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Abstract

The classical problem of reliable point-to-point digitalnemunication is to achieve a low probability of error
while keeping the rate high and thetal power consumption small. Traditional information-theoretic analysis
uses explicit models for the communication channel to sthdypower spent in transmission. The resulting bounds
are expressed using ‘waterfall’ curves that convey thelotiamary idea that unboundedly low probabilities of bit-
error are attainable using only finite transmit power. Hosvepractitioners have long observed that the decoder
complexity, and hence the total power consumption, goeshgnvattempting to use sophisticated codes that operate
close to the waterfall curve.

This paper gives an explicit model for power consumption ratidealized decoder that allows for extreme
parallelism in implementation. The decoder architectgrénithe spirit of message passing and iterative decoding
for sparse-graph codes, but is further idealized in thdldta for more computational power than is currently known
to be implementable. Generalized sphere-packing arguaeatused to derive lower bounds on the decoding power
needed for any possible code given only the gap from the Smafimit and the desired probability of error. As
the gap goes to zero, tlemergy per bitspent in decoding is shown to go to infinity. This suggests tihaptimize
total power, the transmitter should operate at a power thatrictly above the minimum demanded by the Shannon
capacity.

The lower bound is plotted to show an unavoidable tradedffiéen the average bit-error probability and the total
power used in transmission and decoding. In the spirit oeotional waterfall curves, we call these ‘waterslide’
curves. The bound is shown to be order optimal by showing tistesmce of codes that can achieve similarly shaped
waterslide curves under the proposed idealized model addieg.
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The price of certainty: “waterslide curves” and the
gap to capacity

. INTRODUCTION

As digital circuit technology advances and we pass into ttaeoé billion-transistor chips, it is clear that the
fundamental limit on practical codes is not any nebuloussesf “complexity” but the concrete issue of power
consumption. At the same time, the proposed applicationsefior-correcting codes continue to shrink in the
distances involved. Whereas earlier “deep space comntiontdelped stimulate the development of information
and coding theory [1], [2], there is now an increasing irgene communication over much shorter distances ranging
from a few meters [3], [4] to even a few millimeters in the cadenter-chip and on-chip communication [5], [6].

On the information theory side, the idea of modeling the poeast of transmissions dates back to Shannon
[7]. In [8], Verdu gives a general approach to consideringte@n the transmission side, including a treatment of
the special case when some inputs have zero-cost. The stagrefcost inputs was extended in the context of
multiparty computation by Fragouli and Orlitsky in [9]. Thelisv that if there were both a zero-cost input and
another whose output is unmistakable, then the cost of daingultiparty computation can be much lower than
what it would be using a traditional bit-oriented approadtist as in [8], these savings in cost came at the cost of
additional delay.

The implications of power-consumption beyond transmit pohae begun to be studied. As pointed out in
[10]-[12], the networking community has long recognizedttipower-consumption is the quintessential cross-
layer design objective, particularly in sensor network8]H16]. In [17], Havinga and Smit observe that within
communication networks, it is worth developing cross-tagghemes to reduce the time that devices spend being
active. The power consumed in processing the signals can lbéstastial fraction of the total power [18] and
Schurgers et al introduced the idea of “modulation scalirgyaa analogy of voltage-scaling in circuits [19].

In [20], Massaad et al. develop an information-theoretiomiglation that extends earlier work to include an
energy cost of operation in point-to-point settings. Whiaa transmitter is in the ‘on’ state, its circuit is modeled
as consuming some fixed power in addition to the power radiatéige transmission itself. This can be viewed in
Verdu’s framework as eliminating zero-cost inputs in a céygper-unit-cost formulation [8]. Therefore, it makes
sense to shorten the overall duration of a packet transmnissid to satisfy an average transmit-power constraint by
bursty signalling that does not use all available degredseeflom. Cui, Goldsmith, and Bahai take into account a
peak-power constraint as well, as they study in [21] thenopticonstellation size for uncoded transmission. A large
constellation requires a smaller ‘on’ time, and hence lassiit power. However, a larger constellation requires
higher power to maintain the same spacing of constellat@ntp. An optimal constellation has to balance between
the two, but overall this argues for the use of higher ratesvéVer, none of these tackle the role of the decoding
complexity itself.

In [22], Bhardwaj and Chandrakasan take a more receivaricaeriew and focus on how to limit the power
spent in sampling the signal at the receiver. They point oat @mpirically for ultrawideband systems aiming
for moderate probabilities of error, this sampling cost t@&nlarger than the decoding cost! They introduce the
ingenious idea of adaptively puncturing the code at theiveceather than at the transmitter. They implicitly argue
for the use of longer codes whose rates are further from tharf®imacapacity so that the decoder has the flexibility
to adaptively puncture as needed and thereby save on toiedrgmnsumption.

In [23], Howard et al. study the impact of decoding complexising the metric of coding gain. They take an
empirical point of view using power-consumption numbensdertain decoder implementations at moderately low
probabilities of error. They observe that it is often betteuse no coding at all if the communication range is low
enough.

In this paper, we take an asymptotic approach to see if cerisgl decoding power has any fundamental
implications as the average probability of bit error teralzéro. In Section Il, we give an asymptotic formulation
of what it should mean to approach capacity when we must denslie power spent in decoding in addition to that
spent in transmission. We next consider whether classymaloaches to encoding/decoding such as dense linear
block codes and convolutional codes can satisfy our strgtendard of approaching capacity and argue that they



cannot. Section Ill then focuses our attention on iteratigeodiing by message passing and defines the system
model for the rest of the paper.

Section IV derives general lower bounds to the complexityefitive decoders for BSC and AWGN channels in
terms of the number of iterations required to achieve a dégirobability of error at a given transmit power. These
bounds can be considered iterative-decoding counterpartse classical sphere-packing bounds (see e.g. [24],
[25]) and are derived by generalizing the delay-orientgparents of [26], [27] to the decoding neighborhoods in
iterative decoding. These bounds are then used to show that it is in principle Iples8ir iterative decoders to
be a part of a weakly capacity-achieving communicationesystHowever, the power spent by our model of an
iterative decoder must go to infinity as the probability ofoertends to zero and so this style of decoding rules out
a strong sense of capacity-achieving communication system

We discuss related work in the sparse-graph-code conteXedation V and make precise the notion of gap to
capacity before evaluating our lower-bounds on the numbdierations as the gap to capacity closes. The main
distinction between our work and the sparse-graph-codetifire is that we (in the spirit of Jacobs and Berlekamp’s
work [29] on the complexity of sequential decoding) make seuanptions about the code and focus entirely on
the model of decoding whereas the existing work tends taljostudy the code structure and the decoding. We
conclude in Section VI with some speculation and point outes@meresting questions for future investigation.

II. CERTAINTY-ACHIEVING CODES

Consider a classical point-to-point AWGN channel with ndifg. For uncoded transmission with BPSK sig-
naling, the probability of bit-error is an exponentiallyadeasing function of the transmitted energy per symbol.
To approach certainty (make the probability of bit-errorywvemall), the transmitted energy per symbol must go to
infinity. If the symbols each carry a small number of bits, thieis implies that the transmjtoweris also going
to infinity since the number of symbols per second is a nonzenstant determined by the desired ratefobits
per second.

Shannon’s genius in [7] was to recognize that while there veaway to avoid having the transmittexhergygo
to infinity and still approach certainty, this energy coulddreortized over many bits of information. This meant
that the transmittegowercould be kept finite and certainty could be approached by paiginit using end-to-end
delay (see [27] for a review) and whatever implementatiom@exity is required for the encoding and decoding.
For a given channel and transmit powey, there is a maximum rat€'( Pr) that can be supported. Turned around,
this classical result is traditionally expressed by fixing tiesired raté? and looking at the required transmit power.
The resulting “waterfall curves” are showin Figure 1. These sharply falling curves are distinguishednfthe
more gradual “waterslide curves” of uncoded transmission.

Traditionally, a family of codes was considered capacityiegng if it could support arbitrarily low probabilities
of error at transmit powers arbitrarily close to that preéelicby capacity. The complexity of the encoding and
decoding steps was considered to be a separate and qualjtadistinct performance metric. This makes sense
when the communication is long-range, since the “exchaatg’ between transmitter power and the power that
ends up being delivered to the receiver is very poor due tamig-induced attenuation.

In light of the advances in digital circuits and the need fboder-range communication, we propose a new way
of formalizing what it means for a coding approach to be “cajpa@chieving” using the single natural metric:
power.

A. Definitions

Assume the traditional information-theoretic model (sge R4], [31]) of fixed-rate discrete-time communication
with k total information bits,,» channel uses, and the rate Bf= % bits per channel use. As is traditional, the
rate R is held constant whilé andm are allowed to become asymptotically larg€. ;) is the average probability
of bit error on thei-th message bit andP.) = 1 >, (P.;) is used to denote the overall average probability of bit
error. No restrictions are assumed on the codebooks asidetfrose required by the channel model. The channel

1The work here can be considered classical in that we use the inforngitern as an indirect proxy for complexity. As pointed out in
the control context in [28], information patterns also effect the kindeprations that should be used, but this aspect is ignored here.

Zsince the focus of this paper is on average bit error probability, thesesicombine the results of [7], [30] and adjust the required
capacity by a factor of the relevant rate-distortion function hy,({P.)).
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Fig. 1. The Shannon waterfalls: plots bfg({P.)) vs required SNR (in dB) for a fixed ratet3 code transmitted using BPSK over an
AWGN channel with hard decisions at the detector. A comparison is métietive ratei/3 repetition code: uncoded transmission with the
same bit repeated three times. Also shown is the waterfall curve for gragey power constrained AWGN channel.

model is assumed to be indexed by the power used in tranemisBhe encoder and decoder are assumed to be
physical entities that consume power according to some hthdecan be different for different codes.

Let &0 Pr be the actual power used in transmission andPletand Pp be the power consumed in the operation
of the encoder and decoder respectivély.is the exchange rate (total path-loss) that connects thepspent at
the transmitter to the received powgy that shows up at the receiver. In the spirit of [32], we asstina¢ the
goal of the system designer is to minimize some weighted awetibn P,;; = &7 Pr + o Po + £p Pp where the
vectorf > 0. The weights can be different depending on the applicitaond ¢7 is tied to the distance between
the transmitter and receiver as well as the propagatiorr@mwvient.

For any rateR and average probability of bit err¢P.) > 0, we assume that the system designer will minimize the
weighted combination above to get an optimizégl. (€, (P.), R) as well as constitueri®r (&, (Pe), R), Po (€, (P.), R),
and Pp (&, (P.), R).

Definition 1. The certainty of a particular encoding and decoding system is the recgbrot the average
probability of bit error.

Definition 2: An encoding and decoding system at rdtebits per second isveakly certainty achievingf
liminf p_g Pr(€,(P.), R) < oo for all weights¢ > 0.

