


due to gravity. The equations of motion for this system read
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z
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In Eq. (1),T and� are the inputs. In some modes (i.e., portions of
landing),T might befixed at nominal valuesTidle or Tmax, where
Tidle � 0:2 	 Tmax andTmax is the maximal thrust. Although the pilot
has control over elevator deflection, the model assumes that it can
control� directly. A realistic model would assume that the pilot has
control over�� . This is unfortunately not possible given the currently
available computing resources. The validity as well as limitations of
these assumptions will be discussed in the last section of this paper.

Aerodynamic Properties of the Aircraft

In a commonly accepted approximation (see, for example,
[26,27]), lift and drag depend on the twoflight parameters� andV as
well as on numerous characteristics of the aircraft. The model of
these characteristics is expressed by the dimensionless lift and drag
coefficients defined by

CD �
D

�1=2� �SV 2
and CL �

L
�1=2� �SV 2

(2)

The coefficientCL can be computed for an ideal lift using thin airfoil
theory.CL is a linear function of� given by

CL � � � � CLo
� CL�

� (3)

whereCLo
is the lift coefficient at zero angle of attack andCL�

is the
lift coefficient slope. Figure 2 shows a typical affine model ofCL � � �
for differentflap and slat deflections as well as the corresponding stall
angles� max, above which Eq. (3) is not valid and the aircraft might
become uncontrollable. As seen,CL increases withflap deflection,
but the stall angle� max decreases. The stall angle� max increases with
slat deflection. The terminology used in thisfigure and the deflection
angle values correspond to a DC9-30 aircraft. For drag, because
coefficients are not available, estimates have to be used. A procedure
advocated by Kroo [27] is followed. From lifting line theory [28], the
drag coefficientCD can be computed using the drag polar:

CD � CD

�

C2
L

� 	 AR 	 0:95 	 e
� CD


� K 	 C2
L (4)

whereCD

accounts for the drag of the body of the aircraft, the slats,

theflaps, and the landing gear. The second term accounts for drag
induced by lift K � 1=� � 	 AR 	 0:95 	 e� and is a constant (its
numerical value will be given later for a specific aircraft). AR is the
aspect ratio of the aircraft defined byAR � b2=S. The efficiency

factor is corrected by 0.95 for the landing configuration. The
efficiency factor quantifies the difference in performance between
idealized lift (available from lifting line theory [28]) and actual lift
(which accounts for the assumptions made in the idealized case).

In a typical autoland maneuver (Fig. 3), the aircraft begins its
approach approximately 10 n mile from the touchdown point. The
aircraft descends towards the glide slope, an inertial beam that the
aircraft can track. The landing gear is down, and the pilot sets the
flaps at thefirst high-lift configuration in the landing sequence. The
autopilot captures the glide slope signal around 5 n mile from the
touchdown point. The pilot increasesflap deflection to effect a
descent without increasing speed (indicated by larger� in theflap
settings). The pilot steps theflaps through the differentflap settings,
reaching the highest deflection when the aircraft reaches 1000 ft in
altitude. At approximately 50 ft, the aircraft leaves the glide slope and
begins theflare maneuver, which allows the aircraft to touch down
smoothly on the runway with an appropriate descent rate. The
deflection of the slats is correlated with the deflection of theflaps in
an automated way.

Flight operating conditions are defined by the limits of aircraft
performance, as well as by airport and FAA regulations [29]. The
aerodynamic envelope for each discrete mode is the set of states in
which the aircraft should remain. The envelope is associated with a
set of operating conditions, which are allowed ranges of input signals
for each discrete state. Given this set of operating conditions, the
controllable subset of the envelope is defined as that subset from
which it is possible to maintain the aircraft in the envelope. States not
in the controllable subset are such that no matter what input the pilot
chooses, the pilot will not be able to prevent the state from exiting the
envelope.

