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In this supplement, we provide the proofs of our main results and their
corollaries in Section 7. The more technical arguments are deferred to the
appendices.

7. Proofs. Recall that we use ∆̂t := θt − θ̂ to denote the optimization
error, and ∆∗ = θ̂ − θ∗ to denote the statistical error. For future reference,
we point out a slight weakening of restricted strong convexity (RSC), useful
for obtaining parts of our results. As the proofs to follow reveal, it is only
necessary to enforce an RSC condition of the form

(47) TL(θt; θ̂) ≥
γℓ
2
‖θt − θ̂‖2 − τℓ(Ln) R2(θt − θ̂)− δ2,

which is milder than the original RSC condition (8), in that it applies only
to differences of the form θt − θ̂, and allows for additional slack δ. We make
use of this refined notion in the proofs of various results to follow.

With this relaxed RSC condition and the same RSM condition as before,
our proof shows that

‖θt+1 − θ̂‖2 ≤ κt ‖θ0 − θ̂‖2 + ǫ2(∆∗;M,M) + 2δ2/γu
1− κ

(48)

for all iterations t = 0, 1, 2, . . .. Note that this result reduces to the previous
statement when δ = 0. This extension of Theorem 1 is used in the proofs of
Corollaries 5 and 6.

We will assume without loss of generality that all the iterates lie in the
subset Ω′ of Ω. This can be ensured by augmenting the loss with the indi-
cator of Ω′ or equivalently performing projections on the set Ω′ ∩ BR(ρ) as
mentioned earlier.
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7.1. Proof of Theorem 1. Recall that Theorem 1 concerns the constrained
problem (1). The proof is based on two technical lemmas. The first lemma
guarantees that at each iteration t = 0, 1, 2, . . ., the optimization error
∆̂t = θt − θ̂ belongs to an interesting constraint set defined by the regu-
larizer.

Lemma 1. Let θ̂ be any optimum of the constrained problem (1) for

which R(θ̂) = ρ. Then for any iteration t = 1, 2, . . . and for any R-decomposable

subspace pair (M,M⊥
), the optimization error ∆̂t := θt− θ̂ satisfies the in-

equality

R(∆̂t) ≤ 2Ψ(M) ‖∆̂t‖+ 2R(ΠM⊥(θ∗)) + 2R(∆∗) + Ψ(M)‖∆∗‖.(49)

For future reference, we use S(M;M; θ∗) to denote the set of all ∆ ∈ Ω
for which the inequality (49) holds. The proof of this lemma, provided in
Appendix A.1, exploits the decomposability of the regularizer in an essential
way.

The structure of the set S(M;M; θ∗) takes a simpler form in the spe-
cial case when M is chosen to contain θ∗ and M = M. In this case, we
have R(ΠM⊥(θ∗)) = 0, and hence the optimization error ∆̂t satisfies the
inequality

R(∆̂t) ≤ 2Ψ(M)
{
‖∆̂t‖+ ‖∆∗‖

}
+ 2R(∆∗).(50)

An inequality of this type, when combined with the definitions of RSC/RSM,
allows us to establish the curvature conditions required to prove globally ge-
ometric rates of convergence.

We now state a second lemma under the more general RSC condition (47):

Lemma 2. Under the RSC condition (47) and RSM condition (10), for
all t = 0, 1, 2, . . ., we have

(51) γu 〈θt − θt+1, θt − θ̂〉

≥
{γu

2
‖θt−θt+1‖2−τu(Ln)R2(θt+1−θt)

}
+
{γℓ
2
‖θt−θ̂‖2−τℓ(Ln)R2(θt−θ̂)−δ2

}
.

The proof of this lemma, provided in Appendix A.2, follows along the
lines of the intermediate result within Theorem 2.2.8 of Nesterov [31], but
with some care required to handle the additional terms that arise in our
weakened forms of strong convexity and smoothness.
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Using these auxiliary results, let us now complete the the proof of Theo-
rem 1. We first note the elementary relation

‖θt+1 − θ̂‖2 = ‖θt − θ̂ − θt + θt+1‖2

= ‖θt − θ̂‖2 + ‖θt − θt+1‖2 − 2〈θt − θ̂, θt − θt+1〉.(52)

We now use Lemma 2 and the more general form of RSC (47) to control the
cross-term, thereby obtaining that ‖θt+1 − θ̂‖2 is upper bounded by

‖θt− θ̂‖2− γℓ
γu

‖θt− θ̂‖2+ 2τu(Ln)

γu
R2(θt+1−θt)+

2τℓ(Ln)

γu
R2(θt− θ̂)+

2δ2

γu

=
(
1− γℓ

γu

)
‖θt − θ̂‖2 + 2τu(Ln)

γu
R2(θt+1 − θt) +

2τℓ(Ln)

γu
R2(θt − θ̂) +

2δ2

γu
.

We now observe that by triangle inequality and the Cauchy-Schwarz in-
equality,

R2(θt+1 − θt) ≤
(
R(θt+1 − θ̂) +R(θ̂ − θt)

)2

≤ 2R2(θt+1 − θ̂) + 2R2(θt − θ̂).

Recalling the definition of the optimization error ∆̂t := θt − θ̂, we find that
‖∆̂t+1‖2 is upper bounded by

(
1− γℓ

γu

)
‖∆̂t‖2 + 4τu(Ln)

γu
R2(∆̂t+1) +

4τu(Ln) + 2τℓ(Ln)

γu
R2(∆̂t) +

2δ2

γu
.

(53)

We now apply Lemma 1 to control the terms involving R2. In terms of
squared quantities, the inequality (49) implies that

R2(∆̂t) ≤ 4Ψ2(M⊥) ‖∆̂t‖2 + 2ν2(∆∗;M,M) for all t = 0, 1, 2, . . .,

where we recall that Ψ2(M⊥
) is the subspace compatibility (12) and ν2(∆∗;M,M)

accumulates all the residual terms. Applying this bound twice—once for t
and once for t+ 1—and substituting into equation (53) yields that

{
1−16Ψ2(M⊥

)τu(Ln)

γu

}
‖∆t+1‖2 ≤

{
1− γℓ

γu
+
16Ψ2(M⊥)

(
τu(Ln) + τℓ(Ln)

)

γu

}
‖∆t‖2

+
16
(
τu(Ln) + τℓ(Ln)

)
ν2(∆∗;M,M)

γu
+

2δ2

γu
.
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34 A. AGARWAL AND S. NEGAHBAN AND M. J. WAINWRIGHT

Under the assumptions of Theorem 1, we are guaranteed that 16Ψ2(M⊥)τu(Ln)
γu

< 1/2,
and so we can re-arrange this inequality into the form

‖∆t+1‖2 ≤ κ ‖∆t‖2 + ǫ2(∆∗;M,M) +
2δ2

γu
(54)

where κ and ǫ2(∆∗;M,M) were previously defined in equations (21) and (22)
respectively. Iterating this recursion yields

‖∆t+1‖2 ≤ κt ‖∆0‖2+
(
ǫ2(∆∗;M,M) +

2δ2

γu

)( t∑

j=0

κj
)
.

The assumptions of Theorem 1 guarantee that κ ∈ (0, 1), so that summing
the geometric series yields the claim (24).

7.2. Proof of Theorem 2. The Lagrangian version of the optimization
program is based on solving the convex program (2), with the objective
function φ(θ) = Ln(θ) + λnR(θ). Our proof is based on analyzing the error
φ(θt)− φ(θ̂) as measured in terms of this objective function. It requires two
technical lemmas, both of which are stated in terms of a given tolerance
η > 0, and an integer T > 0 such that

φ(θt)− φ(θ̂) ≤ η for all t ≥ T .(55)

Our first technical lemma is analogous to Lemma 1, and restricts the opti-
mization error ∆̂t = θt − θ̂ to a cone-like set.

