
���������
	��
���������������

����������� �!��"$#%�&����'(�
#�"��%)*"(���+"�,.-�/0"1�
K 2 "����+"�,�-�/3"4#�"(�
56/3"678�:9;"6<

E =?>A@ � � @CB �ED ���F���&����G"�� ��"(,.-�/3"
m

#%"
K ×E

<+"(/ B �HD I�5:J >AB ��" k ∈ K
5��AKLK+"1���M�A� #%" > �N��/0� �O���P56�&����/3"

(k, e) ∈ m QSRT> K"6)%"(,U��/0" = /0"1�V56/3"678�
�M"���W&"��!<?X6<LK+"Y#%"1�
�S��,Z'�KL�&�V#%"[<+'(/0'(��J��&��"Y"6<V/3"(�V'(/0'(,U"(�!<L�V#%" E
#%"(�
���A,\� = m7 >]@ � > �!<?56�AKLKL"(�+� �&��#%KL"^���_���&,`#aD > -M�A����'�IZ5:J >&B ��"��!��,U'(K+� Qb ��"U, > � @0c K+"Z� @ ,Z��/3"d#aD @ ,Z��/3'�,Z"��!<L"�K m

"(��<C#%"\56�&���e<LK+� @ KL"�/ > / @ ��<+"\#%"(�Y5��A����/0"1� (k, e) ∈ m QR �A��K�KL"6<LK+�&��WA"(K^/fD '(/0'(,U"(�!<�#%" E
5��AKLK+"1���M�A� # > �!<�IP����"Z56/3"67
#%�A����'�" =M@ /g���%hZ< > /3�AK:��#�".7 >A@ KL".����"KL"(5:J�"(KL5:J�"��+��KV/ > / @ ��<+" Qi "1�gjlkAm�n0o6prqAots�kAu:s�k(v&o
5��A����< @ <+��"(�!<w����" @ ,Z��/3'�,Z"��!< > < @ �A�Y��/0���w"6hd5 > 56"g#�"t56"O��K+�&-�/ c ,Z" =�> /0/ @x> �!</3"(� > W > �!< >]y "(�\#aD ���*< > -�/0" > �z�M�A��KP/{D > 5(5 c � @ � �e< > �!< > ��'|I}����"~#%�&����'(" = "�<;#aD ����"�/ @ ��<+"��M�A��KP/ >�+�A����/3"(�L�+"�#�"[/fD >�� �A��<V#�"Y���A��W&" > �%)d'�/3'�,Z"��!<:� Q

� ���T�6�;�O�6�~�
i D @ #%'�";56�A� � @ �e<L"NI�#%'���� @ K�����"d7��&��5�< @ �&�}#%"NJ > 5:J >]y " hM : K → {0, . . . , M − 1} 2 M ��"(K >> ��� "(/0/3'N/ > n0�]�!vA��o6�%�_#%"N/ > < > -�/3"N#%"PJ > 5:J >Ay "�9 B � @ I�5:J >AB ��"d56/3"67V7 >A@ <Z56�&K+KL"(�+� �&��#%KL"Z���}"��!< @ "(K56�&,Z��K @ �w"��!<+KL" 0

"6<
M−1 Q ���C�%< @ / @ ��"r"����+� @ <+"r���C< > -�/3" > �.#%" M

/ @ ��<+"(�w�M�A��K���<+�%5:�A"(KH/3"(�w'�/3'�,Z"��!<L�O�/ > / @ �e<L" i
56�&�&< @ "(�!<?/0"1�V56�A����/0"1� (k, e)