If an encoder/decoder system is not weakly certainty aaigevhen this means that it does not deliver on the
revolutionary promise of the Shannon waterfall curve from plerspective of transmit power. Instead, such codes
encourage system designers to pay for certainty using undsalitransmission power.

Definition 3: An encodlng and decoding system at rdtebits per second istrongly certainty achievingf
liminf py_o Ptomz(ﬁ (P.),R) < oo for all welghts§ > 0.

SFor example, in an RFID application, the power used by the tag is actualplisdpirelessly by the reader. If the tag is the decoder,
then it is natural to make&p even larger thargr in order to account for the inefficiency of the power transfer from tbader to the
tag. One-to-many transmission of multicast data is another example gipdicadion that can increasg. The £p in that case should be
increased in proportion to the number of receivers that are listening tmélssage.



A strongly certainty-achieving system would deliver on foél spirit of Shannon’s vision: that certainty can
be approached at finite total power just by accepting longérterend delays and amortizing the total energy
expenditure over many bits. The general distinction betwsteong and weak certainty-achieving systems relates
to how the decoding (and encoding) povxléﬁ(g, (P.), R) varies with the probability of bit-errofP.) for a fixed
rate R. Does it have waterfall or waterslide behavior? For examplis clear that uncoded transmission has very
simple encoding/decodifigand soPp (¢, (P.), R) has a waterfall behavior.

Definition 4: A {weakly|strongly} certainty-achieving system at rakebits per second is alspweaklystrongly}
capacity achievingf

liminf liminf Pr(€, (P.), R) = C"'(R) (1)
(€cép)—0 (Pe)—0
whereC—1(R) is the minimum transmission power that is predicted by thenBba capacity of the channel model.

This sense of capacity achieving makes explicit the sensehiohave should consider encoding and decoding
to be asymptotically fregbut not actually free. The traditional approach of modelmgoding and decoding as
being actually free can be recovered by swapping the ordéreofimits in (1).

Definition 5: An encoding and decoding system is considdraditionally capacity achievingf

liminf liminf Pp(¢, (P.),R) = C~'(R). )
(Pe)=0 (¢c,&p)—0

whereC~!(R) is the minimum transmission power that is predicted by thenBba capacity of the channel model.

By taking the limit(¢c,&p) — 0 for a fixed probability of error, this traditional approach kea it impossible
to capture any fundamental tradeoff with complexity in agnagtotic sense.

The conceptual distinction between the new (1) and old (2kesrof capacity-achieving systems parallels
Shannon'’s distinction between zero-error capacity andlaegapacity [33]. IfC(e,d) is the maximum rate that
can be supported over a channel using end-to-end délapd average probability of errar, then traditional
capacityC' = lim_,olimg_.~ C(¢€,d) while zero-error capacity’y = limg .o limc_o C(¢,d). When the limits
are taken together in some balanced way, then we get condeptnytime capacity [27], [34]. It is known that
Co < Cany < C'in general and so it is natural to wonder whether any codesapacity achieving in the new
stricter sense of Definition 4.

B. Are classical codes and decoders capacity achieving?

1) Dense linear block codes with nearest-neighbor decodingnse linear fixed-block-length codes are tradi-
tionally capacity achieving under ML decoding [24]. To uratand whether they are weakly certainty achieving, we
need a model for the encoding and decoding powernkéte the block length of the code. Each codeword symbol
requiresm R operations to encode and it is reasonable to assume thabpaddtion consumes some energy. Thus,
the encoding power i$)(m). Meanwhile, a straightforward implementation of ML (nesiraeighbor) decoding
has complexity exponential in the block-length and thus itdasonable to assume that it consumes an exponential
amount of power as well.

The probability of error for ML decoding drops exponentialiith m with an exponent that is bounded above by
the sphere-packing exponefif,(R) [24]. An exponential reduction in the probability of errsrthus paid for using
an exponential increase in decoding power. Consequenidyeasy to see that the certainty return on investments in
decoding power is only polynomial. Meanwhile, the certairgturn on investments in transmit power is exponential
even for uncoded transmission. So no matter what the valeefoef, > 0, in the high-certainty limit of very low
probabilities of error, an optimized communication systeuilt using dense linear block codes will be investing
ever increasing amounts in transmit power.

A plot of the resulting waterslide curves for both transmityer and decoding power are given in Figure 2.
Following tradition, the horizontal axes in the plots areegi in normalized SNR units for power. Notice how the
optimizing system invests heavily in additional transmotver to approach low probabilities of error.

4All that is required is the minimum power needed to sample the receivedlsiga threshold the result.



\ AR - = = Total power
\ . — Optimal transmit power| T
Y| B . Decoding power

\ . —— Shannon waterfall
\

_24 L L L L
0 10 20 30 40 50 60 70 80
Power

Fig. 2. The waterslide curves for transmit power, decoding powet,tha total power for dense linear block-codes of r&e= 1/3
under brute-force ML decoding. It is assumed that the normalizetygmequired per operation at the decodefis= 0.3 and that it takes
2mf « mR operations per channel output to decode using nearest-neighlyoh $ema block length ofn channel uses.

2) Convolutional codes under Viterbi decodingfor convolutional codes, there are two styles of decoding
algorithms, and hence two different analyses. (See [35]} {86 details) For Viterbi decoding, the complexity

per-bit is exponential in the constraint lengR\. bits. The error exponents with the constraint lengthZof
channel uses are upper-bounded in [37], and this bound & grarametrically by

Euonsl R, Pr) = Eo(p. Pr) 5 R = 200 L7) €
where Ej is the Gallager function [24] and > 0. The important thing here is that just as in dense linear block
codes, the certainty return on investments in decoding pasvenly polynomial, albeit with a better polynomial
than linear block-codes sincg.,,.., (R, Pr) is higher than the sphere-packing bound for block codes. [PAlis,
an optimized communication system built using Viterbi d#ing will also be investing ever increasing amounts in
transmit power. Viterbi decoding is not weakly certaintjhigwing.

A plot of the resulting waterslide curves for both transmitver and decoding power is given in Figure 3.
Notice that the performance in Figure 3 is better than that glifel 2. This reflects the superior error exponents
of convolutional codes with respect to their computatigmaiameter — the constraint length.

3) Convolutional codes under magical sequential decodirgr. sequential decoding, it is shown in [29] that the
average number of guesses must increase to infinity if theagessite exceeds tloait-off rate £y(1). However,
below the cut-off rate, the average number of guesses is.flitleconvolutional codes, each guess at the decoder
costsL.R multiply-accumulates and we assume that this means theagevelecoding power also scales(d..)
since at least one guess is made for each received sample.

For simplicity, let us ignore the issue of the cut-off rateddarther assume that the decoder magically makes
just one guess and always gets the ML answer. The convolltimaing error exponent (3) still applies, and so
the system’s certainty gets an exponential return for itmuests in decoding power. It is now no longer obvious
how the optimized-system will behave in terms of transmiveo

For the magical system, the encoder power and decoder pawdrosh linear in the constraint-length. Group



- = = Total power
— Optimal transmit power| T
----- Decoding power
—— Shannon waterfall

40 50 60 70 80
Power

Fig. 3. The waterslide curves for transmit power, decoding powet tiam total power for convolutional codes of rake= 1/3 used with
Viterbi decoding. It is assumed that the normalized energy requiredgeration at the decoder i = 0.3 and that it take@”<® x L.R
operations per channel output to decode using Viterbi search fonstramt length ofZ. channel uses.

them together with the path-loss and normalize units to gatgle effective termyLc. The goal now is to minimize
PT + 7Lc (4)

over Pr and L~ subject to the probability of error constraint tﬁlatﬁ = Feonw(R, PT)%. Since we are interested
in the limit of In % — 00, it is useful to turn this around and use Lagrange multipliér§ttle calculation reveals
that the optimizing values oPr and L. must satisfy the balance condition

aE1com; (R, PT)

Econw R7 Pr)=~L 5
( r) =vLc oPy (5)
and so (neglecting integer-effects) the optimizing caistrlength is eithed (uncoded transmission) or
1 OFEcony(R, Pr)
L.=—FEconv(R, Pp)) ———7+—". 6
5 (R, Pr)/ 0Py (6)

To get ever lower values ofF.), the transmit powelPr must therefore increase unboundedly unless the ratio

Eeonu(R, PT)/BEC%I%R’PT) approaches infinity for some finit2. Since the convolutional coding error exponent

(3) does not go to infinity at a finite power, this requil%%%ﬂ to approach zero. For AWGN style channels,
this only occur® as Py approaches infinity and thus the gap betwéeand the capacity gets large.

The resulting plots for the waterslide curves for both trahgower and encoding/decoding power are given in
Figure 4. Although these plots are much better than those iar&ig, the surprise is that even such a magical
system that attains an error-exponent with investmentgdoding power is unable to be weakly certainty achieving
at any rate. Instead, the optimizing transmit power goesfiaity.

5There is a slightly subtle issue here. Consider random codes for a rhoffenconvolutional random-coding error exponent is flat at
Ey(1, Pr) for ratesR below the computational cutoff rate. However, that flatness with Raienot relevant here. For any fixed constellation,
the Ey(1, Pr) is a strictly monotonically increasing function &, even though it asymptotes at a non-infinite value. This is not enough
since the derivative with transmit power still tends to zero onlyPasgoes to infinity.
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Fig. 4. The waterslide curves for transmit power, decoding powet,tha total power for convolutional codes of rae= 1/3 used
with “magical” sequential decoding. It is assumed that the normalizerygmequired per operation at the decodefis= 0.3 and that the
decoding requires just.R operations per channel output.

4) Dense linear block codes with magical syndrome decodinig. well known that linear codes can be decoded
by looking at the syndrome of the received codeword [24]. $8ppghat we had a magical syndrome decoder that
could use a free lookup table to translate the syndrome i@dviL corrections to apply to the received codeword.
The complexity of the decoding would just be the complexitycomputing the syndrome. For a dense random
linear block code, the parity-check matrix is itself typigadense and so the per-channel-output complexity of
computing each bit of the syndrome is linear in the bloclgtan This gives rise to behavior like that of magical
sequential decoding above and is illustrated in Figure 5.

From the above discussion, it seems that in order to have eweally certainty-achieving system, the certainty-
return for investments in encoding/decoding power mustdttebthan exponential!

IIl. PARALLEL ITERATIVE DECODING: A NEW HOPE

The unrealistic magical syndrome decoder suggests a wayfdnif the parity-check matrix were sparse, then
it would be possible to compute the syndrome using a consiamiber of operations per received symbol. If the
probability of error dropped with block-length, that wolddre rise to an infinite-return on investments in decoder
power. This suggests looking in the direction of LDPC codes.[@#}ile magical syndrome decoding is unrealistic,
many have observed that message-passing decoding givdsrgmdts for such codes while being implementable
[39].

