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due to gravity. The equations of motion for this system read Glide slope signal
2 3 2 . 3 R
q \Y, 2 Tcos D :;V mgsin
34 5 4L Tsin L V. mgcos 5 @
z Vsin

Glide slope capture

In Eq. (1), T and are the inputs. In some modes (i.e., portions of
landing), T might be xed at nominal value$;y, or T, Where
Tige 0:2 Tpa andT ., is the maximal thrust. Although the pilot
has control over elevator dection, the model assumes that it can
control directly. A realistic model would assume that the pilot has

Flare

control over . This is unfortunately not possible given the currently Rollout
available computing resources. The validity as well as limitations of ... R

these assumptions will be discussed in the last section of this paper. Fig. 3 Typical landing pro le.

Aerodynamic Properties of the Aircraft factor is corrected by 0.95 for the landing cgaration. The

In a commonly accepted approximation (see, for example, ef ciency factor quantees the difference in performance between
[26,27]), lift and drag depend on the twight parameters andV as idealized lift (available from lifting line theory [28]) and actual lift
well as on numerous characteristics of the aircraft. The model of (Which accounts for the assumptions made in the idealized case).
these characteristics is expressed by the dimensionless lift and drag In @ typical autoland maneuver (Fig. 3), the aircraft begins its

coef cients dened by approach approximately 10 n mile from the touchdown point. The
aircraft descends towards the glide slope, an inertial beam that the
c D and C L @ aircraft can track. The landing gear is down, and the pilot sets the
P 1= sv? L 1=2 sv? aps at the rst high-lift con guration in the landing sequence. The

autopilot captures the glide slope signal around 5 nmile from the
The coef cientC, can be computed for an ideal lift using thin airfoil  touchdown point. The pilot increaseap de ection to effect a
theory.C, is a linear function of given by descent without increasing speed (indicated by largetthe ap

settings). The pilot steps thaps through the differentp settings,

G G, G ®) reaching the highest dection when the aircraft reaches 1000 ft in
altitude. Atapproximately 50 ft, the aircraft leaves the glide slope and
begins the are maneuver, which allows the aircraft to touch down
smoothly on the runway with an appropriate descent rate. The
de ection of the slats is correlated with the detion of the aps in
an automated way.

Flight operating conditions are deed by the limits of aircraft
performance, as well as by airport and FAA regulations [29]. The
aerodynamic envelope for each discrete mode is the set of states in
r‘?/vhich the aircraft should remain. The envelope is associated with a
Setof operating conditions, which are allowed ranges of input signals
for each discrete state. Given this set of operating conditions, the
controllable subset of the envelope is ded as that subset from
c? , yvhich it is possible to maintain the aircraftin the envelope. States not
AR 005 e C K C (4) in the controllable subset are such that no matter what input the pilot
: chooses, the pilot will not be able to prevent the state from exiting the

whereC,, accounts for the drag of the body of the aircraft, the slats, €nvelope. ] )
the aps, and the landing gear. The second term accounts for drag During descent andare, the aircraft proceeds through successive
induced by litK 1= AR 0:95 e and is a constant (its ap and slat settings. In each of these settings, the safe setéide
numerical value will be given later for a spezhircraft). AR isthe Dy boundsonthe state variables. The maximal allowed spgeth

aspect ratio of the aircraft deed byAR  b?=S The ef ciency dictated by regulations. The minimal speed is related to the stall
speed bWpin  1:3 V- The minimal speed is an FAA safety

T T recommendation; the aircraft might become uncontrollable below
V- The stall speed is given by the formula

o

whereC,  is the lift coef cient at zero angle of attack aGd is the

lift coef cient slope. Figure 2 shows a typicala model ofC,

for different ap and slat deections as well as the corresponding stall
angles ., above which Eq._(3) is not valid and the aircraft might
become uncontrollable. As sedJ, increases with ap de ection,

but the stall angle,,,x decreases. The stall anglg, increases with
slat de ection. The terminology used in thigure and the deection
angle values correspond to a DC9-30 aircraft. For drag, becaus
coef cients are not available, estimates have to be used. A procedu
advocated by Kroo [27] is followed. From lifting line theory [28], the
drag coefcientCy can be computed using the drag polar:

Co Cp

3

CL (Dimensionless Lift Coefficient)

25H : : e ! S
2mg
.9 V, 5
Al o ~ ] stall SCLmax ( )
g _ o
- Here, C,_ - C., C_ mx is the maximal lift coefcient
Ler - 1 (denoted by a dot in Fig. 2) obtained at the stall angjg.
During descent, the aircraft tracks the glide slope (GS) and must
b Slats deflected .. | remain within d of the glide-slope anglegs. As a result, the

ight-path angle in are mode can range from, s d to

max s d . As the aircraft reduces its descent rate to land
i smoothly (in the last 50 ft before touchdown), this range becomes
flap deflection =50 ss d; 0 deg. By regulation, the ight-path angle is thus

flap deflection: =25 . S : .
clean Wingp =0 ~ restricted to lie in the interval ;,;0 deg. (Typical values for

Slats retracted

05

landing are d 0:7 deg, s 3:0 deg; thus, i
1 : : angle of attack (deg) 3:7 deg. Note that this is a conservative approximation. Other
05 0 5 10 15 20 25 studies have suggested to extend this range Godeg; 0 deg."