During descent andflare, the aircraft proceeds through successive
flap and slat settings. In each of these settings, the safe set is defined
by bounds on the state variables. The maximal allowed speedVmax is
dictated by regulations. The minimal speed is related to the stall
speed byVmin � 1:3 	 Vstall. The minimal speed is an FAA safety
recommendation; the aircraft might become uncontrollable below
Vstall. The stall speed is given by the formula

Vstall �

�����������������
2mg

�SC Lmax

s

(5)

Here, CLmax
:� CLo

� CL�
� max is the maximal lift coefficient

(denoted by a dot in Fig. 2) obtained at the stall angle� max.
During descent, the aircraft tracks the glide slope (GS) and must

remain within� d� of the glide-slope angle� GS. As a result, the
flight-path angle inflare mode can range from� min � � GS � d� to
� max � � GS � d� . As the aircraft reduces its descent rate to land
smoothly (in the last 50 ft before touchdown), this range becomes
�� GS � d�; 0 deg�. By regulation, theflight-path angle� is thus
restricted to lie in the interval�� min; 0 deg�. (Typical values for
landing are d� � � 0:7 deg, � GS � � 3:0 deg; thus, � min�
� 3:7 deg. Note that this is a conservative approximation. Other
studies have suggested to extend this range to�� 6 deg; 0 deg�.¶)�5 0 5 10 15 20 25

�0.5

0

0.5

1

1.5

2

2.5

3

angle of attack �  (deg) 

C
L

clean wing � =0
flap deflection � =25

flap deflection � =50

Slats deflected 

(Dimensionless Lift Coefficient) 

Slats retracted 

Fig. 2 Lift coef� cient model for three different � ap settings (� � 0, 25,
and 50 deg) and for de� ected/retracted slats.
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Fig. 3 Typical landing pro� le.

¶Charlie Hynes, private communication.
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� � 1:225 kg=m3. The lift and drag forces are thus (in dimensional
form)

L� �; V � � 68:6� h� � 4:2� �V2 N

D� �; V � � � 2:7 � 3:08� h� � 4:2� � 2�V2 N
(10)

whereh� � CL �0 deg� depends on theflap setting. The letter N
indicates that the units are Newtons (ifV is taken inm=s). A summary
of all constants for the DC9-30 is shown in Table 1.

Hybrid Algorithm

The modes in Fig. 5 can be divided into three classes according to
the type of their outgoing transition. The simplest is mode50d, which
has no outgoing transition and hence is treated by solving (8) without
switches enabled. The controllable subset of the envelope is
computed by solving (8) until it converges (after about 15 s of
simulated time). A similar procedure can be run on the other two
main modes (0r and 25d) to determine what subsets of their
envelopes are controllable without mode switches. To determine the
controllable subsets with mode switches enabled, the remaining
modes are split into two classes depending on whether the switch to
the subsequent mode in the sequence is controlled by the pilot
(modes0r and25d) or timed (the two transition modes).

A timed mode is a mode from which the system automatically
switches att � tf . A state�V; �; z � in a timed mode is safe if both of
two conditions hold: First, it must give rise to a trajectory that
remains within theflight envelope of the timed mode for all
t 2 �0; tf �; otherwise, the trajectory becomes unsafe before the mode
switch. Second, the state of the trajectory att � tf must be within the
controllable envelope of the subsequent mode; otherwise, the
trajectory will become unsafe at some time after the mode switch. Let
W 0 be the safeflight envelope in the timed mode, and letWnext be the
controllable envelope for the subsequent mode, which has already
been computed numerically. The reachability computation for the
timed mode then usesV0 � � W0 \ W next� c as initial conditions.
Inputs are used to steer the system away fromV0, and the
computation is run backwards only to� tf , which is typically short of
convergence. The controllable envelope for the timed mode is then
W � V� tf � c.

A controlled mode is a mode from which the system may switch at
any time to avoid becoming unsafe. A state�V; �; z � in a controlled
mode is safe if any one of three conditions hold: First, it may give rise
to a trajectory that always remains within the safe envelope of the
controlled mode in which case it is safe without switching. Second, it
may be within the controllable envelope of the subsequent mode in
which case it is safe due to an instantaneous switch. Third, it may give

rise to a trajectory that remains within the safe envelope of the
controlled mode until it reaches a state that lies within the
controllable envelope of the subsequent mode in which case it is safe
due to a delayed switch. Note that a state may satisfy more than one of
these conditions.

