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Abstract. Many veri cation, planning, and control problems can be
modeled as gamesplayed on state-transition graphs by one or two play-

ers whose con’icting goals are to form a path in the graph. The focus
here is on simple stochastic parity games,that is, two-player gameswith

turn-based probabilistic transitions and ! -regular objectiv es formalized

asparity (Rabin chain) winning conditions. An excient translation from

simple stochastic parity gamesto nonstochastic parity gamesis given. As
many algorithms are known for solving the latter, the translation yields
excient algorithms for computing the states of a simple stochastic parity
game from which a player can win with probability 1.

An important special case of simple stochastic parity games are the
Mark ov decision processeswith B#chi objectives. For this special case
a rst provably subquadratic algorithm is given for computing the states
from which the single player has a strategy to achieve a Béichi objective
with probabilbt y 1. For game graphs with m edgesthe algorithm works
in time O(m™ m). Interestingly, a similar technique shedslight on the
question of the computational complexity of solving simple Béchi games
and yields the “rst provably subquadratic algorithm, with arunning time
of O(n?=logn) for game graphs with n vertices and O(n) edges.

1 Intro duction

Many veri cation, Al planning, and control problemscan be formalized as state-
transition graphs, and solved by "nding paths in thesegraphsthat meet certain
criteria. Uncertainty about a processewlution is often modeled by probabilistic
transitions, and then instead of searding for paths we are interestedin measur-
ing the probability that a path satis es a given criterion, or "nding cortrollers
that maximize this probability. For decadesthere have been seweral separated
communities studying such problems in the context of stochastic games|[13],
Markov decisionprocessegMDP's) [9], Al planning, and model chedking. Only
recertly someuni cation has beenattempted. MDP's can be naturally viewed
as 1-player stochastic gamesand the book of Filar and Vrieze [8] provides a
uni ed rigorous treatment of the theories of MDP's and stochastic games.They
coin the term Competitive MDP's to encompasshoth 1- and 2-player stochastic
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games.We also suggestto cast various gamesbasedon state-transition models
into a uni ed framework. For this purposewe usethe following parameters.

{
{

Number of players:\ 13": Markov chains; 1: nondeterministic state-transition
systems;\1 13": MDP's; 2: gamegraphs;\2 13": stochastic games.

The players' knowledgeabout the courseof the game:simple (or turn-based)
games:the state determines who plays next; concurrent games:the play-
ers choose moves simultaneously and independertly, without knowing ead
other's choices[13,1,5].

Winning objectives: qualitative (! -regular) objectives[14]: nite objectives
(reachability and safety), or in nite objectives (liveness,sudh as Béchi or
general parity conditions), quantitative (reward) objectives [8]: discourted
reward, or limiting averagereward, or total reward.

Winning criteria: qualitativ e criteria [5]: sure winning, almost-sure winning
(with probability 1), or limit-sure winning (with probability arbitrarily close
to 1), quantitativ e criteria: exact probability of winning, or expectedreward.

We mention a few notable examplesof models and problems studied in various
communities that 't into the above categorization.

{
{

Summable MDP's [9, 8]: simple 1=-player gameswith maximum expected
discourted reward.

Mean-payo® games[17]: simple 2-player gameswith maximum limiting av-
eragereward.

Parity games[12,14]: simple 2-player gameswith parity objectives.
Quantitativ e simple stochastic games[2]: simple 21%-player gameswith read-
ability objectivesand exact probability of winning.

Qualitativ e concurrert ! -regular games|[4]: concurrert 2=-player games
with parity objectivesand various qualitativ e winning criteria.

Quantitativ e concurrert ! -regular games|[6]: concurrert 2=»-player games
with parity objectivesand exact probability of winning.

In earlier work [4, 11] we studied the complexity of algorithms for solving con-

current parity games.In particular, we have given excient reductions from the
problem of solving concurrert Béichi and co-Béichi games(under the almost-sure
winning criterion) to the extensively studied problem of solving simple (noncon-
current) parity games[15,10,16]. In this paper we focus on the following three
typesof games:

{

Qualitative simple stochastic parity games simple 21=»-player gameswith
parity objectivesand almost-surewinning criterion.

{ Qualitative BAchi MDP's : simple 11%-player gameswith Béchi winning ob-

jectivesand almost-surewinning criterion.

{ Simple BAchi games simple 2-player gameswith Biéchi winning objectives.

We usen to denotethe number of verticesand m to denotethe number of edges
of a gamegraph. Our main results can be summarized as follows.



Theorem 1. Every qualitative simple stochastic parity gamewith priorities in
thesetf0;1;2;:::;dj 1g can be translatel to a simple parity gamewith the same
set of priorities, with O(d¢n) verticesand O(d¢(m + n)) edges,and hene it can
be solved in time O(d ¢(m + n) ¢(nd)9d=2e),

Theorem 2 (Pure memoryless determinacy). From every vertex of a sim-
ple stochastic parity game either one player has a pure memorylessstrategy to
win with prokability 1, or there is a £ > 0 suchthat the other player has a pure
memorylessstrategy to win with prokability at least +. Hence the almost-sure and
limit-sur e winning criteria coincide.

Theorem 3. Qualitative BAchi MDPs can be solvel in time O(mp m).

This implies alsoa complexity improvemert for solving MDP's with readability
objectivesunder the almost-surewinning criterion, for which the best algorithm
sofar had O(mn) running time [3]. Interestingly, the novel technique we usefor
Béchi MDP's allows us to shedsomelight on the important problem of nding
subquadratic algorithms for simple Béchi games.

Theorem 4. Simple BAchi gameswith O(n) edgescan be solved in time O(n?=logn).

This result and reductions in [11] prove that concurrert gameswith a constart
number of actions and with reachability and Béichi objectivesunder the almost-
sure and limit-sure winning criteria can alsobe solved in subquadratic time (the
best algorithms so far had O(n?) running time [4]).

2 Simple Stochastic Parity Games

Given n 2 N, we write [n] for the set f0;1;2;:::;ng and [n]+ for the set
f1,2;:::;n9. A 21»-player game (or simple stochastic game or SSG) G =
(V;E; (Va; Vs; V- )) consistsof adirected graph (V; E) and a partition (Vg ;Vs; V- )
of the vertex set V. For technical corveniencewe assumethat every vertex has
at least one outgoing edge. For simplicity we only considerthe casewhen G is
binary. An in"nite path in G isain nite sequencédwg;Vvs;V,;:::i of verticessud
that (vk;vk+1) 2 E for all k 2 N. Wewrite - for the setof all in nite paths. The
gameis played with three players that move a token from vertex to vertex so
that an in nite path is formed: from verticesin V, , player Even () movesthe
token along an outgoing edgeto a successowertex; from verticesin Vg, player
Odd (8) movesthe token; and from verticesin V- , player Random (° ) moves
the token. If there are two outgoing edges,then player Random always moves
the token to one of the two successownertices with probability 1=2. Sinceplayer
Random does not have a proper choice of moves, as the other two players do,
we use the 1z-player terminology for player Random. The 2-player gamesare
the special caseof the 2»-player gameswith V- = ;. The 1»-player games
(or MDP's) are the special caseof the 2=-player gameswith Vs = ;. In other
words, in 2-player games,the only playersare Even and Odd; and in 1»-player
games,the only players are Even and Random.



Strategies. For a nite s A, a probability distribution on A is a function
f oAl [0;1] such that _,, f(a) = 1. We denote the set of probability
distributions on A by D(A). A (mixed) strategy for player Even is a function
¥a: Vo, | D(V) such that for every nite and nonempty sequencer7 2 V= ¢V,
of vertices, which represens the history of the play sofar, ¥{V) is the next move
to be chosenby player Even. A strategy must prescribe only available moves,i.e.,
if (v;u) 62E, then ¥(W ¢v)(u) = 0. The strategy %ais pure if for all w2 V* and
V 2 V., there is a vertex u sud that ¥(w ¢v)(u) = 1. The strategiesfor player
Odd are de ned analogously We write 8§ and| for the setsof all strategiesfor
players Even and Odd, respectively. A memorylessstrategy is a strategy which
does not depend on the history of the play but only on the current vertex.
A pure memorylessstrategy for player Even can be represenied as a function
Y:Vy !V sud that (v;¥%{v)) 2 E forallv2 V.

For an initial vertex v, and two strategies¥2 8 and ¥42 | for players Even
and Odd, respectively, we de ne Outcome(v; %% U - to be the set of paths
that can be followed when a play starts from vertex v and the players use the
strategies ¥%and ¥4 Formally, hvg;vy;vy;:::i 2 Outcome(v;¥%Y) if vo = v, and
for all k , 0, we have that v 2 V- implies (Vx;Vk+1) 2 E, v 2 V, implies

Once a starting vertex v and strategies %2 § and %2 | for the two players
have beenchosen,the probabilities of events are uniquely de ned, wherean event
A U - is a measurableset of paths. For a vertex v and an event A g - , we
write Prl*A] for the probability that a path belongsto A if the game starts

from v and the players usethe strategies%.and %

Winning objectiv es. A winning objective for a SSGG is a setW pu - of
in nite paths. We considerthe following winning objectives.

{ Bichi objective. For asetT p V of target vertices, the Bichi objectiveis de-
“ned asBéchi(T) = fhvg;vy;va:iiii 2 - 1w 2 T for innitely many k , 0g.

{ Parity objective. Let p:V ! [d] bea function that assignsa priority p(v) to
ewvery vertex v 2 V, whered 2 N. For an innite path v = hvg;vq;:::i 2 -,
wede ne Inf(v) = fi 2 [d] : p(vk) = i for in nitely many k,¢0g. The Even
parity objective is de ned asParity(p) = fv2 - : min Infi(v) isq?veng, and
the Odd parity objective as co-Parity(p) = fv2 - : min Inf(Vv) isoddg.

Note that for a priority function p : V | [1] with only two priorities (O
and 1), an ewven parity objective Parity(p) is equivalernt to the Béchi objec-
tive Béchi(pi 1(0)), i.e., the target set consistsof the vertices with priority 0. A
2»-player parity game (or parity SSG)is a pair (G; p), where G is a 2»-player
gameand p is a priorit y function. If G is a 2-player (resp. 1=»-player) game,then
(G; p) is a 2-player parity game(resp. 11»-player parity game or parity MDP).
A 2-player Bichi game is a pair (G;T), where G is a 2-player gameand T is
a set of target vertices. If G is a 11»-player game,then (G;T) is a 1»-player
Béchi game (or Béchi MDP).

Winning criteria. Consideran SSGG with winning objective W. We say that
a strategy %2 § for player Evenis



{ sure winning from vertex v if for all strategies¥2 | of player Odd, we have
Outcome(v; % Y9 p W;

{ almost-sure winning from vertex v if for all strategies%2 | of player Odd,
we have Prii[w]= 1;

{ positive-prokability winning from vertex v if there is a £ > 0, suc that for
all strategies¥s2 | of player Odd, we have Pri¥{w] , =

The de nitions for player Odd are similar. We shall seethat player Even hasan
almost-sure winning strategy for W from v if and only if player Odd does not
have a positive-probability winning strategy for - nW from v. For 2-player games
all three of the above winning criteria coincide, i.e., the existenceof a positive-
probability winning strategy for a player implies the existenceof a sure winning
strategy. In this paper we considerthe dual criteria of almost-surewinning (i.e.,
winning with probability 1) and positive-probability winning, for 21=- and 11=-
player games,and the criterion of sure winning for 2-player games:

{ The problem of solving a 21=-player (resp. 11»-player) parity game (G; p)
is to compute the set of vertices of G from which the player Even has an
almost-surewinnning strategy for the objective W = Parity(p).

{ The problem of solving a 2-player parity game (G; p) is to compute the set
of vertices of G from which the player Even hasa sure winnning strategy for
the objective W = Parity(p).

3 Solving 21z-player Parity Games

The main result of this section is an algorithm for solving 21»-player parity
games,which is obtained by an excient reduction to 2-player parity games,i.e.,
a proof of Theorem 1. As in our earlier work [11], the key technical tool for
the correctnessproof of the reduction is the notion of ranking functions, which
witnessthe existenceof winning strategiesfor the players. Our ranking functions
are closely related to the sematriics of the * -calculus formulas that expressthe
winning sets of concurrent stochastic parity games[4], but due to the lack of
concurrencyin our games,the de ning conditions for our ranking functions are
considerably simpler. Two corollaries of our proof are of independert interest.
First, we establishthe existenceof pure memorylesswinning strategiesfor both
players in simple stochastic parity games(Theorem 2). This is in contrast to
concurrert games,where players needmixed strategieswith in nite memory [4].
Second,in simple stochastic parity gamesthe almost-sureand limit-sure winning
criteria coincide (Theorem 2), which is not the casefor concurrent gamesi4].

3.1 Ranking functions

In this subsectionwe provide a characterization of the \univ ersal" parity MDP
problem. We de ne certain suzcient conditions for establishing that for all
strategies ¥4 the Markov chain M., satis es the parity condition with proba-
bility 1, or with probability at least + > 0. These suxcient conditions are then



usedin the next subsectionto prove correctnessof our solution for 21=-player
parity games:a strategy %is winning for a player if and only if the parity MDP
Gy, is a solution to the universal parity MDP problem.

Consider a parity MDP M = (V;E;(Vs;V- );p: V I [d]). Without loss
of generality assumethat d is even. A ranking function for player Even labels

vertices with (d=2)-tuples of natural numbers:' = (" 1;' 3;:::;rdily 1 v 1
{n]d'z[ flg , for somen 2 N. For succinctness, for all odd k 2 [d] we write
" k(v) to denotethe tuple (" 1(v);' 3(v);:::;" K(v)). Weoften call ' (v) the rank

of vertex v, and we call k(v) the k-th rank of vertex v. A ranking function
for player Odd is a function A = (A%;A%;:::;A% : V1 [n]¥2*1 [ fig ; we use
similar notational corvertions as with ranklng functions for player Even. For
all v 2 Vo, we write Pr\,[’ 2] (resp. Prv[' k1) for the one- stepprobablllty of
readmng from vertex v a successor of v such that ! K(U) <ex b K(v) (resp.
b K(u) - b K(v)). In other words, Prv[ %] is the probability in vertex v of
strictly decreasmgthe k-th rank in one step, and Pr,[' ¥] is the probability
of not increasinqthe k-th rank. Moreover, we write Pr,[' <1 ] (or for notational
corveniencePr, [* 1 1]) for the one-stepprobability of reaching from v a successor
u of v such that ' (u) 6 1. We always use these notations in the context of
expressionssud as Prv[ K1=1orPr [' 1, ". By slight abuseof notation,
for verticesv 2 V, we also write Pr,[*' X] and Pr,[* ¥] in such expressions,
and then we mean those expressionsto hold if and only if they hold for all
mixed one-stepstrategiesin vertex v. It is easyto verify that if either of the two
expressionsabove holds for all pure one-stepstrategiesin v, then it also holds
for all mixed one-stepstrategies.

Denition 1 (Almost-sure ranking). A ranking function ' :V | [n]%2]
flg for player Evenis an almost-sure ranking if thereis an ™ , 0 suchthat for

B

every vertex v with ' (v) 6 1 , the following condition C, holds:

W i 2= 1A b " b op(V)i 1y _
{ p(v) evenW odd i2[p(v)] (Prv[ =1 Prv[ L1, )Pyt 1=1),
{ p(v) odd: odd |2[p(v)](Prv[ ' 2] =17 Pry [ ] ).

Prop osition 1. Let k 2 [d] be an odd priority. Then for every vertex v with
' (v) 8 1 the following conditions hold.

(&) If p(v) = k, then in one step from vertex v the k-th rank decreaseswith
prokability at least".

(b) If p(v) > k, thenin onestepfrom vertexv either the k-th rank decreaseswith
probability at least”, or the k-th rank does not increase (with probability 1).

Lemma 1. Let' be an almost-sure ranking for a parity MDP. Then for ev-
ery (mixed) strategy of player Odd, the Even parity objective is satis ed with
prokability 1 from everyvertexv with ' (v) 6 1 .

Proof. Once the strategy for player Odd is "xed, a play in the parity MDP is
an in nite random walk. We argue that this random walk satis es the Even
parity objective with probability 1. From our discussionabove it follows that



the conditions expressedin the de nition of an almost-sureranking hold for all
mixed one-stepstrategiesof player Odd, and sinceour reasoningbelow is carried
out using only theseconditions, it appliesto all mixed strategiesfor player Odd.

In order to prove that with probability 1, the lowest priority occurring in-
Tnitely often is even, it sutces to shaw that for every odd priority k 2 [d], if
vertices of priorit y k keepoccurring in the random walk, then with probability 1
eventually a vertex of lower priorit y occurs. First note that from the de nition of
an almost-sureranking, it follows that all successorsaf a vertex with "nite rank
have nite rank: one of the conditions Prv[' ' 1= 1 must hold sothe i-th rank
cannot increasein any step and thus the rank stays nite. Let k 2 [d] be odd.
For the sake of contradiction assumethat from somepoint on vertices of prior-
ity k keepoccurring, but no vertex of a lower priority ever occurs. In this case
Proposition 1 implies that in every step either the k-th rank doesnot increase
with probability 1, or it decreaseswith probability at least"”, and moreover, in
every step from a vertex of priorit y k the k-th rank decreasewith probability at
least". As there are N = (n+ 1)(k*1) =2 di®eren valuesof a k-th rank, within at
most N visits to a vertex of priority k the k-th rank must decreaseo (0;:::;0)
with probablllty at least "N . Thus with probability 1 a vertex with k-th rank
(0;:::;0) is evertually reached This contradicts the assumptionthat priority k
occurs in nitely often: no vertex of priority k can have its k-th rank equal to
(0;:::;0), becauseby Proposition 1(a) astepfrom suc a vertex hasto decrease
the k th rank with positive probability and (0;:::;0) is the smallestrank.

Denition 2 (P ositiv e-probabilit y ranking). A ranking function A : V !
[n]9=2*1 [ f1g for player Oddis a positive-protability ranking if thereisan" , 0
suchthat for every vertex v with A(v) 6 1 , the following condition D holds:
{ p(v) even: (Pr,[A2], ") _
b "
{ p(v) odd: (Pry[A2], ") _
Pr.[AP] = 1)

(Pro[A1 2= 17 Pr,[AL], "),
(Pry[AT1 2= 17 Pr,[AL], ") _

even i2[p(v)]+

eveni2[p(v)]+

A proof similar to that of Lemma 1 can be usedto prove the following lemma.

Lemma 2. LetA be a positive-prokability ranking for a parity MDP. Then there
is a +> 0 suchthat for every (mixed) strategy of player Even, the Odd parity
objective is satis ed with protability at least + from everyvertexv with A(v) 6 1 .

3.2 The reduction

Given a 2»-player parity gameG = (V;E; (Vo ;Vs; V- );p: V! [d]), we con-
struct a 2-player parity game G with the same set [d] of priorities. For every
vertexv 2 V, [ Vs, thereis a vertex v 2 V with \the same" outgoing edgesii.e.,
(v;u) 2 E if and only if (v;u) 2 E. Each random vertexv 2 V- is substituted by
the gadgetpreserted in Figure 3.1. More formally, the playersplay the following
3-step gamein G from vertex v of priority p(v). First, in vertex v player Odd



p(V) (E 0)

(e 2)

<M)§0% . 0

succ(v) succ(v) succ(v)
Fig. 1. Gadget for reducing 21>-player parity gamesto 2-player parity games.

choosesa successong; k), ead of priority p(v), wherek 2 [p(v) + 1] is even.
Then in vertex (@; k) player Even choosesfrom at most two successorsvertex
(;k i 1) of priority ki 1if k > 0O, or vertex (Io; k) of priority k if k - p(v).
Finally, in avertex (1; k) the choiceis betweenall verticest suc that (v;u) 2 E,
and it belongsto player Evenif k is odd, and to player Odd if k is even.

Lemma 3. For every vertex v in G, if player Even (resp. Odd) has a sure
winning strategy from vertexv in G, then player Even (resp.Odd) hasan almost-
sure (resp. positive-prokability) winning strategy from v.

Proof. We prove the claim for player Even. The caseof player Odd is similar
and is omitted here. If W, is the set of vertices from which player Even has a
winning strategy in G, then there is a ranking function (also called a progress
measure [10]) —:V ! [n]%?[ fig (wheren - jVj) such that “(w) 6 1 for
all w 2 W, . This ranking function inducesa memorylesswinning strategy ¥for
player Evenin G [10]. We de ne a ranking function ' and a memorylessstrategy
for player Even %for G by setting ' (v) = (V) and 3{v) = ¥{V) for everyv 2 V.
Taking the strategy subgraph of %.in G we obtain a parity MDP M. In order to
provethe claim, by Lemmalit sutcesto arguethat ' is an almost-sureranking
for M . It is easyto verify that the ranking condition C, holds for all verticesv 62
V- with ' (v) 6 1 . We prove that the ranking condition C, holds for all vertices
v2V. with ' (v) 8 1. Let k2 [p(v)]:+. Sincevertex v belongsto player Odd,
the edgeleading to vertex (&; k) must be in M. Vertex (e; k) belongsto player
Even, so either the edgeleading to vertex (I;k i 1) or the oneleading to vertex
(1; k) belongsto M . In the former case,by analyzing the inequalities between'-
ranks of verticeson the path from v to the successoof (1; kj 1) in M which hold
by the de nition of a ranking function [10], we can deducethat Pr\,[" kil , 1=2
holds. In the latter case,we get that Pr\,[" ki 11 = 1 holds. Consideringall edges
that Iead out of ver\yex vin M, we concludethat the following condition holds:
(Prv[ <11= D" Ladiz p(V)](Pr\,[' "1=1_ Prv[ 1, 1=2). This condition
can be shown to imply the ranking condition CV usmgthe two simple properties
that if i; j 2 [p(v)] areodd and i < j, then Prv[' 1'1= 1 implies Pr\,[L 1= 1,

and Pry[t ] . " implies Proft 1] R




Algorithm 1 Classical algorithm for Béchi MDP's

Input : 11z-player Béchi game (G; T). Output: W- and W, = V nW- .
1.Go=G;2Wo:=;;3.i=0

4. rep eat
4.1 Wi+1 = One-lteration-Of-The-Classic al-Algorithm (Vi)
42Viv1a = VinWija ;i =i+ 1
until { =
5.W- = Wi

Pro cedure One-lteration-Of-The-Classical-Algorithm
Input: setV; pu V. Output: setWi+1 U Vi.
1. Ri := Reach(T\ Vi;Vi); 2. Tri := Vi nR;; 3. Wiy = Attr- (Tr; Vi)

4 An O(mp m) Algorithm for 11=-player Béchi Games

In this section we consider 11%-player gameswith Béchi winning objectives,
i.e., BAchi MDP's. There are two players, Even and Random. We write T for

the set of target vertices, which player Even attempts to visit in nitely often.

By W, we denotethe set of vertices from which player Even hasan almost-sure
winning strategy, and by W- the set from which the Béchi objective is violated

with positive probability for all strategiesof player Even. We call these setsthe

winning setsfor p&lyer Even and Random, respectively. The main result of this

sectionis an O(n" n) algorithm for computing W, and W- for a 11»-player
Béichi game with n vertices and O(n) edges.This proves Theorem 3, because
a game graph with m edgescan be easily converted in O(m + n) time to an

equivalent gamegraph with O(m) vertices and O(m) edges.

In the rest of the paper we usethe following notations for a graph G = (V; E)
and asetS p V of vertices. We write sua(v;G) = fu2V : (v;u) 2 E gfor the
set of immediate successor®f vertex v. Wede ne In(S;G) = f (v;u) 2 E : v62
S and u 2 Sgto bethe setof edgesthat enter setS, and Source(S;G) = f v 2
V : (v;u) 2 In(S;G) for someu g is the set of sourcesof edgesthat enter S. We
write Reach(S; G) for the set of vertices from which there is a path in graph G
to a vertex in S. Let (Vs ;Va) be a partition of the setV of vertices (player =
movesfrom the verticesin V, and player @ movesfrom the verticesin Vg, where
a2 f§;°g ). We inductively de ne the set Attr , (S; G) of vertices from which
player = hasa strategy to reac the set S in the following way. SetRy = S, and
fork, O0,setRys1 = Rk[ fv2V, @ (v;u)2 Ef(gsomeu 2 Ryg[ fv2
Vo @ u2 R forall (v;u) 2 E g. Let Attr (S;G) = |, Rk. We de ne the set
Attr 5(S; G) in a similar way. We "x a graph G until the end of the paper and
by a slight abuseof notation instead of putting graphsasthe secondparameters
of all the above de nitions, we will write a subsetS of the verticesto stand for
the subgraph of G that is induced by the set S of vertices.

The classial algorithm (Algorithm 1 [3]) works as follows. First it "nds
the set of vertices R from which the target set T is reachable. The rest of the
vertices Tr = V nR (a \trap" for player Even) are identi ed as winning for



player Random. Then the set of vertices W, from which player Random has a
strategy to reach its winning set Tr, is computed. SetW is identi ed asa subset
of the winning set for player Random and it is removed from the vertex set.
The algorithm then iterates on the reduced game graph. In ewery iteration it
performs a backwaid seart from the current target setto nd vertices which
can reac the target set. Each iteration takesO(n) time.

Our improvel algorithm (Algorithm 2) di®ersfrom the classical algorithm
by selectiwely performing a badkward seard asthe classicalalgorithm does, or
a cheap forward exploration of edgesfrom vertices that are good candidatesto
be included in the winning set of player Random. In Step 4.1 of the improved
algorithm, if the number of edgesentering the set of vertices included in the
previous iteration into the winning set of player Random is at least as big asa
constant k, then we run an iteration of the classicalalgorithm. Otherwise, i.e.,
if this number is smaller than k, then let S be the set of sourcesof edgesthat
enter the setof verticeswinning for player Randomin the previousiteration. The
vertices in S are consideredas candidatesto be included into the winning set
of player Random in the current iteration. In Step 4.2.2.1(procedure Dovetail-
Explore) a dovetailing exploration of edgesis performed from all verticesin S.
From all verticesv 2 S, up to ~ edgesare explored in a round-robin fashion.
If the forward exploration of edgesfrom a vertex v 2 S terminates before °
edgesare explored, and none of the explored vertices is in the target set, then
the explored subgraphis included in the winning set of player Random. If Step
4.2.2.1fails to identify a winning set of player Random, then in Step 4.2.4 an
iteration of the classicalalgorithm is executed. The winning set discovered by
the iteration of the classicalalgorithm in Step 4.2.4must cortain at least™ edges
as otherwise it would have beendiscoveredin Step 4.2.2.1.

Lemma 4. Algorithm 2 correctly computesthe setsW. and Wy .

Proof. We prove by induction that W; computedin any iteration of the improved
algorithm satis es W; p W- . Basecase:Wy = ; p1 W- .
Inductiv e case:we arguethat W; g W- implies Wi+ g W- .

1. If Step 4.1 is executed, then Wi.; 1 W- by correctnessof the classical
algorithm.

2. If Step4.2.2is executed,then a nonempty setRy isincludedin Tri,; in Step
3.3 of procedure Dovetail-Explore. By the condition in Step 3.3 of Dovetail-
Explore, no vertex in R, can reach a vertex outside of R, and sinceR, \
T\ V; = ;, we concludethat T; cannot be reached from any vertex in Ry.
Therefore Ry, u W- and Trijs; p We . HenceU p W. and Wjs; p We .

3. If Steps4.2.2and 4.2.4 are executed,then U p W- and the correctnessof
an iteration of the classicalalgorithm imply Wi+, p We .

The other inclusion W- p W- follows from the correctnessof the classical
algorithm, becausethe termination condition of the loop in Step 4 implies that
Tr; = ; holds sothe last iteration was an iteration of the classicalalgorithm. B

Lemma 5. The total work in Step4.2.2.1 of Algorithm 2 is O(kn).



Algorithm 2 Impro ved Algorithm  for Béchi MDP's

Input: 11z-player Béchi game (G; T). Output: W- and W, = V. nW- .
1.Go=G;2Wo:=;;3.i=0
4. rep eat
410 jIn(Wi;Vi[ Wi)j, kthen
4.1.1 Wi+1 = One-lteration-Of-The-Classic al-Algorithm (V;)
4.2else (jIn(Wi;Vi [ Wp)j < k)
421U :=;
4.2.2 rep eat
4.2.2.1Tr; = Dovetail-Explore(V; nU; Source(W; [ U; Vi [ W;))
4222U = U[ Attr- (Tri;Vi nU)
until jin(W; [ U;Vi[ Wi)j- kand Tr; 6 ;
42.3if Tr; 6 ; then Wiy == Wi [ U
4.2.4else Wi41 = U[ (One-lteration-Of-The-Classic al-Algorithm (Vi n U))
4.3 Vi1 = VinWi+1
44i=i+1
un il V\é_= ;
5 W- = Ik:l Wy

Pro cedure Dovetail-Explore
Input: setSpu Vi and graph G; = (Vi;Ei). Output: setTr; pu V.
1.Try:=;;2.ec:="
3. rep eat
3lec:=ecj 1
3.2 for each vertexv2 S
extend the sub-graph Ry p Vi by exploring a new edge
3.3if thereisv2 S st forall u2 Ry, suc(u; Vi) p Ry and Ry\ T\ V; = ;
then return Tr; = Ry
until ec=0
4. return  Tr;

Proof. Considerthe following two cases.

1. If a nonempty set of vertices R, is included in the set Tr; in Step 3.3 of
Dovetail-Explore, and the number of edgesin the induced subgraphRy is g,
then the total work donein Step 3 is O(ke;), becausejSource(W; [ U;V; [
W;)j - k. Sincee edgesare removed from the graph and the number of all
edgesin the graph is O(n), the total work over all iterations of Dovetail-
Explore when a nonempty set R, is included in a set Tr; is O(kn).

2. If Try = ; after executing the procedure Dovetail-Explore, then the work
donethere is O(k™). Whenever this happens,the subgraphinduced by the set
of vertices Tr; discoveredby the following iteration of the classicalalgorithm
must have morethan * edges.This canhappenat most O(n=") times, because
the number of edgesin the graph is O(n). Hence the total work over all
iterations is O((n=")k’) = O(kn). &

Lemma 6. The total work in Step4.2.2.2 of Algorithm 2 is O(n), in Step4.2.2
it is O(kn), in Step4.1 it is O(n?=k), and in Step4.2.4 it is O(n?=").



Lemma 7. AIgor'ma 2 solvesli-player Béchi gameswith n verticesand O(n)
edgesin time O(n" n).

Proof. Correctnessfollows from Lemma 4. By Lemma 6pthe work in Stepsﬁl.l,
4.2.2,and 4.2.4is O(n?=k+ kn + n?="). Takek = ~ = " n to get the O(n" n)
bound for the total work. B

5 An O(n?=log n) Algorithm for 2-player Béchi Games

In this section we consider 2-player gamesof the form (G;T), where T for the
set of target vertices. By W, we denote the set of vertices from which player
Even has a strategy to visit a state in T in nitely often, and by Wsg the set
of vertices from which player Odd can avoid visiting T in nitely often. These
are the winning setsfor player Even and Odd, respectively. By determinacy of
parity games[7] we have Wg = V nWj, . Inspired by the algorithm of the previous
section, we provide an algorithm for computing the set Ws in time O(n?=logn)
if G hasn verticesand O(n) edges,a proof of Theorem 4. A graph is binary if
every vertex hasat most two successorskor simplicity we presert the algorithm
for the casewhen the gamegraph is binary.

The classial algorithm for solving 2-player Béichi games(Algorithm 3 [15]) is
very similar to the classicalalgorithm of the previoussection. The only di®erence
is that in step 1 of ead iteration i we compute set R; to be the set of vertices
from which player Even has a strategy to reacth set T, i.e., Rj = Attr 5 (T; V;);
and in step 3 the set Wj.; is the set of vertices from which player Odd has a
strategy to reach set Tr;. Then the winning set of player Evenis obtained asthe
union of the setsW, over all iterations.

Note that in step 1 of every iteration i an O(n) backward alternating seard
is performedto compute the setR;. The key idea of our improved algorithm (Al-
gorithm 4) is to perform a cheapforward exploration of edgesin someiterations
in order to discover subsetsof the winning set for player Odd. The improved
algorithm for 2-player Béichi gamesdi®ersfrom the improved algorithm of the
previous sectionin the way the forward exploration is performed. In order to de-
tect atrap for player Evenin which player Odd has a winning strategy, we need
to consider all successorof every vertex in the forward exploration. Let S be
the set of sourcesof edgesentering the winning set of player Odd discovered in
the previousiteration, and let jSj - k. The verticesin set S are new candidates
to be included in the winning set of player Odd. From these vertices a BFS of
depth log" is performedin Step 4.2.2.10f Algorithm 4. In step 4.2.2.4we chedk
if the explored subgraphcortains atrap for player Evenin which player Odd has
awinning strategy. If no such trap is detectedthen oneiteration of the classical
algorithm is executed. The key for the subquadratic bound of our algorithm is
the obsenation that if step 4.2.2 fails to identify a non-empty winning subset
for player Odd, then the setdiscovered by the following iteration of the classical
algorithm has at leastlog” vertices.

We say that a set of vertices S is an Eventrap in agraph G if for all v2 S,
we have suc(v;G) 4 Sif v2 Vy, and suc(v;G)\ S6 ; if v2 Vg. It is easy



Algorithm 3 Classical Algorithm for 2-player Béchi Games
Input : 2-player Béchi game (G; T). Output: Ws and W, = V nWs.
[Steps 1.{%_are the sameasin Algorithm 1]

5 Wsg = Ik:l Wi

Pro cedure One-lteration-Of-The-Classical-Algorithm
Input: setV; pu V. Output: setWi+ U Vi.
1LRi:= Attr o (T\ Vi;Vi); 2.Tr; := Vi nR;; 3. Wiy = Attr s (Tri; Vi)

Algorithm 4 Impro ved Algorithm  for 2-player Biéchi Games
Input : 2-player Béichi game (G; T). Output: Ws and W, = V nWs.
[Steps 1.{3. and 4.1 are the sameasin Algorithm 2]
4. rep eat
4.2else (jln(Wi;Vi [ Wi)j < k)
421Try = ;
4.2.2 for each vertex v 2 Source(W;;Vi [ W;)
4.2.2.1Find the reachable subgraph R, by a BFS of depth log"
4.2.2.2Let Fy denote the set of vertices at depth log"
4223T0:=fv2 Vs \ Fy:suco(v;G)\ Ry =:g[ (Va \ Fy)
4.224RY = Attr . (Rv\ T\ Vi) [ TSRY)
4225Tr; := Tri[ (Ry nRY)
4.2.3if Tr; 6 ; then Wiy = Attr s (Tri; Vi)
4.2.4 else Wi;1 := One-lteration-Of-The-Classic al-Algorithm (V;)
until \gi_ =
5 Ws = Ik:l Wi

to verify that if P u V then the setV nAttr , (P;V), i.e., the complemen of an
Even attractor, is always an Eventrap in the graph induced by verticesin setV.
Intuitiv ely, player Odd can prevent player Even from leaving an Even trap, and
henceif S\ T = ; then atrap is included in the winning set of player Odd in
the Bichi game(G; T); we call such a setan Even trap winning for player Odd.

Lemma 8. Algorithm 4 correctly computesthe setsWg and W, .

Proof. We prove by induction that W; computedin any iteration of the improved
algorithm satis es W; pu Wsg. The proof is similar to Lemma 4 and di®ersonly
for case2, which we prove now. If Steps4.2 and 4.2.3 get executedin iteration
i, then every nonempty set R, nRY included in the set Tr;.; is an Even trap
winning for player Odd in the subgraph of G induced by the set of vertices
Vi. It is an Even trap becausefor every vertex u 2 V, \ (Ry nF,), we have
suc(u; Vi) 1 Ry, and asa complemer of an Even attractor it is an Even trap
in the subgraphinduced by set R,. The set R, nR? is moreover an Even trap
winning for player Odd, becauseby step 4.2.2.4all target verticesin the setR,
are included in the setR. n



Lemma 9. Let R, be a set computed in Step4.2.2.1. Let S be an Even trap
winning for player Odd suchthat v 2 S, all vertices of S are reachablefrom v,
and jSj < log™. Then S u R, nRY, and hene S is discovered in Step4.2.2.

Lemma 10. The total work in Step4.1 of Algorithm 4 is O(n?=Kk), in Step4.2.2
it is O(k’n), and in Step4.2.3it is O(n).

Lemma 11. Algorithm 4 solves2-player binary Bhchi gamesin time O(n?=logn).

Proof. Correctnessfollows from Lemma 8. The work of Step 4.2.4is O(n?=log")
by Lemma 9. The work of Steps4.1, 4.2.2,and 4.2.4is O(n?=k+ k’n + n?=log")
by Lemma 10. Take* = n" with 0< " < 1 and k = logn to get the O(n?=logn)
upper bound for the total work. By Lemma 10 the work in Step 4.2.3is O(n),
hencethe time complexity of Algorithm 4 is O(n?=logn). B
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