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Abstract

Strategies in repeatedgamescan be classi ed as to
whetheror not they usememoryand/orrandomization\e
considerMarkov decision processesand 2-player graph
gameshothof thedeterministicand probabilisticvarieties.
We characterizewhen memoryand/or randomizationare
required for winning with respectto various classesof -
regular objectivesnotingparticularly whentheuseof mem-
ory can be tradedfor the useof randomization.In partic-
ular, we showthat Markov decisionprocessesllow ran-
domizedmemoryles®ptimal strategiesfor all Muller ob-
jectives. Furthermoe, we showthat 2-player probabilistic
graph gamesallow randomizednemorylesstrategies for
winning with probability 1 thoseMdller objectiveswhich
are upwaid-closed Upward-closue meanghatif aset of
in nitely repeatingverticesis winning, thenall supesetsof

are alsowinning

1 Intr oduction

A two-playergraphgameis playedon a directedgraph
whoseverticesare partitionedinto playerl verticesand
player2 vertices. Thetwo playersmove a token alongthe
edgesof the graph. At playerl vertices,the rst player
choosesn outgoingedge,andat player?2 verticesthe sec-
ond player movesthe token to a neighboringvertex. The
outcomeof the gameis anin nite paththroughthe graph.
An objective for a playercanbe speci edasan -regular
conditionon the outcomeof the game[27, 23]. These -
regular gamesareusedin themodeling[1, 14, 11], veri ca-
tion [34, 12, 2, 20], andcontrol (synthesis]6, 3, 31, 29 of
state-basedystemswheretheverticesrepresenstatesand
theplayersrepresentcomponent®r agentsof a system.

This researchwas supportedin part by the AFOSR MURI grant
F49620-00-1-0327hy the ONR grantN00014-02-1-067 landby theNSF
grantsCCR-0132780CCR-0234690CCR-9988172andCCR-0225610.

@eecs.berkeley.edu,

luca@soe.ucsc.edu

A stratgyy for a playeris a recipethat describeshow
the playerchoosesa move wheneer it is herturn. Strate-
giescanbe classi ed asfollows. A pure stratgy always
chooses particularedgeto extendthe game. In contrast,
a randomizedstratgly may chooseat a vertex a probabil-
ity distribution over the outgoingedges.In otherwords,a
randomizedstratey instructsthe playerto tossa coin in
orderto decideon her move. Randomizedstratgies are
not helpful to win the gamewith certainty but they may
be usefulto win the gamewith probability 1. To formalize
this, noticethateveryvertex andevery pair consist-
ing of a playerl stratgy anda player?2 stratgyy de-
termines(1) a set of possibleoutcomes
if thetwo playersfollow the stratggies and startingthe
gamefromtheinitial vertex , and(2) aprobabilitydistribu-
tion over which indicatesthe likelihood
of eachpossibleoutcome.We saythatat vertex playerl
surely wins the gamewith objectve if thereis a player
1stratggy suchthatfor all player2 stratgies we have

, thatis, every possibleoutcomesat-
ises . A wealerconditionis thatplayerl almost-suely
winsat with objectve , meaningthatthereis a player
1 stratggy suchthatfor all player2 stratgies the set

of undesirablgossibleoutcomesas
probability 0.

Stratgiescanbe classi edalsoaccordingo their mem-
ory requirementsA memorylesstrateyy dependnly on
the currentposition of the token. In contrast,a memory
stratgly may dependon the paththe tokenhastakento ob-
tain its currentposition. It is well-know thatthereare -
regular objectveswhich canbe surelywon usinga mem-
ory strat@y, but cannotbe surelywon usinga memoryless
stratgyy. Hereis a simpleexample:therearethreevertices,

, ,and ;at playerl movesthetokento either
or , andatboth of thesevertices,player2 hasno choice
but to movethetokenbackto . Theobjectiveto visit both

and in nitely oftencannotbewon by player1 with-
outusingmemory;for instanceawinning player1 stratgy
may alternatehetwo moves and . Note,



however, thatin this gameplayerl doeshave arandomized
memorylesstratgy to almostsurelywin, suchasthestrat-
egy that always chooseghe successoof  uniformly at
random.In otherwords,player1 cantradememoryagainst
arandomcoin. We systematicallystudythis trade-of for
all -regularobjectives.

Theresultsarecategorizedaccordingto the form of the
gamegraphandtheform of thewinning condition. For win-
ning conditions,we usethe classicalclasseof parity, Ra-
bin, Streett,and Mller objectves[33]. For gamegraphs,
we distinguishgraphswithout probabilisticvertices,which
arethe graphsdescribedabove, and graphsthat may con-
tain also probabilistic vertices. At a probabilistic vertex,
the tokenis moved accordingto a x ed probability distri-
bution over the outgoingedgesthatis, neitherof the two
playerscanchoosethe successovertex. Accordingly, we
classifythegamegraphsinto -playergraphs(only player
1 vertices), -player graphs(playerl and probabilistic
vertices), -player graphs(playerl andplayer2 vertices),
and  -playergraphs(playerl, player2, andprobabilis-
tic vertices).Noticethat -playergraphsaretransitionsys-
temsand  -playergraphsareMarkov decisionprocesses
(MDPs). Insteadof almost-surewinning, we considerthe
more generalcondition of optimality. For a vertex , a
playerl stratgy , andaplayer2 stratgy |, let

by the probability of the set of de-
sirablepossibleoutcomes. A playerl stratgly is opti-
malat for if for all

