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Abstract

We consider a class of operator-induced norms, acting as finite-dimensional surrogates to the L? norm,
and study their approximation properties over Hilbert subspaces of L2, The class includes, as a special
case, the usual empirical norm encountered, for example, in the context of nonparametric regression in a
reproducing kernel Hilbert space (RKHS). Our results have implications to the analysis of M -estimators
in models based on finite-dimensional linear approximation of functions, and also to some related packing
problems.
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction

Given a probability measure P supported on a compact set X C R?, consider the function
class

LXX.P) = {f: X > R| I fll 2008 < 00}, )
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where || fll;2xvp) = /[y f2(x)dP(x) is the usual L? norm' defined with respect to the

measure P. It is often of interest to construct approximations to this L% norm that are “finite-
dimensional” in nature, and to study the quality of approximation over the unit ball of some
Hilbert space 7 that is continuously embedded within L. For example, in approximation theory
and mathematical statistics, a collection of n design points in X is often used to define a surrogate
for the L2 norm. In other settings, one is given some orthonormal basis of L%(X,P), and defines
an approximation based on the sum of squares of the first n (generalized) Fourier coefficients.
For problems of this type, it is of interest to gain a precise understanding of the approximation
accuracy in terms of its dimension n and other problem parameters.

The goal of this paper is to study such questions in reasonable generality for the case of Hilbert
spaces H. We let &, : H — R”" denote a continuous linear operator on the Hilbert space, which
acts by mapping any f € H to the n-vector ([@, f11 [@nfl2 -+ [Pnfln). This operator
defines the &,-semi-norm

Ifllg, = | [Buf1. ©)

i=1

In the sequel, with a minor abuse of terminology,zwe refer to || f || ¢, as the &,-norm of f. Our
goal is to study how well || f|| ¢, approximates || f||;2 over the unit ball of H as a function of n,
and other problem parameters. We provide a number of examples of the sampling operator @,
in Section 2.2. Since the dependence on the parameter n should be clear, we frequently omit the
subscript to simplify notation.

In order to measure the quality of approximation over H, we consider the quantity

Ro(e) =sup{ll fII3. | f € By, £l <&}, ?3)

where Byy = {f € H | || fllx < 1} is the unit ball of . The goal of this paper is to obtain sharp
upper bounds on R . As discussed in Appendix C, a relatively straightforward argument can be
used to translate such upper bounds into lower bounds on the related quantity

Tg(e) =inf{| £ | f € By | fIl7. = €7} )
We also note that, for a complete picture of the relationship between the semi-norm || - || ¢ and

the L2 norm, one can also consider the related pair

To(e) =sup{l £ | f € Bu. IfII7. <&°}, and (5a)
Rg(e) =inf{l|lfI7 | f € By, 115 = €7} (5b)

Our methods are also applicable to these quantities, but we limit our treatment to (R, T ) so
as to keep the contribution focused.

Certain special cases of linear operators @, and associated functionals have been studied in
past work. In the special case ¢ = 0, we have

Re(0) = sup{|l fII3, | f € By, O(f) =0},

1 We also use the simpler notation, L2, to refer to the space (1), with corresponding convention for its norm. Also, one
can take X’ to be a compact subset of any separable metric space and P a (regular) Borel measure.

2 This can be justified by identifying f and g if & f = Pg, i.e. considering the quotient H/ ker &.
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a quantity that corresponds to the squared diameter of B3y N Ker(®), measured in the L>-norm.
Quantities of this type are standard in approximation theory (e.g., [4,10,11]), for instance in the
context of Kolmogorov and Gelfand widths. Our primary interest in this paper is the more general
setting with ¢ > 0, for which additional factors are involved in controlling R (¢). In statistics,
there is a literature on the case in which @ is a sampling operator, which maps each function
f to a vector of n samples, and the norm || - || ¢ corresponds to the empirical L2-norm defined
by these samples. When these samples are chosen randomly, then techniques from empirical
process theory [16] can be used to relate the two terms. As discussed in the sequel, our results
have consequences for this setting of random sampling.

As an example of a problem in which an upper bound on R is useful, let us consider a
general linear inverse problem, in which the goal is to recover an estimate of the function f*
based on the noisy observations

yi =[9f*i +w;, i=1,...,n,

where {w;} are zero-mean noise variables, and f* € By is unknown. An estimate fcan be
obtained by solving a least-squares problem over the unit ball of the Hilbert space—that is, to
solve the convex program

f=arg min Z(y, [Df1:)°.

Hi=1

For such estimators, there are fairly standard techniques for deriving upper bounds on the @-
norm of the deviation f S Our results in this paper on Rg can then be used to translate this
to a corresponding upper bound on the L?-norm of the deviation f f*, which is often a more
natural measure of performance.

As an example where the dual quantity T 4 might be helpful, consider the packing problem
for a subset D C %BH of the Hilbert ball. Let M (e; D, || - ||;2) be the e-packing number of D
in || - ||;2, i.e., the maximal number of function fi,..., fu € D such that || f; — fjll;2 = €
foralli, j = 1,..., M. Similarly, let M(e; D, || - || $) be the e-packing number of D in || - ||
norm. Now, suppose that for some fixed ¢, T (&) > 0. Then, if we have a collection of functions

{f1,..., fu} which is an e-packing of D in || - || 2, then the same collection will be a \/T 4(¢)-
packing of D in || - || . This implies the following useful relationship between packing numbers

M(e; D, |- lI22) = M T (): D, | - ll3)-

The remainder of this paper is organized as follows. We begin in Section 2 with background
on the Hilbert space set-up, and provide various examples of the linear operators @ to which our
results apply. Section 3 contains the statement of our main result, and illustration of some of its
consequences for different Hilbert spaces and linear operators. Finally, Section 4 is devoted to
the proofs of our results.

Notation: For any positive integer p, we use Si to denote the cone of p x p positive semidefinite
matrices. For A, B € SY, we write A > Bor B < Atomean A — B € Si. For any square
matrix A, let Apin(A) and Apax(A) denote its minimal and maximal eigenvalues, respectively.
We will use both ~/A and A'/? to denote the symmetric square root of A € Si. We will use
{x¢} = {xk},i’o=1 to denote a (countable) sequence of objects (e.g. real-numbers and functions).
Occasionally we might denote an n-vector as {x1, ..., x,}. The context will determine whether
the elements between braces are ordered. The symbols ¢, = ¢>(N) are used to denote the
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Hilbert sequence space consisting of real-valued sequences equipped with the inner product
(i), kD e, = Z,fil x;y;. The corresponding norm is denoted as || - ||¢,.

2. Background

We begin with some background on the class of Hilbert spaces of interest in this paper and
then proceed to provide some examples of the sampling operators of interest.