Lemma 3 (Iterated Cone Bound (ICB)). Let θ̂ be any optimum of the

regularized M -estimator (2). Under condition (55) with parameters (T, η),

for any iteration t ≥ T and for any R-decomposable subspace pair (M,M⊥
),

the optimization error ∆̂t := θt − θ̂ satisfies

R(∆̂t) ≤ 4Ψ(M)‖∆̂t‖+ 8Ψ(M)‖∆∗‖+ 8R(ΠM⊥(θ∗)) + 2min

(
η

λn
, ρ̄

)(56)

Our next lemma guarantees sufficient decrease of the objective value dif-
ference φ(θt) − φ(θ̂). Lemma 3 plays a crucial role in its proof. Recall the
definition (27) of the compound contraction coefficient κ(Ln;M), defined in
terms of the related quantities ξ(M) and β(M). Throughout the proof, we
drop the arguments of κ, ξ and β so as to ease notation.
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Lemma 4. Under the RSC (47) and RSM conditions (10), as well as

assumption (55) with parameters (η, T ), for all t ≥ T , we have

φ(θt)− φ(θ̂) ≤ κt−T (φ(θT )− φ(θ̂)) +
2

1− κ
ξ(M) β(M)(ε2 + ǭ2

stat
),

where ε := 2min(η/λn, ρ̄) and ǭstat := 8Ψ(M)‖∆∗‖+ 8R(ΠM⊥(θ∗)).

We are now in a position to prove our main theorem, in particular via a
recursive application of Lemma 4. At a high level, we divide the iterations
t = 0, 1, 2, . . . into a series of disjoint epochs [Tk, Tk+1) with

0 = T0 ≤ T1 ≤ T2 ≤ · · · .

Moreover, we define an associated sequence of tolerances η0 > η1 > · · · such
that at the end of epoch [Tk−1, Tk), the optimization error has been reduced
to ηk. Our analysis guarantees that φ(θt)−φ(θ̂) ≤ ηk for all t ≥ Tk, allowing
us to apply Lemma 4 with smaller and smaller values of η until it reduces
to the statistical error ǭstat.

At the first iteration, we have no a priori bound on the error η0 = φ(θ0)− φ(θ̂).
However, since Lemma 4 involves the quantity ε = min(η/λn, ρ̄), we may
still apply it1 at the first epoch with ε0 = ρ̄ and T0 = 0. In this way, we
conclude that for all t ≥ 0,

φ(θt)− φ(θ̂) ≤ κt(φ(θ0)− φ(θ̂)) +
2

1− κ
ξβ(ρ̄2 + ǭ2stat).

Now since the contraction coefficient κ ∈ (0, 1), for all iterations

t ≥ T1 := (⌈log(2 η0/η1)/ log(1/κ)⌉)+,

we are guaranteed that

φ(θt)− φ(θ̂) ≤ 4 ξβ

1− κ
(ρ̄2 + ǭ2stat)

︸ ︷︷ ︸
η1

≤ 8ξβ

1− κ
max(ρ̄2, ǭ2stat).

This same argument can now be applied in a recursive manner. Suppose
that for some k ≥ 1, we are given a pair (ηk, Tk) such that condition (55)
holds. An application of Lemma 4 yields the bound

φ(θt)− φ(θ̂) ≤ κt−Tk(φ(θTk)− φ(θ̂)) +
2 ξβ

1− κ
(ε2k + ǭ2stat) for all t ≥ Tk.

1It is for precisely this reason that our regularized M -estimator includes the additional
side-constraint defined in terms of ρ̄.
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We now define ηk+1 := 4 ξβ
1−κ(ε

2
k + ǭ2stat). Once again, since κ < 1 by as-

sumption, we can choose Tk+1 := ⌈log(2ηk/ηk+1)/ log(1/κ)⌉ + Tk, thereby
ensuring that for all t ≥ Tk+1, we have

φ(θt)− φ(θ̂) ≤ 8ξβ

1− κ
max(ε2k, ǭ

2
stat).

In this way, we arrive at recursive inequalities involving the tolerances {ηk}∞k=0

and time steps {Tk}∞k=0—namely

ηk+1 ≤
8 ξβ

1− κ
max(ε2k, ǭ

2
stat), where εk = 2 min{ηk/λn, ρ̄}, and(57a)

Tk ≤ k +
log(2kη0/ηk)

log(1/κ)
.(57b)

Now we claim that the recursion (57a) can be unwrapped so as to show that

ηk+1 ≤
ηk

42k−1
and

ηk+1

λn
≤ ρ̄

42k
for all k = 1, 2, . . ..(58)

Taking these statements as given for the moment, let us now show how
they can be used to upper bound the smallest k such that ηk ≤ δ2. If we
are in the first epoch, the claim of the theorem is straightforward from
equation (57a). If not, we first use the recursion (58) to upper bound the
number of epochs needed and then use the inequality (57b) to obtain the
stated result on the total number of iterations needed. Using the second
inequality in the recursion (58), we see that it is sufficient to ensure that
ρ̄λn

42
k−1

≤ δ2. Rearranging this inequality, we find that the error drops below

δ2 after at most

kδ ≥ log

(
log

(
ρ̄λn

δ2

)
/ log(4)

)
/ log(2) + 1 = log2 log2

(
ρ̄λn

δ2

)

epochs. Combining the above bound on kδ with the recursion 57b, we con-
clude that the inequality φ(θt) − φ(θ̂) ≤ δ2 is guaranteed to hold for all
iterations

t ≥ kδ

(
1 +

log 2

log(1/κ)

)
+

log η0
δ2

log(1/κ)
,

which is the desired result.

It remains to prove the recursion (58), which we do via induction on the
index k. We begin with base case k = 1. Recalling the setting of η1 and
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our assumption on λn in the theorem statement (30), we are guaranteed
that η1/λn ≤ ρ̄/4, so that ε1 ≤ ε0 = ρ̄. By applying equation (57a) with
ε1 = 2η1/λn and assuming ε1 ≥ ǭstat, we obtain

η2 ≤ 32ξβη21
(1− κ)λ2

n

(i)

≤ 32ξβρ̄η1
(1− κ)4λn

(ii)

≤ η1
4
,(59)

where step (i) uses the fact that η1
λn

≤ ρ̄
4 , and step (ii) uses the condition (30)

on λn. We have thus verified the first inequality (58) for k = 1. Turning to
the second inequality in the statement (58), using equation 59, we have

η2
λn

≤ η1
4λn

(iii)

≤ ρ̄

16
,

where step (iii) follows from the assumption (30) on λn. Turning to the
inductive step, we again assume that 2ηk/λn ≥ ǭstat and obtain from in-
equality (57a)

ηk+1 ≤
32ξβη2k

(1− κ)λ2
n

(iv)

≤ 32ξβηkρ̄

(1− κ)λn42
k−1

(v)

≤ ηk

42k−1
.

Here step (iv) uses the second inequality of the inductive hypothesis (58)
and step (v) is a consequence of the condition on λn as before. The second
part of the induction is similarly established, completing the proof.

7.3. Proof of Corollary 1. In order to prove this claim, we must show
that ǫ2(∆∗;M,M), as defined in equation (22), is of order lower than
E[‖θ̂ − θ∗‖2] = E[‖∆∗‖2]. We make use of the following lemma, proved in
Appendix C:

Lemma 5. If ρ ≤ R(θ∗), then for any solution θ̂ of the constrained

problem (1) and any R-decomposable subspace pair (M,M⊥), the statistical

error ∆∗ = θ̂ − θ∗ satisfies the inequality

R(∆∗) ≤ 2Ψ(M⊥)‖∆∗‖+R(ΠM⊥(θ∗)).(60)

Using this lemma, we can complete the proof of Corollary 1. Recalling
the form (22), under the condition θ∗ ∈ M, we have

ǫ2(∆∗;M,M) :=
32
(
τu(Ln) + τℓ(Ln)

) (
2R(∆∗) + Ψ(M⊥)‖∆∗‖

)2

γu
.

Using the assumption (τu(Ln)+τℓ(Ln))Ψ2(M⊥)
γu

= o(1), it suffices to show that

R(∆∗) ≤ 2Ψ(M⊥)‖∆∗‖. Since Corollary 1 assumes that θ∗ ∈ M and hence
that ΠM⊥(θ∗) = 0, Lemma 5 implies that R(∆∗) ≤ 2Ψ(M⊥)‖∆∗‖, as re-
quired.
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7.4. Proofs of Corollaries 2 and 3. The central challenge in proving this
result is verifying that suitable forms of the RSC and RSM conditions hold
with sufficiently small parameters τℓ(Ln) and τu(Ln).

Lemma 6. Define the maximum variance ζ(Σ) := max
j=1,2,...,d

Σjj. Under

the conditions of Corollary 2, there are universal positive constants (c0, c1)
such that for all ∆ ∈ R

d, we have

‖X∆‖22
n

≥ 1

2
‖Σ1/2∆‖22 − c1ζ(Σ)

log d

n
‖∆‖21, and(61a)

‖X∆‖22
n

≤ 2‖Σ1/2∆‖22 + c1ζ(Σ)
log d

n
‖∆‖21,(61b)

with probability at least 1− exp(−c0 n).