playerl stratgies
mostsurelywins at  for

It can be shawn that playerl al-
iff shehasa stratgyy  with

For Rabinobjectives, it is known that pure memoryless
stratgyies sufce for the surewinning of 2-playergames
[16, 15], andfor the morespecialcaseof parity objectves,
it is known thattherealwaysexist optimalstratgiesin -
playergameswhich areboth pureandmemoryles$26, 5].
At the other extreme, Streettgamesare known to require
memoryfor surewinning evenin the 1-playercase(cf. the
abore example),and it is easyto seethat they also re-
quirememoryfor almost-suravinning in the 2-playercase
(cf. Example3). However, for -player Streettgames,
and more generally for all -player Muller games,we
shav that no memoryis requiredfor optimal stratgies if
randomizatioris available(Theorem9). In otherwords,in
MDPs the optimal value canbe obtainedwithout memory
for every objective which cannotdistinguishbetweentwo
pathsthat visit the sameverticesin nitely often. Further
more,we shav thatif the objective is Rabin,thenoptimal-
ity in MDPscanbeachieredby stratgiesthatarebothpure
andmemorylesgTheorem8).

We thentake a closerlook at the generalcaseof -
player -regular games. We de ne a Milller objectie
to be upwad-closedif for every in nite path , if

every vertex that occursin nitely oftenin  also occurs
in nitely oftenin , then For example, every
generalizedBuchi objectve is upward-closed. We prove
thatmemorylesstratgiessufce for the almost-surewin-
ning of upward-closed -playergamegqTheoreml1l). If
randomizationis not used,then upward-closedobjectives
(suchasthe generalizedBuichi objectve in the above ex-
ample)mayrequirememoryfor almost-suravinning; thus,
theupward-closedjamesallow usto tradememoryfor ran-
domization.Indeed we give anexampleof 2-playerMller
gameswith  verticeswheresurewinning requires
memorybut almost-surevinning canbe achieved without
memory Moreover, thereis a gamesuchthat, if a Miller
objective is not upward-closedthenrandomizednemory-
lessstrat@iesareno betterthanpurememorylesstrategies
for almost-surewinning, and they are not as powerful as
stratgieswith memory This shavs thatthe upward-closed
Miuller gamesare the mostgeneralgameswith  -regular
objectveswherememorycanbetradedfor randomization.

2 Preliminaries

Game graphs. A turn-basedprobabilistic game graph
(  -playergamegraph) con-
sistsof a directedgraph , apartiton , , of
the vertex set , anda probabilistictransitionfunction
, Where denotegthe setof probability

distributionsover the vertex set . Theverticesin  are
the player1 verticeswhereplayer1 decideshe successor
vertex; the verticesin ~ arethe player2 vertices,where
player2 decideghesuccessovertex; andtheverticesin
arethe probabilistic vertices,wherethe successovertex is
choseraccordingto the probabilistictransitionfunction .
We assumehat, for and , we have
iff , andwe oftenwrite for . For
technicalcorveniencewe assumehatin every ver-
tex hasat leastoneoutgoingedge,andwe write
for .

An innite path, or play, of the gamegraph s
an in nite sequence of verticessuchthat

for all . We write  for the setof

all plays,andfor every vertex we write  for the
setof playsthat startfrom thevertex . A set of
verticesis called -closedif for every , we have
implies . A -closedsubsebf induces

a subgameraph of , indicatedby , if for every
vertex thereis a vertex suchthat

The turn-baseddeterministic game graphs (2-player
gamegraphg arethe specialcaseof the -playergame
graphswith . TheMarkov decisionprocesse¢ -
playergamegraphg arethespecialcaseof the  -player
gamegraphswith or . We refer to the



MDPs with asplayerl MDPs, andto the MDPs
with asplayer2 MDPs A gamegraphwhich is
both deterministicand an MDP is called a transition sys-
tem( -playergamegraph): aplayerltransitionsystemhas
only player1 vertices;aplayer2 transitionsystemhasonly
player2 vertices.

Strategies. A strategy for player1 is a function
thatassignsa probability distribution to every

nite sequence of vertices,which represents

thehistoryof theplay sofar. Playerl followsthe stratgy

if in eachmove, given that the currenthistory of the play

is , shechooseghe next vertex accordingto the prob-

ability distribution . A strat@gy must prescribeonly

availablemoves,i.e., for all , , and ,

if , then . The stratgjies for

player2 are de ned analogously We denoteby and

the setof all stratgjiesfor player1 and player2, respec-

tively. Notethatfor player1 MDPstheset isasingleton,

i.e., player2 hasonly asingletrivial strateyy.

Once a starting vertex and stratgies

and for the two playersare x ed, the outcome

of the gameis a randompath for which the prob-

abilities of events are uniquely de ned, where an event
is a measurableset of paths. Given stratgies

for player1l and for player2, a play
is feasibleif for every the following three condi-

tions hold: (1) if , then ; (2) if
, then ; and (3) if
then . Givenstrate-
gies and , and a vertex , we denoteby

the setof feasibleplaysthat start
from givenstratgies and . For avertex and
an event , We write for the probability
thatapathbelongso if thegamestartsfrom thevertex
andthe playersfollow the strat@ies and , respectiely.
In the context of playerl MDPs we often omit the argu-
ment , because is asingletonset.

Objectives. Objectivesfor the playersin nonterminating
gamesare speci ed by providing the setof winning plays

for eachplayer In this paperwe studyonly zero-
sumgameg30, 18], wheretheobjectivesof thetwo players
are strictly competitve. In otherwords, it is implicit that
if the objective of oneplayeris , thentheobjective of the
otherplayeris . Givenagamegraph andanobjective

, We write for the gameplayedon the graph

with theobjectve for playerl.

A general class of objectves are the Borel objec-
tives[21]. A Borel objective is a Borel setin the
Cantortopologyon . Inthispapemeconsider -regular
objectived33], whichlie in the rst levelsof theBorel
hierarchy(i.e., in the intersectionof and ). The -
regularobjectives,andsubclassethereof,canbe speci ed

in thefollowing forms.
Foraplay ,wede ne

for in nitely mary to be the set
of statesthatoccurin nitely oftenin . We usecolorsto
de ne objectvesindependenof gamegraphs.For a set

of colors,we write for a function that maps
eachcolorto a setof vertices.Inversely givena set

of stateswe write for theset

of colorsthatoccurin

1. Readtability and safetyobjectives. Given a color
thereachabilityobjective requiresthat somevertex of
color be visited. Let be the set of so-
calledtarget vertices.Formally, we write Reach

for some
for the setof winning plays. Given , the safetyob-
jective requiresthat only verticesof color be vis-
ited. Let be the set of so-calledsafever-
tices. Formally, the setof winning playsis Safe
for all

2. Buchi and geneslized Buchi objectives. Given a
color , the Bichi objective requiressomevertex of
color bevisitedin ntely often. Let betheset
of so-calledBuichi vertices. Formally, the setof win-
ning playsis Biichi .
Givenaset of colors,the general-
ized Buichi objective requiresthatall ~ Biichi objec-
tivesin  be satis ed. Formally, the setof winning
playsis Buchi

3. Rabin, parity, and Streett objectives. Given a set
of pairsof colors,the
Rabinobjective requiresthatfor some , all
verticesof color  bevisited nitely oftenandsome
vertex of color  bevisitedin nitely often. Let
bethecorrespondingetof
so-calledRrabinpairs, where and
for all . Formally, thesetof winning playsis
Rabin
The parity (or Rabin-
chain) objectivesarethe specialcaseof Rabinobjec-
tiveswhere . Given
the Streettobjective requiresthatfor each ,
if somevertex of color s visited in nitely often,
thensomevertex of color s visitedin nitely often.
Formally, for the set
of so-calledStreett pairs, the setof winning playsis
Streett
. NotethattheRabinandStreett
objectvesaredual.

4. Muller andupwamd-closedbjectivesGivenaset of
colors,anda set of subsetf the colors,the
Mdller objective requiresthatthe setof colorsthatap-
pearin nitely oftenin aplayis exactly oneof the sets



in . Formally, for theset

of so-calledMilller setsof vertices the setof winning
playsis Muller .
Wecall a(gamegraphindependent¥peci cationof
theobjective Mller , because doesnotreferto
thevertex namesof . Thespeci cation is upwaid-
closedif for all , if , then

The generalizedBiichi objectives, Rabin objectves, and
Strettobjectivesare specialcasesf Muller objectves. In
particular all Buchi and generalizedBichi objectvesare
upward-closed. Moreover, reachabilityand safety objec-
tivescanbeturnedinto Biichi objectiveson slightly modi-
ed gamegraphs.However, a parity, Rabin,or Streettob-
jective neednot be upward-closed.

We commonly use terminology like the following: a
-player Muller game  Miller consistsof a
-player game graph  and a Miller objectve for

playerl,where isasetof Millersets.

Valuesof a game and optimal strategies. Given objec-
tives for playerl and for player2, we de ne the
valuefunctions and for theplayersl and2,
respectiely, asfollows:

A stratgy for playerlis optimalfrom vertex for objec-
tive if The optimal
stratgyiesfor player2 arede ned analogously

Theorem 1 (Quantitati ve determinacy [24]). For all
-player gamegraphs, all Borel objectives , and all
vertices ,

Every -regular objective canbe expressedasa parity
objective [28, 33]. The existenceof optimal stratgies for
-playergameswith parity objectivesfollows from [26,

5]. This givesthefollowing theorem.

Theorem2 (Optimal strategies). For all -player
game graphs with Muller objectives, optimal strategies
existfor bothplayers.

Sureand almost-surewinning strategies.Givenanobjec-
tive , astratgy is asure winning strategy for playerl
from a vertex if for every stratggy of player 2 we
have . Similarly, a stratgyy is an
almost-suewinningstrategyfor playerl fromavertex for
theobjectve if for every stratgyy of player2 we have

. Thesureandalmost-surevinning stratejies
for player2 arede ned analogouslyGivenanobjectve

Figure 1. An MDP with a reachability objec-
tive .

the sure winning set for player1 is the setof
verticesfrom which player1 hasa surewinning stratey.
The almost-sue winning set for player1 is
the setof verticesfrom which player 1 hasan almost-sure
winning stratgy. Thesurewinningset and
thealmost-suravinning set for player2
arede ned analogouslylt follows from thede nitions that
for all -player gamegraphsand all objectves , we
have and

Computingsurewinning and almost-surewinning sets
and strat@ies is referredto as the qualitative analysis
of -player games. It follows from Theorem2 that

. Thefol-
lowing resultis theclassicabdeterminag resultfor -player
deterministiocgames.

Theorem 3 (Qualitative determinacy [25]). For all -
playergamegraphsandall Borel objectives , wehave

Thefollowing exampleshows that Theorem3 cannotbe
extendedo -playerand  -playergames.

Examplel Considerthe MDP with a reachabilityobjec-
tive shavn in Fig. 1. In all our gures we use to denote
playerl vertices, to denoteplayer2 vertices,and to
denoteprobabilisticvertices. The objectve  of player1
isto reachthevertex . Giventhestratgly thatchooses
atvertex ,thetamget isreachedwith proba-
bility 1. However, thereis anin nite pathsthatis consistent
with the playerl stratgy but only visits the vertices

and . Hence, and
. Thisshowvsthatin generafor MDPsand -
playergames .1

3 SpecialFamilies of Strategies

Pure, nite-memory, and memorylessstrategies. We
classify stratgies accordingto their useof randomization
and memory The stratgjies that do not use randomiza-
tion are called pure. A playerl stratgy is pure if for
all and , thereis a vertex suchthat



. The purestratgjiesfor player2 arede-
ned analogously We denoteby and the setsof
pure stratgjiesfor player1 and player 2, respectiely. A
stratgyy thatis not necessarilyureis calledrandomized

A stratgy is nite-memoryif it dependson the current
vertex andon a nite numberof bits from the history of
theplay sofar. We denoteby the setof nite-memory
stratgyies for player1, and by the setof pure nite-
memorystratgies; thatis, . A memo-
rylessstratgyy doesnot dependon the history but only on
the currentvertex. A memorylesstratey for playerl can
berepresentedsfunction : suchthatfor all

and  if ,then . A pure
memorylesstrategy is a pure stratgy thatis memoryless.
A purememorylesstratey for playerl canberepresented

asa function : suchthat for all
. We denoteby the setof memorylesstratgies

for playerl, andby thesetof purememorylesstrate-

gies;thatis, . Analogouslywe de ne the

correspondingtrateyy familiesfor player2.

Given a stratgy for player1, we write for
the gameplayedon the graph  underthe constraintthat
player1 follows the strategy . The correspondingle -
nition for a player2 stratgy is analogous. Obsene that
givena  -playergamegraph andamemorylesplayer
1stratgy ,theresult isaplayer2 MDP. Similarly, for
aplayerl MDP anda memorylesplayerl stratgy
theresult  is a Markov chain. Hence,if isa -
playergamegraphandthetwo playersfollow givenmemo-
rylessstratgjies and , theresult is aMarkov chain.
Theseobsenationswill be usefulin the analysisof -
playergames.

Sufciency of a family of strategies. Let
andconsiderthefamily  of special

stratgiesfor playerl. We saythatthefamily = sufces

with respecto anobjectve onaclass of gamegraphs

for
surewinningif for every gamegraph , for every
vertex thereis aplayerl stratey
suchthat for every player?2 stratgy we
have ;

almost-sue winning if for every gamegraph ,
for every vertex thereis a playerl

stratgy suchthatfor every player2 stratgy
we have ;

optimality if for every gamegraph , for every

vertex thereis aplayerl stratgy such

that .

For surewinning,the  -playerand  -playergames
coincidewith 2-playerdeterministicgameswherethe ran-
domplayer(who chooseghe successoat the probabilistic

vertices)s interpretecasanadwersaryi.e.,asplayer2. This
is formalizedby the propositionbelow.

Proposition1 If afamily  of strategiessufces for sure
winningwith respecto anobjective onall -playergame
graphs,thenthe family sufces for sure winning with
respecto alsoonall -playerand -player game
graphs.

The following propositionstatesthat randomizationis
notnecessaryor surewinning.

Proposition2 If afamily  of strategiessufces for sure

winning with respectto a Borel objective on all -
playergamegraphs thenthefamily of pure strate-
giessufces for sure winningwith respecto  onall -

playergamegraphs.

The following resultis the classicaldeterminag result
for 2-playerdeterministiographgames.

Theorem4 (Pureand nite-memory strategies).

1. [25] The family of pure strategies sufces for
sure winningwith respecto all Borel objectiveson -
playergamegraphs.

2. [19] Thefamily of pure nite-memorystrategies
sufces for sure winningwith respecto all Muller ob-
jectiveson -playergamegraphs.

It is easyto seethatfor ary -playergameasurewinning
stratgy is alsoanalmost-suravinning stratey. Hencethe
almost-surawinning stratgies neednot be more complex
thanthe surewinning stratgjiesin -playergames.Thisis
formalizedby the propositionbelow.

Proposition3 If afamily  of strategiessufces for sure
winningwith respecto a Borel objective onall -player
gamegraphsthenthefamily  sufces alsofor optimality
withrespecto onall -playergamegraphs.

4 Reachability and SafetyObjectives

Purememorylesstratgyiessufce for surewinning and
optimality (andthereforefor almost-suravinning) with re-
spectto reachabilityandsafetyobjectives.

Theorem5

1. Thefamily of pure memorylesstrategiessufces
for sure winningwith respecto readhability andsafety
objectiveon  -playergamegraphs.

2. [7] Thefamily of pure memorylesstrategiessuf-
ces for optimality with respectto reacability and
safetyobjectiveson -playergamegraphs.



Theorem5(1) for 2-playergamesis classical. It is an
easyconsequencef thealternatingreachabilityanalysisof
AND-OR graphs;see[33] for details.Dueto Propositiont,
theresultcarriesover to -playergames.Theorem5(2)
follows from the resultsof [7]. However, the proof given
thereis analytical;it analyzesthe behaior of discounted
gamesasthe discountfactorcorvergesto 1. As in thefol-
lowing sectionswe will make frequentuse of this result
for MDPs, we provide herean elementaryproof that pure
memorylesstratgiessufce for optimality with respecto
reachabilityobjectveson MDPs. Our proof usesonly facts
from graphtheoryandmatrix algebra.

Considera playerl MDP

(where ), togetherwith a set of target
vertices. Let , and let be the set of
verticesthat cannotreach  in the graph ; let also

. From , all stratgjiesareoptimal
with respecto theobjectve Reach , sowecan x apure
memorylessstratgy on arbitrarily. Considerthe
following xpoint equatiorfor , wherefor all

(1)

This systemof equationsin generalhas mary xpoints,
and it is well-known that the least xpoint equals
Reach ; see,e.g.,[13]. For , de ne
the setof optimalsuccess@of by
. Clearly, an optimal stratgyy mustselect
only optimalsuccessorsf verticesin . Thus,we cut
fromtheMDP all theedges with and
. Itisimmediateto checkthat s still a xpoint
of (1) in theresultingMDP.

To obtainamemorylesstrategyy, we canchooseall opti-
mal successoref verticesin uniformly atrandom.
To obtaina memorylesgpurestratgy, we obsene thatif a
vertex hasmultiple optimal successors,e.,

, andwe cutanedge with , then

is still a xpoint of (1) in theresultingMDP. However,

we cannofarbitrarily x oneoptimalsuccessofor eachver-

texin andcuttheedgego all othersuccessorsioing

socouldcreatenen xpoints below . Thisoccursfor in-

stancewheneertherearemutuallyreachableerticeswith

equal ,andtheselectedsuccessorsreateacyclethatpre-
ventsreaching . Our goalis to pick optimal successors,

andcutthe edgeso othersuccessorsothat is theonly

xpoint of (1) in theresultingMDP. Thiswill guarante¢hat
Reach for theresultingpure memoryless

strateyy.

To ensurethe uniqguenes®f the xpoint, we cut edges

from while maintainingtheinvariantthatevery ver-

texin canreach inthegraph . Notethatthis

invariantholdsinitially by thede nition of . Let

be a subsef edgeghat consistsof shortesipathsfrom

to suchthateveryvertex hasonly oneoutgoingedgeij.e.,

for all  if ,then

Then, prunefrom playerl verticesall edgesthat are not

in ; precisely for all and , keep
if , and pruneit otherwise. The MDP

correspondshusto a Markov chain. We de ne thetransi-

tion probability matrix andthe vector
asfollows, for all
if and ;
if and ;
if ;
if and ;
if and ;
if
Then , asa xpoint of (1), is a solutionof
Sinceevery vertex in  hasapathto in thegraph
, thematrix  correspondso atransientchain,and
[22]. Hence, is the

unique xpoint of (1), shaving the optimality of the pure
memorylesstratgy thusconstructed.

5 Parity Objectives

Purememorylesstratgyiessufce for surewinning and
optimality (andthereforefor almost-suravinning) with re-
spectto parity objecties.

Theorem6

1. Thefamily of pure memorylesstrategiessufces

for sure winning with respectto parity objectiveson
-playergamegraphs.

2. [26, 5] Thefamily of pure memorylesstrategies

sufces for optimalitywith respecparity objectiveson
-playergamegraphs.

Theorem6(1) for 2-player gamesis a classicalresult
of [16]; an alternatve proofis presentedn [32]. Dueto
Propositionl, the resultcarriesover to -playergames.
Theorem6(2) follows from two independentesults: an
analytical proof using resultson recursve gamesof Ev-
erett[17] is presentedn [26]; a combinatorialproof using
graph-theoretiagumentds presentedn [5].

6 Rabin Objectives

Purememorylesstratgiessufce for surewinningwith
respectto Rabin objecties in -player and -player



games,and for optimality (and thereforefor almost-sure
winning)in -playergamegMDPs). It is anopenprob-

lem whetherthe family of pure memorylessstrate-
giessufces for almost-surevinning on -playergame
graphs.

Theorem7 Thefamily of pure memorylesstrate-
giessufces for sure winning with respecto Rabinobjec-
tiveson  -playergamegraphs.

Theorem 7 for 2-player gamesis a classical result
of [16]; an alternatve proof is presentedn [15]. Dueto
Propositionl, theresultcarriesoverto -playergames.

It follows from Theorem4 and Proposition3 that the
family of pure nite-memory strateies sufces for
optimality (and almost-surewinning) with respectto Ra-
bin objectveson -playergamegraphs.Ontheotherhand,
pure memorylessstratgies sufce for optimality with re-
spectto Rabinobjectveson MDPs, asstatedby thefollow-
ing theorem.Thisresultdoesnotfollow from the preceding
results,asthe casefor 2 -playergamess open,asnoted
above.

Theorem8 Thefamily of pure memorylesstrate-
giessufces for optimality with respecto Rabinobjectives
on  -playergamegraphs.

This theoremcan be proved using the techniquesde-
velopedin [8, 9] to computethe maximal probability of
satisfyingan -regular speci cation. We considerplayer
1 MDPs and hencestratayies for player 1. Let

with bea -playergame
graph. The key conceptunderlyingthe proof is that of
an end-component.A set of verticesis an end-
componentf is -closedandthe subgamegraph
is stronglyconnected We denoteby the setof all
end-componentsf

We will usetwo factsaboutend-componentsThe rst
fact statesthat, underary stratey, with probability 1 the
set of verticesvisited in nitely often along a play is an
end-component. This theoremparallelsthe well-known
propertyof closedrecurentclassesn Markov chaing[22].
To statethe lemma, for and , we de ne

Lemmal [8] For all vertices
wehave

andstrategies ,

For anend-component , wedenoteby  theran-
domizedmemorylesstratgy thatateachvertex

selectsuniformly at randomone of the edges

having . Thefollowinglemmaisimmediateas un-
derstratgy = formsaclosedrecurrentclassof a Markov
chain.