2.1. Hilbert spaces

We consider a class of Hilbert function spaces contained within LZ(X ,P), and defined as
follows. Let {y4};2, be an orthonormal sequence (not necessarily a basis) in L*(X,P) and let
o1 > 03 > 03 > --- > 0 be a sequence of positive weights decreasing to zero. Given these two
ingredients, we can consider the class of functions

H={fecl>X,P)|f= Z«/U_kakl//k» for some {ax}po, € L2(N) ¢, 6)
k=1

where the series in (6) is assumed to converge in L2, (The series converges since
Z,fil(ﬁak)2 < o1ll{ar}lle, < 00.) We refer to the sequence {ax}2, € {2 as the
representative of f. Note that this representation is unique due to oy being strictly positive for all
k e N.

If f and g are two members of H, say with associated representatives « = {ay}7>, and
B = {Br}z=;» then we can define the inner product

(f.8)n =) o = (e Bley. (7
k=1

With this choice of inner product, it can be verified that the space H is a Hilbert space. (In fact,
‘H inherits all the required properties directly from £5.) For future reference, we note that for two
functions f, g € H with associated representatives a, 8 € {5, their L>-based inner product is
given by? (f, g),2 = Y02, oxo B

We note that each v is in ‘H, as it is represented by a sequence with a single nonzero element,
namely, the k-th element which is equal to o, 172 1t follows from (7) that (/ox Yk, SO Vj)H =
8kj. That is, {\/ox¥} is an orthonormal sequence in H. Now, let f € H be represented by
o € £5. We claim that the series in (6) also converges in H norm. In particular, Z,ivzl Ok
is in H, as it is represented by the sequence {«g,...,an, 0,0, ...} € £;5. It follows from (7) that
[T VorewWilln = Y g n1 of which converges to 0 as N — oo. Thus, {/Gx ¥} is in
fact an orthonormal basis for .

We now turn to a special case of particular importance to us, namely the reproducing
kernel Hilbert space (RKHS) of a continuous kernel. Consider a symmetric bivariate function
K:XxX — R,where ¥ ¢ R? is compact.* Furthermore, assume K to be positive semidefinite
and continuous. Consider the integral operator I mapping a function f € L? to the function

3 particular, for f € H, || fll;2 < /o1l f 3¢ which shows that the inclusion H C L? is continuous.
4 Also assume that P assign positive mass to every open Borel subset of X
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Ixf = f K(,y)f(y)dP(y). As a consequence of Mercer’s theorem [13,6], Ik is a compact
operator from L? to C(X), the space of continuous functions on X equipped with the uniform
norm.> Let {0y} be the sequence of nonzero eigenvalues of Iz, which are positive, can be ordered
in nonincreasing order and converge to zero. Let {1/} be the corresponding eigenfunctions which
are continuous and can be taken to be orthonormal in L2. With these ingredients, the space H
defined in Eq. (6) is the RKHS of the kernel function K. This can be verified as follows.

As another consequence of the Mercer’s theorem, K has the decomposition

K(x, y) =) ox ()Y (y) ®)
k=1

where the convergence is absolute and uniform (in x and y). In particular, for any fixed y € &,
the sequence {,/ox ¥k (y)} is in £». (In fact, > ;2 | (\/ﬁl/fk(y))2 = K(y, y) < 00.) Hence, K(-, y)
isin H, as defined in (6), with representative {,/ox ¥ (y)}. Furthermore, it can be verified that the
convergence in (6) can be taken to be also pointwise.® To be more specific, for any f € H with
representative {ax} 2, € £2, we have f(y) = Z,fil Joro i (y), for all y € X. Consequently,
by definition of the inner product (7), we have

(LRC ) H =Y a/oryn(y) = £(3),
k=1

so that K(-, y) acts as the representer of evaluation. This argument shows that for any fixed
y € X, the linear functional on ‘H given by f — f(y) is bounded, since we have

LfF OO =1L KCG I H < 1Al IRC vl

hence H is indeed the RKHS of the kernel K. This fact plays an important role in the sequel,
since some of the linear operators that we consider involve pointwise evaluation.

A comment regarding the scope: our general results hold for the basic setting introduced in
Eq. (6). For those examples that involve pointwise evaluation, we assume the more refined case
of the RKHS described above.

2.2. Linear operators, semi-norms and examples

Let ¢ : H — R” be a continuous linear operator, with co-ordinates [ f]; fori = 1,2, ..., n.

It defines the (semi)-inner product
<fag)d5:: (¢f7 ¢g)R”’ (9)
which induces the semi-norm || - || . By the Riesz representation theorem, foreachi =1, ..., n,

there is a function ¢; € H such that [® f]; = (¢;, f)x forany f € H.
Let us illustrate the preceding definitions with some examples.

Example 1 (Generalized Fourier Truncation). Recall the orthonormal basis {;}7°, underlying
the Hilbert space. Consider the linear operator ’JI‘W : 'H — R with coordinates

[Tx//]”f]i =Y, )2, fori=1,2,...,n. (10)

St fact, Ik is well defined over L' 5 L2 and the conclusions about Ik hold as a operator from L'tocC (X).
6 The convergence is actually even stronger, namely it is absolute and uniform, as can be seen by noting that
el OV ] < (2R ) P (TR g ok OD'? = (TR, @)/ maxye v K(y. y).
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We refer to this operator as the (generalized) Fourier truncation operator, since it acts by
truncating the (generalized) Fourier representation of f to its first n co-ordinates. More precisely,

by construction, if f =Y 2, /okox Yk, then

[2f)i = Joia;, fori=1,2,...,n. (11)
By definition of the Hilbert inner product, we have a; = /0; (¥, f)7, so that we can write
[2f)i = (@i, f)n, where ¢; == 0. [

Example 2 (Domain Sampling). A collection x| := {x1, ..., x,} of points in the domain A" can
be used to define the (scaled) sampling operator SX? :H — R" via

erllfi= n~1/2 (f(xl) f(xn))v for f € H. (12)

As previously discussed, when H is a reproducing kernel Hilbert space (with kernel K), the
(scaled) evaluation functional f +— n—1/2 f(x;i) is bounded, and its Riesz representation is given
by the function ¢; = n~ V2K, x). O

Example 3 (Weighted Domain Sampling). Consider the setting of the previous example. A slight
variation on the sampling operator (12) is obtained by adding some weights to the samples

W wn f =02 (wifO) -+ waf(e)), forfeH (13)
where wﬁ‘ = (wy,...,wy) is chosen such that Zzzl w,% = 1. Clearly, we have ¢; =
n~ ' PwiK(, ).

As an example of how this might arise, consider approximating f (t) by > ;_; f(xx)G,(t, xi)
where {G, (-, xx)} is a collection of functions in L%(X,P) such that (Gn(yxk), Gu(,xj)) 2 =
n_lw,%Sk ;. Proper choices of {G, (-, x;)} might produce better approximations to the L? norm
in the cases where one insists on choosing elements of x{' to be uniformly spaced, while [P
in (1) is not a uniform distribution. Another slightly different but closely related case is when
one approximates f2(t) over X = [0, 1], by say n! ZZ;II F2Ox)W(n(t — xi)) for some
function W : [—1, 1] - R4 and x;y = k/n. Again, non-uniform weights are obtained when
P is nonuniform. [l

3. Main result and some consequences

We now turn to the statement of our main result, and the development of some of its
consequences for various models.

