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Our contributions: The LP decoder operates by solving
Abstract— A new approach for decoding binary linear codes a Ilnea_\r program _O\{er a PO'YtOP@_ which constitutes a
by solving a linear program (LP) over a relaxed codeword relaxation of the orlglnal combinatorial codeword spacbeT
polytope was recently proposed by Feldman et al. In this paper we polytope P has two types of verticesntegral verticeswith
investigate the structure of the polytope used in the LP relaxation (o — 1 components corresponding to codewords, drat-
decoding. We begin by showing that for expander codes, every ;| yerticesthat correspond to pseudocodewords. This paper

fractional pseudocodeword always has at least a constant frach . . . .
of non-integral bits. We then prove that for expander codes, P€QiNS by studying the geometric properties of the relaxed

the active set of any fractional pseudocodeword is smaller by Polytope. In particular, we prove that for suitable claseés

a constant fraction than the active set of any codeword. We expander codes, the relaxed polytdpehas the property that
exploit this fact to devise a decoding algorithm that provably mgore facets are adjacent to integral points relative tditsaal
outper.forms the LP decoder for finite blocklgngths. I; proceedsy ones. Motivated by this geometric intuition, we propose an
guessing facets of the polytope, and resolving the linear program . d LP decodi lqorith h limi fracti |
on these facets. While the LP decoder succeeds only if the ML improve ecoding agf?“t m that eliminates fractiona
codeword has the highest likelihood over all pseudocodewords, we Pseudocodewords by guessing facetsPofand then decodes
prove that for expander codes the proposed algorithm succeeds by re-solving the optimization problem on these facets. We
even with a constant number of pseudocodewords of higher prove some theoretical results on the performance of thistfa
likelihood. Moreover, the complexity of the proposed algorithm guessing decoder. Our experimental results show significan

is only a constant factor larger than that of the LP decoder. performance improvements, particularly at high SNR, for

I. INTRODUCTION small and moderate blocklengths.
Low-density parity check (LDPC) codes are a class
of graphical codes, originally introduced by Gallager [9], Il. BACKGROUND

that are known to approach capacity as the blocklength
increases, even when decoded with the sub-optimal sumConsider a binary linear code with bits andm checks,
product algorithm. The standard techniques for analyzimeg tand letk = 1 — 7. It can be specified by a parity check
sum-product algorithm, including density evolution [12]da Matrix H € {0,1}™*": in particular, the codeC consists
EXIT charts [1], are asymptotic in nature. Many application Of all vectorsz € {0,1}" that satisfy Hz = 0, where
however, require the use of intermediate blocklengths, Multiplication and addition are performed ov&i(2).
which regime asymptotic analysis methods are not suitable
for explaining or predicting the behavior of the decodinglaximum likelihood decoding as a linear program: The
algorithms. Recently, Feldman et al. [7] introduced theodeword polytope of a code is the convex hull of all its
LP decoding method, which is based on solving a lineagodewords. Maximum likelihood (ML) decoding can be
programming relaxation of the ML decoder method. Whil@ritten as a linear program involving the codeword polytope
LP decoding performance is not better to message-passiig unfortunately there are no known ways for describing
decoders, a possible advantage is its relative amenahilitythe codeword polytope efficiently. In fact, the existenceaof
finite-length analysis. polynomial-time separation oracle for the codeword paigto

of a general linear code is very unlikely since ML decoding
Previous work: The LP decoding idea was introduced byor arbitrary linear codes is NP-hard [2].
Feldman et al. [4], [7]. There are various theoretical con-
nections between LP decoding and message-passing [3], [R&laxed polytope and LP decoding:The relaxed polytope
[15]. For the binary symmetric channel, it can be shown [3} is an approximation to the codeword polytope that can be
that LP decoding can correct a linear fraction of errors fatescribed by a linear number of inequalities for LDPC codes.
suitable expander codes. Vontobel and Koetter [14], [10] €Sor each check, the corresponding local codeword polytope
tablished bounds on the pseudo-weight for Gaussian chgnn@lCP) is the convex hull of the bit sequences that satisfy
showing that it grows only sublinearly for regular codeghe check (local codewords). For checks of constant bounded
Feldman and Stein [6] proved that LP decoding can achiestegree, the LCP can be described by a constant number of
capacity when applied to generalized expander constngtioinequalities. The relaxed polytope is obtained by looking



at each check independently, and taking the intersectiail of A. Fractional support of pseudocodewords

the local codeword polytopes. . A quantity of interest is the fractional support of a pseu-
More speuﬂcqlly, fo.r every chgck we can find the b'Hocodeword, defined as follows.