Fig. 2 Lift coef cient model for three different ap settings (L1 0, 25,
and 50 deg) and for de ected/retracted slats. Charlie Hynes, private communication.
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Table 1 Summary of ap/slat de ection speci ¢ numerical parameter values for the DC9-30

Mode Vslall Vmax max h min max

Or 79:01 m=s 83 m=s 16 deg 0.2 3 deg 0 deg
Or! 25d 71:58 m=s 83 m=s 16 deg 0.5 3 deg 0 deg
25d 61:50 m=s 83 m=s 20 deg 0.8 3 deg 0 deg
25d ! 50d 60:46 m=s 83 m=s 18 deg 1.025 3 deg 0deg
50d 57:75 m=s 83 m=s 18 deg 1.25 3 deg 0 deg

1:225 kg=m?. The lift and drag forces are thus (in dimensional rise to a trajectory that remains within the safe envelope of the
form) controlled mode until it reaches a state that lies within the
controllable envelope of the subsequent mode in which case it is safe
L,V 68:6 h 42 V2N (10) due to a delayed switch. Note that a state may satisfy more than one of
. ) . o 2\y2 these conditions.

DV 27 308h 42 VN The controllable subset of a controlled madenvelope is
computed using a slight modiation of the reactavoid procedure
outlined in previous work [15]. L&V , be the safeight envelope of
the controlled mode, and Mt"! be the controllable envelope of the
subsequent mode. Thest condition for safety is represented in the
reach-avoid computation by setting, ~WS§, as would normally be

whereh  C_ 0 deg depends on theap setting. The letter N
indicates that the units are Newtond/(i§ taken irm=s). Asummary
of all constants for the DC9-30 is shown in Table 1.

Hybrid Algorithm done. The difference in areaetvoid computation lies in thavoid’
The modes in Fig. 5 can be divided into three classes according toPF “eScapesetA, which represents the other two safety conditions
the type of their outgoing transition. The simplest is niddiewhich that become available due to the controlled mode switch. Any

has no outgoing transition and hence is treated by solving (8) withouttrajectories that enter this set may safely switch to the subsc_equent
switches enabled. The controllable subset of the envelope ismode and hence are deemed safe in the controlled mode. In this case,
computed by solving (8) until it converges (after about 15 s of A iSSettoA W™\ W, For the reackavoid computation, itis
simulated time). A similar procedure can be run on the other two @ssumed thal, x suchtha f x2 XjJ, x ~ Og ThenV t is

main modes (f and 25d) to determine what subsets of their computed according to (8) subject to the additional constraint that
envelopes are controllable without mode switches. To determine the) Xt Ja x forallt. In the two modes of interedir(and25d),
controllable subsets with mode switches enabled, the remainingh€ reachavoid computation achieves aed pointV, and the
modes are split into two classes depending on whether the switch tgontrollable envelope for these modes is the complement oktéis

the subsequent mode in the sequence is controlled by the pilof?0iNtW V. For the particular sets and dynamics of these two
(mode<r and25d) or timed (the two transition modes). modes, itturns outthat  A°¢, for all safe states there exists a safe

A timed mode is a mode from which the system automatically instantaneous switch to the subsequent mode, but that need not be

switchesat t;.Astate V; ;z inatimed mode is safe if both of ~ true in general.

two conditions hold: First, it must give rise to a trajectory that

remains within the ight envelope of the timed mode for all Results

t2 0;t; ; otherwise, the trajectory becomes unsafe before the mode The results of the reachability computation are shown in Figs. 4, 6,
switch. Second, the state of the trajectoty at; must be within the and?.

controllable envelope of the subsequent mode; otherwise, the Figure 4 shows the set of controllable states in mddgzsd, and
trajectory will become unsafe at some time after the mode switch. Let50d without switching (dark), as well as the correspondiigit

W, be the safeight envelope in the timed mode, andwét™ be the envelopes (gray). Thisgure shows the boundary of theght
controllable envelope for the subsequent mode, which has alreadynvelope as well as the computational resultvigrwhich is the
been computed numerically. The reachability computation for the largest set containedi, such that the pilot can touch down safely.

timed mode then useg, W,\ W ¢ as initial conditions. As can be seen from Fig. 4, portionsWf, are excluded fror.
Inputs are used to steer the system away figgn and the There are three reasons for this fact.
computation is run backwards only t&y , which is typically short of 1) For low speeds, there is not enough lift/thrust to prevent the
convergence. The controllable envelope for the timed mode is thenaircraft from stalling almost immediately: In the state spdce z
W Vi © apointtoo closetothefate V,,;, in W, will not be able to stay in

A controlled mode is a mode from which the system may switch at W, and will exit this box through the¢  V,,;, face.
any time to avoid becoming unsafe. A stafe ;z in a controlled 2) For steepight-path angles (closetothe ;, faceinthen,

mode is safe if any one of three conditions hold: First, it may give rise box), the aircraft has too steep ofight-path angle to maintain itin
to a trajectory that always remains within the safe envelope of thethe box: The state space exits the box through the ,;, face.
controlled mode in which case it is safe without switching. Second, it  3) Too close to the ground, with steaght-path angle, the aircraft
may be within the controllable envelope of the subsequent mode inis not able to reach thésin Z, subset of the box and touches the
which case itis safe due to an instantaneous switch. Third, it may giveground with too high a vertical velocity.

