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Abstract

In 2-player non-zero-sumgames,Nashequilibria cap-
ture the options for rational behavior if each player at-
temptsto maximizeher payoff. In contrast to classical
gametheory, we considerlexicographic objectives: �r st,
each playertries to maximizeher ownpayoff, andthen,the
playertries to minimizetheopponent'spayoff. Such objec-
tivesarisenaturally in theveri�cation ofsystemswithmulti-
plecomponents.There, insteadof provingthateach compo-
nentsatis�esits speci�cationnomatterhowtheothercom-
ponentsbehave, it oftensuf�ces to prove that each compo-
nentsatis�esits speci�cationprovidedthat theothercom-
ponentssatisfy their speci�cations. We say that a Nash
equilibrium is secureif it is an equilibrium with respect
to the lexicographic objectivesof both players. We prove
that in graph gameswith Borel objectives,which include
the gamesthat arise in veri�cation, there maybe several
Nashequilibria, but there is alwaysa uniquemaximalpay-
off pro�le of secure equilibria. We showhow this equilib-
rium can be computedin thecaseof 
 -regular objectives,
andwecharacterizethememoryrequirementsof strategies
thatachievetheequilibrium.

1. Intr oduction

We consider2-player non-zero-sumgames,i.e., non-
strictly competitive games.A possiblebehavior of the two
playersis capturedby a strategy pro�le �
������� , where �

is a strategy of player 1, and � is a strategy of player 2.
Classically, thebehavior ��������� is consideredrational if the
strategy pro�le is a Nashequilibrium [7] —that is, if nei-
therplayercanincreaseherpayoff by unilaterallychanging

�
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herstrategy. Formally, let ����� �

� be thepayoff of player1 if
the strategies �
������� areplayed,andlet ����� �

� be the corre-
spondingpayoff of player2. Then �
������� is a Nashequi-
librium if (1) �

��� �

�  

�
��!"� �

� for all player 1 strategies �$# ,
and(2) �%��� �

�
 

�&��� ��!

� for all player2 strategies ��# . Nash
equilibriaformalizea notionof rationalitywhich is strictly
internal: eachplayercaresabouther own payoff but does
not in the leastcare(cooperatively or adversarially)about
theotherplayer'spayoff.

ChoosingamongNashequilibria. A classicalproblemis
that many gameshave multiple Nashequilibria,andsome
of them may be preferableto others. For example, one
might partially order the equilibria by �
�������(')����#
���$#*� if
both �&��� �

�  

�%��!"� �+!

� and �&��� �

�  

�%��!"� �+!

� . If a uniquemaximal
Nashequilibriumexistsin thisorder, thenit is preferablefor
both players. However, maximalNashequilibria may not
beunique.In thesecasesexternalcriteria,suchasthesum
of thepayoffs for bothplayers,have beenusedto evaluate
differentrationalbehaviors [9, 14]. Theseexternalcriteria,
which are basedon a single preferenceorder on strategy
pro�les, areusuallycooperative, in that they capturesocial
aspectsof rationalbehavior. We de�ne andstudy, instead,
an adversarial externalcriterion for rationalbehavior. Put
simply, we assumethat eachplayer attemptsto minimize
theotherplayer's payoff aslong as,by doing so,shedoes
notdecreaseherown payoff. Thisyieldstwo differentpref-
erenceorderson strategy pro�les, onefor eachplayer, and
givesriseto anew notionof equilibrium.

Adversarial external choice. Accordingto our notion of
rationality, amongtwo strategy pro�les ��������� and ����#,���$#*� ,
player1 prefers ��������� , denoted���������-'

�

���.#,���$#/� , if either
�&��� �

� 0

�%��!"� �+!

� , or both �%��� �

� 1

�&��!�� ��!

� and �%��� �

� 2

�&��!
� ��!

� .
In otherwords,thepreferenceorder '

� of player1 is lexi-
cographic:theprimarygoalof player1 is to maximizeher
own payoff; the secondarygoal is to minimize the oppo-
nent's payoff. The preferenceorder '

� of player2 is de-
�ned symmetrically. It shouldbenotedthat,de�ned in this



way, adversarialexternalchoicecannotbeinternalizeduni-
formly overall gamesby �rst changingthepayoff functions
of thetwo players,andthenusingtraditionalNashequilib-
ria: if �%��� �

� 1

�&��!�� ��!

� and �%��� �

� 2

�%��!"� ��!

� , thenuniform inter-
nalizationwould requireto increase����� �

� by an arbitrarily
small �

0�� .

Secure equilibria. The two orders '

� and '

� on strat-
egy pro�les, which express the preferencesof the two
players, induce the following re�nement of the Nash
equilibrium notion: �
������� is a secure equilibrium if
(1) ���%��� �

�

���&��� �

�

� '

�

���&��!�� �

�

���%��!�� �

�

� for all player 1 strate-
gies �.# , and (2) �"�%��� �

�

���&��� �

�

� '

�

�"�%��� �+!

�

���%��� ��!

�

� for all
player2 strategies ��# . Note that every secureequilibrium
is a Nashequilibrium,but a Nashequilibriumneednot be
secure.Thename“secure”equilibriumderivesfromthefol-
lowing equivalentcharacterization.We saythat a strategy
pro�le �
������� is secure if any rationaldeviation of player2
—i.e., a deviation thatdoesnot decreaseherpayoff— will
notdecreasethepayoff of player1, andsymmetrically, any
rationaldeviation of player1 will not decreasethe payoff
of player 2. Formally, ��������� is secureif for all player 2
strategies ��# , if �

��� ��!

�
 

�
��� �

� then �
��� ��!

�
 

�
��� �

� , andfor all
player1 strategies �.# , if �&��!�� �

�
 

�%��� �

� then �&��!�� �

�
 

�%��� �

� .
The securepro�le �
������� canthusbe interpretedasa con-
tractbetweenthe two playerswhich enforcescooperation:
any unilateralsel�sh deviationby oneplayercannotput the
otherplayerat a disadvantageif shefollows thecontract.It
is not dif�cult to show (seeSection2) that a strategy pro-
�le is a secureequilibriumiff it is botha securepro�le and
a Nashequilibrium. Thus, the secureequilibria are those
Nashequilibria which representenforceablecontractsbe-
tweenthetwo players.

Moti vation: veri�cation of component-basedsystems.
Themotivationfor our de�nitions comesfrom veri�cation.
There,onewouldliketo provethatacomponentof asystem
(player1) cansatisfyaspeci�cationnomatterhow theenvi-
ronment(player2) behaves[3]. Classically, this is modeled
asa strictly competitive (zero-sum)game,wheretheenvi-
ronment's objective is thecomplementof thecomponent's
objective. However, the zero-summodel is often naive,
astheenvironmentitself typically consistsof components,
eachwith its own speci�cation (i.e., objective). More-
over, the individual componentspeci�cationsare usually
notcomplementary;acommonexampleis thateachcompo-
nentmustmaintaina local invariant.Soa moreappropriate
approachis to provethatplayer1 canmeetherobjectiveno
matterhow player2 behavesas long as player2 doesnot
sabotageher own objective. In otherwords,classicalcor-
rectnessproofsof acomponentassumeabsoluteworst-case
behavior of the environment,while it would suf�ce to as-
sumeonly relativeworst-casebehavior of theenvironment
—namely, relative to the assumptionthat the environment
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Figure 1. A reachability graph game .

itself is correct(i.e., meetsits speci�cation). Suchrelative
worst-casereasoningis calledassume-guaranteereasoning
[1, 2, 13], but sofar hasnot beenstudiedin thenaturalset-
ting offeredby gametheory.