3.1. General upper bounds on R ¢ (€)

We start with upper bounds on Rg(¢) which was defined previously in (3). Our bounds are
stated in terms of a real-valued function defined as follows: for matrices D, M € Sf_,

L(t, M, D) == max{Amax (D — tv/DM~/D),0}, fort > 0. (14)

Here /D denotes the matrix square root, valid for positive semidefinite matrices.

The upper bounds on Rg(e) involve principal submatrices of certain infinite-dimensional
matrices — or equivalently linear operators on £, (N) — that we define here. Let ¥ be the infinite-
dimensional matrix with entries

[Pljk = (Yj, Yu)p, forjk=1,2,..., 15)
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and let X' = diag{oy, 02, ..., } be a diagonal operator. For any p = 1,2, ..., we use ¥, and
¥y to denote the principal submatrices of ¥ on rows and columns indexed by {1, 2, ..., p} and
{p+1,p+2,...}, respectively. A similar notation will be used to denote submatrices of 2.

Theorem 1. For all € > 0, we have:

2
. 12 7 _wl/2
Rq)(.s)g;gggg{ﬁ(z, w,,,z,,)Jrz(ng\/xmx(zl7 ) +a,,+1}. (16)

Moreover, for any p € N such that Apin(¥)p) > 0, we have

Op+1 1 172 1/2,\2
Roe) < [1=22 —< Aomax (D2 0 571 ) . 17
@<s)_< - )xmm(w,,) £+ \ (52 055Y) 4 0 (17)

Remark (a): These bounds cannot be improved in general. This is most easily seen in the special
case ¢ = 0. Setting p = n, bound (17) implies that R$(0) < 0,41 whenever ¥, is strictly
positive definite and ¥; = 0. This bound is sharp in a “minimax sense”, meaning that equality
holds if we take the infimum over all bounded linear operators ¢ : H — R”. In particular, it is
straightforward to show that

inf  Rp(0)= inf su 2,1 f =0} = 0y, 18
L, Ro© = il sup {If1} | 2f =0} = o (18)
& surjective & surjective

and moreover, this infimum is in fact achieved by some linear operator. Such results are known
from the general theory of n-widths for Hilbert spaces (e.g., see Chapter IV in [10] and Chapter 3
of [5]).

In the more general setting of ¢ > 0, there are operators for which the bound (17) is met with
equality. As a simple illustration, recall the (generalized) Fourier truncation operator Ty» from
Example 1. First, it can be verified that (Y, W%f = 0 for j, k < n and (Y, lpj)qwa =0
otherwise. Taking p = n, we have ¥, = I, that is, the n-by-n identity matrix, and ¥y = 0.
Setting p = n in (17), it follows that for &2 < o1,

0;
RTW (&) < <1 - Z—?)az + Outi- (19)

As shown in Appendix E, the bound (19) in fact holds with equality. In other words, the bounds
of Theorem 1 are tight in this case. Also, note that (19) implies R o (0) < oy+1 showing that the
1

(generalized) Fourier truncation operator achieves the minimax bound of (18). Fig. 1 provides a
geometric interpretation of these results.

Remark (b): In general, it might be difficult to obtain a bound on the quantity Amax (Ell,/ 2 W‘,;Z’%/ 2)

as it involves the infinite dimensional matrix ¥5. One may obtain a simple (although not usually
sharp) bound on this quantity by noting that for a positive semidefinite matrix, the maximal
eigenvalue is bounded by the trace, that is,

hmax (552 0555%) < (22 05 2%) = Y o[ Wl (20)
k>p
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o1|——————~ -~ === ===~

' fle

On+1 a1

Fig. 1. Geometry of Fourier truncation. The plot shows the set {(| fll 2. I fllg) : I fllx < 1} C R? for the case of
(generalized) Fourier truncation operator T‘l'il'

Another relatively easy-to-handle upper bound is
2 1/2 1/2 2
dan (B2 05537 = || 252 0553 | = swp Y VeIt el 1)
k>p r>p

These bounds can be used, in combination with appropriate block partitioning of o2 ![/,721/ 2,

to provide sharp bounds on the maximal eigenvalue. Block partitioning is useful due to the

2% ACZ): we have Amax (M) < Amax(A1) +

Amax (A2). We leave the details on the application of these ideas to examples in Section 3.2.

following: for a positive semidefinite matrix M = (

3.2. Some illustrative examples

Theorem 1 has a number of concrete consequences for different Hilbert spaces and linear
operators, and we illustrate a few of them in the following subsections.

3.2.1. Random domain sampling

We begin by stating a corollary of Theorem 1 in application to random time sampling in a
reproducing kernel Hilbert space (RKHS). Recall from Eq. (12) the time sampling operator Sx?,
and assume that the sample points {x, ..., x,} are drawn in an i.i.d. manner according to some
distribution P on X’. Let us further assume that the eigenfunctions v,k > 1 are uniformly
bounded’ on X, meaning that

sup sup [P (x)| < Cy. (22)
k>1xeX

Finally, we assume that ||o ||| := Z,fil o < 00, and that

opk < Cy0r0p,  for some positive constant C,; and for all large p, (23)
Z ox < o0p, for some positive integer m and for all large p. (24)
k> p™

7 One can replace sup,. y with essential supremum with respect to P.
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In each case, for all large p means for all p > pg for some constant positive integer pg. Let m
be the smallest m for which (24) holds. These conditions on {o}} are satisfied, for example, for
both a polynomial decay o = O(k~%) with & > 1 and an exponential decay o} = O(p*) with
o € (0, 1). In particular, for the polynomial decay, using the tail bound (B.1) in Appendix B,
we can take m, = fao‘Tl] to satisfy (24). For the exponential decay, we can take m, = 1 for
p € (0, 3]and my =2 for p € (3, 1) to satisfy (24).

Define the function

Z min{o;, 2}, (25)
=1

as well as the critical radius
rp = infle > 0:G,(e) < 52}. (26)

With these definitions, we have the following result:

Corollary 1. Suppose that r, > 0 and 64Cimgr3 log(an,%) < 1. Then for any &% e [r,%, 1),
we have

~ ~ |
2 —_—
IP’[RSX? (&) > (Cy +Co)e ] < Zexp( 64Cir,%>’ (27)

where Cy = 2(1 + Cy)? and Cy :=3(1+ C;)Cyllolly + 1.

We provide the proof of this corollary in Appendix A. As a concrete example, consider a
polynomial decay oy = O(k~%) for @ > 1, which satisfies assumptions on {oy}. Using the tail
bound (B.1) in Appendix B, one can verify that r,% = O(n~%@*D) Note that, in this case,

r,% log(2nr3) =0 (n_aaT logna%r'> =0 (n_a%l logn> —- 0, n— oo.