Note that this lemma implies that the RSC and RSM conditions both hold
with high probability, in particular with parameters

γℓ =
1

2
σmin(Σ), and τℓ(Ln) = c1ζ(Σ)

log d

n
, for RSC, and

γu = 2σmax(Σ) and τu(Ln) = c1ζ(Σ)
log d

n
for RSM.

This lemma has been proved by Raskutti et al. [34] for obtaining minimax
rates in sparse linear regression.

Let us first prove Corollary 2 in the special case of hard sparsity (q = 0), in
which θ∗ is supported on a subset S of cardinality s. Let us define the model
subspace M :=

{
θ ∈ R

d | θj = 0 for all j /∈ S
}
, so that θ∗ ∈ M. Recall

from Section 2.4.1 that the ℓ1-norm is decomposable with respect to M and
M⊥; as a consequence, we may also set M⊥ = M in the definitions (21)
and (22). By definition (12) of the subspace compatibility between with ℓ1-
norm as the regularizer, and ℓ2-norm as the error norm, we have Ψ2(M) =
s. Using the settings of τℓ(Ln) and τu(Ln) guaranteed by Lemma 6 and
substituting into equation (21), we obtain a contraction coefficient

κ(Σ) :=
{
1− σmin(Σ)

4σmax(Σ)
+ χn(Σ)

} {
1− χn(Σ)

}−1
,(62)

where χn(Σ) := c2ζ(Σ)
σmax(Σ)

s log d
n for some universal constant c2. A similar

calculation shows that the tolerance term takes the form

ǫ2(∆∗;M,M) ≤ c3 χn(Σ)
{‖∆∗‖21

s
+ ‖∆∗‖22

}
for some constant c3.
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Since ρ ≤ ‖θ∗‖1, then Lemma 5 (as exploited in the proof of Corollary 1)
shows that ‖∆∗‖21 ≤ 4s‖∆∗‖22, and hence that ǫ2(∆∗;M,M) ≤ c3 χn(Σ) ‖∆∗‖22.
This completes the proof of the claim (36) for q = 0.

We now turn to the case q ∈ (0, 1], for which we bound the term ǫ2(∆∗;M,M)

using a slightly different choice of the subspace pair M and M⊥
. For a trun-

cation level µ > 0 to be chosen, define the set

Sµ :=
{
j ∈ {1, 2, . . . , d} | |θ∗j | > µ

}
,

as well as the associated subspaces M = M(Sµ) and M⊥
= M⊥(Sµ). By

combining Lemma 5 and the definition (22) of ǫ2(∆∗;M,M), for any pair
(M(Sµ),M⊥(Sµ)), we have

ǫ2(∆∗;M,M⊥) ≤ c ζ(Σ)

σmax(Σ)

log d

n

(
‖ΠM⊥(θ∗)‖1 +

√
|Sµ| ‖∆∗‖2

)2
,

where to simplify notation, we have omitted the dependence of M and M⊥

on Sµ. We now choose the threshold µ optimally, so as to trade-off the
term ‖ΠM⊥(θ∗)‖1, which decreases as µ increases, with the term

√
Sµ‖∆∗‖2,

which increases as µ increases.
By definition of M⊥(Sµ), we have

‖ΠM⊥(θ∗)‖1 =
∑

j /∈Sµ

|θ∗j | = µ
∑

j /∈Sµ

|θ∗j |
µ

≤ µ
∑

j /∈Sµ

( |θ∗j |
µ

)q

,

where the inequality holds since |θ∗j | ≤ µ for all j /∈ Sµ. Now since θ∗ ∈
Bq(Rq), we conclude that

‖ΠM⊥(θ∗)‖1 ≤ µ1−q
∑

j /∈Sµ

|θ∗j |q ≤ µ1−qRq.(63)

On the other hand, again using the inclusion θ∗ ∈ Bq(Rq), we have

Rq ≥
∑

j∈Sµ

|θ∗j |q ≥ |Sµ|µq,

which implies that |Sµ| ≤ µ−qRq. By combining this bound with inequal-
ity (63), we obtain the upper bound

ǫ2(∆∗;M,M⊥) ≤ c ζ(Σ)

σmax(Σ)

log d

n

(
µ2−2qR2

q + µ−qRq‖∆∗‖22
)

=
c ζ(Σ)

σmax(Σ)

log d

n
µ−qRq

(
µ2−qRq + ‖∆∗‖22

)
.
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Setting µ2 = log d
n then yields

ǫ2(∆∗;M,M⊥) ≤ χn(Σ)

{
Rq

( log d
n

)1−q/2
+ ‖∆∗‖22

}
,

where χn(Σ) :=
cζ(Σ)

σmax(Σ)Rq

( log d
n

)1−q/2
.

Finally, let us verify the stated form of the contraction coefficient. For the
given subspace M⊥ = M(Sµ) and choice of µ, we have Ψ2(M⊥) = |Sµ| ≤
µ−qRq. From Lemma 6, we have

16Ψ2(M⊥)
τℓ(Ln) + τu(Ln)

γu
≤ χn(Σ),

and hence, by definition (21) of the contraction coefficient,

κ ≤
{
1− γℓ

2γu
+ χn(Σ)

} {
1− χn(Σ)

}−1
.

For proving Corollary 3, we observe that the stated settings γℓ, χn(Σ)
and κ follow directly from Lemma 6. The bound for condition 2(a) follows
from a standard argument about the suprema of d independent Gaussians
with variance ν.

7.5. Proof of Corollary 4. This proof is analogous to that of Corollary 2,
but appropriately adapted to the matrix setting. We first state a lemma that
allows us to establish appropriate forms of the RSC/RSM conditions. Recall
that we are studying an instance of matrix regression with random design,
where the vectorized form vec(X) of each matrix is drawn from a N(0,Σ)
distribution, where Σ ∈ R

d2×d2 is some covariance matrix. In order to state
this result, let us define the quantity

ζmat(Σ) := sup
‖u‖2=1, ‖v‖2=1

var(uTXv), where vec(X) ∼ N(0,Σ).(64)

Lemma 7. Under the conditions of Corollary 4, there are universal pos-

itive constants (c0, c1) such that

‖Xn(∆)‖22
n

≥ 1

2
σmin(Σ) |||∆|||2F − c1ζmat(Σ)

d

n
|||∆|||21, and

(65a)

‖Xn(∆)‖22
n

≤ 2σmax(Σ) |||∆|||2F − c1 ζmat(Σ)
d

n
|||∆|||21, for all ∆ ∈ R

d×d.

(65b)

with probability at least 1− exp(−c0 n).
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Given the quadratic nature of the least-squares loss, the bound (65a) implies
that the RSC condition holds with γℓ =

1
2σmin(Σ) and τℓ(Ln) = c1ζmat(Σ)

d
n ,

whereas the bound (65b) implies that the RSM condition holds with γu =
2σmax(Σ) and τu(Ln) = c1ζmat(Σ)

d
n .

We now prove Corollary 4 in the special case of exactly low rank matrices
(q = 0), in which Θ∗ has some rank r ≤ d. Given the singular value decom-
position Θ∗ = UDV T , let U r and V r be the d× r matrices whose columns
correspond to the r non-zero (left and right, respectively) singular vectors
of Θ∗. As in Section 2.4.2, define the subspace of matrices

M(U r, V r) :=
{
Θ ∈ R

d×d | col(Θ) ⊆ U r and row(Θ) ⊆ V r
}
,(66)

as well as the associated set M⊥
(U r, V r). Note that Θ∗ ∈ M by construc-

tion, and moreover (as discussed in Section 2.4.2, the nuclear norm is de-

composable with respect to the pair (M,M⊥
).

By definition (12) of the subspace compatibility with nuclear norm as
the regularizer and Frobenius norm as the error norm, we have Ψ2(M) =
r. Using the settings of τℓ(Ln) and τu(Ln) guaranteed by Lemma 7 and
substituting into equation (21), we obtain a contraction coefficient

κ(Σ) :=
{
1− σmin(Σ)

4σmax(Σ)
+ χn(Σ)

} {
1− χn(Σ)

}−1
,(67)

where χn(Σ) :=
c2ζmat(Σ)
σmax(Σ)

rd
n for some universal constant c2. A similar calcu-

lation shows that the tolerance term takes the form

ǫ2(∆∗;M,M) ≤ c3 χn(Σ)
{ |||∆∗|||21

r
+ |||∆∗|||2F

}
for some constant c3.