Upon reflection, it is clear that parallel iterative decodrased on message passing holds out the potential for
super-exponentiaimprovements in probability of error with decoding power.isTis because messages can reach
an exponential-sized neighborhood in only a small numbeitesftions, and large-deviations thinking suggests
that there is the possibility for an exponential reductinriiie probability of error with neighborhood size. In fact,
exactly this sort of double-exponential reduction in thelgability of error under iterative decoding has been shown
to be possible for regular LDPCs [40, Theorem 5].

To make all this precise, we need to fix our model of the problewh @ an implementable decoder. Consider
a point-to-point communication link. An information seqee B¥ is encoded int@™# codeword symbolsXT,
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Fig. 5. The waterslide curves for transmit power, decoding powet tlaa total power for dense linear block-codes of rRte- 1/3 under
magical syndrome decoding. It is assumed that the normalized eregfgiyed per operation at the decode#is= 0.3 and that the decoding
requires just1 — R)mR operations per channel output to compute the syndrome.

using a possibly randomized encoder. The observed chantgltasa Y7*. The information sequences are assumed
to consist of iid fair coin tosses and hence the rate of theedsd? = k/m. Following tradition, botht andm

are considered to be very large. We ignore the complexityoirigithe encoding under the hope that encoding is
simpler than decoding.

Two channel models are considered: the BSC and the powetramesl AWGN channel. The true channel is
always denoted”. The underlying AWGN channel has noise variangeand the average received power is denoted
Pr so the received SNR |§ Similarly, we assume that the BSC has crossover probabilitye consider the
BSC to have resulted from 'BPSK modulation followed by hard-sleni detection on the AWGN channel and so
r=o(/2)

For maximum generality, we do not impose aaypriori structure on the code itself. Following the spirit of
Jacobs and Berlekamp in [29], we give a model for decodingeats Inspired by [42]-[45], we focus on the
parallelism of the decoder and the energy consumed withifithie assumption is that the decoder is physically
made of computational nodes that pass messages to eachrofieallel along physical (and hence unchanging)
wires. A subset of nodes are designated ‘message nodesatiredith is responsible for decoding the value of a
particular message bit. Another subset of nodes (not naglysdisjoint) has members that are each initialized with
at most one observation of the received channel-output siambhere may be additional computational nodes that
are just there to help decode.

The implementation technology is assumed to dictate that eamputational node is connected to at most
a + 1 > 2 other nodeSwith bidirectional wires. No other restriction is assumedthe topology of the decoder.

SFor certain LDPC-codes, it is shown in [41] that encoding can be mateve complexity linear in the block-length for a certain model
of encoding. In our context, linear complexity means that the complexitgat bit is constant and thus this does not require power at the
encoder that grows with either the block length or the number of decodatidtes. We have not yet verified if the complexity of encoding
is linear under our computational model.

’In practice, this limit could come from the number of metal layers on a chipthe local geometryx = 1 would just correspond to a
big ring of nodes and is uninteresting for that reason.



In each iteration, each node sends (possibly different)saggss to all its neighboring nodeso restriction is
placed on the size or content of these messages except for the fact thizey must depend on the information
that has reached the computational node in previous iterationslf a node wants to communicate with a more
distant node, it has to have its message relayed through otltdes [46]. No assumptions are made regarding the
presence or absence of cycles in this decoding graph. Thébwigood size at the end éfiterations is denoted
by n < (a+ l)al_l < olt!, We assumen > n. Each computational node is assumed to consume a fixgg.
joules of energy at each iteration.
Let the average probability of bit error of a code be denoted®y, when it is used over channél. The goal
is to derive a lower bound on the neighborhood sizas a function of(P.), and R. This then translates to a
lower bound on the number of iterations which can in turn bedu® lower bound the required decoding power.
Throughout this paper, we allow the encoding and decodingetoalmdomized with all computational nodes
allowed to share a common pool of common randomness. We asterim ‘average probability of error’ to refer
to the probability of bit error averaged over the channelizations, the messages, the encoding, and the decoding.

IV. LOWER BOUNDS ON DECODING COMPLEXITYITERATIONS AND POWER

In this section, lower bounds are stated on the computdtammaplexity for iterative decoding as a function of the
gap from capacity. These bounds reveal that the decodingim@igoods must grow unboundedly as the system tries
to approach capacity. We assume the decoding algorithmpemented using the iterative technology described in
Section lll. The resulting bounds are then optimized numbyita give plots of the optimizing transmission and
decoding powers as the average probability of bit error goemero. For transmit power, it is possible to evaluate
the limiting value as the system approaches certainty. Mewe&ecoding power is shown to diverge to infinity for
the same limit. This shows that the lower bound does not ruleveakly capacity-achieving schemes, but strongly
capacity-achieving schemes are impossible using Sectismibdel of iterative decoding.

A. Lower bounds on the probability of error in terms of decodiggghborhoods

The main bounds are given by theorems that capture a locatespheking effect. These can be viewed as
cousin$ to the local sphere-packing bounds used in the context efusting codes with bounded bit-delay [26],
[27]. These sphere-packing bounds can be turned around ¢oagfamily of lower bounds on the neighborhood
sizen as a function of( ) ,. This family is indexed by the choice of a hypothetical chanieand the bounds
can be optimized numerically for any desired set of pararaete

Theorem 1: Consider a BSC with crossover probabiljy< % Let n be the maximum size of the decoding
neighborhood of any individual bit. The following lower baliholds on the average probability of bit error.

by ((G)) (gl (p(l - g))eﬁ

<Pe>P > Sup 9 g(1—p)

CH(R)<g<

(7)

1
2

where hy(-) is the usual binary entropy functiod)(g||p) = glog, (%) + (1 — g)log, (}%Z) is the usual KL-
divergence, and

s@) = 1- 4 ®
whereC(G) = 1-— hy(g)
1 2
ande =\ K(g) 82 (hb—l(a(G))) ©
where K(g) = o<7172{179 Dig ;;nlg). (10)
Proof: See Appendix I. ]

8The main technical difference between the results here and those]d [t the bounds here are not asymptotic and must also hold
for small values ofn and that the bounds here are for average probability of error ratharrttaximal probability of error.
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Theorem 2: For the AWGN channel and the decoder model in Section lllinldte the maximum size of the
decoding neighborhood of any individual message bit. Thievidhg lower bound holds on the average probability
of bit error.

hyt (6(G)) 3 2 o2
(Flpz | sw g exp (—nD(a?;Ha%) —v/n (2 +2In (h;l ( 5(@))) <a§j - )> (11)

where 6(G) = 1 — C(G)/R, the capacityC(G) = 1ilog, <1+%), and the KL divergenceD(o%||c%) =

4[5 -1 ()
he following lower bound also holds on the average prokgbdf bit error

ht(6(G 1 _ ol
eopz s e (Caniliod) - ot 6 (% 1)),
oZ>oc%pu(n): C(G)<R Jp
where
1 1 AT (n) + 2
w) = Ut rey 1 Y T a £ 1) (13)
whereT(n) = —Wrg(—exp(—1)(1/4)'/™) (14)
and Wy (z) solvesz = Wy (z)exp(Wr(z)) (15)
while satisfyingW(z) < -1V € [—exp(—1),0],
and Y.
6(n,y) = —n(Wy (—exp(-1)(5)7) +1). (16)
The Wi (z) is the transcendental Lambd@it function [47] that is defined implicitly by the relation (15bave.
Proof: See Appendix II. ]

The expression (12) is better for plotting bounds when we &xpeo be moderate while (11) is more easily
amenable to asymptotic analysisagets large.

B. Joint optimization of the weighted total power

Consider the total energy spent in transmission. For trétism . bits at rateR, the number of channel uses is
m = k/R. If each transmission has pow&r Pr, the total energy used in transmissior{isPrm.

At the decoder, let the number of iterations beAssume that each node consunigs,,. joules of energy in
each iteration. The number of computational nodes can berlbaended by the numben of received channel
outputs.

Egee > Enode X m X 1. (17)

This gives a lower bound oPp > FE, 4.l for decoder power. There is no lower bound on the encoder @xitypl
and so the encoder is considered free. This results in thewioly bound for the weighted total power

Ptotal > §TPT + gDEnode x . (18)

Usingl > % as the natural lower bound on the number of iterations givelesired maximum neighborhood
size,
éDEnode 10g2 (’I’L)

log, (@)

P
x  — 4 ~ylogy (n) (19)
Op

Piotar = &rPr+

fDEdR is a constant that summarizes all the technology and enwieortal terms. The neighborhood

wherey =

. . op&r log, (a . . .. .

sizen itself can be lower bounded by plugging the desired averagkability of error into Theorems 1 and 2.
It is clear from (19) that for a given ratR bits per channel use, if the transmit pow@y is extremely close to that

predicted by the channel capacity, then the value @fould have to be extremely large. This in turn implies that
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there are a large number of iterations and thus it would redugh power consumption at the decoder. Therefore,
the optimized encoder has to transmit at a power larger tigtrpredicted by the Shannon limit in order to decrease
the power consumed at the decoder. Also, from (7){/as — 0, the required neighborhood size— oc. This
implies that for any fixed value of transmit power, the powenstoned at the decoder diverges to infinity as the
probability of error converges to zero. Hence the total poeamsumed must diverge to infinity as the probability
of error converges to zero. This immediately rules out thesibdgy of having a strongly certainty-achieving code
using this model of iterative decoding. The price of certaiistinfinite power. The only question that remains is
whether the optimal transmitter power can remain boundeabtr

The optimization can be performed numerically once the axgbaate is fixed, along with the technology
parameterds, 4., o, ¢, Ep. Figures 6 and 7 show the total-power waterslide curves éoative decoding assuming
the lower bound8. These plots show the effect of changing the relative cost obdieg. The waterslide curves
become steeper as decoding becomes cheaper and the pldtediss chosen to clearly illustrate the double-
exponential relationship between decoder power and pridtlyadi error.

-1 - -y=0.4 1
—— =03
----- y=0.2
—2r —— Shannon Waterfall[]
_4 L -
()
(0]
a
S -8f 1
(@]
S
_16 - -
\
\
\
32} N
\
\
\
A Y
[N

Power

Fig. 6. The BSC Waterslides: plots hfg({P.)) vs bounds on required total power for any fixed raf8-code transmitted over an AWGN
channel using BPSK modulation and hard decisions: £p Enode/ (£70% log, (o)) denotes the normalized energy per node per iteration
in SNR units. Total power takes into account the transmit power as welleapdiver consumed in the decoder. The Shannon limit is a
universal lower bound for aH.

Figure 8 fixes the technology parameters and breaks out thmiatiy transmit power and decoder power as
two separate curves. It is important to note that only thegteid total power curve is a true bound on what a real
system could achieve. The constitudit and Pp curves are merely indicators of what the qualitative betavi
would be if the true tradeoff behaved like the lower bodhd@he optimal transmit power approaches a finite limit

®The order-of-magnitude choice of = 0.3 was made using the following numbers. The energy cost of one iteratiamea node
Enode =~ 1pJ (optimistic extrapolation from the reported values in [22], [23]), pais<r ~ 86dB corresponding to a range in the tens of
meters, thermal noise energy per sampe~ 4 x 10-21J from kT with T around room temperature, and computational node connectivity
a=4.

%This does not mean that the bound is useless however. A lower boutitk dransmit power can be computed once any implementable
scheme exists. Simply look up where the bounded total power matches pherientable scheme. This will immediately give rise to lower
bounds on the optimal transmit and decoding powers.
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Fig. 7. The AWGN Waterslides: plots ddg({P.)) vs bounds on required total power for any fixed raf8-code transmitted over an AWGN
channel. The initial segment where all the waterslide curves almostideiillustrates the looseness of the bound since that corresponds to
the case of. = 1 or when the bound suggests that uncoded transmission could be optionadveét, the probability of error is too optimistic

for uncoded transmission.

as the probability of error approach@sThis limit can be calculated directly by examining (7) foetBSC and
(11) for the AWGN case.

To compute this limit, recall that the goal is to optimigf—'é + vlog, (n) over Pr so as to satisfy a probability
of error constraint{ P.), where the probability of error is tlénding to zero. Insteddt@nstraining the probability
of error to be small, it is just as valid to constrairflog logﬁ to be large. Now, take the logarithm of both
sides of (7) (or similarly for (11)). It is immediately cle@nat the only ordem term is the one that multiplies
the divergence. Since — oo as (P.) — 0, this term will dominate when a second logarithm is taken.sThu
we know that the bound on the double logarithm of the ceryamloglogﬁ — vylogy (n) + 7vlog f(R,%{)

where f(R, f—;) = D(G||P) is the divergence expression involving the details of thanciel. It turns out thatz

approache<’~!(R) when (P.) — 0 since the divergence is maximized there.
Optimizing for ¢ = % by taking derivatives and setting to zero gives:

pir, 02K (20)
¢
It turns out that this has a unique ragtR, ) for all ratesR and technology factors for both the BSC and the
AWGN channel.

The key difference between (5) and (20) is that no term thaélested to the neighborhood-size or number of
iterations has survived in (20). This is a consequence of thibld-exponentidl reduction in the probability of
error with the number of iterations and the fact that the gdmaib power shows up in the outer and not the inner
exponential.

To see if iterative decoding allows weakly capacity-acimgwodes, we take the limit &fp — 0 which implies

~v — 0. (20) then suggests that we need to sof\&, g‘)/%@g) = 0 which implies that either the numerator is

Hn fact, it is easy to verify that anything faster than double-exponentiblago work.
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Fig. 8. The BSC Waterslide curve far= 0.3, R = 1/3. An upper bound (from Section IV-C) that is parallel to the lower boundlss
shown along with the heuristically optimal transmit power. This transmit pasviarger than that predicted by the Shannon limit for small

probabilities of error. This suggests that the transmitter has to make atmtetions for the decoder complexity in order to minimize the
total power consumption.

zero or the denominator becomes infinite. For AWGN or BSC chanttee slope of the error exponeftR, () is
monotonically decreasing as the SR~ oo and so the unique solution is wheféR, () = D(C~(R)||Pr) = 0.
This occurs atPr = C~'(R) and so the lower bounds of this section do not rule out weakfyacity-achieving
codes.

In the other direction, as the term gets large, thé’,(R,~) increases. This matches the intuition that as the
relative cost of decoding increases, more power should loeatbd to the transmitter. This effect is plotted in
Figure 9. Notice that it becomes insignificant whenis very small (long-range communication) but becomes
non-negligible whenever the exceedd.1.

Figure 10 illustrates how the effect varies with the desitae k. The penalty for using low-rate codes is quite
significant and this gives further support to the lessons difaam [20], [21] with some additional intuition regarding
why it is fundamental. The error exponent governing the poditya of error as a function of the neighborhood
size is limited by the sphere-packing bound at iate this is finite and the only way to increase it is to pay more
transmit power. However, the decoding power is proportiomahe number of received samples and this is larger
at lower rates.

Finally, the plots were all made assuming that the neighlmthsize n could be chosen arbitrarily and the
number of iterations could be a real number rather than besagicted to integer values. This is fine when the
desired probability of error is low, but it turns out thatghnteger effect cannot be neglected when the tolerable
probability of error is high. This is particularly significamthen~ is large. To see this, it is useful to consider
the boundary between when uncoded transmission is optintalwaen coding might be competitive. This is done
in Figure 11 where the minimum log, (/) power required for the first decoder iteration is instead mite the

transmitter. Oncey > 10, it is hard to beat uncoded transmission unless the desigibility of error is very low
indeed.



14

25

20

-1 .
Popt/C (R) indB
(I
a1

0
log, ,(¥)

Fig. 9. The impact ofy on the heuristically predicted optimum transmit power for the BSC use®l at%. The plot shows the gap from
the Shannon prediction in a factor sense.

C. Upper bounds on complexity

It is unclear how tight the lower bounds given earlier in théstion are. The most shocking aspect of the lower
bounds is that they predict a double exponential improvenmeprobability of error with the number of iterations.
This is what is leading to the potential for weakly capacitiiaving codes. To see the order-optimality of the
bound in principle, we will “cheat” and exploit the fact thatir model for iterative decoding in Section Il does
not limit either the size of the messages or the computdtipoaer of each node in the decoder. This allows us
to give upper bounds on the number of iterations requiredafgiven performance.

Theorem 3: There exists a code of rafé < C' such that the required neighborhood size to achié¥¢ average
probability of error is upper bounded by

logy (ﬁ)

< — 7 21
whereFE,.(R) is the random-coding error exponent for the channel [24]. fBg@ired number of iterations to achieve
this neighborhood size is bounded above by

1 -2 <o) (22)

logs (v
Proof: This “code” is basically an abuse of the def%r%igtions. We simdg a rateR random code of length
from [24] where each code symbol is drawn iid. Such random sdiddecoded using ML decoding satisfy

<P€>P < <Pe>b|ock < exp(—nET(R)). (23)

The decoder for each bit needs at mesthannel-output symbols to decode the block (and hence atigyar
bit).

Now it is enough to show an upper bound on the number of itarati. Consider a regular tree structure imposed
on the code with a branching factor af and thus overall degree + 1. Since the tree would have a? nodes
in it at depthd, a required depth off = EEQEZ; + 1 is sufficient to guarantee that everything within a block is
connected. ’
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Fig. 10. The impact of ratd& on the heuristically predicted optimum transmit power 4o 0.3. The plot shows the Shannon minimum
power, our predictions, and the ratio of the difference between the tweoet&liannon minimum. Notice that the predicted extra power is
very substantial at low data rates.

Designate some subset of computational nodes as respofaitidecoding the individual message bits. At each
iteration, the “message” transmitted by a node is just thepdete list of its own observation plus all the messages
that node has received so far. Because the diameter of astnee more than twice its depth, at the end2df
iterations, all the nodes will have received all the valuesegeived symbols in the neighborhood. They can then
each ML decode the whole block, with average error proldgibgiven by (23). The result follows. [ |

For both the AWGN channel and BSC, this bound recovers thec dasthavior that is needed to have the
probability of error drop doubly-exponentially in the nuemkof iterations. For the BSC, it is also clear that since
E.(R) = D(C~'(R)||p) for ratesR in the neighborhood of capacity, the upper and lower bousdsrgially agree
on the asymptotic neighborhood size whgn) — 0. The only difference comes in the number of iterations. This
is at most a factor of and so has the same effect as a slightly diffeigntin terms of the shape of the curves
and optimizing transmit power.

We note here that this upper bound suggests that the decowidgl of Section Il is too powerful rather than
being overly constraining. It allows free computations atlenode and unboundedly large messages. This suggests
that the lower bounds are relevant, but it is unclear whethey are actually attainable with any implementable
code. We delve further into this in Section VI.

V. THE GAP TO CAPACITY AND RELATED WORK

Looking back at our bounds of Theorems 1 and 2, they seem to suggE a certain minimum number of
iterations {og,, ﬁ where f(R, Pr) = D(G||P) involves the channel-specific noise distribution a#ds the
noise level for which the capacity is exactly equalRpare required and after that, the probability of error cawpdr
doubly exponentially with additional iterations. This péets the result of [40, Theorem 5] for regular LDPCs that
essentially implies that regular LDPCs can be considered hyemdctainty-achievingcodes. However, our bounds
above indicate that iterative decoding might be compatitith weakly capacity-achievingcodes as well. Thus,
it is interesting to ask how the complexity must behave if vperate very close to capacity. Following tradition,
denote the difference between the channel capatitl?) and the ratek as thegap = C(P) — R.
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Fig. 11. The probability of error below which coding could potentially befuls& his plot assumes an AWGN channel used with BPSK
signaling and hard-decision detection, target messageRatel, and an underlying iterative-decoding architecture wite= 3. This plot
shows what probability of error would be achieved by uncoded trasgmnigrepetition coding) if the transmitter is given extra power beyond
that predicted by Shannon capacity. This extra power correspondsittoettuired to run one iteration of the decoder. Oncegets large,
there is effectively no point in doing coding unless very low probabilitiesrodr are desired.

Since our bounds are general, it is interesting to compara thigh the existing specialized bounds in the vicinity
of capacity. After first reviewing a semi-trivial bound in Sect V-A to establish a baseline, we review some key
results in the literature in Section V-B. Before we can give asymptotic results, we take another look at the
waterfall curve in Figure 1 and notice that there are a numbatifterent paths that all approach the Shannon
limit. These are discussed in Section V-C and we first take atiwadi path in Section V-D to give a minimum
number of iterations that scales likdog,, %p. Other paths are explored in Section V-E to show more pracisel
when such a bound on the number of iterations can be deduced.

A. The trivial bound for the BSC

Given a crossover probability, it is important to note that there exists a semi-trivial bdwn the neighborhood
size that only depends on tH&.). Since there is at least one configuration of the neighborhbatvtill decode
to an incorrect value for this bit, it is clear that

(Pe) = p". (24)

This implies that the number of computational iterations dodecoder with maximum decoding degree- 1 is
log log =~ —log log £ S
lower bounded byOg ®Ta %5 This trivial bound does not have any dependence on the ¢g@ad so does

log

not capture the fact that the complexity should increaséhagdp shrinks.

B. Prior work
Before addressing the sparse-graph-code liter&uiteis useful to recall how historically, information-thesgic
progress has been made from two complementary directiansexample, for general block-codes random-coding

121t would be inappropriate to do a complete survey of the entire literature. hiestead the goal here is give a perspective on the lines
of investigation that have been pursued and how they are complemeéattrst of this present paper.
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and expurgated error exponents gave achievable tradesifisebn complexity and probability of error while sphere-

packing and straight-line bounds gave converses [24].08lgh linear codes can be used to show achievability, no
such assumption was made for the converse. The same genpraaelp was followed when considering special

subclasses of codes. For example, when considering cofiasdlesing dynamic systems Viterbi's error-exponent

achievability used finite-constraint-length linear comtmnal codes while the converse only required a finite-state
encoder [37].