Hence the conditions of Corollary 1 are met for sufficiently large n. It follows that for some
constants Cq, C, and C3, we have

e __a
RSXn (Cm 2(a+1)) < Con~ atl
1

with probability 1 — 2 exp(—Csn a%l) for sufficiently large n.
As noted previously, for this particular case of random time sampling, different techniques
from empirical process theory (e.g., [16,3,7]) can be used to control the quantity Rg , (¢). As one
1

concrete instance of such a result, when functions in the RKHS are uniformly bounded, Lemma 7
of Raskutti et al. [12] with ¢ = r,, implies that

P[RSXH (ry) > cor,%] <c exp(—cznr,%) (28)
1

for some constants ¢;, i = 1, 2, 3, independent of sample size n, but depending on bounds on the

function class. The result (28) provides a qualitatively similar guarantee to Corollary 1, with the

main difference being the factor nr,% in the exponent, as opposed to the term 1/ r,% in the bound

(27). For kernels with the polynomial decay oy, = O(k~%) for some @ > 1, it can be verified
1 o

that nr,% = notl, whereas rLZ = no+l, Since « > 1, we thus see that Corollary 1 provides

n
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guarantees with a faster probabilistic rate. In addition, results of the type (28) are proved using
techniques rather different than the current paper, including concentration bounds for empirical
processes [8,3,16] and the Ledoux—Talagrand contraction inequality (e.g., [8]). The function (25)
again plays a role in this result, in particular via its connection to the Rademacher complexity of
kernel classes [9].

As pointed out by a helpful reviewer, it would be desirable to weaken or remove the uniform
boundedness condition (22) on the eigenfunctions. We suspect that extensions of this type might
be possible when the random variables Y (x) satisfy some type of tail condition (e.g., a bound
on a suitable Orlicz norm [17]). We note that arguments of this type are used in the empirical
process theory literature (e.g., [1]). At this time, we do not have a simple argument for our setting
of RKHS’s and Theorem 1.

3.2.2. Sobolev kernel

Consider the kernel K(x, y) = min(x, y) defined on X 2 where X = [0, 1] and let P be
uniform (i.e., the Lebesgue measure restricted to [0, 1]). The corresponding RKHS is of Sobolev
type and can be expressed as

{f € L*(X,P) | f is absolutely continuous, f(0) = 0 and f' € L*(X,P)}.

Also consider a uniform domain sampling operator erf, that is, that of (12) with x; = i/n,i < n.

This setting has the benefit that many interesting quantities can be computed explicitly, while
also having some practical appeal. The following can be shown about the eigen-decomposition
of the integral operator /I introduced in Section 2,

. _[(Zk—l)n
k= T

)
] . ) =V2sin(o; x), k=1,2,....

In particular, the eigenvalues decay as oy = O(k~2).
To compute the ¥, we write

1
[Plr = (Vi Yo =~ ¢

=1

(29)

n n

"{ (k — r)er k +r —1)er
oO§S—M8M8M8M8M8 ™ —CcCoOS —mM8M8M8M8 .

We note that ¥ is periodic in k and r with period 2n. It is easily verified that Y ,_; cos(q¢w/n)
is equal to —1 for odd values of g and zero for even values, other than ¢ = 0, £2n, £4n, ... . It
follows that

1
1+ — ifk—r=0,
n

1
[V = -1 - = ifk4+r=2n+1 (30)
n

1
— (=D otherwise,
n

for 1 < k,r < 2n. Letting I; € R” be the vector with entries, @Iy, = (—l)f‘H, Jj < n, we
observe that ¥,, = I, + %HS]IST. It follows that Anin(¥,,) = 1. It remains to bound the terms in
(17) involving the infinite sub-block ¥5.
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a 1 10 19 28 37 46

28

37

46

Fig. 2. Sparse periodic ¥ matrices. Display (a) is a plot of the N-by-N leading principal submatrix of ¥ for the Sobolev
kernel (s, t) > min{s, t}. Here n = 9 and N = 6n; the period is 2n = 18. Display (b) is the same plot for a Fourier-type
kernel. The plots exhibit sparse periodic patterns as defined in Section 3.2.2.

The ¥ matrix of this example, given by (30), shares certain properties with the ¥ obtained
in other situations involving periodic eigenfunctions {1 }. We abstract away these properties by
introducing a class of periodic ¥ matrices. We call %5 a sparse periodic matrix, if each row
(or column) is periodic and in each period only a vanishing fraction of elements are large. More
precisely, W5 is sparse periodic if there exist positive integers y and 1, and nonnegative constants
c1 and ¢, all independent of n, such that each row of ¥ is periodic with period yn and for any

row k, there exists a subset of elements Sy = {¢1, ..., €;} C {1, ..., yn} such that
|[!p]k,n+r| S Cla re Ska (313)
[ PNensrl <con™', re{l,....yn}\ S, (31b)

The elements of Sx could depend on k, but the cardinality of this set should be the constant
n, independent of k£ and n. Also, note that we are indexing rows and columns of ¥y by
{n+1,n+ 2,...}; in particular, k > n + 1. Fig. 2 illustrates some examples. For this class,
we have the following whose proof can be found in Appendix B.

Lemma 1. Assume that Wy is sparse periodic as defined above and o = Ok™%) for some
o > 2. Then:

1/2
n
(b) Fora =2, Amax( 172 Wﬁﬂﬁl/z) = Om %logn) asn — oc.

n

!17523/2) =0m % asn — oo,

n

(a) Fora > 2, Amax(

In particular, Eq. (30) implies that ¥ is sparse periodic with parameters y = 2,n = 2,¢c; = 2
and ¢, = 1. Hence, part (b) of Lemma 1 applies. Now, we can use (17) with p = n to obtain

Rg,, (e) < 26> + O(n"?logn) (32)
1

where we have also used (a + b)? < 2a% + 2b°.
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3.2.3. Fourier-type kernels
In this example, we consider an RKHS of functions on X = [0, 1] C R, generated by a
Fourier-type kernel defined as K(x, y) := «(x — y), x, y € [0, 1], where

K(X) =0+ Y 20k cosmkx), x €[—1,1]. (33)
k=1

We assume that () is a R -valued nonincreasing sequence in £1, i.e. ) ; & < oo. Thus, the
trigonometric series in (33) is absolutely (and uniformly) convergent. As for the operator @,
we consider the uniform time sampling operator Sx?, as in the previous example. That is, the
operator defined in (12) with x; = i/n, i < n. We take PP to be uniform.

This setting again has the benefit of being simple enough to allow for explicit computations
while also practically important. One can argue that the eigen-decomposition of the kernel
integral operator is given by

=9 vu=v". Yum =y, k=1 (34)

o1 = o, o =8k O2%t1 =0k k>1 (35)
where ¥\” (x) := 1, %" (x) := V2 cos(2rkx) and ¥ () := /2 sin2kx) for k > 1.