Existenceand uniquenessof maximal secure equilibria.
We will seethat in generalgames,suchasmatrix games,
theremay be multiple secureequilibrium payoff pro�les,
even several incomparablemaximal ones. However, the
gamesthatoccurin veri�cation have a specialform. They
areplayedon directedgraphswhosenodesrepresentsys-
tem states,and whoseedgesrepresentsystemtransitions.
Thenodesarepartitionedinto two sets:in player1 nodes,
the �rst playerchoosesan outgoingedge,andin player2
nodes,thesecondplayerchoosesanoutgoingedge.By re-
peatingthesechoicesad in�nitum, an in�nite paththrough
thegraphis formed,which representsa systemtrace. The
objective ��� of eachplayer � is a setof in�nite paths;for
example,an invariant (or “safety”) objective is the set of
in�nite pathsthatdo not visit unsafestates.Eachplayer �

attemptsto satisfyher objective �
� by choosinga strategy

thatensuresthattheoutcomeof thegamelies in theset �
� .

The objective �
� is typically an 
 -regular set (speci�ed,

e.g., in temporallogic), or moregenerally, a Borel set [8]
in the Cantor topology on in�nite paths. We call these
games2-playernon-zero-sumgraphgameswith Borel ob-
jectives. Ourmainresultshows thatfor thesegames,which
may have multiple maximalNashequilibria, therealways
existsa uniquemaximalsecureequilibriumpayoff pro�le.
In otherwords,in graphgameswith Borel objectivesthere
is a compellingnotionof rationalbehavior for eachplayer,
whichis (1) aclassicalNashequilibrium,(2) anenforceable
contract(“secure”),and(3) a guaranteeof maximalpayoff
for eachplayeramongall behaviorsthatachieve(1) and(2).

Examples. Considerthe gamegraphshown in Fig. 1. In
all our �gures we use � to denoteplayer1 states(i.e.,at �

statesplayer1 choosesthesuccessorstate),and � denotes
player2 states.Theobjectiveof player1 is to reachthetar-
get ��� , areachability(co-safety)objective,andtheobjective
of player2 is to reacheither ��� or �

� , alsoa reachability
objective. Thereare two player 1 strategies: �

� chooses
the move �������

� , and �

� chooses�������

� . Thereare
alsotwo player2 strategies: �

� chooses�

�

���	� , and �

�

chooses�

�

���
� . The strategy pro�le �
�

�

���

�

� leadsthe
gameinto �

� and thereforegives the payoff pro�le (0,1),
meaningplayer1 losesandplayer2 wins(i.e.,only player2

2
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Figure 2. A graph game with Büchi objectives.

reacheshertarget).Thestrategy pro�les ���

�

���

�

� , ���

�

���

�

� ,
and ���

�

���

�

� give thepayoffs (1,1),(0,0),and(0,0),respec-
tively. All four strategy pro�les areNashequilibria;for ex-
ample,in �
�

�

���

�

� player1 doesnot have an incentive to
switchto strategy �

� (which would still give herpayoff 0),
andneitherdoesplayer2 have anincentive to switchto �

�

(sheis alreadygettingpayoff 1). However, thestrategy pro-
�le ���

�

���

�

� is not a secureequilibrium, becauseplayer2
canlower player1's payoff (from 1 to 0) without changing
herown payoff, namely, by switchingto strategy �

� . Sim-
ilarly, the strategy pro�le �
�

�

���

�

� is not secure,because
player1 canlower player2's payoff without changingher
own payoff, by switchingto �

� . So if both players,in ad-
dition to maximizingtheirown payoff, alsoattemptto min-
imize the opponentspayoff, thenthe resultingpayoff pro-
�le is unique,namely, (0,0). In otherwords,in this game,
theonly rationalbehavior for both playersis to deny each
other'sobjectives.

This is not always the case: sometimesit is bene�cial
for both playersto cooperateto achieve their own objec-
tives,with the result that both playerswin. Considerthe
gamegraphshown in Fig. 2. Both playershave Büchi ob-
jectives: player 1 (square)wantsto visit �

� in�nitely of-
ten,andplayer2 (diamond)wantsto visit �

� in�nitely of-
ten. If player2 alwayschooses�

�

� ��� andplayer1 al-
wayschooses�

�

� �
� , thenbothplayerswin. This Nash

equilibriumis alsosecure:if player1 deviatesby choosing
�

�

� � � , thenplayer2 can“retaliate”bychoosing��� � �	� ;
similarly, if player2 deviatesby choosing�

�

� �

� , then
player2 canretaliateby �

�

� �
� . It follows thatfor purely

sel�sh motives(andnot somesocial reason),both players
have an incentive to cooperateto achieve the maximalse-
cureequilibriumpayoff (1,1).

Outline and results. In Section2, we introducethe no-
tion of secureequilibrium andprovide two interpretations
throughalternative de�nitions. In Section3 we prove the
existenceand uniquenessof maximal secureequilibria in
graphgameswith Borel objectives. The proof is basedon
the following classi�cationof strategies. A player1 strat-
egy is calledstronglywinningif it ensuresthatplayer1 wins
andplayer2 loses(i.e., the outcomeof the gamesatis�es

�

�����

�

� ). A player1 strategy is retaliating if it ensures
that player1 wins if player2 wins (i.e., the outcomesat-

is�es �

�

� �

� ). In otherwords,a retaliatingstrategy for
player 1 ensuresthat if player 2 causesplayer 1 to lose,
thenplayer2 will losetoo. If bothplayersfollow retaliating
strategies ��������� , they maybothwin —in this case,we say
that �
������� is a winning pair of retaliating strategies— or
they mayboth lose.We show thatat every nodeof a graph
gamewith Borel objectives,eitheroneof the two players
hasa stronglywinning strategy, or thereis a pair of retali-
atingstrategies. In all four cases—existenceof a strongly
winning strategy for player1, or for player2, or existence
of a winning or losingpair of retaliatingstrategies—these
strategiesspecifya uniquemaximalsecurepayoff pro�le.
Basedon this insight,we give an algorithmfor computing
the secureequilibria in graphgamesin the casethat both
players'objectivesare 
 -regular. In Section4, we analyze
the memoryrequirementsof strongly winning and retali-
ating strategies in graphgameswith 
 -regular objectives.
Our results(in Tables1 and 2) considersafety, reacha-
bility, Büchi, co-Büchi, andgeneralparity objectives. We
show that stronglywinning andretaliatingstrategiesoften
requirememory, even in thesimplecasethata playerpur-
suesareachabilityobjective. In Section5,wegeneralizethe
notionof secureequilibriafrom 2-playerto � -playergames.
Weshow thattherecanbemultiplemaximalsecureequilib-
ria in 3-playergraphgameswith reachabilityobjectives.

