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Abstract—We initiate the probabilistic analysis of linear pro-
gramming (LP) decoding of low-density parity-check (LDPC)
codes. Specifically, we show that for a random LDPC code en-
semble, the linear programming decoder of Feldman et al. succeeds
in correcting a constant fraction of errors with high probability.
The fraction of correctable errors guaranteed by our analysis
surpasses previous nonasymptotic results for LDPC codes, and
in particular, exceeds the best previous finite-length result on LP
decoding by a factor greater than ten. This improvement stems
in part from our analysis of probabilistic bit-flipping channels,
as opposed to adversarial channels. At the core of our analysis is
a novel combinatorial characterization of LP decoding success,
based on the notion of a flow on the Tanner graph of the code. An
interesting by-product of our analysis is to establish the existence
of “probabilistic expansion” in random bipartite graphs, in which
one requires only that almost every (as opposed to every) set of
a certain size expands, for sets much larger than in the classical
worst case setting.

Index Terms—Binary-symmetric channel (BSC), channel
coding, error-control coding, expanders, factor graphs, linear
programming decoding, low-density parity-check (LDPC) codes,
randomized algorithms, sum—product algorithm.

1. INTRODUCTION

OW-density parity-check (LDPC) codes are a class of
L sparse binary linear codes, first introduced by Gallager
[15], and subsequently studied extensively by various re-
searchers [21]-[23]. See the book by Richardson and Urbanke
[24] for a comprehensive treatment of the subject. When de-
coded with efficient iterative algorithms (e.g., the sum—product
algorithm [20]), suitably designed classes of LDPC codes yield
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error-correcting performance extremely close to the Shannon
capacity of noisy channels for very large codes [6]. Most extant
methods for analyzing the performance of iterative decoding
algorithms for LDPC codes—notably the method of density
evolution [21], [23]—are asymptotic in nature, based on ex-
ploiting the high girth of very large random graphs. Therefore,
the thresholds computed using density evolution are only
estimates of the true algorithm behavior, since they assume
a cycle-free message history. In fact, the predictions of such
methods are well known to be inaccurate for specific codes of
intermediate block length (e.g., codes with a few hundreds or
thousands of bits). For this reason, our current understanding
of practical decoders for smaller codes, which are required for
applications with delay constraints, is relatively limited.

The focus of this paper is the probabilistic analysis of linear
programming (LP) decoding, a technique first introduced by
Feldman et al. [10], [14] as an alternative to iterative algorithms
for decoding LDPC codes. The underlying idea is a standard one
in combinatorial optimization—namely, to solve a particular
linear programming (LP) relaxation of the integer program cor-
responding to maximum-likelihood (ML) (optimal) decoding.
Although the practical performance of LP decoding is compa-
rable to message-passing decoding, a significant advantage is its
relative amenability to nonasymptotic analysis. Moreover, there
turn out to be a number of important theoretical connections be-
tween the LP decoding and standard forms of iterative decoding
[19], [31]. These connections allow theoretical insight from the
LP decoding perspective to be transferred to iterative decoding
algorithms.

A. Previous Work

The technique of LP decoding was introduced for turbo-like
codes [10], extended to LDPC codes [11], [14], and further
studied by various researchers (e.g., [28], [5], [12], [8], [13],
[16]). Significant recent interest has focused on postprocessing
algorithms that use the ML-certificate property of LP decoding
to achieve near ML performance (see [8], [4]) and also [9], [26]).

For concatenated expander codes, Feldman and Stein [13]
showed that LP decoding can achieve capacity; see also [1],
[18]. For the standard LDPC codes used in practice, the best
positive result from previous work [12] is the existence of a
constant § > 0, depending on the rate of the code, such that
LP decoding can correct any bit-flipping pattern consisting of
at most (n bit flips. (In short, we say that LP decoding can cor-
rect a 3-fraction of errors.) As a concrete example for suitable
classes of rate—1/2 LDPC codes, Feldman et al. [12] established
that 4 = 0.000177 is achievable. However, this analysis [12]
was worst case in nature, essentially assuming an adversarial
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channel model. Such analysis yields overly conservative pre-
dictions for the probabilistic channel models that are of more
practical interest. Consequently, an important direction—and
the goal of this paper—is to develop methods for finite-length
and average-case analysis of the LP decoding method.

B. Our Contributions

This paper initiates the average-case analysis of LP decoding
for LDPC codes. In particular, we analyze the following ques-
tion: what is the probability, given that a random subset of an
bits is flipped by the channel, that LP decoding succeeds in
recovering correctly the transmitted codeword? As a concrete
example, we prove that for bit-degree-regular LDPC codes of
rate 1/2 and a random error pattern with an bit flips, LP de-
coding will recover the correct codeword, with probability con-
verging to one,! for all « up to at least 0.002. This guarantee is
roughly ten times higher than the best guarantee from prior work
[12], derived in the setting of an adversarial channel. Our proof
is based on analyzing the dual of the decoding linear program
and obtaining a simple graph-theoretic condition for certifying
a zero-valued solution of the dual LP, which (by strong duality)
ensures that the LP decoder recovers the transmitted codeword.
We show that this dual witness has an intuitive interpretation
in terms of the existence of hyperflow from the flipped to the
unflipped bits. Although this paper focuses exclusively on the
binary-symmetric channel (BSC), the poison hyperflow is an
exact characterization of LP decoding for any memoryless bi-
nary input symmetric output (MBIOS) channel. We then show
that such a hyperflow witness exists with high probability under
random errors in the bit-degree-regular LDPC ensemble. The ar-
gument itself entails a fairly delicate sequence of union bounds
and concentration inequalities, exploiting expansion and match-
ings on random bipartite graphs.

C. Probabilistic Expanders

An interesting by-product of our analysis is the proof of the
existence of probabilistic expanders—that is, bipartite graphs
in which almost all sets of vertices of size up to an and their
subsets have large expansion. One key point is that it is not suf-
ficient to require a random subset of vertices to expand with
high probability (w.h.p.), because we use the expansion com-
bined with Hall’s theorem to guarantee large matchings. What
we need instead is that a random subset of vertices and all its
subsets will expand w.h.p. which by Hall’s theorem will guar-
antee that a random subset will have a matching. In effect, by
relaxing the expansion requirement from every set to almost all
sets of a given size, we show that one can obtain much larger ex-
pansion factors, and corresponding stronger guarantees on error
correction. Our analysis relies on the fact that a random bipartite
graph, conditioned on all the small sets having some expansion,
will also have this probabilistic expansion for much larger con-
stants . This innovation allows us to go beyond the worst case
fraction of errors guaranteed by traditional expansion arguments
[12], [25].

The remainder of the paper is organized as follows. We begin
in Section II with background on error-control coding and

Note that our analysis yields a bound on the probability of failure for every
finite block length n.
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LDPC codes, as well as the method of LP decoding. Section III
describes our main result and Section IV provides the proof in
a series of lemmas, with more technical details deferred to the
Appendix. We conclude in Section V with a discussion.

II. BACKGROUND AND PROBLEM FORMULATION

We begin with some background on LDPC codes. We then
describe the LP decoding method, and formulate the problem to
be studied in this paper.

