0, the functionTs(e;n) updates. In addition to analysis of deterministic updates,
defined in equation (11) shifts to the right ads increased, results also include stochastic communication protoduls,
and our analysis aims to gain a precise understanding of thistance when communication occurs only along a random
shifting. subset of the edges at each round. Such extensions allow for
In Figurel3, we compare our theoretical predictions witthe design of protocols that trade off amount of communacati
the actual behavior of dual subgradient averaging. Eacklpaand convergence rate. We also demonstrate that our aligorith
shows the functiorifz(e; n) versus the graph size for the is robust to noise by providing an analysis for the case of
fixed valuee = 0.1; the three different panels correspond tstochastic optimization with noisy gradients. We confirrttesl
different graph types: cycles (a), grids (b) and expandgrdr{ sharpness of our theoretical predictions by implementadied
each panel, each point on the heavy blue curve is the averagsulation of our algorithm.
of 20 trials, and the bars show standard errors. For comparisonThere are several interesting open questions that remain to
the dotted black line shows the theoretical prediction ofdGo be explored. For instance, it would be interesting to arealyz
lary 1. Note the excellent agreement between the empirithe convergence properties of other kinds of network-based
behavior and theoretical predictions in all cases. In paldr, optimization problems, by combining local information in
panel (a) exhibits the quadratic scaling predicted for §@de;  different structures. It would also be of interest to studyatv
panel (b) exhibits the the linear scaling expected for thd, gr other optimization procedures from the standard settimgoea
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