2. Secure Equilibria

In asecuregametheobjectiveof player1 is to maximize
her own payoff andthenminimize the payoff of player2.
Similarly, player2 maximizesherown payoff andthenmin-
imizes the payoff of player 1. We want to determinethe
bestpayoff that eachplayer can ensurewhen both play-
ersplay accordingto thesepreferences.We formalizethis
as follows. A strategy pro�le ��������� is a pair of strate-
gies, where � is a player 1 strategy and � is a player 2
strategy. The strategy pro�le �
������� givesrise to a payoff
pro�le �"�%��� �

�

���%��� �

�

� , where �%��� �

� is the payoff of player 1
if the two playersfollow the strategies � and � , respec-
tively, and �

��� �

� is thecorrespondingpayoff of player2. We
de�ne the player 1 preferenceorder �

� and the player 2
preferenceorder �

� on payoff pro�les lexicographically:
�"�

�

���

�

���

�

�"�%#

�

���%#

�

� if f �"�

�
	

�&#

�

��� �"�

�

1

�&#

�

�

�

�

0

�%#

�

� , that
is, player1 prefersa payoff pro�le thatgiveshera greater
payoff, and if two payoff pro�les give her the samepay-
off, thensheprefersthe payoff pro�le in which player2's
payoff is lower; symmetrically, �"�

�

���

�

�
�

�

���&#

�

���&#

�

� if f
�"�

��	

�&#

�

��� ���

�

1

�%#

�

�

�

�

0

�&#

�

� . Giventwo payoff pro�les
�"�

�

���

�

� and ���&#

�

���&#

�

� , we write �"�

�

���

�

�

1

���&#

�

���%#

�

� if f both
�

�

1

�%#

� and �

�

1

�%#

� , andwe write �"�

�

���

�

��� � ���&#

�

���&#

�

�

if f either ���

�

���

�

���
�

�"�%#

�

���&#

�

� or ���

�

���

�

�

1

�"�%#

�

���%#

�

� , for
���

���

���%	 .

De�nition 1 (Securestrategypro�les). A strategypro�le

3



��������� is secure if thefollowing two conditionshold:

�

�$#��%���&��� ��!

�

	

�&��� �

�

� � �"�%��� ��!

�

	

�&��� �

�

�

�

�.#��%��� ��!
� �

�

	

� ��� �

�

� � �"� ��!"� �

�

	

� ��� �

�

�

A securestrategy for player1 ensuresthatif player2 triesto
decreaseplayer1'spayoff, thenplayer2'spayoff decreases
aswell, andviceversa.

De�nition 2 (Secureequilibria). A strategy pro�le ���������

is asecureequilibriumif thestrategy pro�le is aNashequi-
librium andit is secure.

Lemma 1 (Equivalent characterization). The strategy
pro�le �
������� is a secure equilibrium iff the following two
conditionshold:

�

�

#

�%���&��� ��!

�

���&��� ��!

�

���

�

���&��� �

�

���%��� �

�

�

�

�.#��%���&��!
� �

�

���&��!�� �

�

���

�

�"�%��� �

�

���&��� �

�

�

Hence,in a secureequilibrium �
������� , neitherplayer � �

���

� �%	 hasan incentive to switch from the strategy pro�le
��������� to increasethe payoff pro�le accordingto her indi-
vidualpayoff pro�le ordering � � .

Example1 (Matrix games). A secureequilibrium need
notexist in a matrix game.We giveanexampleof a matrix
gamewhereno Nashequilibrium is secure.Considerthe
game �

� below, wherethe row playercanchooserow 1
or row 2 (denoted�

� and �

� , respectively), and the col-
umnplayerchoosesbetweenthe two columns(denoted�

�

and �

� ). The�rst componentof thepayoff is therow player
payoff, andthesecondcomponentis thecolumnplayerpay-
off.

�

�

1

�

��� ��� � �

�

���&�

��� �

�

� � � ��� �
	

In this gamethe strategy pro�le ���

�

���

�

� is the only Nash
equilibrium.But ���

�

���

�

� is notasecurestrategy pro�le, be-
causeif the row player plays �

� , then the column player
playing �

� can still get payoff 3 and decreasethe row
player'spayoff to 1.

Also multiple secureequilibriacanexist, asis thecase,
for example,in a matrix gamewhereall entriesof thema-
trix arethe same.Third, below is an exampleof a matrix
gamewith multiple secureequilibria but without a unique
maximalsecurepayoff pro�le.

�
�

1

�

� � �

�

� �

�

�

�

�

�

�

�

�

� �

�

��� �
	

The strategy pro�les ���

�

���

�

� and ���

�

���

�

� are both secure
equilibria. Theformerhasthepayoff pro�le � ���

�

� andthe
latterhasthepayoff pro�le �

�

���+� .

3. 2-Player Non-Zero-SumGameson Graphs

Weconsider2-playerin�nite path-forminggamesplayed
on graphs.A gamegraph �

1

����
 ��� � � ��


�

��


�

��� consists
of adirectedgraph ��
 ��� � , where
 is thesetof states(ver-
tices)and � is thesetof edges,anda partition ��


�

��


�

� of
the states. For technicalconveniencewe assumethat ev-
ery statehasat leastoneoutgoingedge. The two players,
player1 andplayer2, keepmoving a tokenalongtheedges
of the gamegraph: player 1 movesthe token from states
in 


� , andplayer2 movesthe token from statesin 


� . A
play is an in�nite path �

1��

� � � �

�

� �

�

������� � throughthe
gamegraph, that is, � ����� �����

�

� ��� for all �

 � . A
strategy for player 1, given a pre�x of a play (i.e., a �-
nite sequenceof states),speci�es a next stateto extend
theplay. Formally, a strategy for player1 is a function � :


�� ��


�

�!
 suchthatfor all " �#
$� and � �%


� , we have
� � ��� ��"&��� �����%� . A strategy � for player2 is de�ned sym-
metrically. Wewrite ' and ( to denotethesetsof strategies
for player1 andplayer2, respectively. A strategy is mem-
orylessif it is independentof thehistoryof play. Formally,
a strategy ) of player � , where � �

���

� �%	 , is memorylessif
)$�*"+��� �

1

)$��" #,��� � for all " �-" # �#
�� andall � �.

� ; hence

a memorylessstrategy of player � canbe representedasa
function ) : 
 ���/
 . A play �

10�

�
�

� �

�

� �

�

������� � is consis-
tentwith astrategy ) of player � if for all �

 �� , if �1� �#
 � ,
then �����

�

1

)$� �
�

� �

�

������� � �2��� . Givenastate���%
 , astrat-
egy � of player1, anda strategy � of player2, thereis a
uniqueplay �

��� �

� � � , theoutcomeof thegame,whichstarts
from � andis consistentwith both � and � .

Objectivesof the playersarespeci�ed generallyassets
�435
76 of in�nite paths.Wewrite �98

1

� insteadof � � �

for in�nite paths� andobjectives � . We usebooleanoper-
atorssuchas � , � , and � on objectivesto denotesetunion,
intersection,andcomplement.A Borel objectiveis a Borel
set �:3;
<6 in theCantortopologyon 
=6 . Thefollowing
celebratedresultof Martin establishesthat all gameswith
Borelobjectivesaredetermined.

Theorem1 (Borel determinacy) [11]. For every2-player
graphgame� , everystate � , andeveryBorel objective� ,
either (1) there is a strategy � of player1 such that for all
strategies��# of player2,wehave�

��� �

!

� � �>8

1

� , or (2) there
is a strategy � of player2 such that for all strategies �

# of
player1, wehave�

�

!

� �

� � �>8

1

�

� .

In veri�cation, objectivesareusually 
 -regular sets. The

 -regular setsoccur in the low levels of the Borel hierar-
chy(in '

�@?
(

� ) andform arobustandexpressiveclassfor
determiningthepayoffs of commonlyusedsystemspeci�-
cations[10, 16].

We considernon-zero-sumgameson graphs. For our
purposes,a graph game ��� � � � �

�

� �

�

� consistsof a game
graph � , say with stateset 
 , togetherwith a start state

4



��� 
 andtwo Borel objectives �

�

� �

�

3 
<6 . Thegame
startsat state � , player 1 pursuesthe objective �

� , and
player2 pursuestheobjective �

� (in general,�

� is not the
complementof �

� ). Player ���

���

� �%	 getspayoff
�

if the
outcomeof thegameis a memberof � � , andshegetspay-
off � otherwise.In thefollowing, we �x thegamegraph �

andtheobjectives �

� and �

� , but we vary thestartstate�

of thegame.Thuswe parameterizethepayoffs by � : given
strategies � and � for thetwo players,wewrite � ��� �

�

� � �

1

�

if �

��� �

� � �>8

1

� � , and �%��� �

�

� � �

1 � otherwise,for � �

���

����	 .
Similarly, wesometimesreferto Nashequilibriaandsecure
strategy pro�les of the graphgame ��� � � � �

�

� �

�

� asequi-
libria andsecurepro�les at thestate� .