A. LDPC Codes

The purpose of an error-correcting code is to introduce redun-
dancy into a data sequence so as to achieve error-free commu-
nication over a noisy channel. Given a binary vector of length
k (representing information to be conveyed), the encoder maps
it onto a codeword, corresponding to a binary vector of length
n > k. The code rate is given by R = k/n, corresponding to
the ratio of information bits to transmitted bits. In a binary linear
code, the set of all possible codewords corresponds to a sub-
space of {0,1}", with a total of 2* elements (one for each pos-
sible information sequence). The codeword is then transmitted
over a noisy channel. In this paper, we focus on the binary-sym-
metric channel (BSC), in which each bit is flipped indepen-
dently with probability a.. Given the received sequence from the
channel, the goal of the decoder is to correctly reconstruct the
transmitted codeword (and hence the underlying information se-
quence).

Any binary linear code can be described as the null space of
a parity-check matrix H € {0, 1}("_k) *™: more concretely, the
code C is given by the set of all binary strings 2 € {0, 1}" such
that Hx = 0 in modulo-two arithmetic. A convenient graph-
ical representation of such a binary linear code is in terms of
its factor graph [20]. The factor graph associated with a code
C is a bipartite graph G = (V,C), with n = |V variable
nodes corresponding to the codeword bits (columns of the ma-
trix H), and m = n — k = |C| nodes corresponding to the
parity checks (rows of the matrix H). Edges in the factor graph
connect each variable node to the parity checks that constrain it,
so that the parity-check matrix H specifies the adjacency matrix
of the graph. An LDPC code is a binary linear code that can be
expressed with a sparse factor graph (i.e., one with ©(1) edges
per row).

Given areceived sequence § € {0, 1}" from the BSC, the ML
decoding problem is to determine the closest codeword (in Ham-
ming distance). It is well known that ML decoding for general
binary linear codes is NP-hard [2], which motivates the study of
suboptimal but practical algorithms for decoding.

B. LP Decoding

We now describe how the problem of optimal decoding can
be reformulated as a linear program over the codeword polytope,
i.e., the convex hull of all codewords of the code C. For every
bit §; of the received sequence g, define its log-likelihood as
vi = log (%), where y; represents the corresponding bit
of the transmitted codeword y. Using the memoryless property
of the channel, it can be seen that the ML codeword is

M1, = arg min Ui - 1
L gyecgv,y (1
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Without changing the outcome of the maximization, we can re-
place the code C by its convex hull conv(C), and thus express

ML decoding as the linear program

Ju = arg _min ; Vili- )
Although we have converted the decoding problem from an in-
teger program to a linear program, it remains intractable because
for general factor graphs with cycles, the codeword polytope
does not have a concise description.

A natural approach, and one that is standard in operations
research and polyhedral combinatorics, is to relax the linear
program by taking only a polynomial set of constraints that
approximate the codeword polytope conv(C). The first-order
LP decoding method [14] makes use of a relaxation that results
from looking at each parity check, or equivalently at each
row of H, in an independent manner. For each check a € C
in the code, denote by C, the set of binary sequences that
satisfy it—that is, C, corresponds to the local parity-check
subcode defined by check a and its bit neighbors. Observe
that the full code C is simply the intersection of all the local
codes, and the codeword polytope has the exact representation
conv(C) = conv((i-, C,). The first-order LP decoder simply
ignores interactions between the various local codes, and
performs the optimization over the relaxed polytope given by
P := (.-, conv(C,). Note that P is a convex set that contains
the codeword polytope conv(C), but also includes additional
vertices with fractional coordinates (called pseudocodewords
in the coding literature). It can be shown [31] that if the LDPC
graph had no cycles and hence where tree-structured, this
relaxation would be exact; consequently, this relaxation can be
thought of as tree-based.

In sharp contrast to the codeword polytope for a general factor
graph with cycles, the relaxed polytope P for LDPC codes is
always defined by a linear number of constraints. Consequently,
LP decoding based on solving the relaxed linear program

YLp = argmingcp Z ViYi 3)
i=1
can be solved exactly in polynomial time using standard LP
solvers (e.g., interior point or simplex methods), or even faster
with iterative methods tailored to the problem structure [11],
[29]-[31].

For completeness, we now provide an explicit inequality de-
scription of the relaxed polytope P. For every check a con-
nected to neighboring variables in the set N (a) and for all sub-
sets S C N(a), |S| odd, we introduce the following constraints:

Sowm+d (- >0 “
iEN(a)\S i€s

Each such inequality corresponds to constraining the /; distance
of the polytope from the sequences not satisfying check a—the
forbidden sequences—to be at least one. It can be shown that
these forbidding inequalities do not exclude valid codewords
from the relaxed polytope. We also need to add a set of 2n box
inequalities—namely, 0 < y; < 1—in order to ensure that
we remain inside the unit hypercube. The set of forbidding in-
equalities along with the [0, 1]-box inequalities define the re-
laxed polytope.
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Note that, given a check a of degree d., there are 2%~ local
forbidden sequences, i.e., sequences of bits in the check neigh-
borhood N(a) that do not satisfy the check a. Consequently,
for a constant check degree code, the total number of local for-
bidden sequences is 24~ 1m, so that the number of forbidding
inequalities scales linearly in the block length n. Fortunately,
in the case of LDPC codes, the degree d. is usually either a
fixed constant (for regular constructions) or small with high
probability (for irregular constructions) so that the number of
local forbidden sequences remains small. Overall, in the cases
of practical interest, the relaxed polytope can be characterized
by a linear number of inequalities in the way that we have de-
scribed. (We refer the interested reader to [14], [32] for alterna-
tive descriptions more suitable for the case of large d..)

III. MAIN RESULT AND PROOF OUTLINE

In this section, we state our main result characterizing the
performance of LP decoding for a random ensemble of LDPC
codes, and provide an outline of the main steps. Section IV com-
pletes the technical details of the proof.

A. Random Code Ensemble

We consider the random ensemble of codes constructed ac-
cording to the following procedure. Given a code rate R €
(0,1), form a bipartite factor graph G = (V, C') with a set of
n = |V| variable nodes, and m = |C| = [(1 — R)n| check
nodes as follows: i) Fix a variable degree d,, € N; and ii) For
each variable j € V, choose a random subset N (j) of size d,
from C, and connect variable j to each check in N (). For ob-
vious reasons, we refer to the resulting ensemble as the bit-de-
gree-regular random ensemble, and use C(d,,) to denote a ran-
domly chosen LDPC code from this ensemble.

The analysis of this paper focuses primarily on the BSC, in
which each bit of the transmitted codeword is flipped indepen-
dently with some probability a. By concentration of measure
for the binomial distribution, it is equivalent (at least asymptot-
ically) to assume that a constant fraction an of bits are flipped
by the channel. Let P denote the joint distribution, over both the
space of bit-degree-regular random codes, and the space of an
bit flips. With the goal of obtaining upper bounds on the LP error
probability P[LP fails], our analysis is based on the expansion
of the factor graph of the code. Specifically, the factor graph of
a code with block length n is a (p, p)-expander if all sets S of
variable nodes, of size |S| < pn, are connected to at least p|S|
checks.2

B. Statement of Main Result

Our main result is a novel bound on the probability of error for
LP decoding, applicable for finite block length n and the bit-de-
gree-regular LDPC ensemble. The main idea is to show that,
under certain expansion properties of the code, LP decoding
will succeed in recovering the correct codeword with high prob-
ability. We note that a random graph will have the required ex-
pansion properties with high probability.