Lemma2 [8] For all end-components andall ver

tices , wehave

Consideraset of Rabin
pairs. For corvenienceset for .
With this notation,the Rabin objective canbe readasfol-
lows: a play is winning if thereis some such
that (1) the play is eventuallycon ned in ~ , and(2) the

play visits  in nitely often. We denoteby theset
consistingof the end-components suchthatthereis
an for which " and . The

set consiststhusof the end-componentthat satisfy the
Rabinobjectie. Let be unionof all such
winning end-components-rom Lemmasl and2 above, it
followsthatthemaximalprobability of satisfyingRabin

is equalto the maximalprobability of reachinghe unionof
the winning end-componentsWe presenta proof of this
fact,asit will be usefulin the constructionof a puremem-
orylessstrateyy.

Lemma 3 [8] Rabin Reach

Proof. Given ary stratgy , let  be a stratgy that

behaes like  outside of , and that upon enter
ing at a state , follows the stratggy , for some
end-component with Then, from
Lemma 2 it follows that for all vertices , we
have Reach Rabin , and thus,

Rabin Reach . Forthere-

verseinequality consideragainanarbitrarystratgyy , and
noticethatfrom Lemmal we have:

Rabin Rabin

Rabin

Reach

As pure memorylessstratgjies sufce with respectto
reachabilityin MDPs, the above proof is a rst stepin
shaving thatthereare purememoryles®ptimal strateyies.
However, thestratggy  constructedbove is notnecessar
ily purememorylesshecausét needso remembeioneof
thewinningend-component&orrespondingo theentrance
in ), andit follows a randomizedstrateyy inside that
end-componendVe canconstrucia suitablepurememory-
lessstratgy asfollows. Let , thus x-
ing anarbitraryorderamongthe winning end-components.
For , let beary x ed
suchthat ~ and In other words,

is a Rabinpair that withesseghe
winning of the end-component . With this notation,for
let bethepurememorylesstratgyy de ned

over whichchoose®nly successorm  suchthat:



in , it coincideswith a purememoryless
stratgyy for reaching ;

in , it choose@narbitrarydestinationn

The existenceof sucha strateyy follows from the existence
of pure memorylessstratgies with respectto reachability
(Theoremb). For , let

be the rank of the vertex
stratgy asfollows:

. Now de ne the

outside , the stratggy  coincideswith a pure
memorylessoptimal stratgy with respectto the ob-
jective Reach ;

at eachvertex coincides

with

, the stratgy

Once sucha memorylessstratayy is x ed, the MDP be-
comesa Markov chain , with transition probabili-
ties de ned by for , and by

for . Thefollowing lemmachar
acterizeghe closedrecurrentclasseof this Markov chain

in theset , statingthatthey satisfythe Rabinobjective.
Lemma4 If is aclosedrecurentclassof the Markov
chain witﬂ , thentheris an

sud that and

Proof. Let . Theclosed

recurrentclassesof are the terminal strongly con-

nectedcomponent§SCCs)of thegraph . By the

constructiorof | therankof the verticesalongall pathsin
is nondecreasingHence,eachterminal SCC

of mustconsistof verticeswith the samerank;
we indicate this rank by . Then, at all statesof

the stratgy is used. Thus,it immediatelyfol-
lows that . Moreover, sincefrom every state
of the stratey aimsat
reaching , andas hasno outgoingedges
in it followsthat N |

Theoptimality of thestratggy  is asimpleconsequence

of Lemma4.

Corollary 1 For all vertices , we have
Rabin Rabin

Proof. In view of Lemma 3, we needto shav that

Reach Rabin To this
end, it sufces to note that by the constructionof
we have Reach Reach and

Rabin Reach . The secondequality
followsfromthefactthatunderstrateyy ,onceaplay en-
ters , with probability 1 we have for some
closedrecurrentclass of . Lemmad4 thenleadsto
theconclusionl

[ ]

Figure 2. A Streett game.

7 StreettObjectives

Sure winning requiresmemory for Streett objectves
evenin the caseof 1-playergames.This follows from the
examplegivenin theintroduction,whichis repeatedere.

Example2 Considerthe -playergamegraphshawn in
Fig. 2. The objective is a Streett objectve with two
Streettpairs: for
and and We con-
siderthe two possiblepure memorylessstratayies: (1) for
the stratgy that alwayschooses , the Streettpair
is notsatis ed;and(2) for thestratgy thatalways
chooses , the Streettpair is not satis ed.
Hencethereis no pure memorylesssurewinning stratey
for playerl. It follows from Proposition2 thatthereis no
randomizednemorylessurewinning strateyy either i

It will follow from Theorem10 thatmemorylesstrate-
giessufce for almost-surevinning with respecto Streett
objectves on -player (and henceon -player) game
graphs. We now showv that almost-surewinning -player
Streettgamegdoesrequirememory

Example3 Considerthe -playergamegraphshawn in
Fig. 3. Theobjective is a Streettobjective with two Streett
pairs: for ,
, , and . Considerthe two pos-
sible pure memorylessstratgjies for player1: (1) for the
playerl stratgy thatalwayschooses , theplayer2
stratgyy thatchooses ensureghatthe Streettpair
is not satis ed; and (2) for the playerl stratey
that always chooses , the Streettpair is
not satis ed. For ary randomizednemorylesstrateyy that
choosesoth and with positive proba-
bilities, the player2 stratey thatchooses ensures
thatthe vertex set is visitedin nitely often.
Hencethe Streettpair is not satis ed. Note, how-
ever, thatthe pure memorystrategy thatchooses
oncewheneer player2 chooses , and otherwise
chooses , is a surewinning stratgy (and hence
alsoanalmost-suravinning strateyy) for playerl. i

The resultson Streettgamesare summarizedn the fol-
lowing theorem.