Since ρ ≤ |||Θ∗|||1 by assumption, Lemma 5 (as exploited in the proof of
Corollary 1) shows that |||∆∗|||21 ≤ 4r|||∆∗|||2F , and hence that

ǫ2(∆∗;M,M) ≤ c3 χn(Σ) |||∆∗|||2F ,

which show the claim (42) for q = 0.
We now turn to the case q ∈ (0, 1]; as in the proof of this case for Corol-

lary 2, we bound ǫ2(∆∗;M,M) using a slightly different choice of the sub-
space pair. Recall our notation σ1(Θ

∗) ≥ σ2(Θ
∗) ≥ · · · ≥ σd(Θ

∗) ≥ 0 for
the ordered singular values of Θ∗. For a threshold µ to be chosen, define
Sµ =

{
j ∈ {1, 2, . . . , d} | σj(Θ

∗) > µ
}
, and U(Sµ) ∈ R

d×|Sµ| be the ma-
trix of left singular vectors indexed by Sµ, with the matrix V (Sµ) defined
similarly. We then define the subspace M(Sµ) := M(U(Sµ), V (Sµ)) in an

analogous fashion to equation (66), as well as the subspace M⊥
(Sµ).
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Now by a combination of Lemma 5 and the definition (22) of ǫ2(∆∗;M,M),

for any pair (M(Sµ),M⊥
(Sµ)), we have

ǫ2(∆∗;M,M⊥
) ≤ c ζmat(Σ)

σmax(Σ)

d

n

( ∑

j /∈Sµ

σj(Θ
∗) +

√
|Sµ| |||∆∗|||F

)2
,

where to simplify notation, we have omitted the dependence of M and
M⊥ on Sµ. As in the proof of Corollary 2, we now choose the threshold
µ optimally, so as to trade-off the term

∑
j /∈Sµ

σj(Θ
∗) with its competitor√

|Sµ| |||∆∗|||F . Exploiting the fact that Θ∗ ∈ Bq(Rq) and following the same
steps as the proof of Corollary 2 yields the bound

ǫ2(∆∗;M,M⊥
) ≤ c ζmat(Σ)

σmax(Σ)

d

n

(
µ2−2qR2

q + µ−qRq|||∆∗|||2F
)
.

Setting µ2 = d
n then yields

ǫ2(∆∗;M,M⊥
) ≤ χn(Σ)

{
Rq

(d
n

)1−q/2
+ |||∆∗|||2F

}
,

as claimed. The stated form of the contraction coefficient can be verified by
a calculation analogous to the proof of Corollary 2.

7.6. Proof of Corollary 5. In this case, we let Xn : Rd×d → R
n be the

operator defined by the model of random signed matrix sampling [30]. As
previously argued, establishing the RSM/RSC property amounts to obtain-

ing a form of uniform control over
‖Xn(Θ)‖2

2

n . More specifically, from the proof
of Theorem 1, we see that it suffices to have a form of RSC for the difference
∆̂t = Θt− Θ̂, and a form of RSM for the difference Θt+1−Θt. The following
two lemmas summarize these claims:

Lemma 8. There is a constant c such that for all iterations t = 0, 1, 2, . . .
and integers r = 1, 2, . . . , d− 1, with probability at least 1− exp(−d log d),

‖Xn(∆̂
t)‖22

n
≥ 1

2
|||∆̂t|||2F − cα

√
r d log d

n

{∑d
j=r+1 σj(Θ

∗)
√
r

+ α

√
rd log d

n
+ |||∆∗|||F

}

︸ ︷︷ ︸
δℓ(r)

.

(68)

Lemma 9. There is a constant c such that for all iterations t = 0, 1, 2, . . .
and integers r = 1, 2, . . . , d− 1, with probability at least 1−exp(−d log d), the
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difference Γt := Θt+1−Θt satisfies the inequality
‖Xn(Γt)‖2

2

n ≤ 2|||Γt|||2F +δu(r),
where

δu(r) := cα

√
rd log d

n

{∑d
j=r+1 σj(Θ

∗)
√
r

+ α

√
rd log d

n
+ |||∆∗|||F + |||∆̂t|||F + |||∆̂t+1|||F

}
.

We can now complete the proof of Corollary 5 by a minor modification
of the proof of Theorem 1. Recalling the elementary relation (52), we have

|||Θt+1 − Θ̂|||2F = |||Θt − Θ̂|||2F + |||Θt −Θt+1|||2F − 2〈〈Θt − Θ̂, Θt −Θt+1〉〉.

From the proof of Lemma 2, we see that the combination of Lemma 8 and 9
(with γℓ =

1
2 and γu = 2) imply that

2〈〈Θt −Θt+1, Θt − Θ̂〉〉 ≥ |||Θt −Θt+1|||2F +
1

4
|||Θt − Θ̂|||2F − δu(r)− δℓ(r)

and hence that

|||∆̂t+1|||2F ≤ 3

4
|||∆̂t|||2F + δℓ(r) + δu(r).

We substitute the forms of δℓ(r) and δu(r) given in Lemmas 8 and 9 respec-
tively; performing some algebra then yields

{
1−

c α
√

rd log d
n

|||∆̂t+1|||F

}
|||∆̂t+1|||2F ≤

{3

4
+

cα
√

rd log d
n

|||∆̂t|||F

}
|||∆̂t|||2F + c′ δℓ(r).

Consequently, as long as min{|||∆̂t|||2F , |||∆̂t+1|||2F } ≥ c3α
rd log d

n for a suffi-
ciently large constant c3, we are guaranteed the existence of some κt ∈ (0, 1)
decreasing with t such that

|||∆̂t+1|||2F ≤ κt|||∆̂t|||2F + c′δℓ(r).(69)

Since δℓ(r) = Ω( rd log dn ), this inequality (69) is valid for all t = 0, 1, 2, . . . as
long as c′ is sufficiently large. Now iterating this bound, we see that

|||∆̂t+1|||2F ≤
( t∏

s=1

κs

)
|||∆̂0|||2F + c′ δℓ(r)

(
κt + κtκt−1 + · · ·+

t∏

s=2

κs

)
.
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Since κt is decreasing in t, we observe that the second term in the above
bound is at most

c′ δℓ(r)

(
κt + κtκt−1 + · · ·+

t∏

s=2

κs

)
≤ c′ δℓ(r)

(
κ1 + κ21 + κt−1

1

)
≤ c′

δℓ(r)

1− κ1
.

We also define κ̄t = (
∑t

s=1 κt)/t. Then the arithmetic mean-geometric mean
inequality yields the upper bound

∏t
s=1 κs ≤ κ̄tt. Combining this with our

earlier upper bound further yields the inequality

|||∆̂t+1|||2F ≤ κ̄tt|||∆̂0|||2F +
c′

1− κ1
δℓ(r).(70)

It remains to choose the cut-off r ∈ {1, 2, . . . , d − 1} so as to minimize
the term δℓ(r). In particular, when Θ∗ ∈ Bq(Rq), then as shown in the

paper [29], the optimal choice is r ≍ α−qRq

(
n

d log d

)q/2
. Substituting into the

inequality (70) and performing some algebra yields that there is a universal
constant c4 such that the bound

|||∆̂t+1|||2F ≤ κ̄t|||∆̂0|||2F

+
c4

1− κ1

{
Rq

(αd log d
n

)1−q/2
+

√
Rq

(αd log d
n

)1−q/2 |||∆∗|||F
}
.

holds. Now by the Cauchy-Schwarz inequality we have

√
Rq

(αd log d
n

)1−q/2 |||∆∗|||F ≤ 1

2
Rq

(αd log d
n

)1−q/2
+

1

2
|||∆∗|||2F ,

and the claimed inequality (44) follows.

7.7. Proof of Corollary 6. Again the main argument in the proof would
be to establish the RSM and RSC properties for the decomposition problem.
We define ∆̂t

Θ = Θt−Θ̂ and ∆̂t
Γ = Γt−Γ̂. We start with giving a lemma that

establishes RSC for the differences (∆̂t
Θ, ∆̂

t
Γ). We recall that just like noted

in the previous section, it suffices to show RSC only for these differences.
Showing RSC/RSM in this example amounts to analyzing |||∆̂t

Θ+∆̂t
Γ|||2F . We

recall that this section assumes that Γ∗ has only s non-zero columns.

