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Our simple distributed control problem
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Our simple distributed control problem
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@ Unstable\ > 1, bounded initial condition and disturbaribe

@ Goal: n-stabilization sup, ¢ E[|| X¢||"] < K for someK < oo.
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Model of Channel Uncertainty: “Compound Channels”

@ ChanneM is known to be memoryless across time.

@ Input and output alphabets are knog, Z) and finite.
@ Set-valued uncertainty W
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Model of Channel Uncertainty: “Compound Channels”

@ ChanneM is known to be memoryless across time.

@ Input and output alphabets are knog, Z) and finite.
@ Set-valued uncertainty W

» Nature can choose any particulsre W
» Choice remains fixed for all time.

@ Capacity well understoo = sup, infwew 1(Q, W)
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Review: Entirely noiseless channel

At .
}—{ Window known to contairX;

will grow by factor of A > 1

Sendingr bits, cut window by a factor of 2R

0<+— | —» 1

Encode which contrdl; to apply

grows by on each side

}—{ giving a new window forX 1

A1

Aslong asR > log, A, we can have A stay bounded forever.
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Review: Delay-universal (anytime) communication

B B B3 By Bs Bs Br Bg By Biyp Bix Biz Big
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Yi Y2 Y3 Y4 Y5 Yg Y7 Yg Yo Yig Yi1 Y12 Y13 Y14 Y15 Y16 Y17 Yig Y19 Yoo Y21 Y22 Y23 You4 Yo5 Yog

21 Zp Z3 2y Is Ze Z7 Zg Z9 Zyo Za1 Zaz Za3 Zaa Z1s Z16 Z17 Zag Zag Z20 Z21 Zo2 Z23 Zoa Zos Z26

e bbb

Bi B, By Bs Bs Bs By Bs B

fixed delayd = 7
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Yi Y2 Y3 Y4 Y5 Yg Y7 Yg Yo Yig Yi1 Y12 Y13 Y14 Y15 Y16 Y17 Yig Y19 Yoo Y21 Y22 Y23 You4 Yo5 Yog

21 Zp Z3 2y Is Ze Z7 Zg Z9 Zyo Za1 Zaz Za3 Zaa Z1s Z16 Z17 Zag Zag Z20 Z21 Zo2 Z23 Zoa Zos Z26

e bbb

Bi B, By Bs Bs Bs By Bs B

fixed delayd = 7

@ Fixed-delay reliabilitye is achievable if there exists a sequence of
encoder/decoder pairs with increasing end-to-end delaysch that
Iimj_,oo _le In P(Bi 75 gjl) = Q.
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Review: Delay-universal (anytime) communication

B B B3 By Bs Bs Br Bg By Biyp Bix Biz Big

I

Yi Y2 Y3 Y4 Y5 Yg Y7 Yg Yo Yig Yi1 Y12 Y13 Y14 Y15 Y16 Y17 Yig Y19 Yoo Y21 Y22 Y23 You4 Yo5 Yog

21 Zp Z3 2y Is Ze Z7 Zg Z9 Zyo Za1 Zaz Za3 Zaa Z1s Z16 Z17 Zag Zag Z20 Z21 Zo2 Z23 Zoa Zos Z26

e bbb

Bi B, By Bs Bs Bs By Bs B

fixed delayd = 7

@ Reliability « is achievablelelay-universallyor in ananytime fashionf a
single encoder works for all sufficiently large delals
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Review: Delay-universal (anytime) communication

B B B3 By Bs Bs Br Bg By Biyp Bix Biz Big

I

Yi Y2 Y3 Y4 Y5 Yg Y7 Yg Yo Yig Yi1 Y12 Y13 Y14 Y15 Y16 Y17 Yig Y19 Yoo Y21 Y22 Y23 You4 Yo5 Yog

21 Zp Z3 2y Is Ze Z7 Zg Z9 Zyo Za1 Zaz Za3 Zaa Z1s Z16 Z17 Zag Zag Z20 Z21 Zo2 Z23 Zoa Zos Z26

e bbb

Bi B, By Bs Bs Bs By Bs B

fixed delayd = 7

@ The anytime capacit€any(«) is the supremal rate at which reliability
is achievable in a delay-universal way.
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Review: Separation theorem for scalar control

Necessityif a scalar system with parameter> 1 can be stabilized with

finite »-moment across a noisy channel, thenchannel with noiseless
feedback must have

Ca_ny(’r] INX\) >1InA

In general: IfP(|X| > m) < f(m), then3K : Perror(d) < f(KX9)
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Review: Separation theorem for scalar control

Necessityif a scalar system with parameter> 1 can be stabilized with
finite »-moment across a noisy channel, thenchannel with noiseless
feedback must have

Ca_ny(’r] INX\) >1InA

In general: IfP(|X| > m) < f(m), then3K : Perror(d) < f(KX9)

Sufficiencyif there is ano > 7 In A for which thechannel with noiseless
feedback has
Cany(oz) > In A\

then the scalar system with parameter 1 with a bounded disturbance can
be stabilized across the noisy channel with fipitgnoment.

Proved using a direct equivalence so it also holds for compound el&ann
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From Rate/Reliability to Gain/Moments
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From Rate/Reliability to Gain/Moments

10

Moments stabilized
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Open-loop unstable gain

Draper,Sahai (UC Berkeley) Universal Anytime ConCom07 12/23



Why the random-coding bound works: tree codes

12345678
Time

Tree with iid random labels:

@ Data chooses a path
through the tree

@ Transmit the path labels
through the channel

@ Feedback is not used
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Why the random-coding bound works: tree codes

@ ML path decoding

» Log likelihoods add
along path.