<L"�/x� B ��" hM (k) = i Q
R �A��K B ��"Y/3"�J > 5:J >]y "��+� @ <?"6hd5 > 56" =%@ /E"1�e<?��KL'67�'(K > -�/3" B ��"Y/3"(� @ , >]y "1�V#%"(�^56/3"678�V�+� @ "��!<V' B � @ K+'�G� > K�< @ "1�V# > ��� {0, . . . , M − 1} Q� > ���V5�"Y��K+�&-�/ c ,Z" = �&�;�+�����M�&�+" B ��"Y/0"1�V56/3"678�V�+�A�!<?#%"(�?5:J >�� ��"(�V#%"Y5 > K > 5�< c KL"(�����+� @ <

s = a0 . . . an

����"U5:J >�� ��" = "6<���� @ < ci

/0"U56�%#%".�[���O���?#���5 > K > 56< c K+" ai 2 #%�A����'C� > K��1�S���!�!���%�� �¡&¢Z"��~� > ,Z/£9 QM¤����"�<L"�/3/0"C5:J >�� ��"��A�P7 >]@ <^56�AKLKL"(�+� �&��#%KL"^/fD "(�&< @ "(K

k =

n∑

i=0

256ici.

s
�M"���< >]@ ��� @ X�<+KL"YWS��"Y56�A,Z,Z"�/ > KL"���K+'1��"(�&< > < @ �&�d"��_- > ��" 256

#%"Y/fD "(�!< @ "�K k Q
¥\¦¨§S©�ª1«8¬M­¯® °�± u���²£�+oN�%�MoV³6�]�Mu�j{²8�]�}�A�A�%´¶µ:·��S¢¸�1�%¹

→
�1�%�º²£»^¼Mn3½6»\o6� j¾k]��j�uLoPu:�(q&k�v!o�¿[o��$jlo6»^¼ p/ @ ��' >]@ K+";o6�~n0k\n0�]�!vA��o6�%�Cq&o.n3kNu:s�k�À£�¸o(Á

b ��"�7��A��56< @ �A�_#%"YJ > 5:J >]y "�� @ ,Z��/3"Y����KV/3"(�?"��!< @ "�K:�
� "(�%<?X6<LK+"Y#%'���� @ "Y� > KY�
fM (k) = k mod M.

¥\¦¨§S©�ª1«8¬M­ÃÂE°�± u6��²£�+o.�%�Mog³6���Mu�jf²8���d �¡�·� Äµ��1�S�
→
·��S¢¸�1�S¹

→
�1�%�~Å��%²¨²£»^¼Mn3½6»\o6� j¾oUu:o6jfjlog³6���¸u6jf²8���qAoYs�kAu:s�k�v!o.p��%�Yn0o�p.u:s�k]À£�Mo6p�qAoUuLk]�+kAu�jlÆ6�+o6p\Ç0¼��]�%�Y�%�~o6� j{²8o��
M

¼�k�p:p6½Uo���k��fv]�%»\o6� jÉÈAÁ

Ê



� �������6�	��
P�
���C�������.�

;�����C�����6�����d�
���
#%'6� � @ <?/3"Y<��S�M"C#%"(�
< > -�/3"(�^#%"YJ > 5:J >]y "�#%".5�/0"�78�?#%"�<��S�M"��+¡dWA"(KL�V#%"1�
W > /3"���K:�?#%"�<��S�M"����#%"Y/ > 7 >! �&�;�+� @ W > �!<+"Z�

�#"%$'&)(*�L¡,+#���.-4��¡!�'/0&A 2143  �¡�·1  µ5�L¡
→

�1�%�76
8 �A�!�'&#&�· µ9(*�L¡;:<���.-=/��!·�� ´>&����@?A6B6

�S� @ < m
����"U< > -�/3"\#%"ZJ > 5:J >Ay " =#CED  �¡�·� _"(��<Y/ > 7��A� 5�< @ �A��#%"ZJ > 5:J >]y " hM

"6< CED 8 �A�S�'&0&�·Z"(��<���
< > -�/3" > ��#%"./3�A� y ��"(��K M Q i > i
G @0c ,U"�5 > �+".#%".5�"C< > -�/3" > ��56�A�!< @ "(�&<�/ > / @ �e<L"�#%"1�^56�&����/3"(� (k, e)<+"(/3� B ��" hM (k) = i Q¥\¦¨§S©�ª1«8¬M­GFH°�± u6��²£�Lo��%�MoT³6�]�Mu�j{²8�]�_��¢>&#&&¢¶µ!(*�+¡