2Throughout this paper, we work with codes with simple parity-check con-

straints (LDPC codes) which are different from the generalized expander codes
[25], [13] that can have large linear subcodes as constraints.
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In particular, we show that for the joint distribution over
random expander bit-degree-regular codes and [a.n] (or less)
bit flips by the channel, there exists a constant «., depending
on the expansion properties of the ensemble, such that LP
decoding succeeds with high probability. More formally,

Theorem 1: For every bit-degree-regular LDPC code en-
semble with parameters R, d,,n, we specify quadruples
(e, ¢, 1, p) for which the LP decoder succeeds with high prob-
ability over the space of (u,p)-expander bit-regular random
codes and at most [a.n] bit flips. The probability of failure
decreases exponentially in c—namely

cn

P[LP success|C(d,,)is an (u, p) expander] > 1 — e~ Q)

We note that any factor graph sampled from the bit-regular
ensemble will be an expander with high probability. In general,
the fraction of correctable errors o, guaranteed by Theorem 1 is
afunction of the code ensemble, specified by the code rate R, the
bit degree d,, its expansion parameters y and p, and the error ex-
ponent c. For any code rate, the maximum fraction of correctable
errors «.. achieved by our analysis is provably larger than that
of the best previously known result [12] for LP decoding, which
guaranteed correction of a fraction ‘;’g—j 1 of errors. As a partic-
ular illustration of the stated Theorem 1, we have the following
guarantee for rate R = % codes.

Corollary 1: For code rate R = % bit degree d,, = 8, and
error fraction « € (0,0.002), the LP decoder succeeds with
probability 1 —o(1) over the space of bit-degree-regular random
codes of degree d,, and [an] bit flips.

More generally, for any code rate R, our analysis in Sec-
tion I'V (see discussion following Lemma 8) specifies conditions
for the bit flipping probability a.. and the expansion parameters
1 and p so that the condition (5) is satisfied with a suitable choice
of error exponent c.

C. Outline of Main Steps

We now describe the main steps involved in the Proof of The-
orem 1.

1) Hyperflow Witness: As in previous work [12], we prove
that the LP decoder succeeds by constructing a dual witness:
a dual feasible vector with zero dual cost, which guarantees
that the transmitted codeword is optimal for the primal linear
program. Using the symmetry of the relaxed polytope, it can
be shown [14] that the failure or success of LP decoding de-
pends only on the subset of bits flipped by the channel and not
on the transmitted codeword. Consequently, we may assume
without loss of generality that the all-zero codeword was trans-
mitted. Moreover, note that, for the BSC with flip probability
¢, the log-likelihood of each received bit is either log (1=5) or
—log (1=*). Since the optimum of the primal is not affected by
rescaling, we may assume without loss of generality that all -y;
are either 1 or —1. Then, every flipped bit ¢ will be assigned
v; = —1, whereas every unflipped bit ; = 1. Under these as-
sumptions, Feldman et al. [12] demonstrated that a dual witness
can be graphically interpreted as a set of weights on the edges
of the factor graph of the code.
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Fig. 1. Example of a valid hyperflow: bits 2, and x, have been flipped in a
BSC, and hence each are contaminated with one unit of poison. Each of the
unflipped bits can absorb up to one unit of poison, whereas the checks act as
hyperedges and replicate any incoming flow in all directions other than the in-
coming one. The valid hyperflow shown in this figure certifies that LP decoding
can correct these two flipped bits.

Lemma 1 (Dual Witness [12]): Suppose that all bits in the
set F' are flipped by the channel, whereas all bits in the com-
plementary set F° := V' \ F are left unchanged. Set y; = —1,
forall; € F,and v; = 1, for all ¢ € F°. Then LP decoding
succeeds for this error pattern if there exist weights 7;, for all
checks a € C and distinct adjacent bits ¢ € N(a) such that the
following conditions hold:

Tia + Tja > 0, Vchecksa € C,and (6a)
V adjacent bits i, j € N(a).
> Tia<v VieV. (6b)

a€N ()

We next introduce a sufficient condition for the success of LP
decoding, one which is equivalent but arguably more intuitive
than the dual witness definition.

Definition 1: A hyperflow for v is a set of edge weights 7;;
that satisfy condition (6b) and moreover, have the following ad-
ditional property: for every check j € C, there exists a P; > 0
such that for exactly one variable i € N(j), 7;; = —P;, and for
all the other ¢/ € N(j) \ {i}, 7r; = P;.

The flow interpretation is that each check corresponds to a
hyperedge connecting its adjacent variables; the function of any
check is to replicate the flow incoming from one variable toward
all its other adjacent variables. With this setup, condition (6b)
corresponds to the requirement that all the variables ¢ with v; <
0 need to get rid of at least —; units of “poison,” whereas each
variable ¢ with «; > 0 can absorb at most ~y; units of “poison.”
Fig. 1 illustrates a valid hyperflow for a simple code.
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We claim that the existence of a valid hyperflow is equivalent
to the dual witness:

Proposition 1: There exists a weight assignment 7;; satis-
fying the conditions of Lemma 1 if and only if there exists a
hyperflow 7;; for .

See Appendix A for a proof of this claim.

2) Hyperflow From (p,q) Matching: Let N(F) denote the
subset of checks that are adjacent to the set F' of flipped bits.
One way to construct a hyperflow for « is to match each bit
in the set F' of flipped bits, with some number of checks, say
p < d, checks, to which it has the exclusive privilege to push
flow, suppose in a uniform fashion. This follows because in a
matching, each check is used at most once. Let us refer to the
checks that are actually used in such a matching as dirty, and
to all the checks in N(F') as potentially dirty. The challenge
is that there might be unflipped variables that are adjacent to a
large number of dirty checks, and hence fail to satisfy condition
(6b); i.e., they receive more flow than they can absorb. Thus, the
goal is to construct the matching of the flipped bits in a careful
way so that no unflipped bit has too many dirty neighbors. The
0-matching witness, used by Feldman et al. [12], avoids this
difficulty by matching all of the bits adjacent to potentially dirty
checks with ¢ = p checks each. Our approach circumvents this
difficulty using a more refined combinatorial object that we call
a (p, ¢)-matching. Foreachbitj € F¢let Z; := |N(j)NN(F)|
be the number of its edges adjacent to checks in N (F').

Definition 2: Given nonnegative integers p and ¢, a (p, q)-
matching is defined by the following conditions:
a) each bit 7 € F must be matched with p distinct checks,
and
b) each bit j € F'° must be matched with

X, = max{q—d, + Z;,0} (7

distinct checks from the set N (F').

In all theoretical analysis in this paper, it is technically con-
venient to consider only pairs (p, ¢) such that

p>q, 2p+gq>2d,, andd,>p+2.
(The lone exception is Fig. 2, which is shown only for illustrative
purposes.)

We refer to the number of checks with which each variable
node needs to be matched as its request number. In this lan-
guage, all flipped bits have p requests while each unflipped bit
J has a variable number of requests X ; which depends on how
many of its edges land on checks which have flipped neighbors.
The following lemma justifies why requests are selected in this
way and illustrates the key property of the (p, ¢)-matching:

Lemma 2: A (p,q)-matching guarantees that all the flipped
bits are matched with p checks, and all the nonflipped bits have
q or more non-dirty check neighbors.