sequences that violate it (local forbidden sequences) atgém .

sure we are sufficiently far away from them. So for ever€finition 2. The fractional support of a pseudocodeword

check j connected to variablesV(j) find all the possible ¢ is the subseflf..(zP¢) C V' of bits indices in which

forbidden Sequences and make sure that theﬂi distance zP¢ has fractional elements. Slmllarly, the subset of checks

is at least One—ViZZN(]—)\s fi+ sl —f;) > 1. It can that are adjacent to fractional elements ©f¢ is denoted by

be shown that by picking thé, distance to be one we areChrac (7).

not excluding any legal codewords from our relaxed polyiope the following result dictates that all pseudocodewords in

We will call these cqnstrain.tgorbidden set inequalitiesWe 5, expander code have substantial fractional supports:
also need to ad@n inequalities0 < f; < 1, denotedbox

inequality constraintswhich ensure thaf remains inside the Proposition 1. Given an («,§)-expander code witt§ > £,
unit hypercube. It can be shown that for every check, ti@ly pseudocodeword has fractional support that grows lin-
set of its forbidden inequalities along the box inequaditier €arly in blocklength:

the associated variables, describe the LCP of the check. Th c c

relaxed polytope is defined as the intersection of all the 4 CP Vieao (@) 2 an, and . [Crrac(a™)| 2 ddyan.
(i.e., the constraints consist of all forbidden set inetfigsl ¥  Proof: The proof is based on a series of lemmas:
along with the box inequalities).

Notice that for every check with degreé. there is an Lemma 1 (Unique neighbor property [13])Given an(a. o)

: 1 .
exponential number of sequencg%—! of local forbidden expander withy > 3, any subsets € V' of size at mostin

sequences and therefore the total number of forbidden ggtisfies the unique neighbor property, i.e there exists C
quences i2%~1m. For low-density parity-check coded, such that|N(y) N 5] = 1.
is either fixed (for regular) or small with high probabilityProof: Proceed via proof by contradiction: suppose that
(for irregular) so the number of local forbidden sequenses éveryy € N(S) has two or more neighbors ifi. Then the
linear in blocklength. Therefore the relaxed polytope can hotal number of edges arriving av(S) from S is at least
described by a linear number of inequalities. 2|N(S)| > 20d,|S| > d,|S]|. But the total number of edges
Finally, it can be shown that if the LDPC graph had néeavingS has to be exactly, | S|, which yields a contradiction.
cycles, the local forbidden sequences would identify adl tim
possible non-codewords and the relaxation would be exact. . S
However if the graph has cycles, there exist vertices wi gmma 2. In any pseudopodewor;dp , o check is adjacent
non {0,1} coordinates that satisfy all the local constraintl? 0Ny one fractional variable node.
individually and yet are not codewords nor linear combina@roof: Suppose that there exists a check adjacent to only
tions of codewords. These sequences are called (fractiorsie fractional bit: then the associated local pseudocodewo
pseudocodewords. To simplify the presentation, we will cak in the local codeword polytope (LCP) for this check and
all the vertices of the relaxed polytope pseudocodewords (ferefore can be written as a linear combination of two or
codewords are also pseudocodewords) and fractional psgiore codewords [16]. But these local codewords would have
docodewords will be the vertices of the relaxed polytopecivhi to differ in only one bit, which is not possible for a parity
happen to have at least one fractional coordinate. Oneignesicheck. [ ]
relates to the number of fractional coordinates (fractiona We can now prove the main claim. Consider any Setf
support) that a pseudocodeword can have. While codes carfriaetional bits of size|S| < an. Using the expansion and
constructed that have an arbitrarily small fractional supve  Lemma 1, the setV(S) must contain at least one check
show that for expander codes, the fractional support hasagiz adjacent to only one bit is. By Lemma 2, this check must be
least linear in blocklength. Using this result, we show tleat adjacent to at least one additional fractional bit. We thed a
expander codes, the active set of any fractional pseudecottés bit to S, and repeat the above argument unsi] > an,
word (i.e., the number of inequalities that are active at the conclude thaf|Vi..(zP¢)| > an. Finally, the bound on
vertex) is smaller than the active set size of any codeworatby|Cy,..(zP¢)| follows by applying the expansion property to a
least a linear fraction (in blocklength). These resultairadly subset of fractional bits of size less than or equakto M
lead to a randomized algorithm for improving the perfornenc ) )
of the LP-decoder by guessing facets of the relaxed polytofe Sizes of active sets
and resolving the optimization problem. For a vertexv of a polytope, its active seh(v) is the
set of linear inequalities that are satisfied with equality o
v. Geometrically, this corresponds to the set of facets of the
Definition 1. A (d.,d,)-regular bipartite graph is an(«,d) polytope that contain the vertax We want to determine the
expander if, for all subsetsS| < an, there holds|N(S)| > size of active sets for codewords and pseudocodewords. The
ddy |S|. key property we want to prove is that for expander codes,