For any integer k, let ((k)), denote kK modulo n. Also, let k +— §; be the function defined

over integers which is 1 at k = 0 and zero elsewhere. Let ¢ := +/—1. Using the identity
n~!Yy_, exp(:2kl/n) = 8(()), one obtains the following,

W N e =[S + 8(<k+j)>n](%)8k+8j’ ooy
W ) 8 = 8 — Skt (36b)
W, 1/fj<.”>¢ =0, validforall j,k > 0. (36¢)
It follows that ¥, = I, if n is odd and ¥, = diag{l1, 1,..., 1,2} if n is even. In particular,

Amin( %) = 1 forall n > 1.Itis also clear that the principal submatrix of ¥ on indices {2, 3, ...}
has periodic rows and columns with period 2n. If follows that ¥, is sparse periodic as defined in
Section 3.2.2 with parameters y = 2,7 =2,c; =2 and ¢ = 0.

Suppose for example that the eigenvalues decay polynomially, say as {x = O(k™%) fora > 2.
Then, applying (17) with p = n, in combination with Lemma 1 part (a), we get

Rs,, () < 267 + O ™). (37)

As another example, consider the exponential decay ¢, = pk, k > 1 for some p € (0, 1), which
corresponds to the Poisson kernel. In this case, the tail sum of {o}} decays as the sequence itself,
namely, > ,_, 0k < 23, p¢ = % p*. Hence, we can simply use the trace bound (20)
together with (17) to obtain

Rs,, () <267 + O(p"). (38)

4. Proof of Theorem 1

We now turn to the proof of our main theorem. Recall from Section 2.1 the correspondence
between any f € H and a sequence o € £; also, recall the diagonal operator X' : £, — {2
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defined by the matrix diag{o, 0, . ..}. Using the definition of (15) of the ¥ matrix, we have
1£1% = (e, 2205 2a),,.

By definition (6) of the Hilbert space H, we have || f[|3, = Y32 af and | f1I7, = >} oxey.
Letting By, = {(x €l | llalle, < 1} be the unit ball in £, we conclude that R can be written
as

Ra(e) = sup {Q2(e) | Qo() < &%}, (39)

a€By,

where we have defined the quadratic functionals

0x(a) = (@, Za)g,, and Qo) = (o, S2w512a),,. (40)
Also let us define the symmetric bilinear form

Bo(a, ) = (o, Z'2WX'2B)y,, o, B e l? (41)
whose diagonal is Bg (o, @) = Q ¢ ().

We now upper bound R ¢ (¢) using a truncation argument. Define the set
C:={a € By, | Qo) < &%}, (42)

corresponding to the feasible set for the optimization problem (39). For each integer p =
1,2, ..., consider the following truncated sequence spaces

T, ={aety|a=0, foralli > p}, and

T, ={actly|a;=0, foralli =1,2,...p}.

Note that £; is the direct sum of 7, and ’Z;,L. Consequently, any fixed « € C can be decomposed
as o = & + y for some (unique) £ € 7, and y € 7;}. Since X' is a diagonal operator, we have

Q2(a) = Q2(8) + Q2(¥)-

Moreover, since any « € C is feasible for the optimization problem (39), we have

Q@) = Qs#) +2Bs(E, v)+ Qaly) < &”. (43)

Note that since y € 7, L it can be written as y = (0p, ¢), where 0, is a vector of p zeros, and
¢ = (c1,¢2,...) € £p. Similarly, we can write § = (x,0) where x € RP”. Then, each of the
terms Q ¢(£), Bg(€, ), Q4 (y) can be expressed in terms of block partitions of RVENSRYES
For example,

Q¢(&) = (x, Ax)rr,  Qa(y) = (y, Dy, (44)

where A = XY/ ,],/ 2 U9 Il,/ Zand D = WgEl/ 2, in correspondence with the block partitioning

notation of Appendix F. We now apply inequality (F.2) derived in Appendix F. Fix some
p? € (0, 1) and take

12

= 0Pk (25 0555, (43)
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so that condition (F.5) is satisfied. Then, (F.2) implies

2
Q5() +2Bo(E, y) + Qo(y) > p*Qs() — 1f—pznyn%. (46)
Combining (43) and (46), we obtain

1/2 1/2
& (50D
Q0@ = 5+ —— 5yl (47)

We further note that IIyII% < IIyII% + IISII% = ||oz||% < 1. It follows that

1/2 1/2
2 (T 0505

0s() <P, where® = L+ (48)
,02 1 — pz
Let us define
C:={6 € B,NT, | Qo) <7}, (49)
Then, our arguments so far show that for o € C,
O2(a) = Q2(8) + Q2(y) =sup Q2(5) +  sup  Qa(y). (50)
£eC y€B,NT-
Sp Sy

Taking the supremum over « € C yields the upper bound
Rp(e) < Sp+ Sy

It remains to bound each of the two terms on the right-hand side. Beginning with the term SIJ;

and recalling the decomposition y = (0, ¢), we have Q2(y) = Z,f‘;l Okt pc,%, from which it
follows that

o o0

L 2 2

Sp = sup E Ok pCy | E cp <1t =o0py1,
k=1 k=1

since {ox )2 | is a nonincreasing sequence by assumption.
We now control the term S,. Recalling the decomposition & = (x, 0) where x € R”, we have

Sp = sup Q2(8) = sup{(x, Zpx) : (x.x) < 1, (x, 5,2 ¥, 5,/ %x) <7

geC
= sup inf{(x, Xpx) + t(}?z — (x, E;/Q !P,,E;/zx»}
(x,x)<1120
(a) ~
< inf{ sup (x, 521, — 19,) 5, x) + 122
120" (x.x)<1
where inequality (a) follows by Lagrange (weak) duality. It is not hard to see that for any
symmetric matrix M, one has

sup{(x, Mx): (x,x) < 1} = max{O, Amax(M)}.
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a |Qas(a) b | Qe(e)

Q2() Qa(a)

Fig. 3. Geometry of the proof of (17). Display (a) is a plot of the set Q := {(Q2(), Q () : llallg, =1} C R2. This
is a convex set as a consequence of Hausdorff-Toeplitz theorem on convexity of the numerical range and preservation of
convexity under projections. Display (b) shows the set Q = conv(0, Q), i.e., the convex hull of {0} U Q. Observe that
Rg(e) =suplx : (x,y) € 0, y =< &2}. For any fixed 02 € (0, 1), the bound is a piecewise linear approximation (in & 2y
to one side of Q as shown in display (b).

Putting the pieces together and optimizing over p2, noting that

b
inf — = Vb)?
re(%l){ +1 } (va +/b)
for any a, b > 0, completes the proof of the bound (16).

We now prove bound (17), using the same decomposition and notation established above, but
writing an upper bound on Q2 () slightly different from (50). In particular, the argument leading
to (50), also shows that

Rg(e) < sup {Qz(S) + 02(y) 1§ +y € B, Qg(8) 552}. (1)
§e€T),yeTyt

Recalling the expression (40) for Q (&) and noting that ¥, > Ayin(¥,)I, implies A =
5320, 8)% = Amin(¥,) 5, we have
Qs(8) = Amin(¥p) 02(8). (52)

Now, since we are assuming Amin(¥,) > 0, we have

"Q
Rg(e) = sup {Qz(é) + 02(y) 1§+ vy € By, 02(8) < VT } (53)
§€T)yeTyt min(¥p)

The RHS of the above is an instance of the Fourier truncation problem with &2 replaced with
g2 /Amin(¥p). That problem is worked out in detail in Appendix E. In particular, applying
Eq. (E.1) in Appendix E with £2 changed to EQ/Amin(Wp) completes the proof of (17). Fig. 3
provides a graphical representation of the geometry of the proof.