This fact follows by observing that any unflipped bit j with
Zj edges in N(F) has d, — Z; clean neighboring checks, and
requests ¢ — (d, — Z;) extra checks from the potentially dirty
ones.
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Fig. 2. Illustration of a (p, ¢)-generalized matching with p = 2, ¢ = 3, and
d, = 4. The first three bits are flipped, and form the poisoned set S'; each
flipped bit must be matched with p = 2 checks from its neighborhood (edges
drawn with arrows). The bit node labeled 2 lies in S¢: it connects to Z, =
IN(2) N N(F)| = 3 checks within the set N(F'), and so must be matched
with X5 = ¢ — (d, — 3) = 2 checks from N(F) (two incoming arrows).
By construction, bit 2 then has 2 4+ 1 = ¢ checks that are not contaminated.
Similarly, bit 1 connects Z; = 2 checks from N(F'), and so must be matched
with Xy = g — (d, — 2) = 1 check from N(F) (incoming arrow). It has a
total of 1 4+ 2 = ¢ checks that are not contaminated.

Fig. 2 illustrates a generalized matching for a degree d,, = 4
factor graph, and (p, ¢) = (2, 3). Note that the bit node labeled
2 has Zs = 3 neighbors in the potentially dirty set N(F’), and
so it makes Xo = 3 — (4 — 3) = 2 requests for matching. This
ensures that it is connected to 2+1 = q checks that are not dirty.
A similar argument applies to bit 1, with Z; = 2 and X; = 1.

We next claim that a (p, ¢)-matching is a certificate of LP
decoding success.

Lemma 3: For any integers p and ¢ such that 2p + ¢ > 2d,,
a (p, ¢)-matching can be used to generate a set of weights 7;,
which constitute a hyperflow for v and, hence, satisfy the dual
witness conditions (6).

Proof: Each flipped bit is matched with p checks: suppose
it sends x units of poison to each of these checks. In the worst
case, the remaining d,, — p edges are connected to checks to
which other flipped bits are sending poison. Therefore, each
flipped bit (in the worst case) can purge itself of px — (d,, —p)x
units of its own poison, so that we require that px—(d,—p)x > 1.

By Lemma 2, each unflipped bits has at least ¢ checks that
do not send any poison. In the worst case, then, an unflipped
bit can receive (d,, — ¢)x units of poison, which we require to
be less than 1. Overall, a valid routing parameter y will exist if

! L orequivalently, if p + ¢ > 2d, as claimed. [

2p—d, dy—q°

In fact, it can verified that our combinatorial witness for LP
decoding success is easier to satisfy than the condition used by
Feldman et al. [12]. Our use of this improved witness, along
with our focus on the probabilistic setting, are the two ingre-
dients that allow us to establish a much larger fraction «. of
correctable errors.

3) From Expansion to Matching Via Hall’S Theorem: The
remainder (and bulk) of the analysis involves establishing that,
with high probability over the selection of random expander bit-
degree-regular codes and random subsets of [an] flipped bits, a
(p, q)-matching exists, for suitable values ¢ < p to be specified
later. It is well known [3], [25] that random regular bipartite
graphs will have good expansion, with high probability:

Lemma 4 (Good Expansion): For any fixed code rate R €
(0,1), degree d,,, and p < d,, — 2, there exist constants u, ¢ >
0 so that a code C(d,) from the bit-degree-regular ensemble
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of degree d, is a (un,p) expander with probability at least
1—0(1/n).

Therefore, conditioned that the event that the random graph
is an expander, the next step is to analyze the existence of a
(p, ¢)-matching. We use Hall’s theorem [27], which in our con-
text, states that a matching exists if and only if every subset of
the variable nodes have (jointly) enough neighbors in N(F') to
cover the sum of their requests.

Given our random graph and channel models, an equivalent
description of the neighborhood choices for each variable
j € F¢isasfollows. Eachnode j € F° picks a random number

Z; € {0,1,...,d,} according to the binomial distribution
Bin(d,, Ian—F)I), and picks a subset of N(F) of size Z;. This

subset corresponds to the intersection of its check neighbor-
hood N (j) with the check neighborhood N (F') of the flipped
bits. The remaining d,, — Z; edges from bit j connect to checks
outside N (F'). With this setup, we now define the a “bad event”
&, defined by the existence of a pair (S1,S52) € 2F x oF°
of sets that contracts, meaning that it has more requests than
neighbors, so that

IN(S1) U[N(S2) n N (F)]]

<plSi+ > max{0,q— (dy — Z;)}. (8
JES2
Notice that only the neighbors in N (F') are counted, since a
(p, q)-matching involves only checks in N(F'). By Lemma 3,
the event £ must occur whenever LP decoding fails so that we
have the inequality P[LP decoding fails] < P[£]. Defining the
event

G(dy, p,p) :={C(dy) is a (un, p) expander} 9
we make use of the following conditional form of this in-
equality:

P[LP decoding fails |G] < P[€ |G].
It is useful to partition the space 27 x 2" into three subsets
controlled by the parameters ez, 1 > 0. Parameter e > 0 is
a small constant to be specified later in the proof and p is the
expansion coefficient. The three subsets of interest are given by

Aq = {(51,52)[(51,52) € A, [S1] + |S2| < pn}  (10a)
Ay = {(Sl,Sg)KSl,SQ) €A— Al, |Sl| > 6271} (10b)
A3 L= A\(Al @] AQ) (100)

This partition, as illustrated in Fig. 3, decomposes & into
subevents

E(A;) :=={3(51,52) € A;lequation (8) holds}
for s = 1, 2, 3. Then, via a series of union bounds, we have the
following upper bound on the probability of failure:

3
P[LP fails|g] < PI£|G] < ) P[E(4,)[G].
i=1

However, all subsets of variable nodes of size at most un in
a (un,p) expander have a p-matching and, because ¢ < p, it
follows that

P[£(A1)|d] = 0. (11)
Consequently, we only have to deal with the remaining two

terms of the summation for ¢ = 2 and » = 3. Before proceeding,
an important side remark here is that (11) by itself implies that
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Fig. 3. Partitioning the space 2£ x 24,

the LP decoder can correct a constant fraction of errors; indeed,
it is precisely this observation that was exploited by Feldman et
al. [12]. However, our ultimate goal in this paper is to establish
higher fractions of correctable errors, so we need to continue
our analysis further.

For i = 2,3, we have
P[E(A;
Plea)Ig] = ™

. PIE(A)]
Pd]
< 2P[£(A))] (12)
where the last inequality follows from Lemma 4. Overall,

putting everything together, we conclude that
3

PILP fails|G] < 2> PE(A))].
i=2

The remainder of the proof consists of careful analysis of
these two error terms. It turns out to be convenient to use an
alternative probabilistic model in the analysis. In particular, ob-
serve that there is an inconvenient asymmetry in the definition of
our generalized matching: the bits of set F'° need to be matched
with checks from the neighborhood of the flipped bits F', and
not from the whole set of checks from which they select their
neighbors. This correlation between N (F') and the number of
requests from set F'° creates severe complications in the anal-
ysis. Indeed, any attempt to use Hall’s condition through union
bounds seems to require independence among different edges;
moreover, crude upper bounds on the number of requests from
set F'° seem inadequate to decorrelate the requests of F'° from
the size of N (F'). For this reason, we use an alternative proba-

bilistic model, as described in Section IV-A.

13)

IV. PROOF OF THEOREM 1

We now turn to the remaining (somewhat more technical)
steps involved in the Proof of Theorem 1.