The controllable subset of a controlled mode’s envelope is
computed using a slight modification of the reach–avoid procedure
outlined in previous work [15]. LetW 0 be the safeflight envelope of
the controlled mode, and letW next be the controllable envelope of the
subsequent mode. Thefirst condition for safety is represented in the
reach–avoid computation by settingV0 � Wc

0, as would normally be
done. The difference in a reach–avoid computation lies in the“avoid”
or “escape” setA , which represents the other two safety conditions
that become available due to the controlled mode switch. Any
trajectories that enter this set may safely switch to the subsequent
mode and hence are deemed safe in the controlled mode. In this case,
A is set toA � W next \ W 0. For the reach–avoid computation, it is
assumed thatJA � x� such thatA � f x 2 XjJA �x� 
 0g. ThenV� t� is
computed according to (8) subject to the additional constraint that
J�x; t� � � JA � x� for all t. In the two modes of interest (0r and25d),
the reach–avoid computation achieves afixed point V, and the
controllable envelope for these modes is the complement of thisfixed
point W � Vc. For the particular sets and dynamics of these two
modes, it turns out thatV � A c, for all safe states there exists a safe
instantaneous switch to the subsequent mode, but that need not be
true in general.

Results

The results of the reachability computation are shown in Figs. 4, 6,
and 7.

Figure 4 shows the set of controllable states in modes0u, 25d, and
50d without switching (dark), as well as the correspondingflight
envelopes (gray). Thisfigure shows the boundary of theflight
envelope as well as the computational result forW, which is the
largest set contained inW 0 such that the pilot can touch down safely.
As can be seen from Fig. 4, portions ofW 0 are excluded fromW.
There are three reasons for this fact.

1) For low speeds, there is not enough lift/thrust to prevent the
aircraft from stalling almost immediately: In the state space�V; �; z �
a point too close to the faceV � Vmin in W 0 will not be able to stay in
W 0 and will exit this box through theV � Vmin face.

2) For steepflight-path angles (close to the� � � min face in theW 0

box), the aircraft has too steep of aflight-path angle to maintain it in
the box: The state space exits the box through the� � � min face.

3) Too close to the ground, with steepflight-path angle, the aircraft
is not able to reach theV sin � � _z0 subset of the box and touches the
ground with too high a vertical velocity.

Table 1 Summary of � ap/slat de� ection speci� c numerical parameter values for the DC9-30

Mode Vstall Vmax � max h� � min � max

0r 79:01 m=s 83 m=s 16 deg 0.2 � 3 deg 0 deg
0r ! 25d 71:58 m=s 83 m=s 16 deg 0.5 � 3 deg 0 deg
25d 61:50 m=s 83 m=s 20 deg 0.8 � 3 deg 0 deg
25d ! 50d 60:46 m=s 83 m=s 18 deg 1.025 � 3 deg 0 deg
50d 57:75 m=s 83 m=s 18 deg 1.25 � 3 deg 0 deg

Fig. 6 Flight envelope W 0 in each mode (gray). Controlled set W within each mode (dark), with switching allowed.
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pT 	 f � x; u� �
p1

m
�T cos � � D� �; V � � mgsin � � �

p2

mV
�T sin �

� L� �; V � � mgcos � � � p3V sin �

(A1)

whereu � � �; T �. The optimality condition reads

@�pT 	 f � x; u��
@u1

�
@�pT 	 f � x; u��

@�
�

p1 cos �
m

�
p2 sin �

mV
� 0

@�pT 	 f � x; u��
@u2

�
@�pT 	 f � x; u��

@T
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Tp1 sin �
m

�
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m
@D� �; V �

@�

�
p2T cos �

mV
�

p2

mV
@L� �; V �

@�
� 0

(A2)

From (A2), the necessary conditions on the domain interior can be
computed:

� � � � tan� 1

�
p1V
p2

�
;

T� �
1

��������������������������������
1 � � p1V=p2� 2
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�
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�
; V
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�
@L
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�
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�
�
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p2

�
; V
��

(A3)

Using the fact that, for this particular model of lift and drag,L� �; V �
is a linear function of� andD� �; V � is a quadratic function of� , it can
be checked quite easily that the eigenvalues of the Hessian matrix are
given by

� � �
p1

2m

8
<

:
@2D
@�2

�V� �

������������������������������������������������������
@2D
@�2

�V�
�

2

�
�

2
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�
2

s 9
=

;
(A4)

where the dependence on� has been omitted when� disappears in
the differentiation. It can be easily checked that the two eigenvalues
are of opposite sign and that thereforepT 	 f � x; u� can never be
extremal at� � � ; T� � . The extremum ofpT 	 f � x; u� is thus on the
boundary of the domain.