Ou 25d 50d

" g0
70

4" 60
¥ (degrees) V (m/s)

Fig. 6 Flight envelope W  in each mode (gray). Controlled set W within each mode (dark), with switching allowed.
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Table A1 Optimal input [SIT  given as a function of the costate p,;p,

T Condition T
0 0; Tmax pl >0 0: Tmax
p:<0 0;0
max O;Tmax P1COS  max p2:V S!n max = 0 max; Tmax
P1COS  max pZ:V SIN max <0 max;o
O; max 0 pl_> 0
|f *12 0) max ~1,0
!f 12 max max 0
if ~1 < nax 0;0
p:<0 max; 0 Or 0;0
0 max Tinax pi < 0 p2> 0 maxs T max
pl>0p2<0 O;Tmax
pi< 0 p2 < 0 max; Tmax or O;Tmax
p:>0p,>0
if @H=@,1,, <0 0; T e
if @H=@ 1, >0 0; Trnax
if @H=@q;,, @H=@ 1, <0 ~2; Tmax

p" f x;u Pites D V. mgsin P2 +din situations and corresponding optimal inputs. The joation for
m mV these results is as follows.
For the cases where is xed (the rst and second rows of
Table Al), the only term of interest im is given by
(A1) p, cos p,=V sin T=m. Clearly, for max as well as
for 0, if p;cos p,=Vsin T=m >0, T  Tuu
otherwiseT 0.
ForT 0, one can rewrith x;p as

L ;V mgcos psVsin

whereu ; T . The optimality condition reads

@’ f x;u @°" fxu pycos p, sin 0

@u @ m mv hxp 22L,h ¢ V2 D, h ¢ 22
@™ fxu @ fxu Tp,sin  p,@D;V mv
@y @1 m m @ which is a quadratic in. The constantk,, Dy, , ¢, andh can be
p,T cos p, @L;V 0 easily related to the model through Eqs-4R If p, > 0, the
mv mv_ @ maximum occurs between the two zeros of the quadratic:
A2
"2 1 Loko (AS)
From (A2), the necessary conditions on the domain interior can be e Vp,
computed:
Because the parabola is upside down, if< 0, 0; if
tan 1 M . 1 2 _0; max » . 1 and if 12 max max* If P1 < 01 the
p, ' situation is much simpler because the parabolais right-side up, and so
depending on the location of in 0; ., Oor max-
T 1 p.veb . PV V. (A3) ForT T ONe wants to solve for
1 pV=p,2 P2 @ P2 @ @
@h pl - D pz L
L Vv = =7 e L = A
% tan 1 % v @ o sin @ ey’ cos @ 0 (A6)

There are four cases: Thest case ip, > 0 andp, < 0. Itis easy to
see that@h=@ 0, which means that max- conversely, if
< 0andp; > 0, 0. For the two remaining cases, itis needed

Using the fact that, for this particular model of lift and diag; V
isalinearfunctionof andD ;V isaquadratic function of,itcan
be checked quite easily that the eigenvalues of the Hessian matrix arg?

given by compute '
8 = ) !
< = @h 1 @D P2 .
P @D @D 2 2 2 =7 E T cos =7 P1 WTSln
2m - @? v @2 v sin : (A4) @ @

from which it can be seen thatpf, < 0 andp, < 0, thenh x;p
where the dependence orhas been omitted whendisappears in cannot have a local maximum; therefore, 0, or max- The
the differentiation. It can be easily checked that the two eigenvaluedast casep; > 0andp, > 0, is more dif cult:h x;p can eventually
are of opposite sign and that therefpre f x;u can never be have alocal maximum becau@b=@?2 < 0. Inthat case@h=@s a

extremal at ;T . The extremum op™ f x;u is thus on the decreasing function of . Thus if @h=@ ,< 0, 0; if
boundary of the domain. @h=@ >0, 0 as well. The remaining case is when they
Proof of Proposition 2In Eq. (Al), have opposite sigr@h=@ ,@h=@  _ < 0. In that case, one
needs to solve the transcendental Eg. (A6) numerically, and the
hxp : PL 1 cos D ;V  mgsin P2 14in solution is called ,.
m mvV Corollary 1: Callp  p;;p,;ps the costate of the system. To
L ;V mgcos solve ef ciently for the optimal input, ip; > 0 andp, > 0, solve
Eq. (A6) numerically for , and compare the six possible cases of
istheonlypartoH x;p thatdependsontheinput. Tod ;T , Proposition 2. Otherwise, compare only the possible cases of

one needs to udeinstead oH. Table A1 summarizes the possible Proposition 2 (no ,).
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