5. Conclusion
We considered the problem of bounding (squared) L? norm of functions in a Hilbert unit

ball, based on restrictions on an operator-induced norm acting as a surrogate for the L> norm.
In particular, given that f € By and || f ||2(15 < &2, our results enable us to obtain, by estimating
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norms of certain finite and infinite dimensional matrices, inequalities of the form
2 2
1F12, < c16? + hg p(on)

where {0, } are the eigenvalues of the operator embedding H in L2, h e 14(-) is an increasing
function (depending on @ and H) and c¢; > 1 is some constant. We considered examples of
operators @ (uniform time sampling and Fourier truncation) and Hilbert spaces H (Sobolev,
Fourier-type RKHSs) and showed that it is possible to obtain optimal scaling & ¢ 7/(0,) = O(0,)
in most of those cases. We also considered random time sampling, under polynomial eigen-decay
o, = O(n™%), and effectively showed that h ¢ 7(0,) = O(n=/@+D) (for ¢ small enough), with
high probability as n — oo. This last result complements those on related quantities obtained by
techniques from empirical process theory, and we conjecture it to be sharp.
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Appendix A. Analysis of random time sampling

This section is devoted to the proof of Corollary 1 on random time sampling in reproducing
kernel Hilbert spaces. The proof is based on an auxiliary result, which we begin by stating. Fix
some positive integer m and define

v(e) =v(e;m) == inf{p : Z o < 82]. (A.1D)

k>pm

With this notation, we have

Lemma 2. Assume % < o} and 32C12pmv(8) logv(e) < n. Then,
B{Rs,, (6) > Cye® + Cooney) < 2exp| — s ). (A2)
o 14 aOv(e) | = 326% (o)

We prove this claim in Appendix A.2.
A.l1. Proof of Corollary 1

To apply the lemma, recall that we assume that there exists m such that for all (large) p, one
has

Y o <oy (A.3)

k> p™

and we let m, be the smallest such m. We define

ju(e) := inf{p : o < &2}, (A4)

and note that by (A.3), we have v(e; my) < u(e). Then, Lemma 2 states that as long as &2 < oy

and 32C§/mg,u(£) log u(e) < n, we have
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P{Rs, (¢) > (Cy + Co)e?} < 2exp| — L m ) (A.5)
i - 32C7, p(e)

Now by the definition of 11(¢), we have o; > &2 for Jj < u(e), and hence
1 . p(e) —1 w(e)
2 2 2 2
Ga@) = — ) minfoj, %} = et = ——e?,

j<nie) n 2n

since u(g) > 2 when ¢ < oy. One can argue that ¢ — G, (g)/¢ is nonincreasing. It follows
from definition (26) that for ¢ > r,,, we have

2 2
u(e) <2n <@) < Zn(w> < 2nr3,

& I'n

which completes the proof of Corollary 1.
A.2. Proof of Lemma 2

For £ € R?, let £ ®£ be the rank-one operator on R? given by n +— (£, , n)2&. For an operator
A on R? let || All, denote its usual operator norm, [|All, = SUP| [, <1 ||Ax]2. Recall that for a
symmetric (i.e., real self-adjoint) operator A on R”, ||All, = sup{|A| : A an eigenvalue of A}. It
follows that [|All, < « is equivalentto —al, < A < al),.

Our approach is to first show that ||| U, —1 ,,H|2 < % for some properly chosen p with high
probability. It then follows that Apin(¥,) > % and we can use bound (17) for that value of p.

%/ 2 W;;E[é/ 2). To do this, we further partition ¥j into blocks.
In order to have a consistent notation, we look at the whole matrix ¥ and let ¥® be the
principal submatrix indexed by {(k — 1)p + 1,...,(k — I)p + p}, for k = 1,2,..., p"™ L.
Throughout the proof, m is assumed to be a fixed positive integer. Also, let ¥ () be the principal
submatrix of ¥ indexed by {p™ + 1, p™ + 2,...}. This provides a full partitioning of ¥ for
which v | @™ and ¥ are the diagonal blocks, the first p”~! of which are p-by-p
matrices and the last an infinite matrix. To connect with our previous notations, we note that
g — ¥, and that v@ , W(”m_l), (%) are diagonal blocks of ¥5. Let us also partition
the Y matrix and name its diagonal blocks similarly.

Then, we need to control Amax (

We will argue that, in fact, we have || #®) — P‘Hz < % forallk = 1,..., p"™~!, with high
probability. Let A, denote the event on which this claim holds. In particular, on event A, we
have ¥®) < %Ip fork=2,..., p’"‘l; hence, we can write

pm—l
s (ZY2 U5 5Y%) <3 s (yf 5O 0O 50) (/5600 019 [ 509
k=2
3 pm—l
< 2 A (E2®) + tr(,/2<<>o> () 2<o<>>)
2 k=2
m—1
3 P
=3 2. Ck-npt1 t+ > ol Yl (A.6)
k=2 k>p™
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Using assumptions (23) on the sequence {oy}, the first sum can be bounded as

m—1 m—1 pmfl

P P
> u-npr1 £ Y 0G-tp < Y Cook_i0p < Collo|i0)p.
k=2 k=2 k=2

Using the uniform boundedness assumption (A.1), we have [V ] = n-! Zl’-lzl w,g (x) < Cﬁl.
Hence the second sum in (A.6) is bounded above by C 5[ D s pm Ok-

We can now apply Theorem 1. Assume for the moment that £> > Y k> pm Ok so that the right-
hand side of (A.6) is bounded above by %CU lolliop + Ciez. Applying bound (17), on event
Ap, with® r = (1 4+ C,/,)_l, we get

_ /3
Rs,y (6%) = 2{r 12 4 (1—r) 1<§c<,||a||lap n Cfbez)} +opr
=2(1+Cy)’e® +3(1+C;)Collo o, +0p41
< 6¢82 + Egap
where E,/, =201+ Cy,)2 and 50 =31+ C;l)CGHGHJ + 1. To summarize, we have shown

the following

Event A4, and g2 > Z ox = Rs, () < 5¢82 + a,o,,. (A7)
k>p™m !

m—1

It remains to control the probability of A, = NI_, {||#® —1,||, < 3}. We start with
the deviation bound on ¥) — | p» and then extend by union bound. We will use the following

lemma which follows, for example, from the Ahlswede—Winter bound [2], or from [14]. (See
also [18,15,19].)