As sequential decoding became an attractive suboptimalditeg algorithm, the same principle was used to
understand both its limits and potential. Jacobs and Bangk made no assumptions on the code and showed
that the effort required in sequential decoding is lowemited by a Pareto random variable [29]. Investments in
finite buffer memoryl" and computational speed can achieve at best a polynomi(al%)/) return on investment
in the probability of bit error. This polynomial powgr — 0 as the rateR approaches the channel capacity.
Alternatively, successively smaller moments of the randmmber of computations diverge as the rate approaches
capacity. Even with infinite memory and a tolerance for arhilfrdong delays, the results of [29] imply that there
is a computational cutoff rate for sequential decodingeswonding to when the average number of computations
must diverge. These bounds were matched from the other sitheashievability results that used random linear
convolutional codes and specific sequential decoding dlgos [36], [48].

Regular LDPC codes were introduced in Gallager's Ph.D. thésigjavith natural iterative decoding algorithms
[38] that can be interpreted as messages being passed waithipartite graph along edges representing Ithen
the sparse parity check matrix [49]. The attraction of suctiesois the low complexity of decoding — naturally
measured by the number of iterations and the complexity tpeation. For regular LDPCs, Gallager also proved a
partial converse: that the degree of the parity-check gfapd hence the number of operations per iteration) must
diverge to infinity in order for these codes to approach capasien under ML decoding [38, Pg. 40].

After the ‘rediscovery’ of LDPC codes, these bounds were sylsetly generalized in [50] to binary-input
memoryless symmetric channels and to a class of finite statkdMiachannels [51]. Sason and Urbanke show
in [52] that even for irregular LDPCs, the average number ofeedger information bit must go to infinity as
Q(log, (é)). Here we use th€) notation to denote lower-bounds in the order sense of [53§ fbeus in this
line of investigation tends to be on finding properties of gatjree distributions that can approach capacity
under iterative decoding, with a particular focus on depiglg techniques to accurately evaluate the thresholds.
The simplest possible nontrivial channel: the binary emsimannel (BEC) became a particular focus of attention
as it is more amenable to analysis. See [39] for a more compiete/iew.

The graphical representation of codes is not merely conuéeog understanding LDPC codes, it also allows
for the design of new codes. For a linear code defined by a desasse graph (not necessarily bipartite), the
concept of average degree in LDPCs was generalizegtaphical complexitywhich is the number of edges per
information bit in the graph. The dominant line of investigatthus asked a natural question: does the graphical
complexity increase to infinity for all sparse-graph codeshay attempt to approach capacity?

The motivation for examining graphical complexity is espélgi clear within the BEC context: in a semi-
sequentidf model of decoding, once a variable node has decided on iteyiilis never going to change. Thus
a message only needs to be passed once over each edge. kbutithat puncturing of an LDPC code is enough
to allow an escape from the LDPC-style bounds. Pfister, Sason, evahke demonstrate in [54] a BEC-capacity-
approaching family of non-systematic codes whose graphicalels contain a bounded average number of edges
per information bit. Hsu and Anastasopoulos extended theltren [55] to codes for noisy channels with bounded
graphical complexity. Pfister and Sason further extended &} by giving systematic constructions for the BEC
with similar properties.

These newer codes evade the LDPC-style bounds by being coatiatenof two different sparse-graph codes
that together result in a non-sparse parity-check matrowéver, the underlying sparsity of the concatenated codes
allows for low-complexity iterative decoding to be perfadby passing messages along sparse graphs. It is within
this line of investigation that the issue tife number of iterationkias begun to be considered since the issue of
graphical complexity was now settled, as noted in [57]. 18,[®g. 69-72] and [59], Khandekar and McEliece

BThis is not a truly parallel model of computation since there is no accouftinthe cost of “null” messages that are transmitted over
edges during iterations in which there is nothing useful to say over tha edg
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conjectured that for all sparse-graph codes, the numbedeiations must scale either multiplicatively as

(e ()
(e on ()

in the near neighborhood of capacity as the probability ebregoes to zero. This conjecture is based on an
EXIT-chart graphical argument concerning the messagermpdecoding of sparse-graph codes over the BEC. The
intuition was that the bound should also hold for general wmgtass channels, since the BEC is the channel with
the simplest decoding.

In [60], Sason considers specific families of codes: the LDPC s;atte Accumulate-Repeat-Accumulate (ARA)
codes, and the Irregular-Repeat Accumulate (IRA) codemdJtsome remarkably simple bounds, he demonstrates
that the number of iterations usually scalesﬁa(séi—p) for the BEC, partially resolving the Khandekar-McEliece
conjecture. If, however, the fraction of degreaetodes for these codes converges to zero, then the bound8]in [6
become trivial. Sason notes that all the known traditionalipacity-achieving sequences of these code families
have a non-zero fraction of degreezodes.

In addition, the bounds in [60] do not imply that the numberdefcoding iterations must go to infinity as
(P.) — 0. So the conjecture is not yet fully resolved. We can observeekier that both of the conjectured bounds
on the number of decoding iterations have only a singly-agptial dependence of the probability of error on
the number of iterations. The multiplicative bound (26) befsalike a block or convolutional code with an error-
exponent of K x gap and so, by the arguments of Section II-B.3, is not compatibith such codes being weakly
capacity achieving in our sense. However, it turns out thatadditive bound (25p compatible with being weakly
capacity achieving. This is because the main role of the @eakponential in our derivation is to allow a second
logarithm to be taken that decouples the term depending errémsmit power from the one that depends on the
probability of error. The conjectured additive bound (253% llaat form already.

As can be seen from the above discussion, the work on codgmosesgraphs has largely been on the achievability
side with a goal of finding capacity-achieving code familieshweasonable decoding complexity. To the extent
that converse results are known, they tend to be in the cooatespecific families of codes. The results in this paper
complement the literature by being in the spirit of Jacobd Berlekamp [29] in that we make no assumptions
about the code and focus instead purely on the implicatibtiseodecoding model. See Table | for a quick summary
comparison.

or additively as

TABLE |
COMPARISON OF VARIOUS RESULTS ON COMPLEXITYPERFORMANCE TRADEOFFS
| Reference [ Codes | decoding algorithm | channel | Lower bound on complexity |
Gallager [38] regular LDPC ML (and hence all) BSC code densityQ(log(1/gap))
Burshteinet al [50] LDPC ML (and hence all) Symmetric | code densityQ(log(1/gap))
Sasonet al [52] (including irregular) memoryless
Khandekaret al [59], LDPC, IRA, ARA MP decoding BEC iterations%$2(1/gap)
Sasonet al [60]
o _1
This paper all any bounded«-degree BSC or iterations= Q) <loga(%)>
(including non-linear) iterative decoding AWGN

We believe the results here are amenable to specializatispdcific code families as well. In particular, it seems
clear that Theorem 1 could be specialized to regular LDPC codgghet it would become tighter along the way.
Such a modified bound would show that as the gam Gallager’s thresholdconverges to zero, the number of
iterations must diverge to infinity. However, it would perrdiiuble-exponential improvements in the probability of
error as the number of iterations increased.
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C. '‘Gap’ to capacity

In the vicinity of capacity, the complication is that for afigite probability of bit-error, it is in principle possible
to communicate at ratembove the channel capacity. Before transmission, thbits could be lossily compressed
using a source code to (1 — hy((P:)))k bits. The channel code could then be used to protect theseahilsthe
resulting codeword transmitted over the channel. Afterodéay the channel code, the receiver could in principle
use the source decoder to recover the message bits with aptabte average probability of bit erfdrTherefore,
for fixed (P.), the maximum achievable rate %

Consequently, the appropriatetal gapis #((PJ) — R, which can be broken down as sum of two ‘gap’s

C C
1—/%(<Pe>>R:{1_hb(<pe>)C}+{CR} (27)

The first term goes to zero d#.) — 0 and the second term is the intuitive idea of gap to capacity.

The traditional approach of error exponents is to study thewier as the gap is fixed arf@.) — 0. Considering
the error exponent as a function of the gap reveals some#iiagt how difficult it is to approach capacity. However,
as we have seen in the previous section, our bounds predittielexponential improvements in the probability
of error with the number of iterations. In that way, the bosid Section V-D share a qualitative feature with the
trivial bound of Section V-A.

The natural other path is to fi&P.) > 0 and letR — C. It turns out that the bounds of Theorems 1 and 2 do
not give very interesting results in such a case. We rié&@l — 0 alongsideR — C'. To capture the intuitive idea
of gap, which is just the second term in (27), we want to be #&blassume that the effect of the second term
dominates the first. This way, we can argue that the decodinglesity increases to infinity agap — 0 and not
just becauséP.) — 0. For this, it suffices to consideiP,) = gap®. As long asg > 1, the 2log,, ﬁ scaling on
iterations holds, but it slows down &3 log,, ﬁ for 0 < 8 < 1. Wheng is small, the average probability of bit

error is dropping so slowly witlgap that the dominant gap is actually t —hi(&)) - C) term in (27).

D. Lower bound on iterations for regular decoding in the vigimof capacity

Theorems 1 and 2 can be expanded asymptotically in the wiocdfitapacity as(P.) — 0 to see how many
additional iterations are required because of the smalltgagapacity. As before, it is clear by examining (7) for
the BSC and (11) for the AWGN case that— oo as (P.) — 0. The divergence term is thus the key and(so
quickly approache€’ ! (R) to maximize the divergence.

For the BSC, it is easy to see that this diverged2@” ~!(R)||P) is just the sphere-packing exponent [25].
When close to capacity, this is the same as the random-canog exponent and it is known that this behaves
quadratically (ag< gap?) when the rate is close to capacity [24]. This shows that thghberhood size must grow

proportional toﬁ and by takinglog, shows that agP.) — 0, the minimum number of iterations scales like

log,, In <]_];E<N+ 2log, ﬁ +o(---).
A

In the AWGN case, the divergence expression is not the sanhe aphere-packing bound and so some calculation
is required. It is useful to rewrite the standard AWGN cafyaekpression in terms of the channel noise variance:

Pr
As (P.) — 0, it is clear that the raticg% — %(RC)). Let snr = % =22¢ _1.If R=C — gap, then
o0& 220 —1
g - 22C9—2gap __ |

snr
(snr+1)exp(—(2In2)gap) — 1
snr+1)2In2 snr+ 1)(snr + 2)(21n 2)2
( ) gap+( )( i )(2In2)
snr 2snr

~ 1+ gap® + o(gap®).