Lemma 10. There is a constant c such that for all iterations t = 0, 1, 2, . . . ,

(71) |||∆̂t
Θ +∆̂t

Γ|||2F ≥ 1

2

(
|||∆̂t

Θ|||2F + |||∆̂t
Γ|||2F

)
− cα

√
s

d2

(
|||Γ̂−Γ∗|||F +α

√
s

d2

)
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This proof of this lemma follows by a straightforward modification of anal-
ogous results in the paper [1].

Matrix decomposition has the interesting property that the RSC condition
holds in a deterministic sense (as opposed to with high probability). The
same deterministic guarantee holds for the RSM condition; indeed, we have

|||∆̂t
∆ + ∆̂t

Γ|||2F ≤ 2
(
|||∆̂t

Θ|||2F + |||∆̂t
Γ|||2F

)
,(72)

by Cauchy-Schwartz inequality. Now we appeal to the more general form of
Theorem 1 as stated in Equation 48, which gives

|||∆̂t+1
Θ |||2F + |||∆̂t+1

Γ |||2F ≤
(
3

4

)t (
|||∆̂0

Θ|||2F + |||∆̂0
Γ|||2F

)
+c

√
αs

d2

(
|||Γ̂−Γ∗|||F +

αs

d2

)
.

The stated form of the corollary follows by an application of Cauchy-Schwarz
inequality.

APPENDIX A: AUXILIARY RESULTS FOR THEOREM 1

In this appendix, we provide the proofs of various auxiliary lemmas re-
quired in the proof of Theorem 1.

A.1. Proof of Lemma 1. Since θt and θ̂ are both feasible and θ̂ lies
on the constraint boundary, we have R(θt) ≤ R(θ̂). Since R(θ̂) ≤ R(θ∗) +
R(θ̂ − θ∗) by triangle inequality, we conclude that

R(θt) ≤ R(θ∗) +R(∆∗).

Since θ∗ = ΠM(θ∗) + ΠM⊥(θ∗), a second application of triangle inequality
yields

R(θt) ≤ R(ΠM(θ∗)) +R(ΠM⊥(θ∗)) +R(∆∗).(73)

Now define the difference ∆t := θt − θ∗. (Note that this is slightly different
from ∆̂t, which is measured relative to the optimum θ̂.) With this notation,
we have

R(θt) = R
(
ΠM(θ∗) + ΠM⊥(θ∗) + ΠM̄(∆t) + ΠM̄⊥(∆t)

)

(i)

≥ R
(
ΠM(θ∗) + ΠM̄⊥(∆t)

)
−R

(
ΠM⊥(θ∗) + ΠM̄(∆t)

)

(ii)

≥ R
(
ΠM(θ∗) + ΠM̄⊥(∆t)

)
−R(ΠM⊥(θ∗))−R(ΠM̄(∆t)),
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where steps (i) and (ii) each use the triangle inequality. Now by the de-
composability condition, we have R

(
ΠM(θ∗) + ΠM̄⊥(∆t)

)
= R(ΠM(θ∗)) +

R(ΠM̄⊥(∆t)), so that we have shown that

R(ΠM(θ∗)) +R(ΠM̄⊥(∆t))−R(ΠM⊥(θ∗))−R(ΠM̄(∆t)) ≤ R(θt).

Combining this inequality with the earlier bound (73) yields

R(ΠM(θ∗)) +R(ΠM̄⊥(∆t))−R(ΠM⊥(θ∗))−R(ΠM̄(∆t)) ≤
R(ΠM(θ∗)) +R(ΠM⊥(θ∗)) +R(∆∗).

Some algebra then leads to

R(ΠM̄⊥(∆t)) ≤ R(ΠM̄(∆t)) + 2R(ΠM⊥(θ∗)) +R(∆∗).(74)

The final step is to translate this inequality into one that applies to
the optimization error ∆̂t = θt − θ̂. Recalling that ∆∗ = θ̂ − θ∗, we have
∆̂t = ∆t −∆∗, and hence

R(∆̂t) ≤ R(∆t) +R(∆∗), by triangle inequality.(75)

In addition, we have

R(∆t) ≤ R(ΠM̄⊥(∆t)) +R(ΠM̄(∆t))
(i)

≤ 2R(ΠM̄(∆t)) + 2R(ΠM⊥(θ∗)) +R(∆∗)

(ii)

≤ 2Ψ(M⊥)‖ΠM̄(∆t)‖+ 2R(ΠM⊥(θ∗)) +R(∆∗),

where inequality (i) uses the bound (74), and inequality (ii) uses the def-
inition (12) of the subspace compatibility Ψ. Combining with the inequal-
ity (75) yields

R(∆̂t) ≤ 2Ψ(M⊥)‖ΠM̄(∆t)‖+ 2R(ΠM⊥(θ∗)) + 2R(∆∗).

Since projection onto a subspace is non-expansive, we have ‖ΠM̄(∆t)‖ ≤
‖∆t‖, and hence

‖ΠM̄(∆t)‖ ≤ ‖∆̂t +∆∗‖ ≤ ‖∆̂t‖+ ‖∆∗‖.

Combining the pieces, we obtain the claim (49).

imsart-aos ver. 2007/12/10 file: AOS_aossupp.tex date: July 25, 2012



SUPPLEMENT: FAST GLOBAL CONVERGENCE OF GRADIENT METHODS 47

A.2. Proof of Lemma 2. We start by applying the RSC assumption
to the pair θ̂ and θt, thereby obtaining that Ln(θ̂) − γℓ

2 ‖θ̂ − θt‖2 is lower
bounded by

(76) Ln(θ
t) + 〈∇Ln(θ

t), θ̂ − θt〉 − τℓ(Ln)R2(θt − θ̂)

= Ln(θ
t)+ 〈∇Ln(θ

t), θt+1− θt〉+ 〈∇Ln(θ
t), θ̂− θt+1〉− τℓ(Ln)R2(θt− θ̂),

where we have added and subtracted terms. Now for compactness in nota-
tion, define

ϕt(θ) := Ln(θ
t) +

〈
∇Ln(θ

t), θ − θt
〉
+

γu
2
‖θ − θt‖2,

and note that by definition of the algorithm, the iterate θt+1 minimizes ϕt(θ)
over the ball BR(ρ). Moreover, since θ̂ is feasible, the first-order conditions
for optimality imply that 〈∇ϕt(θ

t+1), θ̂ − θt+1〉 ≥ 0, or equivalently that
〈∇Ln(θ

t) + γu(θ
t+1 − θt), θ̂ − θt+1〉 ≥ 0. Applying this inequality to the

lower bound (76), we find that Ln(θ̂)− γℓ
2 ‖θ̂ − θt‖2 is lower bounded by

Ln(θ
t) + 〈∇Ln(θ

t), θt+1 − θt〉+ γu〈θt − θt+1, θ̂− θt+1〉 − τℓ(Ln)R2(θt − θ̂)

= ϕt(θ
t+1)− γu

2
‖θt+1 − θt‖2 + γu〈θt − θt+1, θ̂− θt+1〉 − τℓ(Ln)R2(θt − θ̂)

Thus, by adding and subtracting θt+1 in the inner product, we see that

(77) Ln(θ̂)−
γℓ
2
‖θ̂ − θt‖2

≥ ϕt(θ
t+1) +

γu
2
‖θt+1 − θt‖2 + γu〈θt − θt+1, θ̂ − θt〉 − τℓ(Ln)R2(θt − θ̂).

Now by the RSM condition, we have

ϕt(θ
t+1) ≥ Ln(θ

t+1)− τu(Ln)R2(θt+1 − θt)
(a)

≥ Ln(θ̂)− τu(Ln)R2(θt+1 − θt),

(78)

where inequality (a) follows by the optimality of θ̂, and feasibility of θt+1.
Combining this inequality with the previous bound (77) yields that Ln(θ̂)−
γℓ
2 ‖θ̂ − θt‖2 is lower bounded by

Ln(θ̂)−
γu
2
‖θt+1 − θt‖2 + γu〈θt − θt+1, θ̂ − θt〉

− τℓ(Ln)R2(θt − θ̂)− τu(Ln)R2(θt+1 − θt),

and the claim (51) follows after some simple algebraic manipulations.
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APPENDIX B: AUXILIARY RESULTS FOR THEOREM 2

In this appendix, we prove the two auxiliary lemmas required in the proof
of Theorem 2.