Unique maximal secureequilibria

Considera gamegraph � with stateset 
 , and Borel
objectives �

� and �

� for thetwo players.

De�nition 3 (Maximal secure equilibria). For � �

�

�

�

�

�

�

	 , we write
���

� �

3/
 to denotethe set of states�

such that a secureequilibrium with the payoff pro�le
�"� �

�

� exists in the game ��� � �+� �

�

� �

�

� , that is, � �

�
�

� �if f there is a secureequilibrium �
������� at � such that
�"�%��� �

�

� � � ���%��� �

�

� � ���

1

�"� �

�

� . Similarly, ���

�

� �

3

�
�

� �

de-
notesthe setof states� suchthat the payoff pro�le �"� �

�

�

is a maximalsecure equilibriumpayoff pro�le at � , that is,
���	���

�

� �

if f (1) � �

���

� �

and(2) for all �%#,�

�

# �

�

�

�

�

	 , if
� �

�
�

!

� �

!

, then �"�%#,�

�

#/� �

�

��� �

�

� and ���%#
�

�

#*� �

�

�"� �

�

� .

Wenow de�ne thenotionsof stronglywinningandretaliat-
ing strategies,which capturetheessenceof secureequilib-
ria. A strategy for player1 is stronglywinning if it ensures
that the objective of player1 is satis�ed andthe objective
of player 2 is not. A retaliatingstrategy for player1 en-
suresthat for every strategy of player2, if theobjective of
player2 is satis�ed,thentheobjectiveof player1 issatis�ed
aswell. We will show thatevery secureequilibriumeither
containsa stronglywinning strategy for oneof theplayers,
or it consistsof a pairof retaliatingstrategies.

De�nition 4 (Strongly winning strategies). A strategy �

is strongly winning for player 1 from a state � if shecan
ensurethepayoff pro�le �

�

�

�

� in thegame��� � � � �

�

� �

�

� by
playingthestrategy � . Formally, � is stronglywinning for
player1 if for all player2 strategies � , we have �

��� �

� � � 8

1

� �

� ���

�

�

� . The stronglywinning strategiesfor player2
arede�ned symmetrically.

De�nition 5 (Retaliating strategies). A strategy � is are-
taliatingstrategy for player1 fromastate� if for all player2
strategies � , we have �

��� �

� � �=8

1

� �

�

� �

�

� . Similarly, a
strategy � is a retaliatingstrategy for player2 from � if for
all player1 strategies � , we have �

��� �

� � �
8

1

� �

�

� �

�

� .

We write �
�

�

� � � and �
�

�

� � � to denotethesetsof retaliat-
ing strategiesfor player1 andplayer2 from � . A strategy
pro�le �
������� is a retaliation strategy pro�le at a state � if
both � and � areretaliatingstrategiesfrom � .

Example2 (Büchi-Büchi game). Recall the gameshown
in Fig. 2. Considerthememorylessstrategiesof player2 at
state � � . If player2 chooses� � � � � , thenplayer2 does
not satisfyher Büchi objective. If player2 chooses� � �

�

� , thenat state �

� player1 chooses�

�

� � � , andhence
player1's objective is satis�ed, but player2's objective is
notsatis�ed.Thus,nomemorylessstrategy for player2 can
bea winningretaliatingstrategy at ��� .

Now considerthestrategy ��� for player2 whichchooses
��� � �

� if betweenthe last two consecutive visits to ���

thestate � � wasvisited,andotherwiseit choses�	� � �	� .
Given this strategy, for every strategy of player1 that sat-
is�es player1's objective,player2's objective is alsosatis-
�ed. Let �

� betheplayer1 strategy thatchooses�

�

� ���

if betweenthe last two consecutive visits to �

� thestate�
�

was visited, and otherwisechooses�

�

� �
� . The strat-

egy pro�le ���
�

���
�

� consistsof a pair of winning retaliat-
ing strategies, as it satis�es the Büchi objectives of both
players.If instead,player2 alwayschooses�

�
� �

� , and
player 1 always chooses�

�

� �	� , we obtain a memory-
less retaliationstrategy pro�le, which is not winning for
eitherplayer: it is a Nashequilibrium at state �	� with the
payoff pro�le �

�

�

�

� . Finally, supposethat at ��� player 2
alwayschooses�

� , andat �

� player1 alwayschooses�	� .
This strategy pro�le is againa Nashequilibrium, with the
payoff pro�le �

�

�

�

� at �
� , but not a retaliationstrategy pro-

�le. Thisshowsthatatstate�
� theNashequilibriumpayoff

pro�les �

�

�

�

� , �

�

�

�

� , and �

�

�

�

� arepossible,but only �

�

�

�

�

and �

�

�

�

� aresecure.

De�nition 6 (Winning sets). We de�ne the following
statesetsin termsof stronglywinningandretaliatingstrate-
gies.

� The setsof stateswhereplayer 1 or player 2 have a
stronglywinning strategy, denotedby �

�

� and �
�

� ,
respectively:

�

�

�

1

�

� �%
��������#' �

�

� �.(<�

�

��� �

� � � 8

1

� �

� � �

�

�

� 	

�
�

�

1

�

� �%
����%���.(<�

�

� �%' �

�

��� �

� � � 8

1

� �

�
� �

�

�

� 	

� The set of stateswhereboth playershave retaliating
strategiesandthereexistsa retaliationstrategy pro�le
whosestrategiessatisfytheobjectivesof bothplayers:

�

� �

1

�

� �.
������������

�

� � � ���%�����
�

�

� � ���

�

��� �

� � �>8

1

� �

� �

�

�

� 	

� The set of stateswhere both players have retaliat-
ing strategiesandfor every retaliationstrategy pro�le,

5



neitherthe objective of player 1 nor the objective of
player2 is satis�ed:

� � �

1

�

���#
������

�

� � ���

1�� and ���

�

� � ���

1��

and
�

� �����

�

� � ���

�

� � ���

�

� � ���

�

��� �

� � � 8

1

�

�

�

��� �

�

�

� 	

We show that thefour sets�

�

� , � �

� , �

��� , and � � � form
a partition of the statespace. This result fully character-
izeseachstateof a2-playernon-zero-sumgraphgamewith
Borel objectives, just like the determinacy result (Theo-
rem 1) fully characterizesthe zero-sumcase. In the zero-
sumcase,where �

�

1

�

�

� , thesets�

�

� and � �

� specify
thewinning statesfor players1 and2, respectively, �

� �

1

� by de�nition, and ��� �

1�� by determinacy. Wealsoshow
that for all � �

�

�

�

�

�

�

	 , we have ���

�

� �

1

�

�

� �

. It fol-
lows thatfor 2-playergraphgames(1) secureequilibriaal-
waysexist, andmoreover, (2) thereis alwaysauniquemax-
imal secureequilibriumpayoff pro�le. (Example2 showed
that therecan be multiple secureequilibria with different
payoff pro�les). Theproofproceedsin severalsteps.

Lemma 2 �

�

�

1

�

��� 
 � ���

�

� � �

1��

	 and �
�

�

1

�

���%
 ���
�

�

� � �

1��

	 .

Lemma 3 Considerthefollowingsets:
�

�

1

�

���#
 �

�

� ���
�

�

� � � �

�

� � �
�

�

� � ���

�

��� �

� � �>8

1

�

�

�

� ���

�

�

� 	

�

�

1

�

���#
 �

�

� ���
�

�

� � � �

�

� � �
�

�

� � ���

�

��� �

� � �>8

1

�

�

�

�

�

�

�

�

� 	

Then
�

�

1

�

� .

It follows from Lemmas2 and3 that �
� �

1



	 � �
�

���

�

�

�

�

�

���

� . It also follows from Lemma2 that the sets
� �

� , �

�

� , and �

��� aredisjoint. This givesthe following
result.

Theorem2 (State space partition). For all 2-player
graphgameswith Borel objectives,thefour sets�

�

� , � �

� ,
�

� � , and �
� � forma partition of thestateset.

Lemma 4 Thefollowingequalitieshold:
�

� �
?

�

�

�

1�� ;
�

� �
?

�

�

�

1�� ;
�

�

�

?

�

�

�

1�� ;
�

� �

?

�

�

�

1�� ;
�

� �

?

�

�

�

1�� .

Lemma 5 Thefollowingequalitieshold:

���
� � ?

���
�

�

1�� ; ���
� � ?

���

�

�

1�� ;
���

�

�

?
���

�

�

1�� ; ���

� �

?
���

� �

1�� .

Lemma 6 �

� �

1

���

��� ; �

�

�

1

���

�

� ; � �

�

1

��� �

� .

Proof. Considera state ��� ���

�

� anda secureequilib-
rium �
������� at � . Sinceplayer2 getstheleastpossiblepay-
off and ��������� is a securestrategy pro�le, it follows thatfor
all strategies �$# of player2, we have �

��� �

!

� � � 8

1

�

� . Since
��������� is aNashequilibrium,for all strategies ��# of player2,

we have �

��� �

!

� � �.8

1

�

�

� . Thuswe have ���

�

� 3 �

�

� .
Now considera state� � �

�

� andlet � bea stronglywin-
ning strategy of player1 at � , that is, for all strategies � of
player2, wehave �

��� �

� � �>8

1

� �

� � �

�

�

� . For all strategies
� of player2, thestrategy pro�le ��������� is a secureequilib-
rium. Hence, � �

�

�

� . Since �

�

�

�

� is the greatestpayoff
pro�le in thepreferenceorderingof thepayoff pro�les for
player1, we have � � ���

�

� . Therefore �

�

�

1

���

�

� .
Symmetrically, � �

�

1

��� �

� .
Considera state � � ���

� � and let �
������� be a se-
cure equilibrium at � . We prove that � � �
�

�

� � � and
� � ���

�

� � � . Since ��������� is a securestrategy pro�le,
for all strategies ��# of player2, if �

��� �

!

� � �#8

1

�

�

� , then
�

��� �

!

� � � 8

1

�

�

� . In otherwords, for all strategies � # of
player 2, we have �

��� �

!

� � � 8

1

� �

�

� �

�

� . Hence � �

���

�

� � � . Symmetrically, � � ���

�

� � � . Thus ���

� �

3 �

� � .
Now considera state � � �

��� and let � � ���

�

� � � and
� � �
�

�

� � � suchthat �

��� �

� � �<8

1

� �

�
�

�

�

� . A retaliation
strategy pro�le is, by de�nition, a securestrategy pro�le.
Sincethe strategy pro�le ��������� assignsthe greatestpossi-
ble payoff to eachplayer, it is a Nashequilibrium. There-
fore �

� �

3

�

���

3 ���

� � .

Lemma 7 �
� �

1

���
� � .

Theorem2 togetherwith Lemmas6 and7 yieldsthefollow-
ing result.

Theorem3 (Unique maximal secure equilibrium). At
everystateof a 2-playergraphgamewith Borel objectives,
there exists a unique maximal secure equilibrium payoff
pro�le .

Algorithmic characterization

We now give an alternative characterizationof the sets
�

� � , �
�

� , �

�

� , and �

��� . Thenew characterizationis use-
ful to derive computationalcomplexity resultsfor comput-
ing thefour setswhenplayer1 andplayer2 have 
 -regular
objectives. The characterizationitself, however, is general
andappliesto all objectivesspeci�edasBorel sets.

De�nition 7 (Cooperative strategy pro�les). Given a
gamegraph � with stateset 
 , andanobjective 
 3 
�6 ,
wede�ne thefollowing sets:

� �

�

� ����


1

�

���%
��������%' �

�

� �%(<�

�

��� �

� � � 8

1


-	

� �

� � ����


1

�

���%
����%� �%(=�

�

� � ' �

�

��� �

� � � 8

1


-	

� �

�

� � � �
�




1

�

���%
��������%' ���%���%(<�

�

��� �

� � � 8

1


-	

Weomit thesubscript� if it is clearfrom thecontext. Let �

be a statein � �

�

��� � ��
 and let ��������� be a strategy pro�le

6



suchthat �

��� �

� � � 8

1


 . We referto ��������� asa cooperative
strategy pro�le at � , andinformally saythatthetwo players
arecooperatingto satisfy 
 .

It follows from thede�nitions that �

�

�

1 � �

�

� � � �

� ���

�

�

�

and � �

�

1 � �

� � � � �

� � �

�

�

� . De�ne �

1


 	 � �

�

�

�

� �

�

� ,
the set of “ambiguous”statesfrom which neither player
has a strongly winning strategy. Let � �

1 � �

� � � ��� , for
� �

���

����	 , the winning setsof the two players,and let
�

�

1

�

�

	��

�

� and
�

�

1

�

�

	�� �

� , thesetsof “weakly
winning” statesfor players1 and 2, respectively. De�ne

�

1

�

� �

�

� . Notethat
�

3�� .

Lemma 8
�

3 �

��� .

Example 2 shows that in generalwe have
� �

�

� � .
Given a gamegraph �

1

����
 ��� � � ��


�

��


�

��� anda subset

 # 3 
 of thestates,we write ��� 
 # to denotethesub-
graphinducedby 
 # , that is, ��� 
 #

1

����
 #,���
?

��
 #��


 #*��� � ��


�

?

 #
� 


�

?

 #/��� . Thefollowing lemmacharacter-

izestheset �

� � .

Lemma 9 �

� �

10� �

�

��� � ���
	 � � �

� �

�

�

� .

Proof. Let � �

� �

�

��� � ���
	 � � �

���

�

�

� . The case� �

�

is
coveredby Lemma8, so let � ��� 	

�

. Let �
������� be a
cooperativestrategy pro�le at thestate� , thatis, �

��� �

� � � 8

1

� �

�
�

�

�

� . Observe that if 
 ����	

�

then 
 ��

� �

�

� �
�

�

�

and 
 ��

� �

� � �
�

�

� . Hence,by thedeterminacy of thezero-
sum games,from every state 
 ���
	

�

, player 1 (resp.
player2) hasa strategy � (resp. � ) to satisfytheobjective

�

�

� (resp. �

�

� ) from the state � . We de�ne a pair �����

� ����� ��� of strategiesfrom � asfollows. Let " ���7� bea
pre�x of a play.

� As soonastheplay reachesa state
 �

�

, theplayers
follow their winning retaliatingstrategies from 
 . It
followsfrom Lemma8 that

�

3 �

� � .
� If " � ��� 	

�

��� , thatis, if theplayhasnot yet reached
theset

�

, thenplayer1 usesthestrategy � andplayer2
usesthe strategy � . If, however, player 2 deviates
from thestrategy � , thenplayer1 switchesto thestrat-
egy � from the�rst stateafterthedeviation,andsym-
metrically, if player1 deviatesfrom � , thenplayer2
switchesto the � .