Proof of Proposition 2:In Eq. (A1),

h� x; p� :�
p1

m
�T cos � � D� �; V � � mgsin � � �

p2

mV
�T sin �

� L� �; V � � mgcos � �

is the only part ofH�x; p� that depends on the input. Tofind� � � ; T� � ,
one needs to useh instead ofH. Table A1 summarizes the possible

situations and corresponding optimal inputs. The justification for
these results is as follows.

For the cases where� is fixed (thefirst and second rows of
Table A1), the only term of interest inh is given by
�p1 cos � � � p2=V� sin � ��T=m� . Clearly, for � � � max as well as
for � � 0, if �p1 cos � � � p2=V� sin � ��T=m� > 0, T� � Tmax;
otherwise,T� � 0.

ForT � 0, one can rewriteh�x; p� as

h�x; p� �
p2

mV
L0� h� � c� �V2 � � D0 � � � h� � c� � 2�V2

which is a quadratic in� . The constantsL0, D0, � , c, andh� can be
easily related to the model through Eqs. (2–4). If p1 > 0, the
maximum occurs between the two zeros of the quadratic:

� 1 �
1

c

�
L0p2

Vp1�
� h�

�
(A5)

Because the parabola is upside down, if� 1 < 0, � � � 0; if
� 1 2 �0; � max�, � � � � 1; and if � 1 > � max, � � � � max. If p1 < 0, the
situation is much simpler because the parabola is right-side up, and so
depending on the location of� 1 in �0; � max�, � � � 0 or � � � � max.

ForT � Tmax, one wants to solve for

@h
@�

� �
p1

m

�
T sin � �

@D
@�

�
�

p2

mV

�
T cos � �

@L
@�

�
� 0 (A6)

There are four cases: Thefirst case isp1 > 0 andp2 < 0. It is easy to
see that@h=@�� 0, which means that� � � � max. Conversely, if
p2 < 0 andp1 > 0, � � � 0. For the two remaining cases, it is needed
to compute

@2h
@�2

� �
1

m

 

T cos � �
@2D
@�2

!

p1 �
p2

mV
T sin �

from which it can be seen that ifp1 < 0 andp2 < 0, thenh�x; p�
cannot have a local maximum; therefore,� � � 0, or � � � � max. The
last case,p1 > 0 andp2 > 0, is more difficult:h�x; p� can eventually
have a local maximum because@2h=@�2 < 0. In that case,@h=@�is a
decreasing function of� . Thus if @h=@�j� � 0 < 0, � � � 0; if
@h=@�j� � � max

> 0, � � � 0 as well. The remaining case is when they
have opposite sign:@h=@�j� � 0@h=@�j� � � max

< 0. In that case, one
needs to solve the transcendental Eq. (A6) numerically, and the
solution is called� 2.

Corollary 1: Call p � � p1; p2; p3� the costate of the system. To
solve efficiently for the optimal input, ifp1 > 0 andp2 > 0, solve
Eq. (A6) numerically for� 2 and compare the six possible cases of
Proposition 2. Otherwise, compare only thefive possible cases of
Proposition 2 (no� 2).

Table A1 Optimal input � �� ; T� � given as a function of the costate �p1; p2�

� T Condition � � � ; T� �

0 �0; Tmax� p1 > 0 �0; Tmax�
p1 < 0 �0; 0�

� max �0; Tmax� p1 cos � max � � p2=V� sin � max > 0 � � max; Tmax�
p1 cos � max � � p2=V� sin � max < 0 � � max; 0�

�0; � max� 0 p1 > 0
if ~� 1 2 �0; � max� � ~� 1; 0�
if ~� 1 > � max � � max; 0�
if ~� 1 < � max �0; 0�

p1 < 0 � � max; 0� or �0; 0�
�0; � max� Tmax p1 < 0 p2 > 0 � � max; Tmax�

p1 > 0 p2 < 0 �0; Tmax�
p1 < 0 p2 < 0 � � max; Tmax� or �0; Tmax�
p1 > 0 p2 > 0

if @H=@�j�0;Tmax � < 0 �0; Tmax�
if @H=@�j� � max ;Tmax � > 0 �0; Tmax�
if @H=@�j�0;Tmax � 	 @H=@�j� � max ;Tmax � < 0 � ~� 2; Tmax�
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