[1l. STRUCTURE OF THE RELAXED POLYTOPE



codewords have active sets which are larger by at leastemma 4. For any two local codeworddI.(z$%) and

constant factor. I1.(z$") of a checke, the following inequality holds

Theorem 1. For any (d,, d.) code withR € (0, 1), the active [A(TL.(2$%)) N A(TT.(25™))] < 2. 3

set of any codeword™ has Proof: The intersectiomA(TI.(z5%)) N A(TI.(«5%)) is given
|A(Z™Y)] = Yewn- (1) by the forbidden sequences that have Hamming distance

from II.(z$%), 7 = 1,2 (i.e., forbidden sequencessuch that

elements. For arjo, §)-expander code witld > 1, the active d(f,I.(z¢%)) = 1 fori = 1,2). Thus, if such arf exists, then

set of any fractional pseudocodewoard® is smaller than the py the triangle inequality for Hamming distance, we have
active set of any codeword by a linear fraction—in particula
2 =d(f, Me(21™)) +d(f, He(25"))) = d(Ie (7). e (25")),
[A(zP)| < nYpe 2 4)
But d(IT.(z§"), II.(x$")) > 2 for any two local codewords, so
where the constants arey., = [(1—R)d.+1] and that we must havel(IT.(z$"), I, (z5¥)) = 2. Consequently,
Tpe = [(1—R—5dva)dc+26d,,a+(1—(1)}. (Note that we are looking for all the forbidden (odd) sequences of

Tpe < Yew-) lengthd, that differ in one bit from two local codewords that
. . . . are different in two places. Clearly there are only two such
Proof: ‘We begin by proving equation (1). By the COdE’Torbidden sequences, so that the claim follows. [ |

symmetry of the relaxed polytope [7], every codeword has
the same numbgr of active inequalities, so it suffices to We can now establish a bound on the size of the active sets
restrict our attention to the all-zeroes codeworq. The kheg; pseudocodewords fdi, §)-expanders:
inequalities active at the all-zeros codeword are in orer®
correspondence with those forbidden sequences at Hammisggnma 5. For every pseudocodeword’®, the size of the
distancel. Note that there ard. such forbidden sequencesactive setA(zP)| is upper bounded by
so that the total number of constraints active at the albbe®r B pe pe B pe
codeword is simplyA(z®¥)| = md.+n = n[(1-R)d.+1] (m = |Ctrac (@) [} e +2|Ctrac (@) + 1= Virac(@™)]. (6)
as claimed. Proof: The proof is based on the decomposition:
We now turn to the proof of the bound (2) on the size of the c c c
fractional pseudocodeword active set. Recall that thexeela AP = [AEP) NF|+ A@)| N B
polytope consists of two types of inequalitigerbidden set The cardinality|A(zP°)NB| is equal to the number of integral
constraints(denotedF) associated with the checks, and theéits in the pseudocodeword, given by— |Viyac(zP€)].
box inequality constraint® < x; < 1 (denotedB) associated = We now turn to upper bounding the cardinaliy(zP°) NF]|.
with the bits. The first ingredient in our argument is the fac@onsider them — |Cg.c(2P¢)| checks that are adjacent to
(see Proposition 1) that for afay, §)-expander, the fractional only integral bits ofzP°. For each such check, exacti.
supportVi.. (2P°) is large, so that a constant fraction of théorbidden set constraints are active, thereby contrilguin
box inequalities will not be active. total of d. [m — |Crac(zP°)|] active constraints. Now consider
Our second requirement is a bound on the number of forbidre of the remainingC..(zP°)| fractional checks, say.
den set inequalities that can be active at a pseudocodeWerd.Consider the restrictiol.(zP°) of the pseudocodeworgP®
establish a rough bound for this quantity using the follayvinto the check neighborhood aof. Since II.(zP¢) contains
lemma: fractional elements, it is not a vertex of the local codeword
polytope associated withc. Therefore, by combining
Lemmas 3 and 4, we conclude that(II.(zP%))| < 2.
Overall, we conclude that the upper bound (5) holds. H

Lemma 3. Suppose that belongs to a polytope and is not a
vertex. Then there always exist at least two vertiegg such
that A(z) C A(z) N A(y).

Proof: Since z belongs to the polytope but is not a vertex, Using Lemma 5 and Proposition 1, we can now
it must either belong to the interior, or lie on a face witttomplete the proof of Theorem 1. In particular,
dimension at least one. If it lies in the interior, thafz) = (), we re-write the RHS of the bound (5) as
and the claim follows immediately. Otherwisemust belong (1 — R)dcn — (dc — 2)|Ctrac(2P°)| + 1 — [Virac(2P€)].
to a faceF with dim(F) > 1. Then F' must contain [16] at From Proposition 1, we havéCi,.(z"¢)| > d,dan and
leastdim(F) + 1 = 2 vertices, sayr and y. Consequently, |Virac(zP°)| > an, from which the bound (2) follows.
sincex,y and z all belong toF and z is not a vertex, we u
must haveA(z) C A(y) and A(z) C A(x), which yields the
claim. ]
Given a check and codeword:®", let II.(z°") denote the
restriction ofz“Y to bits in the neighborhood af(i.e., alocal
codewordfor the checke). With this notation, we have:

IV. IMPROVEDLP DECODING

Various improvements to the standard sum-product decod-
ing algorithm have been suggested in past work [e.g., 8], [11
Based on the structural results that we have obtained, we now
describe some improved decoding algorithms for which some



polytope a new polytop®’ = P N F;.
(b) Solve the linear program with objective vector
in P’, and save the optimal vertex.

4) From the list of optimal LP solutiongzi,...,zx},
output the integral codeword with highest likelihood.

Remarks: (a) There are two variations of facet guessing:
exhaustive facet guessing (EFG) tries all possible fadeds (
N = [(A\ A.»<)]), while randomized facet guessing (RFG)
randomly samples fromA \ A,,) a constant number of
times (e.g.,N = 20). (b) Note that the EFG algorithm has
polynomial-time complexity. SincéA \ Agrc| = O(n) this
requires only a linear number of calls to an LP solver. On the
vertices facets other hand, the RFG algorithm requires a constant number of
calls to an LP solver and therefore has the same complexity

Fig. 1. Vertex-facet diagram of the relaxed polytope. @isobn the lefi-hand Order as LP decoding. We now provide a characterization of

side correspond to vertices (codewords” and fractional pseudocodewordswhen the EFG algorithm fails:
zP°) of the relaxed polytope; hexagons on the right-hand siadeespond to

facets (hyperplane inequalities) defining the relaxed toply. Lemma 6. The exhaustive facet-guessing algorithm fails to
find the ML codeword <= every facetF' € A, contains a

finite-length analysis is possible. We begin with some Sénpiractlonal pseudocodeword with likelihood greater than

observations: (i) ML decoding corresponds to finding the veProof: Denote the set of fractional pseudocodewords with

tex in the relaxed polytope that has the highest likelihood alikelihood higher thare by p. Assume there exists a facgt

integral coordinates; and (ii) Standard LP decoding sutseesuch thatc € F; andVp € p, p ¢ F;. Then the algorithm

if and only if the ML codeword has the highest likelihood ovewill at some point select; and the LP solver will output the

all pseudocodewords. vertex in?’ with the highest likelihood which will be since
These observations highlight the distinction between Lfbthing fromp can belong inP’. Thereforec will be in the

decoding and ML decoding. An LP solver, given the (polylist of LP solutions. Also, since is the ML codeword, there

nomially many) facets of the relaxed polytope, determites tcan be no other integral codeword with higher likelihood in

vertex with the highest likelihood without having to go thgh the list, and therefore the algorithm will outpat ]

all the exponentially many vertices &f. In contrast, the ML By using this characterization and Theorem 1 for expander

decoder can go down this list, and determine the first vertegdes, we obtain the following result:

which has integral coordinates. This motivates facet-gjngs

suppose that there exists only one fractional pseudocadew

«}° that has higher likelihood than the ML codewar®’. The = 2> = _

LI13 decoder will output the pseudocodewarff, resulting in with likelihood higher than the ML codeword and < .