Y1deally, we would be able to bound the complexity of all these source-ganfierations as well and get tighter bounds. However, we
do not do that here since the focus is entirely on decoding.
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Plugging this into the expression for the Gau§sian2 divergen taking a second-order Taylor expansion of the
natural logarithm givesD(C~1(R)||P) ~ %g‘apQ for small gap. Thus in this case also, the minimum

number of iterations scales likeg,, In ﬁ +2log,, ngp +o(---). The dependence on the signal-to-noise ratio also
suggests that this bound is overly conservative whenrstings low.

E. Lower bound on iterations as we approach capacity

The previous section suggests that the dominant terms gogaire number of iterations as we approach capacity
1

are log,, In 77~ + 2log, ﬁ. However, the argument of the previous section requires {Ra — 0 for a finite
non-zerogap. The form of the expression however, seems to suggest thess(#.) is going to zero very rapidly,
the dominant term could be thiHog,, é. To verify this, in this section we consider a joint path tgaeity with
(P.) = gap”.

Theorem 4: For the problem as stated in Section Ill, we obtain the folfayvlower bounds on the required
neighborhood size for (P.) = gap® and gap — 0.

For the BSC,

« Forg<1,n=0 %.
_ log, (1/gap)

« Forg>1,n=0qQ(~2. /2.

For the AWGN channel,

1

e FOrg>1,n=90 galp2 )
Proof: We give the proof here in the case of the BSC with some detdiégated to the Appendix. The
AWGN case follows analogously, with some small modificatitimast are detailed in Appendix IV.
Let the code for the given BS®@ have rateR. Consider BSC channelS, chosen so that’(G) < R < C(P),

whereC(-) maps a BSC to its capacity in bits per channel use. Takigg(-) on both sides of (7) (for a fixedl),

log ((P.)p) > logs (i (6(G))) — 1 — D (gllp) — ev/mlog, (jjg j];;) . (29)
Rewriting (29),
D (allp) + evintons (1= ) + logs (P) ~ logs (1 (G(G)) 120 (30)

This equation is quadratic iR/n. The LHS potentially has two roots. If both the roots are nof, réeen the
expression is always positive, and we get a trivial lowerrabof \/n > 0. Therefore, the cases of interest are
when the two roots are real. The larger of the two roots is afdweend on,/n.

Denoting the coefficient ofi by a = D (g||p), that of \/n by b = elog, (%:g’;), and the constant terms by

¢ =logy ((P.)p) —log, (k' (6(G))) + 1 in (30), the quadratic formula then reveals
_ 7 _
Vs b+ W'

Since the lower bound holds for gl satisfyingC(G) < R = C' — gap, we substituteg* = p + gap”, for some
r < 1 and smallgap. This choice is motivated by examining Figure 12. The condtraia 1 is imposed because
it ensuresC'(¢g*) < R for small enoughgap.
Lemma 1: In the limit of gap — 0, for g* = p + gap” to satisfyC(¢*) < R, it suffices that- be less than 1.
Proof:

(31)

Clg") = Clp+gap")
= C(p)+gap" x C'(p) + o(gap")
< C(p)—gap=R,
for small enoughgap andr < 1. The final inequality holds sinc€'(p) is a monotonically-decreasing concave-

function for a BSC withp < % whereasgap” increases faster than any linear functiongap when gap is small
enough. ]



21

*

log, ,(9 —P)

-7 -6.5 -6 -5.5 -5 -4.5 -4 -3.5 -3
log, (gap)

Fig. 12. The behavior of, the optimizing value of; for the bound in Theorem 1, witgap. We plotlog(gopt — p) Vs log(gap). The
resulting straight lines inspired the substitutiongdf= p + gap”.

In steps, we now Taylor-expand the terms on the LHS of (30) et p.
Lemma 2 (Bounds onhy(p) and h; ' (p) from [61]): For alld > 1, and for allz € [0, 3] andy € [0, 1]

hp(z) > 2z (32)
ho(z) < 22'7Y4d/In(2) (33)
_ _a_ (In(2) =
1 > d—1
w0 () (34)
_ 1
hy, "(y) < 2Y (35)
Proof: See Appendix IlI-A. ]
Lemma 3:
1" log, (gap) — 1 + K1 +o(1) < log, (hy ' (6(g%))) < r log, (gap) — 1 + Kz + o(1) (36)
where K = ;4 gogQ ('g’((ﬁ))? + log, (%)) whered > 1 is arbitrary andK; = logQ(}g((g))).
Proof: See Appendix IlI-B. ]
Lemma 4: o
D(g"llp) = g7t (L4 0(1)). (37)
. 2p(1—p)In(2)
Proof: See Appendix IlI-C. ]
Lemma 5:
log, <g*(1—p)> _ Lpr(l +o(1)).
p(l—-g*)) p(1—p)n2)

Proof: See Appendix IlI-D. ]
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Lemma 6:

| rd 1
N g2 1+o ) < e S\/(d_l)K(p)\/logz<gap>(1+0(1))

where K (p) is from (10)
Proof See Appendix IlI-E. ]

If ¢ < 0, then the bound (31) is guaranteed to be positive. (Fof » = gap”, the conditionc < 0 is equivalent
to

Blog, (gap) —log, (hy ' (6(g%))) +1 <0 (38)

Since we want (38) to be satisfied for all small enough valugmpfwe can use the approximations in Lemma 3-6
and ignore constants to immediately arrive at the followsndficient condition

ilrlogz (gap) < 0
Bld-1)

ie. r < —
whered can be made arbitrarily large. Now, using the approximationLemma 3 and Lemma 5, and substituting
them into (31), we can evaluate the solution of the quadesgigation.

As shown in Appendix llI-F, this gives us the following loweodnd onn.
n>0 <logz (1/2gap)> (39)
gap*"
for any r < min{g, 1}. Theorem 4 follows. [

Blog, (gap) — y

The lower bound on neighborhood simecan immediately be converted into a lower bound on the minimu
number of computational iterations by just takikg,, (). Note that this is not a comment about the degree of a
potential sparse graph that defines the code. This is just aheuhaximum degree of the decoder’s computational
nodes and is a bound on the number of computational itesatiequired to hit the desired average probability of
error.

The lower bounds are plotted in Figure 13 for various diffenalties of 3 and reveal aogﬁ scaling to the
required number of iterations when the decoder has boundgded for message passing. This is much larger
than the trivial lower bound ofog logg%p but is much smaller than the Khandekar-McEliece conject%{e}dor

gapl 29 (g;p) scaling for the number of iterations required to traversehquaths toward certainty at capacity.

It turns out to be easy to show that the upper bound of Theoreine3 gise to the samg;? scaling on the
neighborhood size. This is because the random-coding expmnent in the vicinity of the capacity agrees with
the sphere-packing error exponent which just has the qtiadeam coming from the KL divergence. However,
when we translate it from neighborhoods to iterations, the bounds asymptotically differ by a factor 8fthat
comes from (22).

VI. CONCLUSIONS AND FUTURE WORK

In this paper, we use the inherently local nature of mesgagsing decoding algorithms to derive lower bounds
on the number of iterations, and hence on the power consamptithe decoder. It is interesting to note that with
so few assumptions on the decoding algorithm and no assoinsptin the code structure, the number of iterations
still diverges to infinity asgap — 0. As compared to [62] where a similar approach is adoptedbtiumds here are
more general, stronger, and indeed tight in an order semsbdaecoding model considered. To show the tightness
(in order) of these bounds, we derived corresponding uppandbs that behave similar to the lower bounds, but
these exploit a loophole in our complexity model. Our moddlaonsiders the limitations induced by the internal
communication structure of the decoder — it does not ragtre computational capabilities of the nodes within the
decoder. Even so, there is still a significant gap between goerugnd lower bounds in terms of the constants and
we suspect this is largely related to the known loosenesheophere-packing bound [63], as well as our coarse



23

'~ —pB=15
- © -"“balanced” gaps| ]
—»—[3=0.75
---B=05

14

12 ~O.

10

l0g,(n)

100, (62p)

Fig. 13. Lower bounds for nelghborhood size vs the gap to capamtyﬁgr— gap® for various values of3. The curve titled “balanced”
gaps shows the behavior fqri C = C — R, that is, the two ‘gaps’ in (27) are equal. The curves are plotted by Hfoute
optimization of (7), but reveal sfopes that are as predicted in Theorem 4

bounding of the required graph diameter. Techniques anakd¢o those of [64] might improve the constants in
our bounds. Our model also does not address the power rawrite of encoding.

Because we assume nothing about the code structure, thelddeme are much more optimistic than those
in [60]. However, it is unclear to what extent the optimismaafr bound is an artifact. After all, [40] does get
double-exponential reductions in probability of errorlwadditional iterations, but for a family of codes (regular
LDPCs) that does not approach capacity with iterative degpdihis suggests that an investigation into expander
codes might help resolve this question since expander amaiegpproach capacity, be decoded using a circuit of
logarithmic depth (like our iterations), and achieve emgponents with respect to the overall block length [65].
It may very well be that expanders or expander-like codesbeashown to be weakly capacity achieving in our
sense.

For any kind of capacity-achieving code, we conjecture thatoptimizing transmit power will be the sum of
three terms

Pi = C~Y(R) + Tech&, o, Epoge, R) = A((P.), R, &, @, Brode)-

« C~!(R) is the prediction from Shannon’s capacity.

. Tecf({, a, Epode, R) 1S the minimum extra transmit power that needs to be used ptsyically to help reduce
the difficulty of encoding and decoding for the given applimatand implementation technology. Solving (20)
and subtracting”~!(R) gives a heuristic target value to aim for, but it remains aeroproblem to get a tight
estimate for this term.

e A((P.), R, §,a E,0qe) is an amount by which we should increase or reduce the trarmsmier because we
are willing to tolerate some finite probability of error ane thon-asymptotic behavior is still significant. This
term should go to zero a&,) —

Understanding the second term Te{ahy, E,.qe, R) above is what is needed to give principled answers regarding

how close to capacity should transmitters be operated.

The results here indicate that strongly capacity-achiewioding systems are not possible if we use the given

model of iterative decoding. There are a few possibilitiestive@xploring.
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1) Our model of iterative decoding left out some real-wontdnputational capability that could be exploited to
dramatically reduce the required power consumption. Thexdhaee natural candidates here.

« Selective and adaptive sleep:the current model, all computational nodes are activelysaming power
for all the iterations. If there was a way for computationatles to adaptively turn themselves off and use
no power while sleeping (see [66] for a circuit/CAD perspective oglsgystems), then the results might
change. We suspect that bounding the performance of suténsyswill require neighborhood-oriented
analogies to the bounds for variable-block-length codisig],[[68].

« Dynamically reconfigurable circuitstn the current model, the connectivity structure of compateal
nodes is fixed and considered as unchanging wiring. If thene wweway for computational nodes to
dynamically rewire who their neighbors are (for example byving themselves in the combined spirit
of [22], [69], [70]), this might change the results.

o Feedbackin [27], a general scheme is presented that achieves an énfininputational error exponent
by exploiting noiseless channel-output feedback as welraifinite amount of common randomness.
If such a scheme could be implemented, it would presumablsttomgly capacity achieving as both the
transmission and processing power could remain finite whaldrty arbitrarily low average probability
of bit error. However, we are unaware if either this schemaror of the encoding strategies that claim
to deliver “linear-time” encoding and decoding with an erexponent (e.g. [65], [71]) are actually
implementable in a way that uses finite total power.

2) Strong or even weakly capacity-achieving communicatisiesns may be possible using infallible compu-
tational entities but may be impossible to achieve usingliatsle computational nodes that must burn more
power (i.e. raise the voltages) to be more reliable [72].

3) Either strongly or weakly capacity-achieving commurimasystems might be impossible on thermodynamic
grounds. Decoding in some abstract sense is related to ¢aeoficooling a part of a system [73]. Since an
implementation can be considered a collection of Maxwekmans, this might be useful to rule out certain
models of computation as being aphysical.

Finally, the approach here should be interesting if exterided multiuser context where the prospect of causing
interference makes it less easy to improve reliability bst jincreasing the transmit power. There, it might give
some interesting answers as to what kind of computatiorfaliexicy is needed to make it asymptotically worth
using multiterminal coding theory.

APPENDIX|
PROOF OFTHEOREM 1: LOWER BOUND ON(F,),, FOR THEBSC

The idea of the proof is to first show that the average probgliliterror for any code must be significant if
the channel were a much worse BSC. Then, a mapping is given thas$ the probability of an individual error
event under the worse channel to a lower-bound on its prbtyabnder the true channel. This mapping is shown
to be convexd in the probability of error and this allows us to use this sanspping to get a lower-bound to the
average probability of error under the true channel. We geddn steps, with the lemmas proved after the main
argument is complete.

Proof: Suppose we ran the given encoder and decoder over a test tliammsead.

Lemma 7 (Lower bound on (P.) under test channelG.): If a rateR code is used over a chann@l with

C(G) < R, then the average probability of bit error satisfies

(Peg = by (6(G)) (40)
whered(G) =1 — @. This holds for any channel modél, not just BSCs.
Proof: See Appendix I-A. ]

Let b¥ denote the entire message, and #t be the corresponding codeword. Let the common randomness
available to the encoder and decoder be denoted by the ramaicable U, and its realizations by.
Consider the-th message biB;. Its decoding is performed by observing a particular devgdieighborhoot?

5For any given decoder implementation, the size of the decoding nelghbdmight be different for different bits However, to avoid
unnecessary complex notation, we assume that the neighborhoaals theesame size corresponding to the largest possible neighborhood
size. This can be assumed without loss of generality since smaller dgcoeeighborhoods can be supplemented with additional channel
outputs that are ignored by the decoder.
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of channel outputgr,,;. The corresponding channel inputs are denotesty;, and the relevant channel noise by
Znbdi = Xnbdi D Ynba: Wheree is used to denote modulbaddition. The decoder just checks whether the observed
Y0oa: € Dy.i(0,u) to decode taB; = 0 or whethery?,,; € Dy.(1,u) to decode taB; = 1.

For givenxy,q;, the error event is equivalent iy, falling in a decoding regioﬂ)z,i(xﬁbqi,b’f, u) =Dy (1@
bi,u) @ Xppq;- Thus by the linearity of expectations, (40) can be rewritisn

L ! n n —
k 2 2k > D Pr(U=u) Pr(Zppq; € D, i(Xfpa; (BT, u), bY, u)) > byt (5(@)) . (41)
) b’f u

The following lemma gives a lower bound to the probability af event under channd? given a lower bound
to its probability under channé¥.
Lemma 8: Let A be a set of BSC channel-noise realizatiaffssuch thatPr(A) = 6. Then

Pr(4) 2 f (6) (42)
where ()
_ T 5nD(gllp) (P(l - 9)>E o
x)=—=2 43
@) =3 s (43)
is a convexd increasing function of: and
1 2
e(r) =4/ ——1o — . 44
Proof: See Appendix I-B. ]

Applying Lemma 8 in the style of (41) tells us that:

(Pl = 13 g5 30 SO PrHU = ) Pr (Zig, € Doy (b, ) b))
[ b’l'»' u
> LS S SR = ) (Pr (i € D (0 ). b)), (45)
7 b’f u

But the increasing functiorf(-) is also convexd and thus (45) and (41) imply that

1 1 " n
(P)p = £ Y0 36 D0 D Pr(U = u) Pr (Zy; € Deyi(ipas(bF, ), b, ) ))
i bF u
> flhy ' (8(G)).
This proves Theorem 1. ]

At the cost of slightly more complicated notation, by folliong the techniques in [27], similar results can be
proved for decoding across any discrete memoryless chagneding Hoeffding’s inequality in place of the Chernoff
bounds used here in the proof of Lemma 7. In place of the KL-d&mece termD(g||p), for a general DMC the
arguments give rise to a termax, D(G,||P,) that picks out the channel input letter that maximizes tlerdience
between the two channels’ outputs. For output-symmetranohkls, the combination of these terms and the outer
maximization over channel§ with capacity less tha® will mean that the divergence term will behave like the
standard sphere-packing bound wheis large. When the channel is not output symmetric (in thesasagi [24]),
the resulting divergence term will behave like the Haroignrbound for fixed block-length coding over DMCs
with feedback [74].
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A. Proof of Lemma 7: A lower bound qi,) ..
Proof:

H(BY) - H(BY[YT) = IB}YT) < I(X:YT) < mO(G).

Since theBer(3) message bits are iid (BY) = k. Therefore,

1 m C(G
L@y =1 - S (46)
Suppose the message bit sequence was decodedﬁ@.hﬁenote the error sequence E% Then,
B! = BY o BY, (47)

where the additior is modulo 2. The only complication is the possible randonmzabf both the encoder and
decoder. However, note that even with randomization, the messagB’f is independent oB’f conditioned on
Y. Thus,
HBYY?) = H(BYaBi[YD)
H(BY & BY|[YT") + I(B}; BY[YT")
= H(B} @ Bf|YT") — H(B}[Y", BY) + H(B}[YT)
I(B} @ BY; BY|YT") + H(BY|YT")

> H(BYYT")
c(G)
> k(1 2
> k( 7o)
This implies
K
| _ (@)
_ |y'™m > -7
. ZE 1 H(B|[Y") > 1 D (48)
Since conditioning reduces entrop,(B;) > H(B;|Y'"). Therefore,
k
1 _ (@)
- ) >1-
k: Y H(B;)>1 i (49)

Since B; are binary random variableg/ (B;) = hy((Pe,i);), Wherehy(-) is the binary entropy function. Since
hy(+) is a concaves function, ;' (+) is convexw when restricted to output values frojfy 1]. Thus, (49) together
with Jensen’s inequality implies the desired result (40). ]

B. Proof of Lemma 8: a lower bound d. ;) , as a function of( 2. ;) ..
Proof: First, consider a stronglg=—typical set ofzp,;, given by

Tec = {z7 s.t. Zzi —ng < ey/n}. (50)
i=1

In words, 7 ¢; is the set of noise sequences with weights smaller #han- e /n. The probability of an eventl
can be bounded using

y = PGr(Z? €A
= PGr(Z’f cANT.q)+ %r(Z’f € ANTS)
< Pr(Zi e ANT.q) + Pr(Z1 € Ti).

Consequently,
Pr(Zt € ANT.q) 2 6 — Pr(Tc)- (51)
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Lemma 9: The probability of the atypical set of Bernoullichannel noisg Z;} is bounded above by

M7 — 2
Pr (M > e) < 9 K(g)e (52)
a vn
where K (g) = _inf Digtnllg)
n<l—g n*
Proof: See Appendlx I-C. ]
Choosee such that
9—K(g)e*  _ g
2
1 2
; 2
Le. e = lo - . 53
K(g) % (5 ) 3)
Thus (51) becomes 5
Pr(Z” €cAnNT.g) > 7 (54)

Let n,» denote the number of ones #%. Then,
Pr(Zi = zy) = g™ (1 — g)" ™. (55)
This allows us to lower bound the probability df under channel lawP as follows:
Pr(Zi € A) > Pr(Zi€ANTg)

- ¥ PrP(Zl)Pr()

z{‘GAﬂﬂc a(#y) @
_ P )
- Z?E;ZGQ T %( 1)

(1—p)" oy (PL=g) )T
= gy ZG;T Pf)?r(zl)<g(1—p)>

(
1— g ng+ev/n
e Vo) MU
ev/n
> 9 5—nD(g|lp) <p(1 —9)) '
2 9(1—p)
This results in the desired expression:

e(x)v/n
_ % y—nD(glp) <P(1—9)>
r)=—=2 . 56
f@) =1 ) (56)
where e(z) = %logQ (2) To see the convexityr of f(z), it is useful to apply some substitutions. Let
o =227 > 0 and leté = OIY ln(g§1 pg) Notice that¢ < 0 since the term inside thia is less thari.

Then f(x ) =cjzexp({vIn2 —Inx).

Differentiating f(x) once results in
—f )
In(2) + In(2)

By inspection,f’(z) > 0 for all 0 < x < 1 and thusf(x) is a monotonically increasing function. Differentiating
f(x) twice with respect tac gives

c1 exp (§ In(2) + ln(%)) 1+ 1 _ £ . (58)
2,/In(2) +In(1) 2(In(2) +1In(3)) o In(2) + In(2)

f'(z) = crexp <§ In(2) + 1n(i)> (1+ (57)

f@) = —¢
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Since¢ < 0, it is evident that all the terms in (58) are strictly posgtivihereforef(-) is convexw. ]

C. Proof of Lemma 9: Bernoulli Chernoff bound
Proof: Recall thatZ; are iid Bernoulli random variables with megn< 1/2.
(7. — (7. —
pr(=ilZiz9) s ) _pp (2il%im9) Lo (59)
vn n

wheree = \/n¢ and son = €2 /¢2. Therefore,

PI‘(ZZ(ZZ - g)

NG >e) <[((1—g)+gexp(s)) x exp(—s(g+¢€))]" forall s> 0. (60)
Chooses satisfying
__ 9 1 _
vl = 2 (g 1) (1

It is safe to assume that+€ < 1 since otherwise, the relevant probabilityignd any bound will work. Substituting

(61) into (60) gives
Pr >.i(Zi—g) > e
LD
This bound holds under the constraﬁét: n. To obtain a bound that holds uniformly for all we fix ¢, and take
the supremum over all the possitdesalues.