» Disjoint segments are
pairwise independent of
the true path.

» E/(R) analysis applies at
the suffix

123456738
Time

Tree with iid random labels:

@ Data chooses a path
through the tree

@ Transmit the path labels
through the channel

@ Feedback is not used

Draper,Sahai (UC Berkeley) Universal Anytime ConCom07 14/23



Why the random-coding bound works: tree codes

@ ML path decoding

» Log likelihoods add
along path.

» Disjoint segments are
pairwise independent of
the true path.

» E/(R) analysis applies at
the suffix

123478 » Shortest suffix
o dominates
Tree with iid random labels: o Achieves
@ Data chooses a path Pe(d) < K exp(—E((R)d)
through the tree for every dfor all R< C

@ Transmit the path labels
through the channel

@ Feedback is not used
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Relevant aspects of block and anytime codes

Block coding:

source -
bits, b group into blocks

@ Rare blocks in error
@ Erroneous blocks never recovered
@ Eventually results in exponential instability

Anytime coding:

source
bits, b >

causally encodg

encode blocks|
independently’

y, =f(b . b

o

2 - b k|

w/ tree code

@ Can revisit earlier bit estimates
@ Estimate reliabilities increase with delay
@ Eventually detect and compensate for any incorrect controls
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© Problem setup

» Channel uncertainty and stabilization
» Review of past results without uncertainty

© New result: universal anytime codes
© Sufficient condition for stabilization
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Review: universal block codes for compound channels

@ A single input distributiorQ must be chosen for aW € W

@ Look at the empirical mutual information (EMI) betweZrand
candidate codewordé,

@ Choose the one with the highest mutual information.
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Review: universal block codes for compound channels

@ A single input distributiorQ must be chosen for aW € W
@ Look at the empirical mutual information (EMI) betweZrand
candidate codewordg,
@ Choose the one with the highest mutual information.
® Why does this work?
» The true codeword gives rise to an empirical channel thatésthe true
channel.
» There are only a polynomigh + 1)/Yl1Zl set of joint types.
» The random-coding error expondft R, Q, W) is achieved.
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Review: universal block codes for compound channels

@ A single input distributiorQ must be chosen for aW € W

@ Look at the empirical mutual information (EMI) betweZrand
candidate codewordé,

@ Choose the one with the highest mutual information.
® Why does this work?
» The true codeword gives rise to an empirical channel thatésthe true
channel.
» There are only a polynomigh + 1)/Yl1Zl set of joint types.
» The random-coding error expondft R, Q, W) is achieved.
@ What are the difficulties in generalizing to trees?
» The empirical mutual information (EMI) isot additive.
Ex: (0101,0101) + (1010,0101) givest44 #£ 0
The polynomial term grows with not with delayd
Delays must be longer as time goes on.

vV vy
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Sequential Suffix-EMI Decoding

Decode 0 1

se_quentlally, If a blue codeword has
using max

o the max EMI, decode
emp'”c?" m first bitto 0, else to 1
mutual inform.

(EMI)

comparisons
at each stage

If a blue codeword suffix
has the max EMI, decod:
second bitto 0, else to 1

If a blue codeword suffix
has the max EMI, decode
third bit to 0, else to 1
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The universal anytime coding theorem

Given a rateR > 0 and a compound discrete memoryless chahvigthere
exists a random anytime code such that folEa# Eanyuniv(R) there is a
constanK > 0 such that F[§n_d # Bn_d] < K29 forall n,d > 0 where

Eanyuniv(R) = sgpwigv inf D(P x V[Q x W) +max{0, | (P, V) — R}

= stJprV E (R Q,W)

@ No feedback is needed
@ Does as well as could be hoped for — essentially Bi{&)
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Back to the stabilization problem

@ Can use supinfweyy Er(R, Q, W) to evaluate compound channés
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Back to the stabilization problem

@ Can use supinfwey Er (R, Q, W) to evaluate compound channels

» PickingQ is unavoidable — determines codebook and capacity
» But evaluating this bound can be difficult.

@ |s there a simpler condition that only depends on capaity)?

» Gallager Exercise 5.23 tells us:
E(R QW) > (I(Q W) —R)>/(& +4(In|2)?)
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Back to the stabilization problem

@ Can use supinfwey Er (R, Q, W) to evaluate compound channels
» PickingQ is unavoidable — determines codebook and capacity
» But evaluating this bound can be difficult.
@ |s there a simpler condition that only depends on capaity)?
» Gallager Exercise 5.23 tells us:
E:(R QW) > (1(Q,W) — RY?/(& +4(In|2])?)
» Translate to;-stabilization:

nlog)\( 2(loge)? )
loge €(log|Z])?

C(W) —log A > (2Iog|Z)\/

» Says thaD(,/nlog \) extra capacity suffices to getth moment
stabilized.
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Visualizing the new universal sufficient condition
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Visualizing the new universal sufficient condition

101

Moments stabilized

01 12 1.4 1.6 1.8
Open-loop unstable gain
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Conclusion

@ Randomanytime codes exist for compound channels.
@ Can thus stabilize systems over uncertain channels.
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@ Can thus stabilize systems over uncertain channels.
@ Can operate with coarse description of channel uncertainty

» Channel input distributio®
» Resulting capacitfC
» Set-size proxy: output alphabet sizg|.

@ Performance loss for coarse channel uncertainty.
@ Bounds should be improved.
@ Feedback should be used.
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