Theorem9

1. Thefamily of memorylesstrategiesdoesnot suf-
ce for sure winning with respecto Streettobjectives
on -playergamegraphs.



2. Thefamily of memorylesstrategies sufces for
almost-sue winning with respecto Streettobjectives
on  -playergamegraphs.

3. Thefamily of memorylesstrategiesdoesnot suf-
ce for almost-sue winningwith respecto Streettob-
jectiveson -playergamegraphs.

8 Muller Objectives

It follows from Example 2 that sure winning strate-
giesrequirememoryfor Miller objectvesevenin -player
gamesMoreover, Example3 shovsthatin  -playergames
with Muller objectvesalmost-surevinning requiresmem-
ory. We now show thatfor -playerMuller gameamem-
orylessalmost-suravinning stratgiesexist.

Theorem10 Thefamily of memorylesstrategiessuf-
ces for optimality with respectto Milller objectiveson
-playergamegraphs.

Given a set of Miller sets,we denoteby
thesetof end-componentthatareMller sets
(seeSection6 for a de nition of end-components}these

arethe winning end-componentd._et be
theirunion. FromLemmasl and2, it followsthatthe max-
imal probability of satisfyingthe objective Milller is

equalto the maximal probability of reachingthe union of
thewinning end-components.

Lemmabs Muller Reach

The proof of this lemmais analogougo the proof of
Lemma3. To constructa memorylesswvinning strateyy,
we againlet , thus xing anarbitraryor-
deramongthe winning end-componentgndwe de ne the
rankof avertex by

. Wede ne arandomizednemorylesstratgy as
follows:

In , thestratgy coincideswith anoptimal
memorylesstratgy to reach

At eachvertex , the stratggy  coin-

cideswith the stratgyy de ned in Section6;

thatis, it selectsuniformly atrandomoneof theedges
having

Once sucha memorylessstratayy is x ed, the MDP be-
comesa Markov chain , with transitionprobabilities
de ned by for , and by

for . The following lemmacharacterizes
the closedrecurrentclassesof this Markov chainin the
set , Statingthatthey areall winning end-components.

Lemma6 If is aclosedrecurrentclassof the Markov
chain , theneither or

Proof. Let
closedrecurrentclassesf

The
arethe terminal SCCsof

the graph . As therank of the verticesalongall
pathsin is nondecreasingachterminalSCC
of must consistof verticeswith the samerank,
denoted Clearly, To seethat
notethatin  playerl follows the stratgy
, which causeshewhole of to bevisited.
Henceas isterminal,we have .1

Theoptimality of thestratgly is asimpleconsequence
of Lemma6. Thefollowing corollaryis provedin afashion
analogougo Corollary 1.

Corollary 2 For all we have

Miller

vertices ,
Muller

9 Upward-closedObjectives

We showv that memorylessalmost-surewinning strate-
giesexist for all -playerMuller gamesf the objective
canbespeci edin anupward-closedvay.

Theorem11l Thefamily of memorylesstrategiessuf-
ces for almost-sue winning on -player gamegraphs
with respectto Muller objectivesthat haveupward-closed
speci cations.

Proof. Consideran upward-closedspeci cation of an
objective Muller anda -playergamegraph
Let be the almost-sure

winning setfor player1. It is easyto arguethat for ev-

ery vertex , thereis a vertex with
, andfor every vertex , for

all edges we have . Hence,
is a subgamegraph. By the de nition of , player1
hasa winning stratgy (memorylesor not) suchthat

Muller for all vertices and
player2 stratgjies . Moreover, thestratggy = canchoose
only edgesn , asit cannotleave . Hence,from

now onwe concentrat.n the subgamegraph

Let be the memorylessplayerl strateyy that plays
uniformly at randomin . Precisely for a vertex

, let , andlet

betheplayerl strategy thatat playseachedge
in uniformly at random. We claim that is winning,
thatis, Muller for all vertices
andplayer? stratgies , thusshaving the existenceof a
memoryles@lmost-winningstrateyy for playerl.

Assume,towards a contradiction,that player 2 hasa

stratgy ~ suchthat Miller for some
vertex . Notethat is aplayer2 MDP under
stratgly ; we denotethis player2 MDP by

From our resultson Muller MDPs, theremustbe an end-
component of which is winning for
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Figure 3. A Miller game.

player2, thatis,
rylessstrateyy
ability in
theMarkov chain .

Now considethesituationarisingwhenplayerl usests
original winning stratggy =~ against . Understratgyy ,
the gamegraph is a playerl MDP, which we de-
noteby . As isclosedunder and ,it has
nooutgoingplayerl edgein . By thede nitions
of and ,playerlcanwin with probability1 from
Therefore,againfrom our resultson Miller MDPs, there
mustbe anend-component of which
is winning for player1, thatis, . This contradicts
theupward-closureof .

. Moreover, player2 hasamemo-
thatenablest to win with maximalprob-
,and isaclosedrecurrentclassof

Thereare gameswith Muller objectvessuchthat sure
winningwith a purestratey requires memory where

is the numberof vertices,but almost-surewinning can
be achieved by a randomizednemorylessstratgyy. To see
this, for arbitrary , considerthe set
of colors andthe Miller speci cation It fol-
lows from the split-treeconstructionof [15] thatthereis a
2-playergamegraph  with  vertices,eachof which is
labeledby auniquecolorfrom , suchthatapuresurewin-
ning stratggy on  for the objectve Milller requires

memory Ontheotherhand since isupward-closed,

by Theoreml1 arandomizednemorylesglmost-suravin-
ning stratgy exists.