. . . . Ype )
a decoding error. However, now suppose that there existyader this condition, each iteration of RFG succeeds with

- ew—C1Ype
facet F; € A such thatz®V € Fy but zP¢ ¢ Fy. Consider the constant probabilityprrc > 2dz—1(1—11¥)+2'
reduced polytop@’ created by restricting the relaxed polytop@roof: From Lemma 6, the EFG algorithm fails if and
P to the facetr?; (i.e., P = PN Fy). This new polytope will only if every facet in|A.| also contains another fractional
have a vertex-facet graph’ with verticesV’ = N(F}) i.e. pseudocodeword with higher likelihood. But for expander
all the vertices that are contained If). The likelihoods will codes, Lemma 5 yields that the size of the active set of any

be the same, byt; will not belong in?’ and therefore we fractional pseudocodeword is upper bounded as
can use an LP solver to determine the vertex with the highest

likelihood in P" which will be c. Therefore if we could guess [Ap] < e
the right facetF; we can determine the ML codeword for this

AR : . while the size of active sets of any codeword is always
case. Based on this intuition, we introduce two postprongss : : .
. . . . |A.] = nvyew. Therefore, if there existC; fractional
algorithms for improving LP decoding.

Facet Guessing Algorithm pseudocodewords yvith likelihood higher than the total
S . umber of facets adjacent to these fractional pseudocadewo
1) Run. LP decodlng. if outputs an integral codewor s at mosty,.Cin. Therefore whem,.Cin < nye, it is
termlnatg. Otherwise go to Step 2. impossible to completely covek. and EFG succeeds. Also
2) Take as.lnput: RFG at each iteration selects a random facet and there are
o f_racyonal pseudocodewore from the LP decoder (Yew — YpcC1)n facets that contain: but not any fractional
+ likelihood vectory. pseudocodeword with higher likelihood. The total number
3) Given a natural numbéf > 1, repeat fori = 1,... N1 of facets is|A| = (2%~'(1 — R) + 2)n and therefore each
(a) Select a faceF; € (A \ A,»c), form the reduced iteration of RFG has probability of success larger than

gorollary 1. For expander codes, the EFG algorithm will
always succeed if there ar€; fractional pseudocodewords



Group structured (155,64) LDPC code by Tanner
T T T T T T T

T
=—©— Sum-product
—&— Randomized Facet Guessing

32 34 36 38 4 42
SNR(dB)

24 26 28 3
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Regular (3,4) LDPC code, n=200
T T

=—©— Sum-product
L —4— Randomized Facet Guessing|

3 35 4
SNR(dB)

(b)

Fig. 2. Comparison of different decoding methods: standangtsroduct decoding, and randomized facet-guessing (RF®) Mit= 20 iterations. The two
panels show two different codes: (a) Tanner's group-girect code. (b) Random (3,4) LDPC code with= 200.

Yew —C1 Ypc

2dc—T(1—R)+2" u

(2]
Notice that this corollary only provides a worst case boun
Even though there is a linear number of facets that contal
the ML codeword, we show that it will require a constant
number of fractional pseudocodewords to cover them. This
can only happen if the high likelihood fractional pseudasod [4
words have their adjacent facets non-overlapping andedyntir
contained inA.. More typically, one could expect the facet[s5]
guessing algorithm to work even if there are many more
fractional pseudocodewords with higher likelihoods. kedie
our experimental results show that the RFG algorithm lea
to a significant performance gain for those codewords that
are recovered successfully by neither sum-product nor L[]
decoding. As shown in Figure 2, the gains are pronounced for
higher SNR, as high as.5dB for the small blocklengths that 8
we experimentally tested. The added complexity correspond
to solving a constant number of LP optimizations; moreover,
the extra complexity is requirednly if LP decoding fails.  [©]

3]

V. DISCUSSION
We have investigated the structure of the polytope that
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underlies both LP decoding and the sum-product algorithd] H. Pishro-Nik and F. Fekri. On decoding of LDPC codes over

We show that for expander codes, every fractional pseu-

docodeword always has at least a constant fraction of ncmé]

integral bits. We further proposed an decoding algorithiith w
complexity only a constant factor larger than that of the LP

the erasure channelEEE Trans. Inform. Theory50:439-454,
2004.

T. Richardson and R. Urbanke. The capacity of low-density
parity check codes under message-passing decodilitEE
Trans. Info. Theory47:599—-618, February 2001.
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This theoretical analysis is supplemented with experialen
results showing gains for short to moderate block lengths,
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