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Famous because?

C D
C | (3,3) | (0,5
D | (50) | (.1.1)

What is the best thing for the players to do?

Both cooperate. Payoff (3,3).

If player 1 wants to do better, what does she do?
Defects! Payoff (5,0)

What does player 2 do now?

Defects! Payoff (.1,.1).

Stable now!

Nash Equilibrium:
neither player has incentive to change strategy.
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Proving Nash.

n players.
Player i has strategy set {1,...,m;}.
Payoff function for player i: u;(s1,...,Sn) (e.g., € R").
Mixed strategy for player i: x; is vector over strategies.
Nash Equilibrium: x = (xq,...,Xxn) where

VIVX] ui(X_i; X)) < ui(x).

What is x? A vector of vectors: vector i is length m;.
What is x_;; z? x with x; replaced by z.
What does say? No new strategy for player i that is better!

Theorem: There is a Nash Equilibrium.
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Theorem: Every continuous from from a closed compact convex
(c.c.c.) set to itself has a fixed point.

1

Fixed point!

What is the closed convex set here?
The unit square? Or the unit interval?
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Thatis, x = (x1,...,Xn) Where |x;|; = 1.
ox'+(1—o)x" is a mixed strategy.

Define  ¢(x1,...,Xn) =(21,...,2n)

where z; = argmax,, [u,-(x,,-;z;) —|lzi— x,-||§} :

Unique minimum as quadratic.
z; is continuous in x.
Mixed strategy utilities is polynomial of entries of x
with coefficients being payoffs in game matrix.

¢(-) is continuous on the closed convex set.

Brouwer: Has a fixed point: ¢(2) = 2.
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Sperner’s Lemma

For any n+ 1-dimensional simplex which is subdivided into smaller
simplices.

All vertices are colored {1,...,n+1}.

The coloring is proper if the extremal vertices are differently colored.
Each face only contains the colors of the incident corners.

Lemma: There exist a simplex that has all the colors.

Oops.
Where is multicolored?
Where is multicolored? And now?

By induction!
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