We now shav that thereexists a 2-playergamegraph
suchthat for every Miller objectie that is not upward-
closed, randomizationdoes not help, i.e., memoryless
almost-surewinning stratgies exist if pure memoryless
almost-surewinning stratejies exist, whereasstratgies
with memorymay be almost-suravinning.

Example4 Let beasetof colors,andlet bea speci-
cation of aMuller objectve over which is not upward-
closed.Let suchthat and witness
that is not upward-closed.Considerthe 2-playergame
graphshovnin Fig. 3, wherethe verticesaretheplayerl
vertices,andthe  verticesarethe player2 vertices. The

colorsof eachvertex arede ned by , ,and

We shaw thatevery memorylesstratey thatis not pure
is not an almost-surevinning strategyy. Considerthe ran-
domizedmemorylesstratgyy for playerl which playsat
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both edges and with positive prob-
ability. Let be the stratgy for player2 which chooses

at Giventhe stratgies and , the game
is a Markov chainand the vertex set is a
closedrecurrentclassof the Markov chain;henceit is vis-
ited in nitely often. Thus,the setof colorsthatarevisited
in nitely oftenis , because . Since ,
thereis no randomizedmemorylessalmost-surewinning
strateyy.

We now shav thatonthegamegraphof Fig. 3, for every
set , If and , then almost-surewin-
ning strateies exist for player1. The vertex colors are
now de ned by , , , and

. We constructa surewinning strategy (and
hencean almost-surevinning stratgy) that usesmemory
Considerthe following strategy for playerl: givenary
sequencef vertices , let

if thelastvertex of is not

otherwise.

Intuitively, the stratgyy canbedescribedasfollows: if at

vertex theedge is played,thenplayer1 plays

at ;if atvertex theedge is played,
thenplayerl chooses followed by . We
provethat is asurewinning stratey for playerl by con-

sideringthefollowing threecases:

1. For every play suchthat occursin nitely

often and occurs nitely often, we have
and
2. For every play suchthat occursin nitely
often and occurs nitely often, we have
and
3. For every play suchthat occursin nitely
often and occursin nitely often, we have
and
, because

Since , it followsthat is asurewinning strateyy.

|

Thefollowing exampleshawvs thatsurewinning mayre-
quire memoryfor -playergameswith upward-closedb-
jectives.It followsthatTheoreml1 cannotbe strengthened
to surewinning stratejies.

Example5 Recall the -player game graph shavn in

Fig. 2. The setof colorsis , thevertex is
labeledwith color ,and islabeledwith . Thespeci -
cationof theMiller objectiveis ; thatis, the
objectiveof theplayeristovisitboth and in nitely of-

ten. We have alreadyseerthatthereis no purememoryless
sureor almost-surestratyy to achieve this objective. Note,



Table 1. AS - Almost Sure, PM - Pure Memoryless, F - Finite Memory, RM - Randomiz ed Memor yless.

Parity Rabin Streett Miuller Upward-closed

Players Sure | Optimal Sure | Optimal Sure | Optimal Sure | Optimal Sure | AS
PM PM PM F F F F F F RM

PM PM PM PM F F F F F RM

PM PM PM PM F RM F RM F RM

PM PM PM PM F RM F RM F RM

however, that a stratgyy that alternatelychoosesbetween

and is asurewinning stratgyy. Now con-
sidertherandomizednemorylesstratgy thatchooses
theedges and eachwith probability

Then, with probability 1 all verticesare visited in nitely
often.Thus  is analmost-suravinning strateyy. i

10 Conclusion

The memory and randomizationrequirementsof sure
winning and optimal (or almost-surewinning) stratejies
for - -, and -playergamegraphsare summa-
rizedin Tablel. We shavedthatin -playergameswith
upward-closedbjectvesrandomizednemorylessalmost-
surewinning strateyies exist. Moreover, the randomized
memorylesstratgyiesare alwayssimple,in the sensethat
they use only uniform randomizationover given sets of
edges . Severalimportantclasse®f Milller objectives,such
asgeneralizediichi objectves,areupward-closedln par
ticular, in 2-playergameswith generalizeduichiobjectves
the classicalpure surewinning stratgiesrequirememory
but randomizednemaoryles®ptimal stratgyiesexist.

In the caseof -playergameswith parity objectives
pure memorylesssurewinning, almost-surewinning, and
optimalstrategjiesexist[4, 5]. It isanopenproblemwhether
pure memorylessalmost-surewinning stratgies exist for

-player gameswith Rabin objectves. We also leave
openthe problemwhethermemorylessoptimal stratgies
exist  -playergameswith upward-closedbjectives.

We consideredurn-basedgames whereat each(non-
probabilistic)vertex one of the two playerschoosesa suc-
cessomvertex. A moregeneralclassof gamesarethe con-
current games where at eachvertex both playerssimul-
taneouslyandindependentlychoosemaoves, and the com-
bination of the chosenmoves results either deterministi-
cally or probabilisticallyin a speci c successovertex. The
following resultsare known for concurrentgames|[10]:
memorylesstratgiessufce for optimality with respecto
safetyobjectves;memorylesstratgjiessufce for optimal-
ity with respecto reachabilityobjectivesonly in the limit;
andBichi objectivesrequirebothin nite memoryandran-
domizationfor almost-suravinning. In the caseof concur
rentgamessurewinningis alwayssimplerthanalmost-sure

winning,in termsof therequirementsf winning strateyies.
In contrastfor MDPswith Milller objectvessurewinning
stratgiesrequirememorybut memorylesstratgiessufce

for almost-suravinning.
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