It is nothardto arguethatbothstrategies �
��� ��� and �"��� � �

are retaliatingstrategiesand �

�

�

�
� �

�

�

� � � 8

1

� �

� �

�

�

� ,
because�

�

�

��� �

�

�

� � �

1

�

��� �

� � � . Hence� ���

� � .
Now let � ��

� �

�

��� � ���
	 � � �

� �

�

�

� . Then ��� � �

� � ,
becausefor every strategy pro�le ��������� we have either

�

��� �

� � �>8

1

�

�

� or �

��� �

� � �>8

1

�

�

� .

We now de�ne two forms of 
 -regular objectives, Ra-
bin and parity objectives. For an in�nite path �

1

�

�
�

� �

�

� �

�

������� � , we de�ne ����� ��� �

1

�

� � 
 �

�2�

1

� for in�nitely many �

 �

	 .

Rabin: We are given a set ��3 ����� � � of pairssuch
that �

1

�

���

�

�"!

�

� � ���

�

�#!

�

� ������� � ���
$ �"!�$ � 	 , where
� � �"! � 3 
 for all

�

2

�

2&% . A Rabinobjectivehas
theform �('*),+.-0/

1

�

� �4
<6 � thereexists
�

2

�

2

% suchthatInf ��� � ? � �

1�� andInf ��� � ? ! � �

1��

	 .

Parity: For %

�21 , we write 3

%54 to denote the set
�

�

�

�

������� �

%

	 , and 3

%64

�

1

���

����������� �

%

	 . We are
given a function 7 : 
 � 3

%64 that assignsa prior-
ity 7 � � � to every state � � 
 . A parity (or Rabin
chain) objectivehas the form ��8

1

�

� � 
76 �

9;:

�=<>7 � Inf ��� ���@? is even 	 .

Every 
 -regularsetcanbede�nedasaparityobjective[17].
It follows from Lemma 9 that in order to computethe
sets �

�

� , � �

� , �

� � , and � � � , it suf�ces to solve two
gameswith conjunctive objectives and a model-checking
(1-player)problemfor a conjunctive objective. If the ob-
jectives �

� and �

� are 
 -regularsetsspeci�edasparityob-
jectives,thentheconjunctionscanbeexpressedasthecom-
plementof a Rabinobjective [17]. Thisgivesthefollowing
result.(Thesizeof agamegraph� is 8 
+8A�98 �+8 ).

Theorem4 (Complexity of computing secure equilib-
ria). Considera gamegraph � of size � , and two Borel
objectives�

� and �

� for thetwo players.
� Thefour sets �

�

� , �
�

� , �

� � , and �
� � can be com-

putedas �

�

�

1 � �

�

� ��� � �

� ���

�

�

� ; �
�

�

1 � �

� � ��� � �

� �

�

�

�

� ; �

���

1 � �

�

��� � ���
	 � � �

� �

�

�

� , where �

1


 	 � �

�

�

�

�
�

�

� ; and �
� �

1


 	 � �

�

�

�

�
�

� �

�

���

� .
� If �

� and �

� are 
 -regular objectivesspeci�edasLTL
formulas,thendeciding �

�

� , � �

� , �

� � , and � � � is
2EXPTIME-complete. Thefour setscanbecomputed
in time BC< �

�"D

���

�@DFE GIHJD

? , where K

1

8 �

�

8F� 8 �

�

8 [15].
� If �

� and �

� are parity objectives,then �

�

� , � �

� ,
�

��� , and � � � canbedecidedin co-NP. Thefour sets
can be computedin time B

<
� �

%

�

�

$

? , where % is the
maximalnumberof priorities in thepriority functions
for �

� and �

� [5, 4].

4. L -Regular Objectives

In thissectionweconsiderspecialcasesof graphgames,
wherethe two playershave reachability, safety, Büchi, co-
Büchi, andparity objectives. We �x a gamegraph � with
statespace
 . Givenstatesets�

�

�

�

�

�#M 3 
 , theseob-
jectivesarede�ned asfollows.

Reachability: ��N

1

�

�
�

�

�

����� �.
<6 ��� � � ��� �

�

	

Safety: ��O

1

�

�
�

�

�

����� �%
76 �

�

� ����� �

�

	

Büchi: ��P

1

�

�
�

�

�

����� �#
76 �

�

� � ��Q

0

� ���SR �

�

	

co-Büchi: ��T

1

�

�
�

�

�

����� �.
<6 ��� � �

�

Q

0

� � �SR �UM 	
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���

��� ��� ��� ��� ���

��� + + + + +
��� + + + + 	

��
 ��� + + 	 	 	

��� + + 	 	 	

� � + 	 	 	 	

Table 1. Strongl y winning strategies.

���

��� ��� ��� ��� ���

��� + + + + +
��� + 	 	 	 	

��
 ��� + 	 	 	 	

��� + 	 	 	 	

��� + 	 	 	 	

Table 2. Winning retaliating strategies.

Parity objectiveswerede�ned in theprevioussection.Note
thatBüchiandco-Büchiobjectivesarespecialcasesof par-
ity objectiveswith two priorities: in theBüchicase,takethe
priority function 7 : 
 � 3

�

4 suchthat 7 � � �

1 � if � �

�

,
and 7 � � �

1

�

otherwise;in theco-Büchi case,take thepri-
ority function 7 : 
 � 3 �

4

� suchthat 7 � � �

1

� if � � M ,
and7 � � �

1

�

otherwise.
We characterizethe memoryrequirementsfor strongly

winning and retaliatingstrategies if both playershave 
 -
regular objectives. A retaliationstrategy pro�le ��������� is
calledwinning at a state � �9
 if �

��� �

� � �+8

1

� �

�
�

�

�

� .
A strategy � is a winningretaliatingstrategy for player1 at
state� if thereis astrategy � for player2 suchthat ��������� is
a winning retaliationstrategy pro�le at � . Until theendof
this section,let ��N bea reachabilityobjective, ��O a safety
objective, ��P a Büchi objective, ��T a co-Büchi objective,
and �

8 a parityobjective. Notethat �

��N is a safetyobjec-
tive; �

��O is a reachabilityobjective; �

��T is a Büchi ob-
jective; and �

��P is a co-Büchi objective. Moreover, �

�
8

and ��O

�

�
8 and ��T

�

�
8 areall parity objectives.While

in zero-sumgamesplayedon graphs,memorylesswinning
strategiesexists for all parity objectives[6], this is not the
casefor non-zero-sumgames.Thefollowing two theorems
givea completecharacterization.

Theorem5 If player 1 has a strongly winning strategy
in a graph game where both players have reachability,
safety, Büchi, co-Büchi, or parity objectives�

� and �

� , then
player1 hasa memorylessstronglywinningstrategy if and
only if there is a “ � ” symbolin thecorrespondingentryof
theTable1.

Proof. For player 1, strongly winning a non-zero-sum
gamewith objectives �

� and �

� is equivalent to winning
a zero-sumgamewith theobjective �

�����

�

� . It is easyto
observethattheobjective �

� � �

�

� is equivalentto aparity

PSfragreplacements

�

�

�

�

���

Figure 3. A countere xample for memor yless
str ongl y winning strategies.

objective for all “ � ” entriesin Table1, exceptfor safety–
reachability, safety–safety, and reachability–reachability
games.For thesethreecases,it is easyto arguethatmem-
orylessstrongly winning strategies exist. The other “ � ”
entriesfollow from the existenceof memorylesswinning
strategiesfor zero-sumparity games[6].

We now show that player 1 doesnot necessarilyhave
a memorylessstrongly winning strategy in non-zero-sum
gameswith “ � ” entries in Table 1. It suf�ces to give
counterexamplesfor the following four cases:co-Büchi–
safety, Büchi–safety, reachability–safety, and Büchi–co-
Büchi games. The cases of reachability–B̈uchi and
reachability–co-B̈uchi gamesfollow from the former two
cases,respectively, bysymmetry. Thecasesof Büchi–parity
and parity–paritygamesfollow trivially from the Büchi–
co-Büchi case,andthecaseof parity–safetygamesfollows
trivially from the Büchi–safetycase. The gamegraphof
Fig. 3 servesasa counterexamplefor all four cases.For all
thecases,let M

1

�

1

�

�

�

� �

�

	 and
�

1

�

1

�

�

�

	 .
For theco-Büchi–safetycase,theplayer1 strategy that

chooses�

�

� �
� for the�rst time andthenalwayschooses

�

�

� �

� is stronglywinningat thestate�

� , but thetwo pos-
sible memorylessstrategiesarenot stronglywinning. For
all othercases,theplayer1 strategy thatalternatesbetween
thetwo movesavailableat �

� is stronglywinning,but again
thetwo memorylessstrategiesarenot.

Theorem6 If player 1 has a winning retaliating strat-
egy in a graphgamewhere bothplayers havereachability,
safety, Büchi, co-Büchi, or parity objectives�

� and �

� , then
player 1 has a memorylesswinning retaliating strategy if
andonly if there is a “ � ” symbolin thecorrespondingen-
try of theTable2.

Proof. First we show that player1 hasmemorylesswin-
ning retaliatingstrategiesin parity–reachabilityandsafety–
parity games.Recalltheweaklywinning sets

�

�

1

�

�

	

�

�

� and
�

�

1

�

�

	 �
�

� , where ���

1 � �

� � � ��� for � �

���

���%	 . In
�

�

3 �

� � player1 useshermemorylesswinning
strategy in the zero-sumgamewith the objective �

8 . In
�

� �

	

�

� player1 usesamemorylessstrategy thatshortens
thedistancein thegamegraphto theset

�

� . This strategy
is a winning retaliatingstrategy for player1 in

�

� , because
it satis�estheobjective ��8 . We prove that it is alsoa win-
ning retaliatingstrategy for player1 in �

���

	

�

� , that is,
satisfactionof the objective ��N implies satisfactionof the
objective �

8 . Observethat �

?
� �

� �

	

�

�

�

1�� . Otherwise
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Figure 4. A countere xample for memor yless
winning retaliating strategies.

therewould be a statein �

���

	

�

� in which the objective
� N of player 2 is satis�ed and player 2 hasa strategy to
satisfy �

��8 , andhencethestatebelongsto ���

� ; this how-
ever contradicts�

� �

? � �

�

1 � . Therefore,aslong asa
playstaysin �

� �

	

�

� , theobjective � N cannotbesatis�ed.
On the otherhand,if player2 cooperateswith player1 in
reaching

�

� , thenplayer1 playshermemorylessretaliating
strategy in

�

� . Theproof for safety–paritygamesis similar.
There,thekey observationis that �

� �

	

�

�

3

�

, where��O

is thesafetyobjectiveof player1.
We now arguethat player1 doesnot have memoryless

winning retaliatingstrategiesin gameswith “ � ” entriesin
Table 2. It suf�ces to give counterexamplesfor the nine
casesthat resultfrom co-Büchi, Büchi, or reachabilityob-
jectives for player 1, and Büchi, co-Büchi, or safetyob-
jectives for player 2. The remainingseven casesinvolv-
ing parity objectives follow as corollaries,becauseBüchi
andco-Büchi objectivesarespecialcasesof parity objec-
tives. The gamegraphof Fig. 4 servesasa counterexam-
ple for all nine cases:take M

�

1

�

�

1

�
�

1

�

�

�

	 and
�

�

1

M

�

1

�

�

1

�

�
�

� �

�

� �

�

	 , where M

� ,
�

� , and �
� are

theco-Büchi,Büchi,andreachabilityobjectivesof player1,
respectively, and

�

� , M

� , and
�

� aretheBüchi, co-Büchi,
and safetyobjectives of player 2. It can be veri�ed that
in eachof the nine gamesneitherof the two memoryless
strategiesfor player1 is awinningretaliatingstrategy at the
state��� , but thestrategy that�rst choosesthemove ��� � �

�

andthenchooses�	� � �	� if player2 chooses�

�

� ��� , is a
winningretaliatingstrategy for player1.

Note that if bothplayershave parity objectives,thenat all
statesin �

� � memorylessretaliationstrategy pro�les ex-
ist. To seethis, considera state � � �

� � . There are
a player 1 strategy � and a player 2 strategy � suchthat
for all strategies � of player1 and � of player2, we have

�

��� �

� � � 8

1

�

�

� and �

�&� �

� � �#8

1

�

�

� . The strategy pro-
�le � � � ��� is a retaliationstrategy pro�le. If theobjectives

�

� and �

� are both parity objectives, then �

�

� and �

�

�

areparity objectivesaswell. Hencetherearememoryless
strategies � and � thatsatisfytheabovecondition.

5. � -Player Games

We generalizethe de�nition of secureequilibria to the
caseof �

0

� players. We show that in � -playergames
on graphs,in contrastto the 2-playercase,theremay not

be a uniquemaximal secureequilibrium. The preference
ordering � � for player � , where � �

���

������� ��� 	 , is de�ned
asfollows: giventwo payoff pro�les �

1

�"�

�

������� ����� � and
�&#

1

�"�%#

�

������� ���%#

�

� , we have � � � �%# if f �"�%#

�

0

� � � � ���&#

�

1

� �

�

�

���

�

1

��� � #

�

2

�

�

�

�

� �

�

�

1

��� � #

�

	

�

�

��� . In other
words,player � prefers��# over � if f shegetsa greaterpay-
off in �%# , or (1) shegetsequalpayoff in ��# and � , (2) the
payoff of everyotherplayeris no morein ��# thanin � , and
(3) thereis at leastoneplayerwhogetsa lowerpayoff in � #

thanin � . Givenastrategy pro�le �

1

���

�

������� ��� � � , wede-
�ne thecorrespondingpayoff pro�le as �

�

1

���

�

�

������� ���

�

�

� ,
where�

��

is thepayoff for player � whenall playerschoose
their strategiesfrom thestrategy pro�le � . Givena strategy

�.#

�

for player � , we write �
��� � � �.#

�

� for the strategy pro�le
whereeachplayer

�

�

1

� playsthe strategy �

� , andplayer
� plays the strategy �$#

�

. An � -playerstrategy pro�le � is
Nashequilibriumif for all players� andall strategies ��#

�

of
player � , if �$#

1

����� ��� �.#

�

� , then �

��!�

2

�

��

.

De�nition 8 (Secure � -player pro�le). An � -player
strategy pro�le � is secure if for all players � and

�

�

1

� ,
andfor all strategies �$#

� of player
�

, if �.#

1

�����

�

���.#

�

� , then

�"�

��!

�

 

�

�

�

� � ���

��!
�

 

�

�
�

� .

Observe that if a securepro�le � is interpretedas a con-
tractbetweentheplayers,thenany unilateralsel�sh devia-
tion from � mustbe cooperative in the following sense:if
player

�

deviatesfrom thecontract� by playinga strategy
�.#

� (i.e., the new strategy pro�le is ��#

1

�����

�

���.#

�

� ) which
givesher an advantage(i.e., �

��!