Lemma 3. Let &1, ..., &, be i.i.d. random vectors in RP withE& ® &1 = I, and ||&1]2 < C)p
almost surely for some constant Cp. Then, for § € (0, 1),

P 5§t <pe ——82 (A.8)
> X . .
5 = PP\ T2

Recall that for the time sampling operator, [ DY ]; = \/L;l Y (x;) so that from (15),

n
n Y E®E -1,
i=1

1 n
Ure = D UGV (xi).
i=1

Let & = (Wr(x),1 <k < p) € RP fori = 1,...,n. Then, {&;} satisfy the conditions of
Lemma 3. In particular, letting e; denote the k-th standard basis vector of R”, we note that

(ek, E(§i ® &i)er)o = Elex, &i)aler, &i)o = (Vk, Ye) 2 = dke

and [|&;]l2 < ./pCy, where we have used uniform boundedness of {1/} as in (22). Furthermore,
we have ) = 1 Y i & ®&. Applying Lemma 3 with C,, = ,/pCy, yields,

8 We are using the alternate form of the bound based on (vA + v/B)% = infy.¢(0,1) {Ar_1 +B(1—r)~! }
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8% n
IP’{H‘ g _ I”H‘z >3} < pexp(—@;) (A9)

Similar bounds hold for ¥® k =2,..., p”~!. Applying the union bound, we get

pmfl (k) 82 "
P ‘HW -1 H‘ > 8t <exp|lmlo e B
Ut rll, = o s exelmlogr = 7

For simplicity, let A = A, , == n/ (4C3/ p). We impose m log p < %82 so that the exponent

in (A.9) is bounded above by —%52. Furthermore, for our purpose, it is enough to take § = % It
follows that

pmfl
1 1 n
P(AS) = P (Hw“‘)—l H( > cexpl = . A.10
(A5) ,91{ =3[ =0l "5 (A.10)

if 32C5/mp log p < n. Now, by (A.7), under &2 > Zk>pm Ok, Rqu' (82) > Ewez + Ego,, implies
.Aj,. Thus, the exponential bound in (A.10) holds for P{Rs , (¢%) > C¢82 + Cs0p} under the
*1

assumptions. We are to choose p and the bound is optimized by making p as small as possible.

Hence, we take p to be v(¢) := inf{p : ¢ > D ks o oy} which proves Lemma 2. (Note that, in

2

general, v(e) takes its values in {0, 1, 2, .. .}. The assumption £~ < o guarantees that v(g) # 0.)

Appendix B. Proof of Lemma 1

Assume oy = Ck™“, for some o > 2. First, note the following upper bound on the tail sum

o
Do < C/ x"%x = Ci(a)p' 2. (B.1)
k>p P

Furthermore, from the bounds (31a) and (31b), we have, fork > n + 1,
[Y]kx < min{cy, 2} (B.2)

To simplify notation, let us define /,, := {1, 2, ..., yn}.

Consider the case o > 2. We will use the £,,—f, upper bound of (21), with p = n. Fix some
k > n + 1. Note that o; < 0,,41. Then, recalling the assumptions on ¥ and the definition of S,
we have

oo yn

Z ﬁ«/@lw]ul < J/On+1 ZZ«/Un+r+qyn|[w]k,n+r+qyn|

{>n+1 q=0r=1

oo yn

= A/ On+1 Z Z W Un+r+qyn|[ W]k,n+r|

q=0r=1

00
e
= A/On+1 Z{Cl Z Ontr+qyn + n Z N On+r+qyn (-
q=0

reSg rel,\Sk

(B.3)
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Using (B.1), the second double sum in (B.3) is bounded by
o0
Yo D owrram = Yo < Calan! T (B.4)
q=0rel,\Sk >n
Recalling that Sy C I, and | S| = 7, the first double sum in (B.3) can be bounded as follows

Z Z A On+r+qyn = “/EZ Z(” +r+ qyn)—ot/Z

q=0reSi q=0reS;

< ﬁi Y (n+qym) e

q=0reSi

o0
<VCn) (A +qy)/n?
q=0

IA

o0
~/a7(1 4 yfa/z quot/Z)nfa/Z
g=1

= Cs(at, y, Mn =/ (B.5)

where in the last line we have used Zf;ozl q_"‘/2 < oo due to &/2 > 1. Combining (B.3)—(B.5)
and noting that /o, 11 < ~/Cn=%/2 we obtain

Y ool Pl

£>n+1

A

x/En_“/z{ch3(a, v, 77)11_0‘/2 + c—2C2(a)n1_“/2
n

= Cyla,n, y)n™". (B.6)

Taking supremum over k > 1 and applying the ¢.—{~ bound of (21), with p = n, concludes
the proof of part (a).

Now, consider the case « = 2. The above argument breaks down in this case because
ZZO=1 g%/ does not converge for « = 2. A remedy is to further partition the matrix
2711/ 2 WgEﬁl/ 2. Recall that the rows and columns of this matrix are indexed by{n+1,n+2,...}.
Let A be the principal submatrix indexed by {n + 1,n + 2,...,n?} and D be the principal
submatrix indexed by {n2 +1,n242,.. .}. We will use a combination of the bounds (31a) and
(31b), and the well-known perturbation bound Aax [(CAT IC))] < Amax (A) + Amax (D), to write

Danax (537 U5 24%) < Anax (A) + Amax(D) < [ Alloo + tr(D). (B.7)

n
The second term is bounded as

tr(D) = Z okl Ylkk

k>n?

< minfer, e2} ) ox = minfey, 2} ()7 = Cs(y)n 2, (B.8)

k>n2
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where we have used (B.1) and (B.2). To bound the first term, fix k € {n + 1,...,n%}. By an

argument similar to that of part (a) and noting that y > 1, hence yn? > n?, we have
n? n yn
D Vool Wlel < Vourt )Y ouwtrraynll Ul ]
L=n+1 q=0r=1
n
2
= V/On+1 Z C1 Z On+r+qyn + — Z N On+r+qyn (-
a=ol res Sk
(B.9)
Using y > 1 again, the second double sum in (B.9) is bounded as
n 3yn? 3yn? 1
DIV SN S
g=0rel,\Sk f=n+1 =2
< V/Clog(3yn?) < Ce(y)logn, (B.10)

for sufficiently large n. Note that we have used the bound Zf:z < /; 1p x~'dx =log p. The
first double sum in (B.9) is bounded as follows

Z Z A On+r+qyn = “/EZ Z(n +r+ qy”)_]

q=0reSk q=0reSk

n
<VCn) (A+qy)'n!
q=0

IA

n
\/Eﬂ(l + yfl + yfl qu>nl
q=2
= C7(y, mn~'logn, (B.11)

for n sufficiently large. Combining (B.9)—(B.11), taking supremum over k and using the simple

bound /0,11 < J/Cn1, we get

logn logn

(B.12)

n n?