A. Simplifying the Probability Model

In order to decouple the distribution of the requests of F'*©
from the size of N(F’), observe that the number of requests X;
from each bit j in F'° grows linearly with the number of edges
that this bit has in N ( F'). Notice that the checks are selected with
replacement and the degree of a variable can be strictly smaller
than d,,, although this will not be an issue asymptotically. This
observation combined with a coupling argument shows that, if
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z,2’ € {0,...,d,}'7"| are two vectors of requests from the
bits in F'¢, where z < x’ elementwise, then the probability that
a (p, ¢)-matching exists is larger conditioned on x than on .

This observation suggests the following alternative experi-
ment.

* A node j € F* first picks a random number Z; €
{0,1,...,d,} according to the modified binomial distri-
bution Bln(d %)

* Node j then chooses Z; checks from N (F') with replace-
ment.

This procedure is repeated independently for each j € F°.
Since |N(F)| < d,[an], the bits of set F'° will tend to have
more edges in N(F) and, therefore, more requests in this new
experiment than in the original one (as suggested by the natural
coupling between the two processes). Moreover, since checks
are now chosen with replacement, for each bit j € F°, the size
of the intersection N (j)NN (F') is less than or equal to Z;, since
the same check might be chosen more than once. Intuitively, the
existence of matchings is less likely in the new experiment than
in the original one; this claim follows rigorously by combining
these observations with the coupling argument used in the pre-
vious paragraph. The benefit of switching from the original ex-
periment to this new experiment is in allowing us to decouple
the process of deciding the number of requests made by each bit
in F from the cardinality of the random variable N (F').

Let us use Q to denote the probability distribution over
random graphs in this new model. Setting F°(q) = {j €
Fe|lq > d, — Z;}, we can define the alternative “bad event”
B, meaning that there exist S; C F, and So C F°(q) such that

IN(S1)UIN(So)NAN(F)]| < plSi[+ Y [a—(du—2;)]- (14)
JES2
In addition, we define the corresponding subevents B(A;) for

1 = 1,2,3. As argued above, it must hold that

P[E(A:)] < Q[B(A;)],

and, therefore, as inequality (13) suggests, in order to upper-
bound the probability of LP decoding failure, it suffices to obtain
upper bounds on the probabilities Q[B(A;)] for i = 2, 3.

For future use, we define for fixed subsets S; C F and Sy C
F°(q), the event B(S1,S2) that (14) holds for S; and So. We
now proceed, in a series of steps, to obtain suitable upper bounds
on the probabilities Q[B(A;)] and, hence, on the probability of
LP decoding failure.

foralls =1,2,3

B. Conditioning on Requests From F°

Foreachi € {1,...,q}, we define the random variable

=i eFlZj=do = (g =)} (15)

corresponding to the number of bits in F¢ with d,, — (¢ — )
edges that lie inside the “contaminated” neighborhood N (F)
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and, hence, with ¢ requests each. Note that each Y; is binomial
with parameters | (1 — a)n] and

b - < d, > <f(m—| dv>d”_q+i (1 [an] dv>q_
L dv —q 1 T B T
(16)

Since E[Y;] = b;[(1 — «) n], applying Hoeffding’s inequality
[17] yields the sharp concentration

QY; — bi[(1 —a)n]| > e1n] < 2exp (—2612’[’L)

for any €; > 0. Hence, if we define the event

= ﬂHYZ —b;|(1 —a)n]| <en} (17)

=1

then a simple union bound yields that

Q[T (e1)] > 1 — 2gexp (—2e1%n)

so that it suffices to bound the conditional probabilities

Q[B(A4;)|T (e1)], ¢ = 2,3. Note that conditioned on the event
7T (€1), we are guaranteed that
Y;
— <bi(l—a)+e =y, ™. (18)
n

We now turn to bounding the probability of the bad event B.
Since, by symmetry, the probability of the event B(S1, Ss) is
the same for different sets 51 of the same size, a union bound
gives Q[B(A2) | T (e1)] < ZST_"[EM D(s1), where

D(sy) := Ci:?})Q[E'Sz C F(q),
with (Sl7 52) € Ass.t. B(Sh 52)|T(61)]

with S is any fixed set of size s;.

Before bounding these terms, we first partition the
values of s; into two sets {[ean],...,[Saitn]} and
{[Baritn] +1,..., [an]} for some value of 3, to be specified
formally in Lemma 5. To give some intuition, in the conditional
space 7 (€1), the total number of matching-requests from the
bits of set F' is at most

q

:nZigj;lp

=1

19)

Therefore, if Q[B(A2)|7 (e1)] is indeed small, we would ex-
pect that, if the set S; is large enough (say |S1| =~
with high probability, the size of its image N(S;) should be
large enough not only to cover its own requests but also V' addi-
tional requests—viz. [N (S1)| > p|S1| + V. If this condition
holds, then there cannot exist any set S, such that the event
B(S1,S2) occurs. We formalize this intuition in the following
result, proved in Appendix C.
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Lemma 5 (Upper Regime): Define v :=
function

4_,4y;", and the

f(s) =l (2) + (1= R)H <£‘S_+I§)>

(0%
ps+v
dyslog
" “&<u—m>

where H ( -) is the binary entropy function, and set

Serit := min{a, inf{s € [0, ]| f(s") < 0,Vs" € [s,a]}}.
(20)

Then, forall s; € {[Scrien] +1,. .., [an]}, the quantity D(s7)

decays exponentially fast in n.

It remains to bound D(s,) for s; € Ly, where

|-§ crit n-| } .

For a randomly chosen set S7, define the event

(51)| = 71}-

L[ ::{|-62n-|7...7

F(s1,m) = {IS1] =51, [N (21

By conditioning, we have the decomposition

dys1

Y Bl s)

Y1=1

D(s1) =
where

pensn) = (1) @)

X QI[HSZ with (51, SQ) € Ay sit. B(Sh SQ)|.7:(817’71)].

Here Q' denotes the conditional probability distribution of @
conditioned on the event 7 (7).

The following lemma allows us to restrict our attention to lin-
early sized check neighborhoods N(S7) in analyzing the indi-
vidual terms F(~1, s1) of the summation; the proof is provided
in Appendix D.

Lemma 6 (31 small): Define the critical point Yt (51)
sup {71 € (0,d,51] |2 + dy51 log, ((11—1R)> < 0}. (22)

Then, for set sizes s; > [ean]| and neighborhood sizes
Y1 < Ferit(€2)n, the quantity E(v1,s1) decays exponentially
fast in n.

Note that the supremum (22) is always finite. This lemma
essentially says that if s; has linear size, its neighborhood v,
must also have linear size.

To summarize our progress thus far, we first argued that in
order to bound the probability Q[B(As) |7 (e1)], it suffices to
bound the quantities D(s1), for s; € {[ean], ..., [an]}. Next,
we partitioned the range of s1 into two sets: the lower set Ly =
{[ean], ..., [Secritn]}, and the upper set Ur := {[Saitn]| +
|'(m-|} The upper set has the property that for all sets
S1 C F of size |S1| € Uy, with high probability, the neigh-
borhood N(S7) is big enough to accommodate not only the
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matching requests from set S, but also all possible matching-re-
quests from any set S; C F°. Having established this prop-
erty of large S; sets, it remains to focus on small S;. In this
regime, the neighborhood N (S1) on its own is no longer suf-
ficient to cover the joint set of requests from S; and from any
possible set S; C F°. Consequently, one has to consider for
every choice (S1,S2) € As, whether the joint neighborhood
N(S1)U(N(S2)NN(F)) is large enough to cover the matching
requests from S; and Ss.

At this point, one might imagine that a rough concentration
argument applied to the sizes of N(S7) and N(Sz) N N(F) \
N(S1) would suffice to complete the proof. Unfortunately, any
concentration result must be sufficiently strong to dominate the
factor (fczrﬂ) that leads the expression D(s; ). Consequently, we
study the exact distribution of the size of N(S;), and bound the
quantities E(vy;,s1) for sy € Ly andy; € {1,...,d,s1}. Of
course, since 7 is linear in size, the bulk of the probability mass
is concentrated on linear values for ;. Therefore, by Lemma 6,
we need only bound E(~1, s1) for sy € Lrandy; > Jerit(€2)n.
We complete these steps in the following subsection.

C. Completing the Bound

Let us fix sizes s; € Ly and 41 > Ferit(€2)n. For a set
Sy of size s; with neighborhood N(S1) of size -1, define its
residual neighborhood to be the set N(F)\N(S1) and use

9 := |N(F)\N(S1)| to denote its size. Moreover, define the
vector of requests3 y € ®7_,{0,...,[7;"n]}, let us denote
by 3(s1,71,y) the number of checks missing from the neigh-
borhood of S; to cover the total number of requests from S
and a set Sy with configuration of requests y. Also, let v(y)
be the number of edges from Sy to N(F'). More precisely, the
quantities 3(s1,v1,y) and v(y) are given by the formulas

q
Bls1,m,y) i =psi— 1+ Y it (23a)

i=1

q
v(y) =Y (dy— q+ i)y (23b)
=1

Note that for s; € Ly and y; > it (€2)n, the quantity 3 also
grows linearly in n; as usual, we use 3 to denote the rescaled
quantity 3/n. Also, recall the definition of g, from (18).

Letting § := (1, ..., Jq) be a vector of request fractions in
[0,1]7, we define

y) =Y min{0, Gy(51, 91,72, 9)}

3 —aH(Sl)z:: (up)
()
+dy5 log, <(1 le)>

3Recall that we have conditioned on the event 7 (¢, ), so that the number of
bits in F'¢ with ¢ matching requests is concentrated, for every ¢ € {1,...,q}.

G(§17’717’727

where

= \

Gy:=
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Gs:=((1-R)—m)H (Mﬁ)

+dy(a = 51) log, (ij;é)

G4 - = ’72H <min{’727/§<§17’717g)}>

Y2
M+ Inin{’)/2,,8(517717y)}>
TN+ 72

+ v(y) log, (

With these definitions, we have the following result.

Lemma 7 (Exponential Upper Bound): Suppose that the fol-
lowing inequalities hold

Serit < % (253’)
1— —d.5.
ady < ¢ R)2 doSeriv 1 (25b)
gcrit _ dvgcrit
oH (T) dy (@ — 3erit) logy <(1 — R)) <0. (250

Then for some ¢ > 0, we have the exponential upper bound
QIB(42) | T(e1)] < 2"7() + exp(—cn)
where the function in the exponent is given by

F(a) = sup G(§17’717’727gl7"'7g(1) (26)

51,71,72,{0: }

with the maximization over

§1 € [07 gcrit]

Y1 € [0,dy31]

2 € [0,d, (&« —35)] and
vi € [5;°/2.9;"]

See Appendix E for a proof of this lemma.

It remains to upper-bound the probability of the bad event
B(As) which is equivalent to the existence of a pair of con-
tracting sets (S1,.S2), where the size of set S; C F is at most
eon and the size of set Sy C F° is atleast (u— ez )n. Note that we
have not yet specified the constant €5. The following lemma es-
tablishes that there exists a value of e so that Q[B(As) | 7 (€1)]
is bounded by an exponentially decreasing function in n pro-
vided that the function F'(«) from (26) is negative. The proof of
this final lemma is provided in Appendix F.

Lemma 8: If F(a) < 0, then there exists €2 so that the prob-
ability Q[B(As) |7 (e1)] is decreasing exponentially in 7.

We may now complete the Proof of Theorem 1. For a given
rate R, fix the bit degree d,, and the matching parameters (p, q)
such that

2p+q>2d,, p>, and d,—p>2 (27)

and recall the definition (20) of 5..it. Suppose that the three
inequalities (25) hold, and that the function F' defined in (26)
satisfies

F(a) < 0. (28)
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Then the probability

P[LP decoding fails | C(d,) is a (un, p) expander]

decays exponentially in n, where P is the uniform distribution
over the set of bit-degree-regular codes of degree d,, and selec-
tions of [an] bit flips.

In particular, these explicit conditions allow us to investigate
fractions of correctable errors on specific code ensembles. As a
concrete example, for code rate R = 1/2, if we choose variable
degrees d,, = 8 and generalized matching parameters (p, q) =
(6,5), one can numerically verify that the conditions (27), (28),
and (25) are satisfied for all & < a4 = 0.002. Therefore,
for that rate, we establish a fraction of correctable errors which
is more than ten times higher than the previously known worst
case results, as claimed.

V. CONCLUSION

The main contribution of this paper is to perform probabilistic
analysis of linear programming (LP) decoding of low-density
parity-check (LDPC) codes in the finite-length regime. Specif-
ically, we showed that for a random LDPC code ensemble, the
linear programming decoder of Feldman et al. succeeds (with
high probability) in correcting a constant fraction of errors that
surpasses all prior nonasymptotic results for LDPC codes. For
arate-1/2 code, it exceeds the best previous finite-length result
on LP decoding by a factor greater than ten. Despite these sub-
stantial improvements, it should be noted that our analysis still
yields very conservative results, roughly a factor of 50 lower
than the typical empirical performance of these codes, as well
as the associated asymptotic thresholds.

Perhaps more important than specific numerical improve-
ments over past results are the technical innovations that
underlie our analysis: a direct treatment of the probabilistic na-
ture of bit-flipping channels (as opposed to adversarial analysis
in previous work), and a novel combinatorial characterization
of LP decoding, based on the notion of a poison hyperflow
witness. This hyperflow perspective illustrates that the factor
graph defining a good code should have good flow properties,
in the sense that no matter which subset of bits are flipped, the
poison associated with errors can be diffused and routed to the
unflipped bits. For more general MBIOS channels, the amount
of poison corresponds exactly to the negative log-likelihood
that the channel is assigning to each bit, and the same charac-
terization of LP decoding holds.

This intuition suggests that the property of supporting suffi-
cient hyperflow could provide a useful design principle in the
finite-length setting, for example, small sets of variables which
contract (are jointly adjacent to few checks) will cause pseu-
docodewords of small pseuodoweight.

There are a number of ways in which specific technical as-
pects of the current analysis can likely be sharpened, which
await further work. In addition, it remains to further explore the
consequences of our analysis technique for other channels and
code ensembles, beyond the particular LDPC ensemble and bi-
nary-symmetric channel considered here.
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APPENDIX

A. Proof of Proposition 1

One direction of the claim is immediate: given the weights
TZ-I]- of any hyperflow, they must satisfy condition (6b) by defi-
nition, and moreover it is easy to see that condition (6a) will be
automatically satisfied. In the other direction, we transform the
edge weights 7;; to new weights Ti/j that satisfy the hyperflow
constraints. For each check j separately, we replace the weights
7;; on the adjacent edges with new weights that satisfy the hy-
perflow constraints and, at the same time, do not violate any of
the constraints in condition (6b). Consider a check j and order
the weights on the adjacent edges in increasing order. Assuming
that the check has degree d(7), consider the following cases.

CaseI: 0 < 7y < 7o+ < 74(5);- In this case, set fri’]- =0
for all ¢. The new weights are clearly hyperflow weights and,
moreover, it is not hard to verify that none of the conditions (6b)
are violated by the transformation.

Case II: T1j <0< Toj < Td(5)5- Set Pj = —Tij,
m; = —Pj,and 7;,; = P;,¥i' € N(j) \ {1}. This is a hy-
perflow weight assignment by construction. Observe, also, that
none of the conditions (6b) for the variables in N (j) are violated
by this transformation: indeed, for each variable k € N(j), we
have that 7,; > —71; since the weights 7;; satisfy (6a); there-
fore, setting 7, ; = —m1; only makes the sum of the edges ad-
jacent to variable k& smaller, and the sum was already satisfying
condition (6b) before the transformation.

To conclude the claim, notice that at most one edge adjacent
to every check j can have negative weight in assignment 7;;;
otherwise, condition (6b) would be violated for that check. [

B. Elementary Bounds on Binomial Coefficients

For each 3 € (0, 1), define the binomial entropy

H(B) := —plog, 8 — (1 — fB)logy(1 - B)

with H(0) = H(1) = 0 by continuity. We make use of standard
asymptotics of binomial coefficients: for all integers & in the
interval [0, n], we have

%log (Z) = H (%) +o(1)

as n tends to infinity (e.g., see Cover and Thomas [7]).

(29)

C. Proof of Lemma 5

Note that conditioned on the event 7 (€7 ), we are guaranteed
that >°7 | ¢Y; < vn. Letting ST be the fixed subset {1,...,s1},
define the event £(s1) := {|N(S7)| < ps1 + vn]} and the
quantity

P(sy) = ( ff:?ﬂ

1

) QIE(s1)]
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Using the nature of the bit-regular random ensemble, we have

P(s1) < (fmﬂ) (L(l—R)nJ) <%>d

s1 [ps1 +vn|
Setting 5; = 2! and using standard bounds on binomial coeffi-
cients (29), the quantity + log P(s1) is upper-bounded by

[aH (%) +(1-RH (p151_+R”>

+d, 51 logy

(ps1+ )

TRt 0(1)} .

Defining the function f and value S, as in the lemma state-
ment, we are guaranteed that P(s;) decays exponentially in n
forall s; € {[Scrien] + 1,..., [an]}. To complete the proof
of the claim, we claim that D(s;) can be upper-bounded by
P(s1). Indeed, for s; € {[Seritn] + 1,..., [an]}, we can ei-
ther condition on &(s;) or its complement to obtain that D(s1)
is upper-bounded by

( ft;?ﬂ

which is equal to P(s;) because, as argued in Section IV-B,
conditioned on the event £°(s1), there can be no Ss such that
the event B(S7, S2) holds.

) {Q'[3(S], S2) € A,
s.t. B(ST, 82) [€°(s1)] + Q[E(s1)]}

D. Proof of Lemma 6
We have the bound
[an]

51

E(m,s1) < ( ) QIN(S))] = 7l [81] = s1]

where we have used the fact that the event {|N(S1)| = 11} is
independent of 7 (e1) under the probability distribution Q. An
exact computation yields that

1
—1og{Q[IN(S1)| = mllS1] = s1]}
is upper-bounded by

{2 )

"
which is in turn upper-bounded by
M
U(s1) = {(1 — R)H <7>
L(1 = R)n]

+d,u‘%1 log, (MW) } +o(1)

where we have used standard bounds on binomial coefficients
(29). Overall, we have
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since o, R € (0,1), and each entropy term remains bounded
within [0, 1].

Finally, setting 5, =
function

s1/m and 43 = ~1/n, consider the

9(71) =2+ d,,51 log, ((1;1—113)> .

We have limy, _,0+g(91) = —oo, implying that E(v;,s1) de-
cays exponentially fast in n for all s; > [e2n]| and neighbor-
hood sizes 1 < erit(€2)n, Where Yoyt (- ) is defined as in the
statement of the lemma.

E. Proof of Lemma 7

We begin by proving the following lemma, which provides
an upper bound on the quantity E(vy1, s1).

Lemma 9 (Lower Regime): 1If the three conditions (25) hold,
then, for all s1 € {[ean],..., [Scritn]} and v1 > Ferit(€2)n,
there exists some 2™ = v2*(Scrit, €2) > 0 such that

3

1 .
- log B(s1,v1) < Y min{0, Te(s1,71)} + Tu(s1,71) + o(1)
k=1

where

dys

1 (1-R)n 1 gi! o
T Zlog [ —
! n°g< 7 )+n°g(<1—R>n>

T llog<(1_R)n—V1>
n 72

(an—s1)dy
1 Y2+ M
Zoe [ 2T
+ n 0g<(1—R)n>

1
T3:—10
n

Il
|
—

. <min{ﬂ(517;271, Y), 2} )

+ l IOg <’Yl + min{7276(817717y)}>y(y)
n Y1+ 72

T f: L jog (19771
= max max — log .
* v2€l Y €Y n & Yi

i=1 ¢

where
.= {|—ry2*n—|7 |—’}/2*7’L—| + 17 .- '7dv ((M’L - 51)}
y;lpn —up .
Vi:= 5 e |Gt p, fori=1,...,q.

Proof: We begin with the decomposition

E(s1,m) = ( fan] )

S1

d, fan] —s1

>

Y2=1

Ui(71,72)Ua(71,72) (30)

where

Ur(71,72) : = BBQ'[3S; with (51, 52) € Az
st B(S1, S5) | IN(S1)| = m,
IN(F)\N(S1)| = v2,[51] = s1],
Us(11,72) : = BBQ'[IN(S1)| = 71,
IN(E)\N(S1)| = 72| |51] = 1]
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and recall that Q' is the distribution @ conditioned on the event
7 (€1). We now require a lemma that allows us to restrict appro-
priately the range of summation over to values of 7, that scale
linearly in n.

Lemma 10: (7, small): The conditions of Lemma 9 imply
that there exists some value v2* = v2*(5¢it) > 0 for which the
quantity

2" n]
G(s1,7) = ([mﬂ) Z Ui(71,72)U2(71,72)

51 (32)

Y2=1

decays exponentially in n for any s, v, that satisfy [ean] <
S1 S |—§critn—| and 4! Z :}/crit(GZ)'nh

Proof: The proof is similar in spirit to the Proof of Lemma
6. Taking a term in the summation (30), we can bound it as
follows:

B(s1,m,72) = <(Zﬂ ) U1(71,72)U2(71:72)

< < [Osl:ﬂ ) Uz(71,72)

which is upper-bounded by
( [an] ) QUNFN\N(S)] = 72| IN(S1)| = 71, |S1] = s1].

51

Note that @’ term is upper-bounded by

(L(l—zi)znj_%)(Kig;m)(ram_sl)dv

so that +log, B(s1,71,72) < S8 Cilst,m,72) + o(1),

where
O\ = oll <M)
«

= (= 5m)

Cy=d (o= 2 log, (%) .

(33)

Using conditions (25), since 5.,it < %, the term C is increasing
in s1/n. Moreover, since ad,, < %, second entropy
term is the term C increasing in ~y;. Finally, the term Cj is
increasing in s; /n and in 1 /n.

Consequently, L logy B(s1,71,72) is upper-bounded by the
function

b(y) := aH (gzir) +H <(1 — R)V_ dvscm>

dv Seri
+dv(a _ §crit) 10g2 <u>

(1-R)

Note that lim,_,¢b(y) < 0 follows from the third condition in
the series (25). The remainder of the proof is entirely analogous
to that of Lemma 6. O

By Lemma 10, it suffices to provide upper bounds for
the terms B(s1,v1,72) for s1 € {[ean],...,[Saitn]},
Y1 > Ferit(€2)n, and v9 > y2*n. Recall the bound (33) on
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Q[IN(F)\N(S1)| = 72| [N(S1)| = 71.,|51] = s1]. Simi-
larly, recall from Appendix D that Q'[|N(S1)| = 71]S1| = s1]
is upper-bounded by

(50 ()

Recalling the notation S for the fixed set {1,. ..,
missing piece is an upper bound on

s1}, he only

Q[3(SE, S5) € Ay s.4.B(S%, S5))|
N(SDI =71, IN(F)\N(SD)| = 72]-

Recall that @’ is the conditional probability given the event
{7 (e1)}. In this space, every set So € F(q) corresponds to
arequest vector y € [[7_,{0,..., [4;"n]}. Moreover, for a set
Sy € F°(q) and its correspondlng request vector y, the event
B(S§,S2) is equivalent to the following condition being satis-
fied:

B(S7,52) & [(N(S2) N N(F)) — N(ST)| < B(s1,7,9)-

Therefore, a union bound over all the possible choices of sets
Sy (shown at the bottom of the page) gives the upper bound
for the probability of interest, where A(y1, .. ., yq, V1, 72) is the
probability, under the distribution @’ of the event

{I(N(S2) N N(F)) \ N(ST)| < B(s1,71,7)]
IN(S1)| = 71, [IN(F) \ N(S7)| = 72}
where S5 corresponds to request vector y.
In order to complete the proof, we need a final observation.

Lemma 11: Forallt=1,.
then the function A(y,ys,..

,q, if {y]}#z ~1,y2 are fixed,
yq, ~1,72) is increasing in the
scalar variable y; € {1,2,..., Ly‘z 1}

Proof: Clearly ([gypn]) is increasing for

)

it is enough to establish that the probability
. Yqgs Y1, V2) 18 increasing for

{yi“’
L2
This fact follows from the same coupling argument used in Sec-
tion IV-A: for a variable j € F', the number of requests X;
and the size of the intersection |N(j) N N(F)| are positively
correlated. Therefore, increasing the number of edges can only

increase the probability A(y1, ..., ¥yq,v1,72) of the bad event
B(S1, S»). O

Therefore,
Ay, -
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Using Lemma 11, we can now conclude the Proof of Lem-
ma 9. Denote by V; := {[*5=],..., [71"n]}, we have that

Llog IT7 1[21[,”:0"]])\(311,...,yq,vl,'yg) is upper-bounded

by
up 1
<|- n-|>+glog)\(y17yq71772)}

By union bound, the quantity I logA(y;
upper-bounded by

L Y2
E log { <H11D{/6(81/ V1, 7")7 VZ} )

N (71 +min{A(s1, 71,
Y1+ 72

1
_{Z;bg

=1

.....  Ygr Y1, Y2) 18

) )

Putting everything together yields the claim of Lemma 9. [

Based on the preceding analysis, we can now complete our
Proof of Lemma 7. Indeed, using Lemmas 5, 6, and 9 we can
upper-bound = log Q[B(A53)|7 (e1)]]. In this upper bound, all
the relevant quantities (i.e., s1, v1, Y2, ¥1, Y2, - - - » Yq) scale lin-
early with n. Therefore, standard bounds on binomial coeffi-
cients (29) lead to the claimed form of F'.

F. Proof of Lemma 8

The last thing we need to do is bound the probability of the
bad event Q'[B(A3)] (S1 small, Sy large). As usual, we do a
union bound over S; sets of various sizes contracting. Define

[an]

DI(Sl) = ( s1 ) QI[HSQ Q Fc(q) with (51752) S A3

s.t. B(S1,.52)|S1is some fixed set of size sq]

and therefore

Le2n]
Q[B(43)] < Y D'(su).

81:1

Intuitively, it should be clear that this is the easiest regime, be-
cause handling requests from S is always harder compared to
requests from S (because variables in Sy have fewer requests).
We will make €5 small enough so that the requests from Sy
are completely covered from the neighborhood of S5 (which
is always larger than a linear fraction). The function we obtain
is strictly dominated by F'(«) for sufficiently small €2, as one
would expect, since F'(«) is satisfying the requests in a harder
regime. We make a formal argument using continuity to estab-
lish this fact.

[

7 [9,°n]
y1=0 Yq=0

Y1 (qun—|>/\
Yty Ygr V1572
<y1 ) <yq (y Yq: V15 72)
AY1,Y2,-Yq,71,72)
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For ¢y sufficiently small, we have that, for all s; €

{1,..., |ean]}
[an] [an] €2
< < — .
< si )= \len) ) =" (aH (a) + 0(1))
The remainder of the analysis exploits the fact that for e, suffi-

ciently small and any set S, of size at least pn, if y is the vector
of requests from Ss, then, with high probability

IN(S2) N (N(F)\ N(S1))| 2 D i + pean.

i=1

B (e2,y)

In words, the neighborhood of set S, inside N(F') \ N(S;) is
sufficiently large not only to cover the requests from set S5 but
also from S;. We are going to bound the probability of failure,
by only allowing Ss to cover all the requests

Q'[3S2 C F°(q) with (S1, S2) € As

s.t. B(S1,52)|S1 some fixed set of size s1] <
Q'[3Ss C F°(q) with (S1, S2) € A3

SLIN(S2) 0 (N(F) = N(S1)] <

B'(e2,y),]S1 some fixed set of size s1].

By similar analysis as in the Proof of Lemma 9, we obtain
Llog D'(S1) < F'(a, €2) + o(1), where

Fl(a"/EZ) = sup sup G/(’727:(717172,...7gq,€2)
¥2€[0,dv o] §: €[7;"/2,7;"]
and the intermediate function
GI = Gl(:hvglv e 7@47 62)
2
=Y min{0, Gj(32,5)} + G4(32,7)
=1
has terms
G = (1= R) = dyes)H [ ——2
((1 = R) —dyeo
dyes + 7
it - (G7)
SRy T
2
_ dyer + min{ya, #'(e2, 7
+ v(7) log, < 2 ) Ejj’h( 2.9)}

G

w

q _
€2 _u Yi

= H(—) E Pl Zs ).
o o +i:1 Y; 7

K2

Note that

hm G/(ﬁg,gl, - 7:‘7117 62)
ea—0

= lim
51—0,91—

OG(§17’71,’727§1,~-~7ﬂq762)

where the limit is taken by setting 3 = ©(5;) (which will be
true by concentration). Therefore, we have

lim F'(a,e2) < F(a).

€x—0
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Consequently, if F(a) < 0, it then follows that
lime, o F' (e, €2) < 0. By continuity, there exists
some value €5 > 0 such that F”(«, €2) < 0; for this value of o,
the probability Q[B(As)|7 (€1)] decreases exponentially in 7.
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