→
�1�%�H-

→
�1�S�

→
(*�+¡I:<���.-º��¡!�J/0&] 
jlo6n£n3oCÅ6��o��¢>&0&&¢z @K~�Lo6�JL��]²8o.�%�¸oY�¸���*L�o6n£n0o.jlkAm�n0oZqAo�s�kAu:s�k(v&oAL1²8qAoZq&oCn0�]�!vA��o6�%�

M
Á

¥\¦¨§S©�ª1«8¬M­NMw°d± u6��²£�Lo
�%�Mo�³6�]�Mu�j{²8�]�º¡#O!�!P%�>&`µ!(#�L¡@:)���H- ��¡Q�J/0&A 
→

�L¡
→
���
→
PS�a���,(R-�j¾o�n£n0oÅ���oC¡#O!�!P%�>& C4S &}k�T��]�%j¾odnVU o6� j{�L½Lo

(k, e) W n0k;jlkAm�n0o
m
ÁYX
�4�.U ����m�n ²8o��+k�¼�k�p�n3odu:k�pZ�QZ~n3k
u6n0o{³

ko6p:jVqA½[T W ¼M�+½6p�o6� j¾o�qAk���pCn0k\jlkAm�n0o1Á¥\¦¨§S©�ª1«8¬M­]\E°t± u���²£�+or�%�MoM³6���¸u6jf²8�����S¢��!PS´>&`µ!(*�L¡@:<���.-º��¡!�J/%&A 
→
�L¡
→
���Ujlo6n£n3oVÅ6��ow�S¢��QP%´>& C4S�+o��'L���²8o�nVU ½�n0½�»Zo���j

e
jlo�nwÅ6��o

(k, e) ∈ m
p*U ²£n¨o_^&²xp�j¾o6¿Oo�jOn0Æ�L�oC�%�¸o.o`^!u:ol¼Mjf²8���|p:²£�¸���¸Á

a �������6�	��
P�
���C�������.�

;�����C�����6�b
�c\���ed ��f7g;�
i > � > K�< @ "Y56�%h%<+"(���+"[#%"�/ > K+"15:J�"�K:5:J�"�#ED ����"�5�/0"�7¨# > ���
����"[< > -�/3"Y#%"�J > 5:J >Ay "�"(��<
/ > K+"15:J�"�K:5:J�"# > ���r/ > / @ ��<+" Q ���PWA"(�%<r�M�A��WA� @ K y&> KL#%"(KO#%"1�r/ @ �e<L"(�V5��A��K+<+"1� 2 "��;,U�i�&"�����"19 = "�<V#��A��5 > � y ,Z"��!<+"(KO/ >/3�A� y ��"���KV#%�P< > -�/3" > �P/0�&KL� B �ED @ /j� > <+KL�A�P#ED '(/0'(,U"(�!<L� Q!R �&��KV56"�/ >�= �&�PKL"(#%'���� @ <r/3"[<��S� "Y#%"[/ > < > -�/3"#%"YJ > 5:J >]y "��
�#"0$'&)(*�L¡�+#���.- 8 "&� �A��¡!�'/0&A 51@3z �¡�·� ¶µ4�(�%�

→
�+¡

→
�(�%�k6

C P%��¡!�J/%& ��¡ �!/0/0&`µ��(�%�l6
C P%��¡!�J/%& 8 �A�S�>&#&�· µ9(*�L¡@:)���.-5/��!·�� ´>&����m?A6B6

i "U���&��WA" > ��5:J > ,U�~��¡��!/#/0&\�M"�KL,Z"6<Y#%"U��<+�%5:�&"�K^/3"U���A,�-�K+"�#aD "(�!<+KL'�"(�[#%"U/ > < > -�/3" Q i > 7��A��56< @ �A�#%"YJ > 5:J >]y "���K+"(��#PIU��KL'(�+"��!<V/ > /3�A� y ��"(��K M
#%"Y/ > < > -�/0"Y"(� > K y ��,Z"��!< Q¥\¦¨§S©�ª1«8¬M­5nE°po ½:½:u6��²£�+o.n0k^³6���Mu�jf²8���$qAoUu6�+½:k]j{²8�]� 8 "!������¢>&#&A¢�Á