C
llAlloe < ~/Cn™! {clcﬂy, n) + f@(y)logn} =Cs(y,n)

which in view of (B.8) and (B.7) completes the proof of part (b).
Appendix C. Relationship between R4 (¢) and T 5(¢)

In this appendix, we prove the claim made in Section 1 about the relation between the upper
quantities R and T'¢ and the lower quantities T 4 and R 5. We only carry out the proof for R¢g;
the dual version holds for T'¢. To simplify the argument, we look at slightly different versions of

Rg and T 4, defined as

%@ =sup{llf7.: f € Bu. IIfI% <&} (€.
T%8) =inf{| £l : f € By, Il 7. > 6%} (C2)
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and prove the following
-1
R (6) =T%(5) (C.3)

where R}_I(S) = inf{e? : R%(e) > 82} is a generalized inverse of R%. To see (C.3), we note
that Rg(e) > 82 iff there exists f € By such that ||f||%15 < &% and ||f||i2 > §2. But this last
statement is equivalent to 7% () < 2. Hence,

R%1(5) = inf{e? : T%(5) < %) (C4)

which proves (C.3).
Using the following lemma, we can use relation (C.3) to convert upper bounds on R ¢ to lower
bounds on T 4.

Lemma 4. Let t > p(t) be a nondecreasing function (defined on the real line with values in the
extended real line). Let q be its generalized inverse defined as q(s) := inf{t : p(t) > s}. Let r be
a properly invertible (i.e., one-to-one) function such that p(t) < r(t), for all t. Then,

(@) q(p(t)) >t forallt,
(®) g(s) = r~1(s), for all s.

Proof. Assume (a) does not hold, that is, inf{e : p(a) > p(t)} < t. Then, there exists ag
such that p(«p) > p(t) and a9 < t. But this contradicts p(z) being nondecreasing. For part
(b), note that (a) implies t < g(p(t)) < q(r(t)), since g is nondecreasing by definition. Letting
t := r~1(s) and noting that r (r~!(s)) = s, by assumption, proves (b). [

Let p = Ry, q = T% and r(t) = At + B for some constant A > 0. Noting that Ry < Rg¢
and T' (- + y) = Ty for any y > 0, we obtain from Lemma 4 and (C.3) that

82
Ro(e) < Ae> + B =T 5(5+) > < B (C.5)

where T 4(5+) denotes the right limit of T 4 at 4.
This may be used to translate an upper bound of the form (17) on R ¢ to a corresponding lower
bound on T 4.

Appendix D. The 2 x 2 subproblem
The following subproblem arises in the proof of Theorem 1.

2 2
F(sz) = supi(r s) (MO 1?2) (;) cr? 42 <1, (r s) (aO ;2) (;) < 82}, D.1)

=:x(r,s) =:y(r,s)

where u2, v2, a® and d? are given constants and the optimization is over (r, s). Here, we discuss

the solution in some detail; in particular, we provide explicit formulas for F (&2). Without loss of
generality assume u? > v2. Then, it is clear that F(¢2) < u? and F(s2) = u? for £2 > u?. Thus,

we are interested in what happens when &2 < u?.
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Fig. D.4. Top plots illustrate the set S as defined in (D.2), in various cases. The bottom plots are the corresponding
2 2
e“ > F(e%).

The problem is easily solved by drawing a picture. Let x (7, s) and y(r, s) be as denoted in the
last display. Consider the set

S = {(x(r, s), y(r, s)) rr4s?<1)
= {r’(?. a®) +5° (0%, d*) + ¢*0.0) : r* + 57 + ¢7 = 1}
= conv{(u?, a?), (v*,d?), (0, 0)}. (D.2)

That is, S is the convex hull of the three points (u2, az), (vz, d2) and the origin (0, 0).

Then, two (or maybe three) different pictures arise depending on whether a®> > d° (and

whether d? > v? or d? < v?) or a® < d?; see Fig. D.4. It follows that we have two (or three)

different pictures for the function &2 F (82). In particular, for a’? > d? and d? < 2,

2 &2 — 2

F(¢?) = v> min Pk 1t + @* —v*) max,0, pramprl £ (D.3)

for a® > d? and d? > v?, F(ez) = ¢2, and for a? < d2,
2

F(sz) = u? min 8—2 1
a

All the equations above are valid for F (€% € [0, u?].
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Appendix E. Details of the Fourier truncation example

Here we establish the claim that the bound (19) holds with equality. Recall that for the
(generalized) Fourier truncation operator T‘/f? , we have
o0

o0 n
2 2 2 2
= . <
RTW?(e) sup{kgldkak .kglak l,kglokozk <e }

Let « = (t&,sy), where t,s € R, & = (§1,...,&) € R,y = (y1,y2,...) € £ and
1§12 =1 = llyll2. Letu® = u?(€) := Y4_ oxé and v> = v (y) = Yo, o
Let us fix £ and y for now and try to optimize over ¢ and s. That is, we look at

IA

G(sz; Evy)= sup[tzu2 + 520212 52 <1, 2u? < 82].

This is an instance of the 2-by-2 problem (D.1), with a®> = u? and d> = 0. Note that our
assumption that u? > v? holds in this case, for all & and y, because {0y} is a nonincreasing
sequence. Hence, we have, for g2 < o1,

2 2
G(e?; & y)= V2 4+ (u? - v2)% = vz(y) + (1 - Z;(g)gz.

Now we can maximize G (¢2; £, y) over & and then y. Note that G is increasing in u?. Thus,
the maximum is achieved by selecting u> to be SUP|g =1 u*(&) = oy. Thus,

2

sup G(sz; & y)= <1 - 8—)1)2()/) + &2,
3 o1

For ¢? < o1, the above is increasing in v>. Hence the maximum is achieved by setting v? to be
2 2
SUP|y ||,=1 ¥ (y) = on+1- Hence, for ¢° < o

lof
Ry, (e) =supG(e% &) = [1— 2 )e? + 0,01 (E.1)
Vi £y o1

Appendix F. An quadratic inequality

In this appendix, we derive an inequality which will be used in the proof of Theorem 1.
Consider a positive semidefinite matrix M (possibly infinite-dimensional) partitioned as

A C

Assume that there exists ,02 € (0, 1) and k% > 0 such that

A c
(cT (1 —p2)D+K21> =0 D

Let (x, y) be a vector partitioned to match the block structure of M. Then we have the following.
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Lemma 5. Under (F.1), for all x and y,

ICZ

xTAx+2xTCcy +y' Dy > p>xT Ax — ||y||%. (F2)

1 —p2

Proof. By assumption (F.1), we have

1 — p2x
/ 1 A c vViTPe
1_ 2 T - T
< A e )(CT (1—p2)D+K21) ! 20 O &3

Writing (F.1) as a perturbation of the original matrix,

A C 0 0
<CT D> + (O _ %D +K21) >0, (F4)

we observe that a sufficient condition for (F.1) to hold is p2D < «2I. That is, it is sufficient to
have

pz)\max(D) < K2, (E5)

Rewriting (F.1) differently, as

(1—pHA 0 0’A C
( 0o (- pz)D) " (CT K21> =0 o

we find another sufficient condition for (F.1), namely, p2A —x2cCcT = 0. In particular, it is
also sufficient to have

K max(CCT) < p?hmin(A). (E7)
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