�

 

�

�

� ), thenevery other
player � �

1

�

is not put at a disadvantageif shefollows the
contract(i.e., �

��!�

 

�

��

). By symmetry, the player
�

en-
joys the samesecurityagainstunilateralsel�sh deviations
of otherplayers.

De�nition 9 (Secure � -player equilibrium). A � -player
strategy pro�le � is asecureequilibriumif � is bothaNash
equilibriumandsecure.

Similar to Lemma1 we havethefollowing result.

Lemma 10 (Equivalent characterization). An � -player
strategypro�le � is a secureequilibriumiff for all players � ,
there doesnot exist a strategy �$#

�

of player � such that �$#

1

����� �����.#

�

� and �

�

� �.�

��!

.

We giveanexampleof a3-playergraphgamewherethe
maximal secureequilibrium payoff pro�le is not unique.
Recallthegamegraphfrom Fig. 3, andconsidera 3-player
gameonthisgraphwhereeachplayerhasareachabilityob-
jective. The targetsetfor player1 is

�

�

�

� �	��	 ; for player2
it is

�

�

�

	 ; andfor player3 it is
�

��� 	 . In state �

� player1
canchosebetweenthetwo successors� � and �	� . If player1
chooses�

�

���	� , then the payoff pro�le is �

�

�

�

�

�

� , and
if player 1 chooses�

�

� �

� , then the payoff pro�le is
�

�

�

�

�

�

� . Both aresecureequilibria andmaximal,but in-
comparable.
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6. Conclusion

We considerednon-zero-sumgraphgameswith lexico-
graphicallyorderedobjectives for the playersin order to
captureadversarialexternalchoice,whereeachplayertries
to minimizetheotherplayer's payoff aslong asit doesnot
decreaseherown payoff. Weshowedthatthesegameshave
a uniquemaximalequilibriumfor all Borel winning condi-
tions. This con�rms that secureequilibria provide a good
formalizationof rationalbehavior in the context of verify-
ing component-basedsystems.

Concretely, supposethetwo playersrepresenttwo com-
ponentsof a systemwith thespeci�cations �

� and �

� , re-
spectively. Classically, componentwiseveri�cation would
prove that for an initial state� , player1 cansatisfytheob-
jective �

� no matterwhatplayer2 does(i.e., � �

� �

�

� ��


� ),
and player 2 can satisfy the objective �

� no matterwhat
player1 does(i.e., � �

� �

� � ��


� ). Together, thesetwo proof
obligationsimply that the compositesystemsatis�es both
speci�cations �

� and �

� . The computationalgain from
this methodtypically arisesfrom abstractingthe opposing
player's(i.e.,theenvironment's)movesfor eachproofobli-
gation. Our framework provides two weaker proof obli-
gationsthat supportthe sameconclusion. We �rst show
that player 1 can satisfy �

� provided that player 2 does
not sabotageherability to satisfy �

� , that is, we show that
� � � �

�

�

�

�

���

� : either player 1 has a strongly win-
ningstrategy, or thereis awinningpair of retaliationstrate-
gies. This condition is strictly weaker than the condition
that player 1 has a winning strategy, and thereforeit is
satis�ed by morestates.Second,we show the symmetric
proof obligationthat player2 cansatisfy �

� provided that
player1 doesnot sabotageherability to satisfy �

� , that is,
��� � �

�

� �

�

���

� . While they areweakerthantheirclassical
counterparts,bothnew proof obligationstogetherstill suf-
�ce to establishthat ��� �

��� , thatis, thecompositesystem
satis�es �

�
�

�

� assumingthat both playersbehave ratio-
nally andfollow thewinningpairof retaliationstrategies.

It shouldbe notedthat the otherpossiblelexicographic
orderingof objectivescapturescooperativeexternalchoice,
whereeachplayertriesto maximizetheotherplayer's pay-
off as long as it doesnot decreaseher own payoff. How-
ever, cooperationdoesnot uniquely determinea prefer-
ablebehavior: theremaybemultiple maximalpayoff pro-
�les for cooperative externalchoice,even for reachability
objectives. To seethis, de�ne �"�

�

���

�

� ���

�

�

�"�

#

�

���

#

�

� if f
�"�

�
	

�&#

�

� � ���

�

1

�&#

�

�

�

�
	

�&#

�

� , and ���

�

���

�

���

�

�

�

�"�

�

� ���%#

�

�

if f ���

�

���

�

�
�

�

�

�

�"�%#

�

���%#

�

� or �"�

�

���

�

�

1

�"�%#

�

���%#

�

� . A symmet-
ric de�nition yields �

�

�

� . A cooperative equilibrium is a
Nashequilibriumwith respectto theprecedenceorderings

�

�

�

� and �

�

�

� on payoff pro�les. Considerthegameshown
in Fig. 4, whereeachplayer hasa reachabilityobjective.
The target for player 1 is �

� , and the target for player 2

is � � . Thepossiblecooperative equilibriaat state� � areas
follows: player1 chooses� � ���

� andplayer2 chooses
�

�

� �

� , or player1 chooses�	� � ��� andplayer2 chooses
�

�

� ��� . The former equilibrium hasthe payoff pro�le
�

�

�

�

� , andthelatterhasthepayoff pro�le �

�

�

�

� . Theseare
theonly cooperativeequilibriaand,therefore,themaximal
payoff pro�le for cooperativeequilibriais notunique.
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[4] S. Dziembowski, M. Jurdzínski, andI. Walukiewicz. How
muchmemoryis neededto win in®nite games?In Logic in
ComputerScience(LICS), pages99±110.IEEE Computer
SocietyPress,1997.

[5] E.A. Emersonand C. Jutla. The complexity of tree au-
tomataandlogicsof programs.In Foundationsof Computer
Science(FOCS),pages328±337.IEEE ComputerSociety
Press,1988.

[6] E.A. EmersonandC. Jutla. Treeautomata,� -calculus,and
determinacy. In Foundationsof ComputerScience(FOCS),
pages368±377.IEEEComputerSocietyPress,1991.

[7] J.F. NashJr. Equilibriumpointsin � -persongames.Proceed-
ingsof theNationalAcademyof Sciences, 36:48±49,1950.

[8] A. Kechris. ClassicalDescriptiveSetTheory. Springer-
Verlag,1995.

[9] D.M. Kreps.A Coursein MicroeconomicTheory. Princeton
UniversityPress,1990.

[10] Z. MannaandA. Pnueli.TheTemporal Logic of Reactiveand
ConcurrentSystems:Speci®cation. Springer-Verlag,1992.

[11] D.A. Martin. Borel determinacy. Annalsof Mathematics,
102:363±371,1975.

[12] D.A. Martin. Thedeterminacy of Blackwellgames.Journal
of SymbolicLogic, 63:1565±1581,1998.

[13] K. NamjoshiN. Amla, E.A. EmersonandR. Tre�er. Ab-
stractpatternsfor compositionalreasoning.In Concurrency
Theory(CONCUR),LNCS 2761,pages423±448.Springer-
Verlag,2003.

[14] G. Owen.GameTheory. AcademicPress,1995.
[15] A. PnueliandR. Rosner. Onthesynthesisof areactivemod-

ule.In Principlesof ProgrammingLanguages(POPL),pages
179±190.ACM Press,1989.

[16] W. Thomas.On thesynthesisof strategiesin in®nite games.
In Symposiumon Theoretical Aspectsof ComputerScience
(STACS),LNCS900,pages1±13.Springer-Verlag,1995.

[17] W. Thomas.Languages,automata,andlogic. In G. Rozen-
berg andA. Salomaa,eds.,Handbookof FormalLanguages,
volume3, pages389±455.Springer-Verlag,1997.

10