B.1. Proof of Lemma 3. This result is a generalization of an anal-
ogous result in Negahban et al. [28], with some changes required so as to
adapt the statement to the optimization setting. Let θ be any vector, feasible
for the problem (2), that satisfies the bound

φ(θ) ≤ φ(θ∗) + η,(79)

and assume that λn ≥ 2R∗(∇Ln(θ
∗)). We then claim that the error vector

∆ := θ − θ∗ satisfies the inequality

R(ΠM̄⊥(∆)) ≤ 3R(ΠM̄(∆)) + 4R(ΠM⊥(θ∗)) + 2min
{ η

λn
, ρ̄
}
.(80)

For the moment, we take this claim as given, returning later to verify its
validity.

By applying this intermediate claim (80) in two different ways, we can
complete the proof of Lemma 3. First, we observe that when θ = θ̂, the
optimality of θ̂ and feasibility of θ∗ imply that assumption (79) holds with
η = 0, and hence the intermediate claim (80) implies that the statistical
error ∆∗ = θ∗ − θ̂ satisfies the bound

R(ΠM̄⊥(∆∗)) ≤ 3R(ΠM̄(∆∗)) + 4R(ΠM⊥(θ∗)).(81)

Since ∆∗ = ΠM̄(∆∗) + ΠM̄⊥(∆∗), we can write

R(∆∗) = R(ΠM̄(∆∗) + ΠM̄⊥(∆∗)) ≤ 4R(ΠM̄(∆∗)) + 4R(ΠM⊥(θ∗)),
(82)

using the triangle inequality in conjunction with our earlier bound (81).
Similarly, when θ = θt for some t ≥ T , then the given assumptions imply
that condition (79) holds with η > 0, so that the intermediate claim (fol-
lowed by the same argument with triangle inequality) implies that the error
∆t = θt − θ∗ satisfies the bound

R(∆t) ≤ 4R(ΠM̄(∆t)) + 4R(ΠM⊥(θ∗)) + 2min
{ η

λn
, ρ̄
}
.(83)

Now let ∆̂t = θt − θ̂ be the optimization error at time t, and observe
that we have the decomposition ∆̂t = ∆t + ∆∗. Consequently, by triangle
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inequality

R(∆̂t) ≤ R(∆t) +R(∆∗)

(i)

≤ 4
{
R(ΠM̄(∆t)) +R(ΠM̄(∆∗))

}
+ 8R(ΠM⊥(θ∗)) + 2min

{ η

λn
, ρ̄

}

(ii)

≤ 4Ψ(M)
{
‖ΠM̄(∆t)‖+ ‖ΠM̄(∆∗)‖

}
+ 8R(ΠM⊥(θ∗)) + 2min

{ η

λn
, ρ̄

}
(84)

where step (i) follows by applying both equation (82) and (83), step (ii)
follows from the definition (12) of the subspace compatibility that relates
the regularizer to the norm ‖ · ‖. Since projection onto a subspace is non-
expansive, we thus obtain

R(∆̂t) ≤ 4Ψ(M)
{
‖∆t‖+ ‖∆∗‖

}
+ 8R(ΠM⊥(θ∗)) + 2min

{ η

λn
, ρ̄

}
,(85)

Finally, since ∆t = ∆̂t − ∆∗, the triangle inequality implies that ‖∆t‖ ≤
‖∆̂t‖+ ‖∆∗‖. Substituting this upper bound into inequality (85) completes
the proof of Lemma 3.

It remains to prove the intermediate claim (80). Letting θ be any vector,
feasible for the program (2), and satisfying the condition (79), and let ∆ =
θ− θ∗ be the associated error vector. Re-writing the condition (79), we have

Ln(θ
∗ +∆) + λnR(θ∗ +∆) ≤ Ln(θ

∗) + λnR(θ∗) + η.

Subtracting
〈
∇Ln(θ

∗), ∆
〉
from each side and then re-arranging yields the

inequality

Ln(θ
∗ +∆)− Ln(θ

∗)−
〈
∇Ln(θ

∗), ∆
〉
+ λn

{
R(θ∗ +∆)−R(θ∗)

}

≤ −
〈
∇Ln(θ

∗), ∆
〉
+ η.

The convexity of Ln then implies that

Ln(θ
∗ +∆)− Ln(θ

∗)−
〈
∇Ln(θ

∗), ∆
〉
≥ 0,

and hence that

λn

{
R(θ∗ +∆)−R(θ∗)

}
≤ −

〈
∇Ln(θ

∗), ∆
〉
+ η.
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Applying Hölder’s inequality to
〈
∇Ln(θ

∗), ∆
〉
, as expressed in terms of

the dual norms R and R∗, yields the upper bound

λn

{
R(θ∗ +∆)−R(θ∗)

}
≤ R∗(∇Ln(θ

∗)) R(∆) + η
(i)

≤ λn

2
R(∆) + η,

where step (i) uses the fact that λn ≥ 2R∗(∇Ln(θ
∗)) by assumption.

For the remainder of the proof, let us introduce the convenient shorthand
∆M̄ := ΠM̄(∆) and ∆M̄⊥ := ΠM̄⊥(∆), with similar shorthand for projec-
tions involving θ∗. Making note of the decomposition ∆ = ∆M̄ +∆M̄⊥ , an
application of triangle inequality then yields the upper bound

R(θ∗ +∆)−R(θ∗) ≤ 1

2

{
R(∆M̄) +R(∆M̄⊥)

}
+

η

λn
,(86)

where we have rescaled both sides by λn > 0.
It remains to further lower bound the left-hand side (86). By triangle

inequality, we have

−R(θ∗) ≥ −R(θ∗M)−R(θ∗M⊥).(87)

Let us now write θ∗+∆ = θ∗M+θ∗
M⊥+∆M̄+∆M̄⊥ . Using this representation

and triangle inequality, we have

R(θ∗ +∆) ≥ R(θ∗M +∆M̄⊥)−R(θ∗M⊥ +∆M̄)

≥ R(θ∗M +∆M̄⊥)−R(θ∗M⊥)−R(∆M̄).

Finally, since θ∗M ∈ M and ∆M̄⊥ ∈ M⊥
, the decomposability of R implies

that R(θ∗M +∆M̄⊥) = R(θ∗M) +R(∆M̄⊥), and hence that

R(θ∗ +∆) ≥ R(θ∗M) +R(∆M̄⊥)−R(θ∗M⊥)−R(∆M̄).(88)

Adding together equations (87) and (88), we obtain the lower bound

R(θ∗ +∆)−R(θ∗) ≥ R(∆M̄⊥)− 2R(θ∗M⊥)−R(∆M̄).(89)

Combining this lower bound with the earlier inequality (86), some algebra
yields the bound

R(∆M̄⊥) ≤ 3R(∆M̄) + 4R(θ∗M⊥) + 2
η

λn
,

corresponding to the bound (80) when η/λn achieves the final minimum.
To obtain the final term involving ρ̄ in the bound (80), two applications of
triangle inequality yields

R(∆M̄⊥) ≤ R(∆M̄) +R(∆) ≤ R(∆M̄) + 2ρ̄,

where we have used the fact that R(∆) ≤ R(θ) +R(θ∗) ≤ 2ρ̄, since both θ
and θ∗ are feasible for the program (2).
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B.2. Proof of Lemma 4. The proof of this result follows lines similar
to the proof of convergence by Nesterov [32]. Recall our notation φ(θ) =
Ln(θ) + λnR(θ), ∆̂t = θt − θ̂, and that ηtφ = φ(θt) − φ(θ̂). We begin by
proving that under the stated conditions, a useful version of restricted strong
convexity (47) is in force:

Lemma 11. Under the assumptions of Lemma 4, we are guaranteed that

{γℓ
2

− 32τℓ(Ln)Ψ
2(M)

}
‖∆̂t‖2 ≤ 2τℓ(Ln) v

2 + φ(θt)− φ(θ̂), and(90a)

{γℓ
2

− 32τℓ(Ln)Ψ
2(M)

}
‖∆̂t‖2 ≤ 2 τℓ(Ln) v

2 + TL(θ̂; θt),(90b)

where v := ǭstat + 2min( η
λn

, ρ̄).