���Ã�%< @ / @ �+"�K > /0"���K @ ��5 @ �M"�#%"
K+"1# @ ,U"(��� @ �&����"�,Z"(�&<N�+� @ W > �!<��tI4/fD >]� �A�%<N#aD ���z'(/0'(,U"(�!< = � @ /3"���&,.-�KL".<L�]< > /�#aD '�/3'�,Z"��!<L����¡ �!/#/%&N"(��<Y�����M'�K @ "���K > ��#%�A��-�/0"\#%"U/ > /3�A� y ��"���K�5��A��K > �!<L" M
#%"Z/ >< > -�/3" =�> /0�&KL�r�A�;KL' > KLK > � y "?/ > < > -�/3"C����KV����"����A��WA"�/3/3"[/3�A� y ��"(��K?#%" 2M + 1 > W > �!<V#�"Y��K+�%5�'(#%"(K
I/fD >]� �A�%< Q¥\¦¨§S©�ª1«8¬M­NqE°Z± u���²£�+o;�%�Mo[³6�]�Mu�j{²8�]� 8 "!� �A¢*&S¡&¢S¢�¡]�%¹>& µ5(*�+¡':����.- 8 "!� �A�%¡!�J/0&A 

→
PS�a�1�r(R-�Å��%²�+½:k����Lk��!v!o~�%�Mo|j¾k&m6n3o�u:�]»�»\o4qA½:u6��²£jdu�²ts�qAo6p:p:�Sp}Ç¾²8Á£o1Á0¿Zo���³6k]²xp�k���j�¼�k�p:p�o6��p6kºn0�]�!vA��o6�%�~q&o

M W
2M + 1

È]Á
¥\¦¨§S©�ª1«8¬M­5uE°wv ��q&½Lq]�%²£�+o.n0o�pY�¸���*L�o6n£n0o6pt³6���¸u6jf²8����p 8 "!� �!¡#O!�!P%�>&
o6j 8 "&� �A�S¢��QP%´>&%Á
¥\¦¨§S©�ª1«8¬M­NxH°Z± L�k�nÉ��o6�Pn0k~u:�]»?¼¸n0o_^&²£jl½
qAo6p;k�n v&�]��²£j£s%»Zo6p_qyU ²£��p�o6��jf²8��� o�jCqAo;�+o:u:s�o��+uLs�o
qAk]��pN�%�¸ojlkAm�n0oZqAoCs�k&uLs�k�v!o�¿?o���³6���¸u6jf²8���}q]�
�M��»\m��+o�j¾�]j¾k]n¨qzU ½�n0½�»Zo���j{p�qAo�n0kPjlkAm�n0oZo6jVqAo.p�kNn0���Sv]��o��%��Á{X
�p��1¼A¼���p�o��+k�Å���oZn0kY³6�]�Mu�j{²8�]� qAoUs�kAu:s�k(v&odp>U ½�L�k�nÉ��oNo��

O(1)
�:¼�½��+k]j{²8�]��pd½6n0½�»\o6� j¾k]²£�+o�p�Á}|
��o6n£n3oNo6p:jn0kZu:��»^¼Mn0o`^&²£j¾½Yq&o[nVU k�n v&�]��²£j£s%»Zo�qAo[�+o:u:s�o��+uLs�o�p�²HnVU �]�Pp��1¼&¼���p6oYk&qA�:¼Mjl½�n0og¼M��²£�¸u6² ¼�oCqAo[�LoLq]²£»Zo���p�²8�]�'s�Mo�»\o6� jru�²ts�qAo6pLp��SpB~

�


