
Trading Memory for Randomness
�

KrishnenduChatterjee
�

LucadeAlf aro
�

ThomasA. Henzinger
���

�

EECS,Universityof California,Berkeley,USA
�

CE,Universityof California,SantaCruz,USA
�

ComputerandCommunicationSciences,EPFL,Switzerland
�

c krish,tah 	 @eecs.berkeley.edu, luca@soe.ucsc.edu

Abstract

Strategies in repeatedgamescan be classi�ed as to
whetheror not they usememoryand/orrandomization.We
considerMarkov decisionprocessesand 2-player graph
games,bothof thedeterministicandprobabilisticvarieties.
We characterizewhenmemoryand/or randomizationare
required for winning with respectto variousclassesof 
 -
regularobjectives,notingparticularlywhentheuseof mem-
ory can be tradedfor the useof randomization.In partic-
ular, we showthat Markov decisionprocessesallow ran-
domizedmemorylessoptimal strategies for all Müller ob-
jectives.Furthermore, weshowthat 2-playerprobabilistic
graph gamesallow randomizedmemorylessstrategies for
winning with probability 1 thoseMüller objectiveswhich
areupward-closed.Upward-closuremeansthat if a set � of
in�nitely repeatingverticesis winning, thenall supersetsof

� arealsowinning.

1 Intr oduction

A two-playergraphgameis playedon a directedgraph
whoseverticesare partitionedinto player-1 verticesand
player-2 vertices.Thetwo playersmove a tokenalongthe
edgesof the graph. At player-1 vertices,the �rst player
choosesanoutgoingedge,andat player-2 verticesthesec-
ond playermovesthe token to a neighboringvertex. The
outcomeof thegameis an in�nite paththroughthegraph.
An objective for a playercanbe speci�ed asan 
 -regular
conditionon the outcomeof the game[27, 23]. These
 -
regular gamesareusedin themodeling[1, 14, 11], veri�ca-
tion [34, 12, 2, 20], andcontrol(synthesis)[6, 3, 31, 29] of
state-basedsystems,wheretheverticesrepresentstatesand
theplayersrepresentcomponentsor agentsof a system.
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A strategy for a player is a recipe that describeshow
theplayerchoosesa move whenever it is her turn. Strate-
gies canbe classi�ed as follows. A pure strategy always
choosesa particularedgeto extendthe game. In contrast,
a randomizedstrategy may chooseat a vertex a probabil-
ity distribution over the outgoingedges.In otherwords,a
randomizedstrategy instructsthe player to tossa coin in
order to decideon her move. Randomizedstrategies are
not helpful to win the gamewith certainty, but they may
beusefulto win thegamewith probability1. To formalize
this,noticethateveryvertex 
 andeverypair ��������� consist-
ing of a player-1 strategy � anda player-2 strategy � de-
termines(1) a set ��������� �"!#�$
%�&���&��� of possibleoutcomes
if thetwo playersfollow thestrategies � and � startingthe
gamefrom theinitial vertex 
 , and(2) aprobabilitydistribu-
tion over ��������� �"! �$
%�&���&��� which indicatesthe likelihood
of eachpossibleoutcome.We saythatat vertex 
 player-1
surely wins thegamewith objective ' if thereis a player-
1 strategy � suchthat for all player-2 strategies � we have

���(���)�#�"!#�*
+���������-,.' , thatis, everypossibleoutcomesat-
is�es ' . A weaker conditionis thatplayer-1 almost-surely
wins at 
 with objective ' , meaningthat thereis a player-
1 strategy � suchthat for all player-2 strategies � the set

���(���)�#�"!#�*
+���������&/ ' of undesirablepossibleoutcomeshas
probability0.

Strategiescanbeclassi�edalsoaccordingto theirmem-
ory requirements.A memorylessstrategy dependsonly on
the currentposition of the token. In contrast,a memory
strategy maydependon thepaththetokenhastakento ob-
tain its currentposition. It is well-know that thereare 
 -
regular objectiveswhich canbe surelywon usinga mem-
ory strategy, but cannotbesurelywon usinga memoryless
strategy. Hereis a simpleexample:therearethreevertices,


10 , 
 2 , and 
#3 ; at 
10 player1 movesthe token to either 
42

or 
#3 , andat bothof thesevertices,player2 hasno choice
but to movethetokenbackto 
#0 . Theobjectiveto visit both


 2 and 
53 in�nitely oftencannotbewon by player1 with-
outusingmemory;for instance,awinningplayer-1 strategy
mayalternatethetwo moves 


076



2 and 

076



3 . Note,



however, thatin thisgameplayer1 doeshavearandomized
memorylessstrategy to almostsurelywin, suchasthestrat-
egy that always choosesthe successorof 
#0 uniformly at
random.In otherwords,player1 cantradememoryagainst
a randomcoin. We systematicallystudythis trade-off for
all 
 -regularobjectives.

Theresultsarecategorizedaccordingto the form of the
gamegraphandtheform of thewinningcondition.For win-
ning conditions,we usethe classicalclassesof parity, Ra-
bin, Streett,andMüller objectives[33]. For gamegraphs,
we distinguishgraphswithout probabilisticvertices,which
arethe graphsdescribedabove, andgraphsthat may con-
tain also probabilisticvertices. At a probabilisticvertex,
the token is moved accordingto a �x ed probability distri-
bution over the outgoingedges,that is, neitherof the two
playerscanchoosethe successorvertex. Accordingly, we
classifythegamegraphsinto � -playergraphs(only player-
1 vertices), �

2��

3 -player graphs(player-1 andprobabilistic
vertices),� -player graphs(player-1 andplayer-2 vertices),
and �

2
�

3 -playergraphs(player-1, player-2, andprobabilis-
tic vertices).Noticethat � -playergraphsaretransitionsys-
tems,and �

2��

3 -playergraphsareMarkov decisionprocesses
(MDPs). Insteadof almost-surewinning, we considerthe
more generalcondition of optimality. For a vertex 
 , a
player-1 strategy � , anda player-2 strategy � , let �����
	 �

�

� ' �

by the probability of the set ���(� ���#�"!#�*
+����������
 ' of de-
sirablepossibleoutcomes. A player-1 strategy � is opti-
mal at 
 for ' if �����

�

�����
	 �

�

� ' ���������

�

�����
��	 �

�

� ' � for all
player-1 strategies ��� . It can be shown that player-1 al-
mostsurely wins at 
 for ' if f shehasa strategy � with

�����

�

���
��	 �

�

� ' �� !� .
For Rabinobjectives,it is known thatpurememoryless

strategies suf�ce for the surewinning of 2-playergames
[16, 15], andfor themorespecialcaseof parity objectives,
it is knownthattherealwaysexist optimalstrategiesin �

2
�

3 -
playergameswhich arebothpureandmemoryless[26, 5].
At the other extreme,Streettgamesare known to require
memoryfor surewinning evenin the1-playercase(cf. the
above example), and it is easyto seethat they also re-
quirememoryfor almost-surewinning in the2-playercase
(cf. Example3). However, for �

2
�

3 -playerStreettgames,
andmore generally, for all �

2
�

3 -playerMüller games,we
show that no memoryis requiredfor optimal strategies if
randomizationis available(Theorem9). In otherwords,in
MDPs the optimal valuecanbe obtainedwithout memory
for every objective which cannotdistinguishbetweentwo
pathsthat visit the sameverticesin�nitely often. Further-
more,we show that if theobjective is Rabin,thenoptimal-
ity in MDPscanbeachievedby strategiesthatarebothpure
andmemoryless(Theorem8).

We then take a closerlook at the generalcaseof �

2
�

3 -
player 
 -regular games. We de�ne a Müller objective '

to be upward-closedif for every in�nite path "$# ' , if

every vertex that occursin�nitely often in " also occurs
in�nitely often in "%� , then "%��# ' . For example,every
generalizedBüchi objective is upward-closed. We prove
thatmemorylessstrategiessuf�ce for thealmost-surewin-
ning of upward-closed�

2��

3 -playergames(Theorem11). If
randomizationis not used,then upward-closedobjectives
(suchas the generalizedBüchi objective in the above ex-
ample)mayrequirememoryfor almost-surewinning; thus,
theupward-closedgamesallow usto tradememoryfor ran-
domization.Indeed,wegiveanexampleof 2-playerMüller
gameswith & verticeswheresurewinning requires '"��&��

memorybut almost-surewinning canbe achieved without
memory. Moreover, thereis a gamesuchthat, if a Müller
objective is not upward-closed,thenrandomizedmemory-
lessstrategiesarenobetterthanpurememorylessstrategies
for almost-surewinning, and they are not as powerful as
strategieswith memory. Thisshowsthattheupward-closed
Müller gamesare the most generalgameswith 
 -regular
objectiveswherememorycanbetradedfor randomization.

2 Preliminaries

Game graphs. A turn-basedprobabilistic gamegraph
( �

2(�

3 -playergamegraph) )* ���,+ ��- � �.+
0

��+
2

��+
3

�0/%� con-
sistsof a directedgraph �0+ ��- � , a partition +

0 , +
2 , +

3 of
the vertex set + , anda probabilistictransitionfunction / :

+�0
621

�,+7� , where 1
�0+7� denotesthe set of probability

distributionsover the vertex set + . The verticesin + 2 are
theplayer-1 vertices,whereplayer1 decidesthesuccessor
vertex; the verticesin +%3 are the player-2 vertices,where
player2 decidesthesuccessorvertex; andtheverticesin +

0

aretheprobabilisticvertices,wherethesuccessorvertex is
chosenaccordingto theprobabilistictransitionfunction / .
Weassumethat,for 34#5+

0 and 
6#7+ , wehave �83 ��
(�9#�-

if f / ��3��)�$
(�9:<; , andweoftenwrite / ��3 �&
4� for / ��3��)�$
(� . For
technicalconveniencewe assumethat in �,+ ��- � every ver-
tex hasat leastoneoutgoingedge,andwe write 
7#=- �83 �

for �83 ��
(�>#5- .
An in�nite path, or play, of the game graph ) is

an in�nite sequence?*

0

�&

2

��

3

�A@B@A@ C of verticessuch that
�$
ED4�&
ED�F

2
�6#G- for all HI#KJ . We write L for the setof

all plays,andfor every vertex 
M#N+ we write L

� for the
setof playsthat start from the vertex 
 . A set O ,*+ of
verticesis called/ -closedif for every 3�#4OM
P+%0 , wehave

�83 ��
(�Q#R- implies 
5#=O . A / -closedsubsetof + induces
a subgamegraph of ) , indicatedby )TSUO , if for every
vertex 34#RO<
 �0+�2�VW++3 � thereis a vertex 
W#4O suchthat

�83 ��
(�9#�- .
The turn-baseddeterministic game graphs (2-player

gamegraphs) arethespecialcaseof the �

2
�

3 -playergame
graphswith + 0X ZY . TheMarkov decisionprocesses( �

2
�

3 -
playergamegraphs) arethespecialcaseof the �

2(�

3 -player
gamegraphswith +

3
 [Y or +

2
 [Y . We refer to the

2



MDPs with + 3  Y asplayer-1 MDPs, andto the MDPs
with + 2  Y asplayer-2 MDPs. A gamegraphwhich is
both deterministicandan MDP is calleda transitionsys-
tem( � -playergamegraph): aplayer-1 transitionsystemhas
only player-1 vertices;aplayer-2 transitionsystemhasonly
player-2 vertices.

Strategies. A strategy for player1 is a function � : +

�

�

+ 2 6 1 �0+7� thatassignsa probabilitydistribution to every
�nite sequence

�

�

# +

�

�

+ 2 of vertices,which represents
thehistoryof theplaysofar. Player1 followsthestrategy �

if in eachmove, given that the currenthistory of the play
is

�

� , shechoosesthe next vertex accordingto the prob-
ability distribution � �

�

�

� . A strategy must prescribeonly
availablemoves,i.e., for all

�

�

# +

�

, 
=# +�2 , and 3M# + ,
if � �

�

�

�


(����3��4: ; , then �*
+��3��4# - . The strategies for
player2 arede�ned analogously. We denoteby

�

and �

the set of all strategies for player 1 andplayer 2, respec-
tively. Notethatfor player-1 MDPstheset � is asingleton,
i.e.,player2 hasonly asingletrivial strategy.

Oncea startingvertex 
�# + and strategies � #

�

and � #�� for the two playersare �x ed, the outcome
of the gameis a randompath 


��	 �

� for which the prob-
abilities of events are uniquely de�ned, where an event

�

, L

� is a measurableset of paths. Given strategies
� for player 1 and � for player 2, a play ?$


0
�&


2
�&


3
�A@B@A@ C

is feasibleif for every H # J the following threecondi-
tions hold: (1) if 
 DG#$+

0 , then �$
 D4��
ED F
2

� #*- ; (2) if

ED # +

2 , then � �$

0

�&

2

�B@A@A@)��
ED5�)�$
ED�F
2

� : ; ; and (3) if

ED # +

3 then � �*

0

��

2

�B@A@B@)��
ED#���$
ED F
2

� : ; . Given strate-
gies � #

�

and � #	� , and a vertex 
 , we denoteby
���(���)�#�"!#�$
%�&���&��� , L

� thesetof feasibleplaysthatstart
from 
 given strategies � and � . For a vertex 
<# + and
an event

�

, L

� , we write ���
�
	 �

�

�

�

� for the probability
thatapathbelongsto

�

if thegamestartsfrom thevertex 


andtheplayersfollow thestrategies � and � , respectively.
In the context of player-1 MDPs we often omit the argu-
ment � , because� is asingletonset.

Objectives. Objectives for the playersin nonterminating
gamesarespeci�ed by providing the setof winning plays

' , L for eachplayer. In this paperwe studyonly zero-
sumgames[30, 18], wheretheobjectivesof thetwo players
arestrictly competitive. In otherwords, it is implicit that
if theobjectiveof oneplayeris ' , thentheobjective of the
otherplayeris L / ' . Givenagamegraph) andanobjective

' ,!L , we write ��)"� ' � for thegameplayedon thegraph
) with theobjective ' for player1.

A general class of objectives are the Borel objec-
tives[21]. A Borel objective ' , +�
 is a Borel setin the
Cantortopologyon +�
 . In thispaperweconsider
 -regular
objectives[33], which lie in the�rst �

2
�

3 levelsof theBorel
hierarchy(i.e., in the intersectionof

�
�

and �

�

). The 
 -
regularobjectives,andsubclassesthereof,canbespeci�ed

in thefollowing forms.
For aplay 
  ?$
 0 �&
 2 �&
 3 �A@B@A@ C9#7L , wede�ne � ��� � 
 �� 

�


I#Z+�� 
EDU 
 for in�nitely many H �N;4	 to be the set
of statesthat occurin�nitely often in 
 . We usecolorsto
de�ne objectivesindependentof gamegraphs.For a set �

of colors,we write � �

� � � : � 6 ��� for a function thatmaps
eachcolor to a setof vertices.Inversely, givenaset O ,I+

of states,we write � O

�

 

���

#������ �

�

� �


�O��  Y(	 for theset
of colorsthatoccurin O .

1. Reachability and safetyobjectives. Given a color
�

,
thereachabilityobjective requiresthatsomevertex of
color

�

be visited. Let �  �� �

�

� � be the set of so-
calledtarget vertices.Formally, wewrite Reach������ 

�

?*
 0 �&
 2 �&
 3 �A@B@A@ CN# L � 
ED #!� for someH��[;(	

for the setof winning plays. Given
�

, the safetyob-
jective requiresthat only verticesof color

�

be vis-
ited. Let "[ #� �

�

� � be the set of so-calledsafever-
tices.Formally, thesetof winning playsis Safe�$" �9 

�

?*
10#�&
 21�&
535�A@B@A@ C9#5L%�1

D

#&" for all HP�<;�	 .

2. Büchi and generalized Büchi objectives. Given a
color

�

, the Büchi objective requiressomevertex of
color

�

bevisitedin�ntely often.Let '  (� �

�

� � betheset
of so-calledBüchi vertices. Formally, the setof win-
ningplaysis Büchi�)'7�� 

�


<#�L%�*� ��� �$
 �E
+',�  KY4	 .
Givena set �  

���

2
�A@B@A@ �

�.-

	 of colors,thegeneral-
ized Büchi objective requiresthat all / Büchi objec-
tives in � be satis�ed. Formally, the setof winning
playsis 0

22143$1

-

Büchi�5� �

�

3

� �

� .

3. Rabin, parity, and Streett objectives. Given a set
6

 

�

�)7
2

�98
2

� �A@B@A@ � �$7

-

�98

-

� 	 of pairsof colors, the
Rabinobjective requiresthat for some �;:=<
:>/ , all
verticesof color 7?3 be visited �nitely often andsome
vertex of color 8@3 bevisited in�nitely often. Let A  

�

�0-�2 �9" 2 � �B@A@B@)� �0-

-

�B"

-

� 	 bethecorrespondingsetof
so-calledRabinpairs, where-C3  �� � 7�3

� � and "D3  �� � 8@3

� �

for all �+:E<F:G/ . Formally, thesetof winningplaysis
Rabin�)A �� 

�


I#7L%�+H6��:I<F:I/R@(�$� ��� �$
 ��
W-
3

 

Y�JK� ��� �$
 � 
L"
3

� Y#� 	 . The parity (or Rabin-
chain) objectivesarethe specialcaseof Rabinobjec-
tiveswhere -

2NM
"

2OM

�P�Q�

M
-

-

M
"

-

. Given
6

,
theStreettobjective requiresthatfor each �R:L<*:I/ ,
if somevertex of color 8

3 is visited in�nitely often,
thensomevertex of color 7

3 is visited in�nitely often.
Formally, for the set SZ 

�

��-
2

�B"
2

���A@B@A@)� ��-

-

�B"

-

� 	

of so-calledStreettpairs, the setof winning plays is
Streett�TS �� 

�


<#�LU�WV5�X:Y<*:Y/=@(��� ��� � 
 ��
W-Z3
�  

YX[\� ��� � 
 � 

"]3  Y � 	 . NotethattheRabinandStreett
objectivesaredual.

4. Müller andupward-closedobjectives.Givenaset � of
colors,anda set ^., �`_ of subsetsof thecolors,the
Müller objectiverequiresthatthesetof colorsthatap-
pearin�nitely oftenin a play is exactlyoneof thesets

3



in ^ . Formally, for theset ���P 

�

O , + �4� O

�

# ^ 	

of so-calledMüller setsof vertices,thesetof winning
plays is Müller ��� � �W 

�


 # L �F� ��� �$
 �7#�� � 	 .
We call ^ a(gamegraphindependent)speci�cationof
theobjectiveMüller ��� � � , becausê doesnot referto
thevertex namesof ) . Thespeci�cation ^ is upward-
closedif for all � ,�� ,L� , if � #&^ , then �=# ^ .

The generalizedBüchi objectives, Rabin objectives, and
Strettobjectivesarespecialcasesof Müller objectives. In
particular, all Büchi andgeneralizedBüchi objectivesare
upward-closed. Moreover, reachabilityand safetyobjec-
tivescanbeturnedinto Büchi objectiveson slightly modi-
�ed gamegraphs.However, a parity, Rabin,or Streettob-
jectiveneednotbeupward-closed.

We commonly use terminology like the following: a
�

2 �

3 -player Müller game ��)"� Müller ��� � �&� consistsof a
�

2��

3 -player game graph ) and a Müller objective for
player1, where �

� is a setof Müller sets.

Valuesof a game and optimal strategies. Given objec-
tives ' for player1 and L / ' for player2, we de�ne the
valuefunctions ? ? � C C���	�
 and ? ?0� C C��
	�
 for theplayers1 and2,
respectively, asfollows:

? ? � C C
��	�


� ' �)�$
(�T �&���

�����

�����

�����

���
��	 �

�

� ' �

? ?,�EC C
�
	�


�,L /-' �)�$
(�T �&���

�����

�����

�����

������	 �

�

�0L /-' �

A strategy � for player1 is optimalfrom vertex 
 for objec-
tive ' if ? ? � C C

�
	�

� ' ���$
(�5 �����

�����

�����
	 �

�

� ' ��@ The optimal
strategiesfor player2 arede�ned analogously.

Theorem1 (Quantitati ve determinacy [24]). For all
�

2��

3 -player gamegraphs,all Borel objectives' , and all
vertices
 ,

? ? � C C
��	�


� ' ���*
4��� ? ?0� C C
��	�


�0L /-' ���*
4�� Z�E@

Every 
 -regular objective canbe expressedasa parity
objective [28, 33]. The existenceof optimal strategiesfor

�

2��

3 -playergameswith parity objectivesfollows from [26,
5]. This givesthefollowing theorem.

Theorem2 (Optimal strategies). For all �

2
�

3 -player
game graphs with Müller objectives,optimal strategies
exist for bothplayers.

Sureand almost-surewinning strategies.Givenanobjec-
tive ' , a strategy � is a sure winning strategy for player1
from a vertex 
 if for every strategy � of player 2 we
have ���(� ���#�"!#�*
+���������", ' . Similarly, a strategy � is an
almost-surewinningstrategyfor player1 fromavertex 
 for
theobjective ' if for every strategy � of player2 we have

������	 �

�

� ' �� !� . Thesureandalmost-surewinningstrategies
for player2 arede�ned analogously. Givenanobjective ' ,

��� ��� � �

Figure 1. An MDP with a reachability objec­
tive .

the sure winning set ? ? � C C�!#"%$'&1� ' � for player1 is the setof
verticesfrom which player1 hasa surewinning strategy.
The almost-sure winning set ? ? � C C 	�
 (*) !'+ � ' � for player1 is
thesetof verticesfrom which player1 hasan almost-sure
winningstrategy. Thesurewinningset ? ?,�EC C�!#"%$'&1�,L / ' � and
thealmost-surewinning set ? ?0� C C 	�
 (,) !'+ �0L / ' � for player2
arede�ned analogously. It follows from thede�nitions that
for all �

2��

3 -player gamegraphsand all objectives ' , we
have ? ? � C C�!�"�$'&1� ' � , ? ? � C C 	�
 (,) !-+ � ' � and ? ?,�EC C.!#"%$-&1�0L /�' � ,

? ?,�EC C 	�
 (,) !-+��,L /-' � .
Computingsurewinning andalmost-surewinning sets

and strategies is referred to as the qualitative analysis
of �

2
�

3 -player games. It follows from Theorem2 that
? ? � C C

	�
 (,)
!-+�� ' �  

�


 #<+ � ? ? � C C
�
	�


� ' ���$
(�X �5	 . The fol-
lowing resultis theclassicaldeterminacy resultfor � -player
deterministicgames.

Theorem3 (Qualitati ve determinacy [25]). For all � -
playergamegraphsandall Borel objectives' , wehave

? ? � C C.!#"%$'&1� ' ��
R? ?,�EC C.!#"%$'&1�,L /-' �� Y�/

? ? � C C.!#"%$'&1� ' ��VR? ?,�EC C.!#"%$'&1�,L /-' �� +0/

? ? � C C
	�
 (,)

!-+�� ' �� !? ? � C C�!�"�$'& � ' �
/

? ?,�EC C
	�
 (,)

!-+��0L /-' �� ? ?,�EC C.!#"%$-&1�0L /-' ��@

Thefollowing exampleshows thatTheorem3 cannotbe
extendedto �

2
�

3 -playerand �

2
�

3 -playergames.

Example1 Considerthe MDP with a reachabilityobjec-
tive shown in Fig. 1. In all our �gures we use 1 to denote
player-1 vertices, 2 to denoteplayer-2 vertices,and 3 to
denoteprobabilisticvertices. The objective ' of player1
is to reachthevertex 


3 . Giventhestrategy � thatchooses



0 6



2 at vertex 

0 , the target 


3 is reachedwith proba-
bility 1. However, thereis anin�nite pathsthatis consistent
with the player-1 strategy � but only visits the vertices 


0

and 

2 . Hence, ? ? � C C�!#"%$'& � ' �X 

�



3

	 and ? ? � C C
	�
 (,)

!-+ � ' �U 

�



0

��

2

�&

3

	 . Thisshowsthatin generalfor MDPsand �

2��

3 -
playergames? ? � C C�!�"�$'& � ' �,4G? ? � C C

	�
 (,)
!-+ � ' � .

3 SpecialFamiliesof Strategies

Pure, �nite-memory , and memorylessstrategies. We
classifystrategiesaccordingto their useof randomization
and memory. The strategies that do not use randomiza-
tion are called pure. A player-1 strategy � is pure if for
all

�

�

#M+

�

and 
 # +
2 , thereis a vertex 3<#M+ suchthat

4



� �

�

�

�


(����3��  � . The purestrategiesfor player2 arede-
�ned analogously. We denoteby

���

and �

�

the setsof
pure strategies for player 1 and player2, respectively. A
strategy thatis notnecessarilypureis calledrandomized.

A strategy is �nite-memoryif it dependson the current
vertex and on a �nite numberof bits from the history of
theplay so far. We denoteby

���

thesetof �nite-memory
strategies for player1, andby

��� �

the setof pure �nite-
memorystrategies; that is,

� � �

 

���




���

. A memo-
rylessstrategy doesnot dependon the history but only on
thecurrentvertex. A memorylessstrategy for player1 can
berepresentedasfunction � : + 2 6 1 �,+7� suchthat for all


6#5+ 2 and 3�#7+ , if � �$
(���83 �>:N; , then �$
%� 3 �>#5- . A pure
memorylessstrategy is a purestrategy that is memoryless.
A purememorylessstrategy for player1 canberepresented
asa function � : + 2 6 + suchthat �*
+��� �$
(���P# - for all


6#7+%2 . We denoteby
�	�

thesetof memorylessstrategies
for player1, andby

� ��


thesetof purememorylessstrate-
gies;thatis,

�
��


 

���




�	�

. Analogouslywede�ne the
correspondingstrategy familiesfor player2.

Given a strategy � #

�

for player1, we write )

�

for
the gameplayedon the graph ) underthe constraintthat
player 1 follows the strategy � . The correspondingde�-
nition for a player-2 strategy is analogous. Observe that
givena �

2(�

3 -playergamegraph) andamemorylessplayer-
1 strategy � , theresult )

�

is aplayer-2 MDP. Similarly, for
a player-1 MDP ) anda memorylessplayer-1 strategy � ,
the result )

�

is a Markov chain. Hence,if ) is a �

2��

3 -
playergamegraphandthetwo playersfollow givenmemo-
rylessstrategies � and � , theresult )

�
	 �

is aMarkov chain.
Theseobservationswill be useful in the analysisof �

2
�

3 -
playergames.

Suf�ciency of a family of strategies. Let
�

#

�

6

�.� �9" ��
�� ��
��7	 andconsiderthefamily
���

of special
strategiesfor player1. We saythat the family

�
�

suf�ces
with respectto anobjective ' on a class� of gamegraphs
for

� surewinningif for everygamegraph) #�� , for every
vertex 
 # ? ? � C C�!#"%$'&1� ' � thereis aplayer-1 strategy �R#

�
�

suchthat for every player-2 strategy ��# � we
have ���(� ��� � ! �$
%�&���&��� , ' ;

� almost-sure winning if for every gamegraph ) #�� ,
for every vertex 
�#N? ? � C C�	�
 (,)

!-+
� ' � thereis a player-1

strategy � #

�
�

suchthat for every player-2 strategy
�R#&� we have �����
	 �

�

� ' �� Z� ;
� optimality if for every gamegraph ) #�� , for every

vertex 
P#=+ thereis a player-1 strategy � #

�
�

such
that ? ? � C C

�
	�

� ' ���$
(�� I��� �

�����

������	 �

�

� ' � .

For surewinning, the �

2
�

3 -playerand �

2
�

3 -playergames
coincidewith 2-playerdeterministicgameswherethe ran-
domplayer(who choosesthesuccessorat theprobabilistic

vertices)is interpretedasanadversary, i.e.,asplayer2. This
is formalizedby thepropositionbelow.

Proposition1 If a family
� �

of strategiessuf�ces for sure
winningwith respectto anobjective' onall � -playergame
graphs,then the family

���

suf�ces for sure winning with
respectto ' also on all �

2(�

3 -player and �

2��

3 -player game
graphs.

The following propositionstatesthat randomizationis
notnecessaryfor surewinning.

Proposition2 If a family
� �

of strategiessuf�ces for sure
winning with respectto a Borel objective ' on all �

2 �

3 -
playergamegraphs,thenthefamily

� �




���

of purestrate-
giessuf�ces for sure winningwith respectto ' on all �

2 �

3 -
playergamegraphs.

The following result is the classicaldeterminacy result
for 2-playerdeterministicgraphgames.

Theorem4 (Pureand �nite-memory strategies).

1. [25] The family
�	�

of pure strategies suf�ces for
sure winningwith respectto all Borel objectiveson � -
playergamegraphs.

2. [19] Thefamily
���

�

of pure �nite-memorystrategies
suf�ces for sure winningwith respectto all Müller ob-
jectiveson � -playergamegraphs.

It is easyto seethatfor any � -playergameasurewinning
strategy is alsoanalmost-surewinning strategy. Hencethe
almost-surewinning strategiesneednot be morecomplex
thanthesurewinning strategiesin � -playergames.This is
formalizedby thepropositionbelow.

Proposition3 If a family
�

�

of strategiessuf�ces for sure
winningwith respectto a Borel objective' on all � -player
gamegraphs,thenthefamily

�
�

suf�ces alsofor optimality
with respectto ' onall � -playergamegraphs.

4 Reachability and SafetyObjectives

Purememorylessstrategiessuf�ce for surewinning and
optimality (andthereforefor almost-surewinning) with re-
spectto reachabilityandsafetyobjectives.

Theorem5

1. Thefamily
�

��


of purememorylessstrategiessuf�ces
for surewinningwith respectto reachabilityandsafety
objectiveson �

2
�

3 -playergamegraphs.

2. [7] Thefamily
�

��


of purememorylessstrategiessuf-
�ces for optimality with respectto reachability and
safetyobjectiveson �

2(�

3 -playergamegraphs.

5



Theorem5(1) for 2-playergamesis classical. It is an
easyconsequenceof thealternatingreachabilityanalysisof
AND-OR graphs;see[33] for details.Dueto Proposition1,
the resultcarriesover to �

2��

3 -playergames.Theorem5(2)
follows from the resultsof [7]. However, the proof given
thereis analytical; it analyzesthe behavior of discounted
gamesasthediscountfactorconvergesto 1. As in thefol-
lowing sectionswe will make frequentuseof this result
for MDPs, we provide herean elementaryproof that pure
memorylessstrategiessuf�ce for optimality with respectto
reachabilityobjectivesonMDPs.Ourproofusesonly facts
from graphtheoryandmatrix algebra.

Considera player-1 MDP )  ���,+ ��- � �.+ 0 ��+ 2 ��+ 3 ��/��

(where + 3  Y ), togetherwith a set � , + of target
vertices. Let � 2  � , and let � 0 , + be the set of
verticesthat cannotreach � 2 in the graph �0+ ��- � ; let also

OK K+ / �$��0 V���2�� . From ��0�VX��2 , all strategiesareoptimal
with respectto theobjectiveReach�$��� , sowecan�x apure
memorylessstrategy on � 0 V\��2 arbitrarily. Considerthe
following �xpoint equationfor � : +

6
� ; �A�

� , wherefor all

6#5+ :

� �*
4�= 

��

�

�

�

�

�

��

; if 
 # ��0 ;
� if 
 # ��2 ;

�����
	

����


���

� �83 � if 
 #5+
2

/*� ;
�

	

����


���
� ��3��

�

/ �$
%� 3 � if 
 #5+
0

/*� .

(1)

This systemof equationsin generalhas many �xpoints,
and it is well-known that the least �xpoint �

�

equals
? ? � C C

��	�
 Reach��� � ; see,e.g.,[13]. For 
M# OK
 +
2 , de�ne

thesetof optimalsuccessors of 
 by � �$
(�  

�

3 # - �$
(�X�

�

�

�83 �  ��

�

�$
(� 	 . Clearly, an optimal strategy mustselect
only optimalsuccessorsof verticesin O 
6+

2 . Thus,wecut
from theMDP all theedges�$
%� 3 �9#W- with 3�#7+ 2 
 O and

3 �#��7�$
(� . It is immediateto checkthat �

�

is still a �xpoint
of (1) in theresultingMDP.

To obtainamemorylessstrategy, wecanchooseall opti-
mal successorsof verticesin O 
�+ 2 uniformly at random.
To obtaina memorylesspurestrategy, we observe that if a
vertex 
Z# O!
 +

2 hasmultiple optimal successors,i.e.,
� �7�$
(�Q� : � , andwe cut anedge �$
%� 3 � with 3R#�� �*
4� , then

�

�

is still a �xpoint of (1) in the resultingMDP. However,
wecannotarbitrarily �x oneoptimalsuccessorfor eachver-
tex in O 
 +

2 andcuttheedgesto all othersuccessors:doing
socouldcreatenew �xpoints below �

�

. Thisoccurs,for in-
stance,whenevertherearemutuallyreachableverticeswith
equal�

�

, andtheselectedsuccessorscreateacyclethatpre-
ventsreaching� . Our goal is to pick optimal successors,
andcut theedgesto othersuccessors,sothat �

�

is theonly
�xpoint of (1) in theresultingMDP. Thiswill guaranteethat

�

�

 ? ? � C C

�
	�
 Reach����� for the resultingpurememoryless
strategy.

To ensurethe uniquenessof the �xpoint, we cut edges
from +

2

PO while maintainingtheinvariantthateveryver-

tex in O canreach� 2 in thegraph �,+ /`� 0 ��- � . Notethatthis
invariantholdsinitially by thede�nition of � 0 . Let -X��,<-

bea subsetof edgesthatconsistsof shortestpathsfrom O

to � suchthateveryvertex hasonly oneoutgoingedge,i.e.,
for all 
+��3 2 � 3�3 #�+ , if �$
%� 3 2���� �$
%� 3�3 �9#W- � , then 3 2> I3�3 .
Then, prunefrom player-1 verticesall edgesthat are not
in -X� ; precisely, for all 
 #IOK
4+ 2 and �*
+��3�� #M- , keep

�$
%� 3 � if �$
%� 3 �R# -X� , and pruneit otherwise. The MDP
correspondsthusto a Markov chain. We de�ne the transi-
tion probabilitymatrix �

6

�

	

	

�

�

	

	

���

andthevector � �

�

�

�

���

asfollows,for all 
%� 3�#4O :

6

�

	

	

 

��

�

��

� if 
6#�+ 2 and �$
%� 3 �>#5- ;
; if 
6#�+%2 and �$
%� 3 � �#5- ;

/ �*
+��3�� if 
6#�+�0 ;

�

�

 

��

�

��

� if 
P#5+ 2 and H�3 # �Q@ �$
%� 3 �9#W- ;
; if 
P#5+

2 and V 3 # �Q@ �$
%� 3 �C� #W- ;
�

	

���

/ �$
%� 3 � if 
P#5+
0 .

Then �

�

, asa �xpoint of (1), is a solutionof �= 

6

� ��� .
Sinceevery vertex in O hasa pathto � in thegraph �0+ /

�
0

��-7� , thematrix
6

correspondsto a transientchain,and
�

!�� ��� �

6

� � ; [22]. Hence, �

�

 ���!�

6

�#"

2

� is the
unique�xpoint of (1), showing the optimality of the pure
memorylessstrategy thusconstructed.

5 Parity Objectives

Purememorylessstrategiessuf�ce for surewinning and
optimality (andthereforefor almost-surewinning) with re-
spectto parityobjectives.

Theorem6

1. Thefamily
�

��


of purememorylessstrategiessuf�ces
for sure winning with respectto parity objectiveson

�

2
�

3 -playergamegraphs.

2. [26, 5] Thefamily
�

��


of purememorylessstrategies
suf�ces for optimalitywith respectparity objectiveson

�

2
�

3 -playergamegraphs.

Theorem6(1) for 2-player gamesis a classicalresult
of [16]; an alternative proof is presentedin [32]. Due to
Proposition1, the resultcarriesover to �

2
�

3 -playergames.
Theorem6(2) follows from two independentresults: an
analytical proof using resultson recursive gamesof Ev-
erett[17] is presentedin [26]; a combinatorialproof using
graph-theoreticargumentsis presentedin [5].

6 Rabin Objectives

Purememorylessstrategiessuf�ce for surewinningwith
respectto Rabin objectives in �

2
�

3 -player and � -player

6



games,and for optimality (and thereforefor almost-sure
winning) in �

2 �

3 -playergames(MDPs). It is anopenprob-
lem whetherthe family

� ��


of pure memorylessstrate-
giessuf�ces for almost-surewinning on �

2��

3 -playergame
graphs.

Theorem7 The family
� � 


of pure memorylessstrate-
giessuf�ces for sure winning with respectto Rabinobjec-
tiveson �

2 �

3 -playergamegraphs.

Theorem 7 for 2-player games is a classical result
of [16]; an alternative proof is presentedin [15]. Due to
Proposition1, theresultcarriesover to �

2(�

3 -playergames.
It follows from Theorem4 and Proposition3 that the

family
� � �

of pure �nite-memory strategies suf�ces for
optimality (and almost-surewinning) with respectto Ra-
bin objectiveson � -playergamegraphs.On theotherhand,
pure memorylessstrategiessuf�ce for optimality with re-
spectto RabinobjectivesonMDPs,asstatedby thefollow-
ing theorem.This resultdoesnotfollow from thepreceding
results,asthecasefor 2 2(�

3 -playergamesis open,asnoted
above.

Theorem8 The family
�

� 


of pure memorylessstrate-
giessuf�ces for optimalitywith respectto Rabinobjectives
on �

2��

3 -playergamegraphs.

This theoremcan be proved using the techniquesde-
velopedin [8, 9] to computethe maximal probability of
satisfyingan 
 -regular speci�cation. We considerplayer-
1 MDPs and hencestrategies for player 1. Let )  

���0+ ��-7� ��+
0

��+
2

�.+
3

��/%� with +
3

 �Y be a �

2
�

3 -playergame
graph. The key conceptunderlying the proof is that of
an end-component.A set O , + of verticesis an end-
componentif O is / -closedandthesubgamegraph ) S O

is stronglyconnected.We denoteby � ,!� � thesetof all
end-componentsof ) .

We will usetwo factsaboutend-components.The �rst
fact statesthat, underany strategy, with probability 1 the
set of verticesvisited in�nitely often along a play is an
end-component. This theoremparallels the well-known
propertyof closedrecurrentclassesin Markov chains[22].
To statethe lemma, for 
 # + and O , + , we de�ne

L

�

�

 

�


<#�L

�

� � ��� � 
 �� GO7	 .

Lemma 1 [8] For all vertices
 #�+ andstrategies �R#

�

,
wehave�����

�

���

� ���

L

�

�

�� Z� .

For anend-componentO #�� , we denoteby �

�

theran-
domizedmemorylessstrategy thatateachvertex 
 #7O 
>+ 2

selectsuniformly at randomoneof the edges�$
%� 3 �5# -

having 3�#4O . Thefollowing lemmais immediate,as O un-
derstrategy �

�

formsa closedrecurrentclassof a Markov
chain.

Lemma 2 [8] For all end-componentsO #�� andall ver-
tices 
6#7O , wehave ���	��


�

�0L

�

�

�� Z� .

Consideraset AG 

�

��- 2 �B" 2 � �B@A@B@)� �0-

-

�B"

-

� 	 of Rabin
pairs. For convenience,set - 3  *+ / - 3 for �&:(<�: / .
With this notation,the Rabinobjective canbe readasfol-
lows: a play is winning if thereis some ��:�< : / such
that (1) the play is eventuallycon�ned in -;3 , and(2) the
play visits "D3 in�nitely often. We denoteby � ,
� theset
consistingof theend-componentsO$#�� suchthat thereis
an � :�<;: / for which O , - 3 and O 
 " 3 � Y . The
set � consiststhusof the end-componentsthat satisfy the
Rabinobjective. Let �

&����

 

�

� ���

O beunionof all such
winning end-components.FromLemmas1 and2 above, it
followsthatthemaximalprobabilityof satisfyingRabin�)A �

is equalto themaximalprobabilityof reachingtheunionof
the winning end-components.We presenta proof of this
fact,asit will beusefulin theconstructionof a puremem-
orylessstrategy.

Lemma 3 [8] ? ? � C C

��	�
 Rabin�)A �� !? ? � C C

��	�
 Reach���

&����

� .

Proof. Given any strategy � , let ��� be a strategy that
behaves like � outside of �

&���� , and that upon enter-
ing �

&���� at a state 
 , follows the strategy �

�

, for some
end-componentO #�� with 
 # O . Then, from
Lemma 2 it follows that for all vertices 
 # + , we
have ���

�

�

� Reach���

&����

�&�� ���
�

�

�

� Rabin�$A ��� , and thus,
? ? � C C

�
	�
 Rabin�$A ���*
4� �!? ? � C C

��	�
 Reach���

&����

�)�$
(� . For there-
verseinequality, consideragainanarbitrarystrategy � , and
noticethatfrom Lemma1 wehave:

���

�

�

� Rabin�)A ���� ��

���

�

���

�

�

� Rabin�$A �
��L
�

�

�

�

���

�

�

�0L
�

�

�

 

�

� ���

�����

�

� Rabin�$A �
��L

�

�

�

�

�����

�

�0L

�

�

�

:��

� ���

�����

�

�0L
�

�

�W:<�����

��� Reach���

&����

����@

As pure memorylessstrategies suf�ce with respectto
reachability in MDPs, the above proof is a �rst step in
showing that therearepurememorylessoptimalstrategies.
However, thestrategy ��� constructedabove is notnecessar-
ily purememoryless,becauseit needsto rememberoneof
thewinningend-components(correspondingto theentrance
in �

&���� ), and it follows a randomizedstrategy inside that
end-component.We canconstructa suitablepurememory-
lessstrategy asfollows. Let �  

�

O
2

�A@B@A@)��O�D 	 , thus�x-
ing anarbitraryorderamongthewinning end-components.
For �\: �I:$H , let !#"%$'&��(� � be any �x ed < #

�

�#�A@B@A@ �B/ 	

suchthat O*) , -�3 and O*)U
Y"]3E�  Y . In other words,
��-,+

	.-
$




)

�

�B"�+

	.-
$




)

�

� #EA is a Rabinpair that witnessesthe
winning of the end-componentO/) . With this notation,for

�N:0� :ZH let 1�
) be thepurememorylessstrategy de�ned

over O
) whichchoosesonly successorsin O

) suchthat:

7



� in O ) / "�+

	.- $




)

� , it coincideswith a purememoryless
strategy for reaching"*+

	.- $




)

� ;
� in " +

	.- $




)

� , it choosesanarbitrarydestinationin O ) .

Theexistenceof sucha strategy follows from theexistence
of purememorylessstrategieswith respectto reachability
(Theorem5). For 
R# �

&���� , let &�"

���

�*
4�  �����

�

�O: � :

H>� 
<# O�)5	 be the rank of the vertex 
 . Now de�ne the
strategy 1� asfollows:

� outside �

&���� , the strategy 1� coincideswith a pure
memorylessoptimal strategy with respectto the ob-
jectiveReach�$�

&����

� ;
� at eachvertex 
 #��

&���� , the strategy 1� coincides
with 1�

$ 	 ���




��� .

Oncesucha memorylessstrategy is �x ed, the MDP be-
comesa Markov chain ���	�

�

, with transition probabili-
ties de�ned by

6

	

	

�

 1� �83 ���*
4� for 3 # +
2 , and by

6

	

	

�

 / ��3 �&
4� for 3 # + 0 . The following lemmachar-
acterizestheclosedrecurrentclassesof this Markov chain
in theset �

&���� , statingthatthey satisfytheRabinobjective.

Lemma 4 If � is a closedrecurrentclassof theMarkov
chain ���
�

�

with �=
R�

&����

� KY , thenthere is an �X:G<F:Y/

such that � , -
3 and �N
 "

3
� Y .

Proof. Let -
�

 

�

�83 ��
(� # �

3

&����

�

6

	

	

�

: ;�	 . Theclosed
recurrentclassesof �����

�

are the terminal strongly con-
nectedcomponents(SCCs)of thegraph �$�

&����

��-X� � . By the
constructionof 1� , therankof theverticesalongall pathsin

���

&����

��-X� � is nondecreasing.Hence,eachterminalSCC �

of �$�

&����

��-X� � mustconsistof verticeswith the samerank;
we indicatethis rank by &�"

���

�)� � . Then, at all statesof
� the strategy 1�

$
	

���




_

� is used. Thus,it immediatelyfol-
lows that � , O

$
	

���




_

� . Moreover, sincefrom every state
of O

$
	

���




_

�

/ " +

	.-
$




$
	

�
�




_

��� the strategy 1�

$
	

���




_

� aimsat
reaching "�+

	.-
$




$
	

�
�




_

� � , and as � hasno outgoingedges
in -X� , it followsthat �<
 "�+

	.-
$




$
	

���




_

� �

� Y .

Theoptimalityof thestrategy 1� is asimpleconsequence
of Lemma4.

Corollary 1 For all vertices 
 # + , we have
? ? � C C

��	�
 Rabin�)A ���$
(�� ���

�

�

�

� Rabin�$A ��� .

Proof. In view of Lemma 3, we need to show that
? ? � C C

��	�
 Reach���

&����

���$
(�  ���

�

�

�

� Rabin�)A ��� . To this
end, it suf�ces to note that by the constructionof 1� ,
we have ? ? � C C

�
	�
 Reach���

&����

�  ���

�

�

�

� Reach�$�

&����

��� and
���

�

�

�

� Rabin�)A � � Reach���

&����

���  � . The secondequality
followsfrom thefactthatunderstrategy 1� , onceaplay 
 en-
ters �

&���� , with probability1 wehave � ��� �$
 �� =� for some
closedrecurrentclass � of �����

�

. Lemma4 thenleadsto
theconclusion.

� � � �� � � � � �

Figure 2. A Streett game .

7 Streett Objectives

Sure winning requiresmemory for Streett objectives
even in thecaseof 1-playergames.This follows from the
examplegivenin theintroduction,which is repeatedhere.

Example2 Considerthe � -player gamegraphshown in
Fig. 2. The objective is a Streett objective with two
Streettpairs: S$ 

�

�0- 2 �B" 2 ��� �0- 3 �9" 3 � 	 for " 2  " 3  

�


10 ��
 2 �&
535	 and -�2N 

�


 2 	 and - 3N 

�


531	 . We con-
sider the two possiblepurememorylessstrategies: (1) for
the strategy that alwayschooses
50 6 
 2 , the Streettpair

��- 3 �B" 3 � is notsatis�ed;and(2) for thestrategy thatalways
chooses
10

6

53 , theStreettpair �0- 2 �B" 2 � is not satis�ed.

Hencethereis no purememorylesssurewinning strategy
for player1. It follows from Proposition2 that thereis no
randomizedmemorylesssurewinningstrategy either.

It will follow from Theorem10 thatmemorylessstrate-
giessuf�ce for almost-surewinning with respectto Streett
objectives on �

2
�

3 -player (and henceon � -player) game
graphs. We now show that almost-surewinning � -player
Streettgamesdoesrequirememory.

Example3 Considerthe � -player gamegraphshown in
Fig. 3. Theobjective is a Streettobjective with two Streett
pairs: SI 

�

��-
2

�B"
2

��� ��-
3

�9"
3

� 	 for -
2

 

�



3

��
�� 	 , -
3

 

�




�

	 , "
2

 

�




�

	 , and "
3

 

�


��5	 . Considerthe two pos-
sible pure memorylessstrategies for player 1: (1) for the
player-1 strategy thatalwayschooses


0�6



2 , theplayer-2
strategy that chooses
 2

6



�

ensuresthat theStreettpair
��-�25�B" 2�� is not satis�ed; and(2) for the player-1 strategy
that alwayschooses
50

6



� , the Streettpair ��- 3 �B" 3 � is
not satis�ed. For any randomizedmemorylessstrategy that
choosesboth 
50

6

 2 and 
10

6



� with positive proba-
bilities, theplayer-2 strategy thatchooses


2 6



3 ensures
thatthevertex set

�



0

��

2

�&

3

�&
��5	 is visitedin�nitely often.
HencetheStreettpair ��-

3
�B"

3
� is not satis�ed. Note,how-

ever, that thepurememorystrategy that chooses

0 6


��

oncewhenever player2 chooses

2 6




�

, andotherwise
chooses


0 6



2 , is a surewinning strategy (and hence
alsoanalmost-surewinningstrategy) for player1.

Theresultson Streettgamesaresummarizedin the fol-
lowing theorem.

Theorem9

1. Thefamily
�	�

of memorylessstrategiesdoesnot suf-
�ce for sure winningwith respectto Streettobjectives
on � -playergamegraphs.

8



2. The family
���

of memorylessstrategies suf�ces for
almost-sure winningwith respectto Streettobjectives
on �

2 �

3 -playergamegraphs.

3. Thefamily
�	�

of memorylessstrategiesdoesnot suf-
�ce for almost-surewinningwith respectto Streettob-
jectiveson � -playergamegraphs.

8 Müller Objectives

It follows from Example 2 that sure winning strate-
giesrequirememoryfor Müller objectivesevenin � -player
games.Moreover, Example3 shows thatin � -playergames
with Müller objectivesalmost-surewinning requiresmem-
ory. We now show thatfor �

2 �

3 -playerMüller gamesmem-
orylessalmost-surewinningstrategiesexist.

Theorem10 Thefamily
���

of memorylessstrategiessuf-
�ces for optimality with respectto Müller objectiveson

�

2
�

3 -playergamegraphs.

Given a set ��� , ��� of Müller sets,we denoteby
�G �U
 � � thesetof end-componentsthatareMüller sets
(seeSection6 for a de�nition of end-components);these
arethewinningend-components.Let �

&����

 

�

� ���

O be
theirunion.FromLemmas1 and2, it followsthatthemax-
imal probability of satisfyingthe objective Müller �#� � � is
equalto the maximalprobability of reachingthe union of
thewinningend-components.

Lemma 5 ? ? � C C

��	�
 Müller �#� � �� ? ? � C C

��	�
 Reach���

&����

� .

The proof of this lemmais analogousto the proof of
Lemma3. To constructa memorylesswinning strategy,
weagainlet �Z 

�

O
2

�B@A@A@ �.O�D 	 , thus�xing anarbitraryor-
deramongthewinningend-components,andwe de�ne the
rankof a vertex 
 # �

&���� by &�"

���

�*
4�9 � � �

�

��: � :IH �


6#�O
)

	 . Wede�ne arandomizedmemorylessstrategy 1� as
follows:

� In + /Z�

&���� , thestrategy 1� coincideswith anoptimal
memorylessstrategy to reach�

&���� .
� At eachvertex 
 # �

&����


 +
2 , the strategy 1� coin-

cideswith the strategy �

���

�������
	��

de�ned in Section6;
thatis, it selectsuniformly at randomoneof theedges

�$
%� 3 �9#W- having 34#�O

$
	

���




��� .

Oncesucha memorylessstrategy is �x ed, the MDP be-
comesa Markov chain ���

�

�

, with transitionprobabilities
de�ned by

6

	

	

�

 1���83 ���$
(� for 3*# +�2 , and by
6

	

	

�

 

/ �83 ��
(� for 3�#�+
0 . The following lemmacharacterizes

the closedrecurrentclassesof this Markov chain in the
set �

&���� , statingthatthey areall winningend-components.

Lemma 6 If � is a closedrecurrentclassof theMarkov
chain ��� �

�

, theneither �M
 �

&����

 Y or �!# � .

Proof. Let - �  

�

�83 ��
(� #,�

3

&����

�

6

	

	

�

: ;(	 . The
closedrecurrentclassesof � � �

�

arethe terminalSCCsof
thegraph �$�

&����

��- � � . As therankof theverticesalongall
pathsin ���

&����

��-X� � is nondecreasing,eachterminalSCC �

of �$�

&����

�B" � mustconsistof verticeswith the samerank,
denoted &�"

���

�)� � . Clearly, � ,[O

$ 	 ���




_

� . To seethat
�* O

$ 	 ���




_

� notethat in � player1 follows thestrategy
�

� �

��������
��

, whichcausesthewholeof O

$ 	 ���




_

� to bevisited.
Hence,as � is terminal,wehave �  GO

$ 	 �
�




_

� .

Theoptimalityof thestrategy 1� is asimpleconsequence
of Lemma6. Thefollowing corollaryis provedin a fashion
analogousto Corollary1.

Corollary 2 For all vertices 
 # + , we have
? ? � C C

�
	�
 Müller �#� � ���*
4�� ���

�

�

�

� Müller �#� � �&� .

9 Upward-closedObjectives

We show that memorylessalmost-surewinning strate-
giesexist for all �

2
�

3 -playerMüller gamesif the objective
canbespeci�edin anupward-closedway.

Theorem11 Thefamily
���

of memorylessstrategiessuf-
�ces for almost-sure winning on �

2
�

3 -player gamegraphs
with respectto Müller objectivesthat haveupward-closed
speci�cations.

Proof. Consideran upward-closedspeci�cation ^ of an
objective Müller ����� � anda �

2��

3 -playergamegraph )  

���,+ ��- � �.+
0

��+
2

�.+
3

��/�� . Let
�

2
, + be the almost-sure

winning set for player 1. It is easyto argue that for ev-
ery vertex 3 #

�

2

 +

2 , thereis a vertex 
G#

�

2 with
�83 ��
(�U# - , andfor every vertex 3M#

�

2

 �,+

0
V7+

3
� , for

all edges��3 �&
4�W# - we have 
 #

�

2 . Hence, ) S

�

2

is a subgamegraph. By the de�nition of
�

2 , player 1
hasa winning strategy ��� (memorylessor not) suchthat

��������	 �

�

� Müller �#�
�

���M � for all vertices 
�#

�

2 and
player-2 strategies � . Moreover, thestrategy ��� canchoose
only edgesin ) S

�

2 , asit cannotleave
�

2 . Hence,from
now onwe concentrateon thesubgamegraph) S

�

2 .
Let 1� be the memorylessplayer-1 strategy that plays

uniformly at randomin ) S

�

2 . Precisely, for a vertex
3 #

�

2

�+

2 , let -

	

 

�

�83 ��
(� #R- � 
�#

�

2
	 , andlet 1�

betheplayer-1 strategy thatat 3�#

�

2

 +

2 playseachedge
in -

	 uniformly at random. We claim that 1� is winning,
that is, ���

�

� 	 �

�

� Müller �#� � �&�P � for all vertices 
K#

�

2

andplayer-2 strategies � , thusshowing the existenceof a
memorylessalmost-winningstrategy for player1.

Assume,towards a contradiction,that player 2 has a
strategy ��� suchthat ���

�

� 	 ���

�

� Müller ���
�

�&��� � for some
vertex 
 #

�

2 . Notethat ) S

�

2 is a player-2 MDP under
strategy 1� ; we denotethis player-2 MDP by �0) S

�

2 �
�

�

.
From our resultson Müller MDPs, theremustbe an end-
component�

3
,

�

2 of ��) S

�

2
���

�

which is winning for

9



�

� �

���

�

�

���

�

�

�

���

�

Figure 3. A Müller game .

player2, thatis, � � 3

�

�# ^ . Moreover, player2 hasamemo-
rylessstrategy 1� thatenablesit to win with maximalprob-
ability in ��) S

�

2 ���

�

, and � 3 is a closedrecurrentclassof
theMarkov chain ��) S

�

2 ���

� 	

�

�

.
Now considerthesituationarisingwhenplayer1 usesits

original winning strategy � � against 1� . Understrategy 1� ,
thegamegraph ) S

�

2 is a player-1 MDP, which we de-
noteby ��) S

�

2 ���

�

. As � 3 is closedunder 1� and 1� , it has
nooutgoingplayer-1 edgein �0) S

�

2 ���

�

. By thede�nitions
of �

� and �
3 , player1 canwin with probability1 from �

3 .
Therefore,againfrom our resultson Müller MDPs, there
mustbeanend-component� 2

M
� 3 of ��) S

�

2 �
�

�

which
is winning for player1, that is, � � 2

�

# ^ . This contradicts
theupward-closureof ^ .

Therearegameswith Müller objectivessuchthat sure
winningwith apurestrategy requires'"��&�� memory, where

& is the numberof vertices,but almost-surewinning can
beachievedby a randomizedmemorylessstrategy. To see
this, for arbitrary & :<; , considertheset �Z 

� �

2
�A@B@A@)�

�
	

	

of colors and the Müller speci�cation ^� 

�

�7	 . It fol-
lows from thesplit-treeconstructionof [15] that thereis a
2-playergamegraph )

	

with & vertices,eachof which is
labeledby auniquecolor from � , suchthatapuresurewin-
ning strategy on )

	

for theobjective Müller �#��� � requires
'"�8&�� memory. Ontheotherhand,sincê is upward-closed,
by Theorem11arandomizedmemorylessalmost-surewin-
ningstrategy exists.

We now show that thereexists a 2-playergamegraph
such that for every Müller objective that is not upward-
closed, randomizationdoes not help, i.e., memoryless
almost-surewinning strategies exist if pure memoryless
almost-surewinning strategies exist, whereasstrategies
with memorymaybealmost-surewinning.

Example4 Let � bea setof colors,andlet ^ bea speci-
�cation of a Müller objective over � which is not upward-
closed.Let �

M
� ,L� suchthat � #&^ and �I� #&^ witness

that ^ is not upward-closed.Considerthe 2-playergame
graphshown in Fig.3, wherethe 1 verticesaretheplayer-1
vertices,andthe 2 verticesarethe player-2 vertices. The
colorsof eachvertex arede�ned by � 


3

�

 � , � 
��

�

 � , and
� 


0

�

 (� 

2

�

 � 


�

�

 Y .
We show thateverymemorylessstrategy thatis notpure

is not an almost-surewinning strategy. Considerthe ran-
domizedmemorylessstrategy � for player1 whichplaysat


 0 both edges
 0 6 
 2 and 
 0 6 
�� with positive prob-
ability. Let � be the strategy for player 2 which chooses


 2 6 
53 at 
 2 . Given the strategies � and � , the game
is a Markov chain and the vertex set

�


#0#�&
 21�&
535��
 � 	 is a
closedrecurrentclassof theMarkov chain;henceit is vis-
ited in�nitely often. Thus,thesetof colorsthatarevisited
in�nitely oftenis �PV �R � , because� , � . Since�I� #&^ ,
there is no randomizedmemorylessalmost-surewinning
strategy.

Wenow show thatonthegamegraphof Fig.3, for every
set � , � , if � M � and � # ^ , then almost-surewin-
ning strategies exist for player 1. The vertex colors are
now de�ned by � 
 3

�

 � , � 
��

�

 � , � 


�

�

 ��"/ � , and
� 
 0

�

 � 
 2

�

 Y . We constructa surewinning strategy (and
hencean almost-surewinning strategy) that usesmemory.
Considerthe following strategy 1� for player1: given any
sequenceof vertices

�

�

#7+

�

, let

1� �

�

�

�



0

�� 





 2 if thelastvertex of
�

� is not 


�

/



� otherwise.

Intuitively, thestrategy 1� canbedescribedasfollows: if at
vertex 


2 theedge

2 6



3 is played,thenplayer1 plays



0"6



2 at 


0 ; if at vertex 

2 theedge


2 6



�

is played,
thenplayer1 chooses
#0

6



� followedby 
10
6


 2 . We
prove that 1� is a surewinning strategy for player1 by con-
sideringthefollowing threecases:

1. For every play 
 suchthat 
42
6


53 occursin�nitely
often and 
 2

6



�

occurs �nitely often, we have
� ��� � 
 �� 

�


10#�&
 2 �&
535	 and � � ��� � 
 �

�

 � # ^ .

2. For every play 
 suchthat 

2 6




�

occursin�nitely
often and 


2 6



3 occurs �nitely often, we have
� ��� � 
 �� 

�



0

�&

2

�&


�

�&
��5	 and � � ��� �$
 �

�

 �QV ����/ � �� 

� # ^ .

3. For every play 
 suchthat 

2 6




�

occursin�nitely
often and 


2 6



3 occursin�nitely often, we have
� ��� � 
 �Q 

�



0

�&

2

�&

3

��


�

��
��#	 and � � ��� �$
 �

�

 ��V �PV

��� / � �� � V ���-/ � �� �� #&^ , because� , � .

Since � ���6# ^ , it follows that 1� is a surewinning strategy.

Thefollowing exampleshowsthatsurewinningmayre-
quire memoryfor � -playergameswith upward-closedob-
jectives.It followsthatTheorem11cannotbestrengthened
to surewinningstrategies.

Example5 Recall the � -player game graph shown in
Fig. 2. The setof colorsis �� 

���

2 �

�

31	 , the vertex 
 2 is
labeledwith color

�

2 , and 
#3 is labeledwith
�

3 . Thespeci�-
cationof theMüller objective is ^4 

� ���

2 �

�

31	#	 ; thatis, the
objectiveof theplayeris to visit both 
 2 and 
53 in�nitely of-
ten.We havealreadyseenthatthereis nopurememoryless
sureor almost-surestrategy to achievethis objective. Note,

10



Table 1. AS ­ Almost Sure, PM ­ Pure Memor yless, F ­ Finite Memor y, RM ­ Randomiz ed Memor yless.
Parity Rabin Streett Müller Upward-closed

Players Sure Optimal Sure Optimal Sure Optimal Sure Optimal Sure AS
�

2 �

3 PM PM PM F F F F F F RM
� PM PM PM PM F F F F F RM

�

2 �

3 PM PM PM PM F RM F RM F RM
� PM PM PM PM F RM F RM F RM

however, that a strategy that alternatelychoosesbetween

10 6 
 2 and 
10 6 
53 is asurewinningstrategy. Now con-
sidertherandomizedmemorylessstrategy �

�

thatchooses
theedges
 0 6 
 2 and 
 0"6 
 3 eachwith probability 2 �

3 .
Then, with probability 1 all verticesare visited in�nitely
often.Thus �

�

is analmost-surewinningstrategy.

10 Conclusion

The memory and randomizationrequirementsof sure
winning and optimal (or almost-surewinning) strategies
for �

2��

3 -, � -, �

2��

3 -, and � -playergamegraphsaresumma-
rizedin Table1. We showedthatin �

2
�

3 -playergameswith
upward-closedobjectivesrandomizedmemorylessalmost-
surewinning strategies exist. Moreover, the randomized
memorylessstrategiesarealwayssimple,in the sensethat
they use only uniform randomizationover given setsof
edges.Severalimportantclassesof Müller objectives,such
asgeneralizedBüchi objectives,areupward-closed.In par-
ticular, in 2-playergameswith generalizedBüchiobjectives
the classicalpuresurewinning strategiesrequirememory,
but randomizedmemorylessoptimalstrategiesexist.

In the caseof �

2
�

3 -playergameswith parity objectives
pure memorylesssurewinning, almost-surewinning, and
optimalstrategiesexist [4, 5]. It is anopenproblemwhether
pure memorylessalmost-surewinning strategies exist for

�

2
�

3 -player gameswith Rabin objectives. We also leave
openthe problemwhethermemorylessoptimal strategies
exist �

2��

3 -playergameswith upward-closedobjectives.
We consideredturn-basedgames,whereat each(non-

probabilistic)vertex oneof the two playerschoosesa suc-
cessorvertex. A moregeneralclassof gamesarethecon-
current games, whereat eachvertex both playerssimul-
taneouslyand independentlychoosemoves,and the com-
bination of the chosenmoves resultseither deterministi-
cally or probabilisticallyin a speci�c successorvertex. The
following resultsare known for concurrentgames[10]:
memorylessstrategiessuf�ce for optimality with respectto
safetyobjectives;memorylessstrategiessuf�ce for optimal-
ity with respectto reachabilityobjectivesonly in the limit;
andBüchi objectivesrequirebothin�nite memoryandran-
domizationfor almost-surewinning. In thecaseof concur-
rentgames,surewinningisalwayssimplerthanalmost-sure

winning,in termsof therequirementsof winningstrategies.
In contrast,for MDPswith Müller objectivessurewinning
strategiesrequirememorybut memorylessstrategiessuf�ce
for almost-surewinning.
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