See Appendix B.3 for the proof of this claim. So as to ease notation in the
remainder of the proof, let us introduce the shorthand

φt(θ) := Ln(θ
t) +

〈
∇Ln(θ

t), θ − θt
〉
+

γu
2
‖θ − θt‖2 + λnR(θ),(91)

corresponding to the approximation to the regularized loss function φ that
is minimized at iteration t of the update (4). Since θt+1 minimizes φt over
the set BR(ρ̄), we are guaranteed that φt(θ

t+1) ≤ φt(θ) for all θ ∈ BR(ρ̄).
In particular, for any α ∈ (0, 1), the vector θα = αθ̂ + (1 − α)θt lies in the
convex set BR(ρ̄), so that

φt(θ
t+1) ≤ φt(θα) = Ln(θ

t) +
〈
∇Ln(θ

t), θα − θt
〉
+

γu
2
‖θα − θt‖2 + λnR(θα)

(i)
= Ln(θ

t) +
〈
∇Ln(θ

t), αθ̂ − αθt
〉
+

γuα
2

2
‖θ̂ − θt‖2 + λnR(θα)

where step (i) follows from substituting the definition of θα. Using the con-
vexity of the regularizer R, we then obtain

φt(θ
t+1) ≤ Ln(θ

t) +
〈
∇Ln(θ

t), αθ̂ − αθt
〉
+

γuα
2

2
‖θ̂ − θt‖2

+ λnαR(θ̂) + λn(1− α)R(θt),

Now the stated conditions of the lemma ensure that

γℓ/2− 32τℓ(Ln)Ψ
2(M) ≥ 0,

so that by equation (90b), we have

Ln(θ̂) + 2τℓ(Ln)v
2 ≥ Ln(θ

t) +
〈
∇Ln(θ

t), θ̂ − θt
〉
.
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Substituting back into our earlier bound yields

φt(θ
t+1) ≤ (1− α)Ln(θ

t) + αLn(θ̂)

+ 2ατℓ(Ln)v
2 +

γuα
2

2
‖θ̂ − θt‖2 + αλnR(θ̂) + (1− α)λnR(θt).

By the definition of φ and the bound α ≤ 1, we find that

(92) φt(θ
t+1) ≤ φ(θt) − α(φ(θt) − φ(θ̂)) + 2τℓ(Ln)v

2 +
γuα

2

2
‖θ̂ − θt‖2.

In order to complete the proof, it remains to relate φt(θ
t+1) to φ(θt+1),

which can be performed by exploiting restricted smoothness. In particular,
applying the RSM condition at the iterate θt+1 in the direction θt yields the
upper bound

Ln(θ
t+1) ≤ Ln(θ

t)+
〈
Ln(θ

t), θt+1−θt
〉
+
γu
2
‖θt+1−θt‖2+τu(Ln)R2(θt+1−θt),

so that

φ(θt+1) ≤ Ln(θ
t) +

〈
Ln(θ

t), θt+1 − θt
〉
+

γu
2
‖θt+1 − θt‖2 + τu(Ln)R2(θt+1 − θt) + λnR(θt+1)

= φt(θ
t+1) + τu(Ln)R2(θt+1 − θt).

Combining the above bound with the inequality (92) and recalling the no-
tation ∆̂t = θt − θ̂, we obtain

φ(θt+1) ≤ φ(θt)− α(φ(θt)− φ(θ̂)) +
γuα

2

2
‖θ̂ − θt‖2 + τu(Ln)R2(θt+1 − θt) + 2τℓ(Ln)v

2

(iv)

≤ φ(θt)− α(φ(θt)− φ(θ̂)) +
γuα

2

2
‖∆̂t‖2 + τu(Ln)[R(∆̂t+1) +R(∆̂t)]2 + 2τℓ(Ln)v

2

(v)

≤ φ(θt)− α(φ(θt)− φ(θ̂)) +
γuα

2

2
‖∆̂t‖2 + 2τu(Ln)(R2(∆̂t+1) +R2(∆̂t)) + 2τℓ(Ln)v

2.

(93)

Here step (iv) uses the fact that θt − θt+1 = ∆̂t − ∆̂t+1 and applies triangle
inequality to the norm R, whereas step (v) follows from Cauchy-Schwarz
inequality.

Next, combining Lemma 3 with the Cauchy-Schwarz inequality inequality
yields the upper bound

(94) R2(∆̂t) ≤ 32Ψ2(M)‖∆̂t‖2 + 2v2
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where v = ǭstat(M,M) + 2min( η
λn

, ρ̄), is a constant independent of θt and

ǭstat(M,M) was previously defined in the lemma statement. Substituting
the above bound into inequality (93) yields that φ(θt+1) is at most

(95) φ(θt)− α(φ(θt)− φ(θ̂)) +
γuα

2

2
‖∆̂t‖2 + 64τu(Ln)Ψ

2(M)‖∆̂t+1‖2

+ 64τu(Ln)Ψ
2(M)‖∆̂t‖2 + 8τu(Ln)v

2 + 2τℓ(Ln)v
2.

The final step is to translate quantities involving ∆̂t to functional val-
ues, which may be done using the RSC condition (90a) from Lemma 11.
In particular, combining the RSC condition (90a) with the inequality (95)
yields

φ(θt+1) ≤ φ(θt)− αηtφ +

(
γuα

2 + 64τu(Ln)Ψ
2(M)

)

γℓ
(ηtφ + 2τℓ(Ln)v

2) +

64τu(Ln)Ψ
2(M)

γℓ
(ηt+1

φ + 2τℓ(Ln)v
2) + 8τu(Ln)v

2 + 2τℓ(Ln)v
2.

where we have introduced the shorthand γℓ := γℓ−64τℓ(Ln)Ψ
2(M). Recall-

ing the definition of β, adding and subtracting φ(θ̂) from both sides, and

choosing α = γℓ
2γu

∈ (0, 1), we obtain

(
1− 64τu(Ln)Ψ

2(M)

γℓ

)
ηt+1
φ ≤

(
1− γℓ

4γu
+

64τu(Ln)Ψ
2(M)

γℓ

)
ηtφ+β(M)v2.

Recalling the definition of the contraction factor κ from the statement of
Theorem 2, the above expression can be rewritten as

ηt+1
φ ≤ κηtφ + β(M)ξ(M)v2, where ξ(M) =

{
1− 64τu(Ln)Ψ2(M)

γℓ

}−1
.

Finally, iterating the above expression yields ηtφ ≤ κt−T ηTφ + ξ(M)β(M)v2

1−κ ,
where we have used the condition κ ∈ (0, 1) in order to sum the geometric
series, thereby completing the proof.

B.3. Proof of Lemma 11. The key idea to prove the lemma is to use
the definition of RSC along with the iterated cone bound of Lemma 3 for
simplifying the error terms in RSC.

Let us first show that condition (90a) holds. From the RSC condition
assumed in the lemma statement, we have

Ln(θ
t)− Ln(θ̂)− 〈∇Ln(θ̂), θ

t − θ̂〉 ≥ γℓ
2
‖θ̂ − θt‖2 − τℓ(Ln) R2(θ̂ − θt).

(96)
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From the convexity of R and definition of the subdifferential ∂R(θ), we
obtain

R(θt)−R(θ̂)−
〈
∂R(θ̂), θt − θ̂

〉
≥ 0.

Adding this lower bound with the inequality (96) yields

φ(θt)− φ(θ̂)− 〈∇φ(θ̂), θt − θ̂〉 ≥ γℓ
2
‖θ̂ − θt‖2 − τℓ(Ln) R2(θ̂ − θt),

where we recall that φ(θ) = Ln(θ)+λnR(θ) is our objective function. By the
optimality of θ̂ and feasibility of θt, we are guaranteed that 〈∇φ(θ̂), θt − θ̂〉 ≥ 0,
and hence

φ(θt)− φ(θ̂) ≥ γℓ
2
‖θ̂ − θt‖2 − τℓ(Ln) R2(θ̂ − θt)

(i)

≥ γℓ
2
‖θ̂ − θt‖2 − τℓ(Ln)

{
32Ψ2(M)‖θ̂ − θt‖2 + 2v2

}

where step (i) follows by applying Lemma 3. Some algebra then yields the
claim (90a).

Finally, let us verify the claim (90b). Using the RSC condition, we have

Ln(θ̂)− Ln(θ
t)− 〈∇Ln(θ

t), θ̂ − θt〉 ≥ γℓ
2
‖θ̂ − θt‖2 − τℓ(Ln) R2(θ̂ − θt).

(97)

As before, applying Lemma 3 yields

Ln(θ̂)− Ln(θ
t)− 〈∇Ln(θ

t), θ̂ − θt〉︸ ︷︷ ︸
TL(θ̂;θt)

≥ γℓ
2
‖θ̂ − θt‖2 − τℓ(Ln)

(
32Ψ2(M)‖θ̂ − θt‖2 + 2v2

)
,

and rearranging the terms and establishes the claim (90b).

APPENDIX C: PROOF OF LEMMA 5

Given the condition R(θ̂) ≤ ρ ≤ R(θ∗), we have

R(θ̂) = R(θ∗ +∆∗) ≤ R(θ∗).

Applying triangle inequality then yields

R(θ∗) = R(ΠM(θ∗) + ΠM⊥(θ∗)) ≤ R(ΠM(θ∗)) +R(ΠM⊥(θ∗)).
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We then write

R(θ∗ +∆∗) = R(ΠM(θ∗) + ΠM⊥(θ∗) + ΠM̄(∆∗) + ΠM̄⊥(∆∗))

(i)

≥ R(ΠM(θ∗) + ΠM̄⊥(∆∗))−R(ΠM̄(∆∗))−R(ΠM⊥(θ∗))

(ii)
= R(ΠM(θ∗)) +R(ΠM̄⊥(∆∗))−R(ΠM̄(∆∗))−R(ΠM⊥(θ∗)),

where the bound (i) follows by triangle inequality, and step (ii) uses the

decomposability of R over the pair M and M⊥
. By combining this lower

bound with the previously established upper bound

R(θ∗ +∆∗) ≤ R(ΠM(θ∗)) +R(ΠM⊥(θ∗)),

we conclude that R(ΠM̄⊥(∆∗)) ≤ R(ΠM̄(∆∗)) + 2R(ΠM⊥(θ∗)). Finally,
by triangle inequality, we have R(∆∗) ≤ R(ΠM̄(∆∗)) +R(ΠM̄⊥(∆∗)), and
hence

R(∆∗) ≤ 2R(ΠM̄(∆∗)) + 2R(ΠM⊥(θ∗))

(i)

≤ 2Ψ(M⊥)‖ΠM̄(∆∗)‖+ 2R(ΠM⊥(θ∗))

(ii)

≤ 2Ψ(M⊥)‖∆∗‖+ 2R(ΠM⊥(θ∗)),

where inequality (i) follows from Definition 4 of the subspace compatibility
Ψ, and the bound (ii) follows from non-expansivity of projection onto a
subspace.

APPENDIX D: A GENERAL RESULT ON GAUSSIAN OBSERVATION
OPERATORS

In this appendix, we state a general result about a Gaussian random
matrices, and show how it can be adapted to prove Lemmas 6 and 7. Let
X ∈ R

n×d be a Gaussian random matrix with i.i.d. rows xi ∼ N(0,Σ),
where Σ ∈ R

d×d is a covariance matrix. We refer to X as a sample from the
Σ-Gaussian ensemble. In order to state the result, we use Σ1/2 to denote the
symmetric matrix square root.

Proposition 1. Given a random matrix X drawn from the Σ-Gaussian

ensemble, there are universal constants ci, i = 0, 1 such that

‖Xθ‖22
n

≥ 1

2
‖Σ1/2θ‖22 − c1

(E[R∗(xi)])
2

n
R2(θ) and(98a)

‖Xθ‖22
n

≤ 2‖Σ1/2θ‖22 + c1
(E[R∗(xi)])

2

n
R2(θ) for all θ ∈ R

d(98b)

with probability greater than 1− exp(−c0 n).
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We omit the proof of this result. The two special instances proved in Lemma 6
and 7 have been proved in the papers [35] and [29] respectively. We now show
how Proposition 1 can be used to recover various lemmas required in our
proofs.

Proof of Lemma 6:. We begin by establishing this auxiliary result required
in the proof of Corollary 2. When R(·) = ‖ · ‖1, we have R∗(·) = ‖ · ‖∞.
Moreover, the random vector xi ∼ N(0,Σ) can be written as xi = Σ1/2w,
where w ∼ N(0, Id×d) is standard normal. Consequently, using properties
of Gaussian maxima [22] and defining ζ(Σ) = maxj=1,2,...,dΣjj , we have the
bound

(E[‖xi‖∞])2 ≤ ζ(Σ) (E[‖w‖∞])2 ≤ 3ζ(Σ)
√
log d.

Substituting into Proposition 1 yields the claims (61a) and (61b).

Proof of Lemma 7:. In order to prove this claim, we view each random
observation matrix Xi ∈ R

d×d as a d = d2 vector (namely the quantity
vec(Xi)), and apply Proposition 1 in this vectorized setting. Given the stan-
dard Gaussian vector w ∈ R

d2 , we let W ∈ R
d×d be the random matrix such

that vec(W ) = w. With this notation, the term R∗(vec(Xi)) is equivalent
to the operator norm |||Xi|||op. As shown in Negahban and Wainwright [29],
E[|||Xi|||op] ≤ 24ζmat(Σ)

√
d, where ζmat was previously defined (64).

APPENDIX E: AUXILIARY RESULTS FOR COROLLARY 5

In this section, we provide the proofs of Lemmas 8 and 9 that play a
central role in the proof of Corollary 5. In order to do so, we require the
following result, which is a re-statement of a theorem due to Negahban and
Wainwright [30]:

Proposition 2. For the matrix completion operator Xn, there are uni-

versal positive constants (c1, c2) such that

∣∣∣∣
‖Xn(Θ)‖22

n
− |||Θ|||2F

∣∣∣∣ ≤ c1 d‖Θ‖∞ |||Θ|||1
√

d log d

n
+ c2

(
d‖Θ‖∞

√
d log d

n

)2

for all Θ ∈ R
d×d with probability at least 1− exp(−d log d).

E.1. Proof of Lemma 8. Applying Proposition 2 to ∆̂t and using the
fact that d‖∆̂t‖∞ ≤ 2α yields

‖Xn(∆̂
t)‖22

n
≥ |||∆̂t|||2F − c1α|||∆̂t|||1

√
d log d

n
− c2 α

2d log d

n
,(99)
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where we recall our convention of allowing the constants to change from line
to line. From Lemma 1,

|||∆̂t|||1 ≤ 2Ψ(M⊥) |||∆̂t|||F + 2|||ΠM⊥(θ∗)|||1 + 2|||∆∗|||1 +Ψ(M⊥)|||∆∗|||F .

Since ρ ≤ |||Θ∗|||1, Lemma 5 implies that |||∆∗|||1 ≤ 2Ψ(M⊥)|||∆∗|||F+|||ΠM⊥(θ∗)|||1,
and hence that

|||∆̂t|||1 ≤ 2Ψ(M⊥) |||∆̂t|||F + 4|||ΠM⊥(θ∗)|||1 + 5Ψ(M⊥)|||∆∗|||F .(100)

Combined with the lower bound, we obtain that
‖Xn(∆̂t)‖2

2

n is lower bounded
by

|||∆̂t|||2F

{
1−

2c1 αΨ(M⊥)
√

d log d
n

|||∆̂t|||F

}

− 2c1 α

√
d log d

n

{
4|||ΠM⊥(θ∗)|||1 + 5Ψ(M⊥)|||∆∗|||F

}
− c2 α

2d log d

n
.

Consequently, for all iterations such that |||∆̂t|||F ≥ 4c1Ψ(M⊥)
√

d log d
n , the

quantity
‖Xn(∆̂t)‖2

2

n is lower bounded by

1

2
|||∆̂t|||2F − 2c1 α

√
d log d

n

{
4|||ΠM⊥(θ∗)|||1 + 5Ψ(M⊥)|||∆∗|||F

}
− c2 α

2d log d

n
.

By subtracting off an additional term, the bound is valid for all ∆̂t—viz.

‖Xn(∆̂
t)‖22

n
≥ 1

2
|||∆̂t|||2F − 2c1 α

√
d log d

n

{
4|||ΠM⊥(θ∗)|||1 + 5Ψ(M⊥)|||∆∗|||F

}

− c2 α
2d log d

n
− 16c21α

2Ψ2(M⊥)
d log d

n
.

E.2. Proof of Lemma 9. Applying Proposition 2 to Γt and using the
fact that d‖Γt‖∞ ≤ 2α yields

‖Xn(Γ
t)‖22

n
≤ |||Γt|||2F + c1α|||Γt|||1

√
d log d

n
+ c2 α

2 d log d

n
,(101)

where we recall our convention of allowing the constants to change from line
to line. By triangle inequality, we have |||Γt|||1 ≤ |||Θt− Θ̂|||1+ |||Θt+1− Θ̂|||1 =
|||∆̂t|||1 + |||∆̂t+1|||1. Equation 100 gives us bounds on |||∆̂t|||1 and |||∆̂t+1|||1.
Substituting them into the upper bound (101) yields the claim.
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