(Z; — D €
(ST = L e 2T

_ D(g+€llg) €2
2

IN

: D(g +€llg)
< — 2 e~ 7
exp( 1n<2)€ 0<é2£ g ,gz ),

giving us the desired bound. ]

APPENDIX I
PROOF OFTHEOREM 2: LOWER BOUND ON(F.), FORAWGN CHANNELS

The AWGN case can be proved using an argument almost idetithé BSC case. Once again, the focus is on
the channel nois¢ in the decoding neighborhoods [75]. Notice that Lemma 7 direpplies to this channel even
if the power constraint only has to hold on average over allebmoks and messages. Thus, all that is required is
a counterpart to Lemma 8 giving a convexmapping from the probability of a set of channel-noise ezdions
under a Gaussian channel with noise variangeback to their probability under the original channel withiseo

varianceos?.
Lemma 10: Let A be a set of Gaussian channel-noise realizatidhsuch thatPrs(A) = §. Then
Pr(4) = f (6) (62)
where
) 91 o 3 2 o2,
f(6) = 5 exp(=nD(ogllop) — vn(5 +2In{ <)) | =5 —1)). (63)
2 2 0 op

Furthermore f(z) is a convex increasing function iry for all values ofc? > o%.
In addition, the following bound is also convexwhenevers?, > o%u(n) with u(n) as defined in (13).

1) 1 T
10) = 5 expl-nDloBlo?) - 5o(n.0) (% ~1)) (64)
P
where¢(n,d) is as defined in (16).
Proof: See Appendix II-A. ]

With Lemma 10 playing the role of Lemma 8, the proof for Theoremiépeds identically to that of Theorem 1.

It should be clear that similar arguments can be used to psmaiar results for any additive-noise models for
continuous output communication channels. However, we atobelieve that this will result in the best possible
bounds. Instead, even the bounds for the AWGN case seemtsubbpecause we are ignoring the possibility of
a large deviation in the noise that happens to be locallynatigto the codeword itself.



A. Proof of Lemma 10: a lower bound di. ;)

p as a function of( P. ;) -
Proof: Consider the length- set of G-typical additive noise given by

zn 2 _ ’I’LO‘2
7—67G:{Z711:|1Hn Gge}
With this definition, (51) continues to hold in the Gaussiaseca

(65)
There are two different Gaussian counterparts to Lemma 9. Tieehath expressed in the following lemma
Lemma 11: For Gaussian noisg; with varianceo¢,

29

1 77

Pr(=> Zb>1+ )< <(1+
G

Furthermore

n
110G

€ € %
Des(-5)) (66)
e el
1. 7?2 € Vne
Pr(—=) —&>1+ —) < exp(f—)
n ; o e oG
Proof: See Appendlx II-B.

To havePr(TecG) < 2,
So

(67)
for all € > 30@
it suffices to pick any(é,n) large enough.

Pr(A) >

P

68)
e (@)m (-tatr? (5
exp (—(nag + ne(8,n)) (2;% _ >
- oo (-5 (5

_ — nD(o2 02

e )
where D(o||op) is the KL-divergence between two Gaussian distributionsasfancessz andoy, respectively.
Substitute (69) back in (68) to get

(69)

e(6,n)n (o > 20 2 >

Pr(A exp <— ( —1) —nD(cgl||lo / fa(z})dz?

or(4) S (% tlod) [ dotai
) €
3 exp (~nD(alloh) -

(6,n)n i B
20’?; 0% ’
iS €

(70)
At this point, it is necessary to make a choicee®, n). If we are interested in studylng the asymptoticsnas
gets large, we can use (67). This reveals that it is sufficiechtmsee > o2 max( -
2 3+4ln( )
7G n

v

v

Y

or ne(d,n) =
Substltutlng into (70) gives

In(§)—1In(2)
N L ). A safe bet
V(3 +41n(2))o2. Thus (54) holds as well with this choice ofd, n)

Pr(4) = g oxp (~nD(olloh) - Vil

2 O'é

This establishes the desirel-) function from (63). To see that this functiof{x) is convexd and increasing
in x, definec; = exp(—nD(02|jo2) — V(2 + 21n(2)) (gfc - )
f(8) = c10exp(€1n(0)) = ¢16'¢ which is clearly monotonically increasing and convexby inspection

In(2)) andf—Q\f(—— )>0 Then
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Attempting to use (66) is a little more involved. Let= — for notational convenience. Then we must solve

(1 4+ €) exp(—e) = ( )=. Substituteu = 1 + ¢ to getuexp( u+1) = ( )u. Th|s |mmed|ately simplifies to
—uexp(—u) = —exp(— 1)(—)n At this point, we can immediately verlfy thalg [0,1] and hence by the
definition of the Lambert W function in [47], we get= —W(— exp(— 1)( )n). Thus

20.m) = ~Wi(—exp(-1)(2)) ~ 1 (71)

Substituting this into (70) immediately gives the desiregbression (64). All that remains is to verify the

convexity+). Let v = 3 (% - ) As above,f1(d) = dco exp(—nve(d,n)). The derivatives can be taken using

2
very tedious manipulations involving the relationshif (z) = JC(KLT% from [47] and can be verified using

computer-aided symbolic calculation. In our cas€d,n) = (Wr(x)+ 1) and so this allows the expressions to be
simplified.

f1.(8) = coexp(—nve)(2v + 1 + 2%}) (72)

Notice that all the terms above are positive and so the firstaiere is always positive and the function is increasing
in 4. Taking another derivative gives
2v(1 4 €) exp(—nwve) v 4 2

"(5) = 4o+ 22 2|
L(0) =e2 I twt T o TR (73)

Recall from (71) and the properties of the Lamb@ft function thate is a monotonically decreasing function of
o0 that is+oo whend = 0 and goes down t0 at § = 2. Look at the term in brackets above and multiply it by the
positive ne?. This gives the quadratic expression

(4v + l)ne +4(vn —1)e—2. (74)

This (74) is clearly convexs in € and negative at = 0. Thus it must have a single zero-crossing for positive
and be strictly increasing there. This also means that thdrgtia expression is implicitly a strictlgecreasing
function of 0. It thus suffices to just check the quadratic expression-atl and make sure that it is non-negative.
Evaluating (71) at = 1 givese(1,n) = T'(n) whereT'(n) is defined in (14).

It is also clear that (74) is a strictly increasing linear dtion of v and so we can find the minimum value for
v above which (74) is guaranteed to be non-negative. This wrﬂrgntee that the functiofy, is convexw. The
condition turns out to be > 2-47-nT" and hencer?, = 0%(20+ 1) > % (1 + 71 + 7t )- This matches up

4nT(T+1) nT(T+1)
with (13) and hence the Lemma is proved. ]

B. Proof of Lemma 11: Chernoff bound for Gaussian noise
Proof: The sum_" ; f—; is a standard¢? random variables witl degrees of freedom.

n 2

Pdl§:§f>1+

n g
zlG

exp(—
S(a) inf
5>0 1 — 23
< 1 - 7
<) <1/ +— eXp QUG > (75)

_ (<1+ el 2) (76)

el

where (a) follows using standard moment generating funstifor y2 random variables and Chernoff bounding
arguments and (b) results from the substitutios 7+ This establishes (66).
For tractability, the goal is to replace (75) with’ a exporednof an affine function of_5-. For notational

convenience, let = —5-. The idea is to bound the polynomial terfll + ¢ with an exponentlal as long as> €*.
G
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* 3 _ 1 1 H
Let e* = T and letK = 3 Iy Then it is clear that

V14 €< exp(Ke) (77)

as long as > €*. First, notice that the two agree at= 0 and that the slope of the concavefunction /1 + ¢
there is}. Meanwhile, the slope of the convexfunctionexp(K¢) at0 is K < . This means thatxp(K¢) starts
out below+/1 + €. However, it has crossed to the other sideeby: ¢*. This can be verified by taking the logs
of both sides of (77) and multiplying them both By Consider the LHS evaluated &t and lower-bound it by a
third-order power-series expansion

3 3 9 9
<

In(1+ — — - —+ —=.
n(l+77) N R
meanwhile the RHS of (77) can be dealt with exactly:
Ik = (1— )3
2y/n’\/n
_ 3 _3
- yn 20’

Forn > 9, the above immediately establishes (77) sigte- 2 = 3 > ni\@ The cases, = 1,2,3,4,5,6,7.8
can be verified by direct computation. Using (77), or ¢* we have:

PHTL) < [exp(Ke) exp(— )"

) (78)

APPENDIXIII
APPROXIMATION ANALYSIS FOR THEBSC

A. Lemma 2

Proof: (32) and (35) are obvious from the concaverature of the binary entropy function and its values at
0 and 1.

hy(z) = wlogy(1/x) + (1 —x)logy (1/(1 — x))
<(a) 2wlogy(1/z)=2xIn(1/z)/In(2)

1
2217144/ In(2).

Inequality (a) follows from the fact that:” < (1 — z)'=* for z € (0, ). For inequality(b), observe thatn(z) <
z — 1. This impliesn(z'/4) < z1/¢ — 1. Thereforen(z) < d(z'/¢ — 1) for all z > 0 since} <1 for d > 1.
The bound onhb‘l(x) follows immediately by identical arguments. ]

IN

B. Lemma 3
Proof:
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First, we investigate the small gap asymptotics 65*), whereg* = p + gap” andr < 1.

R
_ ,_Cl+ear)
C(p) — gap

C(p) — gap"hy,(p) + o(gap")
C(p)(1 —gap/C(p))

= 1-

= 1-(1- fg’((g)) gap" + o(gap")) x (1 + gap/C(p) + o(gap))
= fg’gj)) gap” +o(gap"). (79)
Plugging (79) into (35) and using Lemma 2 gives
logy (hy ' (6(9%))) < logy <2}lg(5) )) gap” + O(gapT)> (80)
= log, (;Cb,(go ))> + 7log, (gap) + o(1) (81)
= rlog, (gap) — 1 + log, <Ig((]])9))> +o(1) (82)

and this establishes the upper half of (36).
To see the lower half, we use (34):

logy (h; " (5(g))) -1 <1°g2 (6(97)) + log, <1;c12>>

v
W

SO

h; (p) In2
- — (1 b T r 1 i
F) <0g2 (C(p)gap + o(gap )) + log, < ¥ >>
d h; (p) In 2
= ——(rl 1 b 1) +1 —
T (7’ og, (gap) + log, (C(p) +o(1) +logy | -
d
= " logy (gap) — 1+ K1 + o(1)
where K = 4 (Ing (}8’((5)) ) + log, (ln((f))) andd > 1 is arbitrary. [ ]
C. Lemma 4
Proof:
D(g*llp) = D(p+sgap"|lp)
1 gap™ 2
— 0+0>< ar+——+o 3 T
- p

sinceD(p||p) = 0 and the first derivative is also zero. Simple calculus showtsthiessecond derivative dp(p+z||p)

i i log, (e)
with respect taz is 54— |



33

D. Lemma 5
Proof:

+ logy (p + gap”) — logy (1 —p — gap”)

)
P) +logy (9%) —logy (1 — g%)
)
)

gap" gap"
+ logy (p) + logy < » > —logy (1 —p) — log, (1 - )

gap"
pn(2) (1 -p)In(2)

EETEETORRE

= i)

+ o(gap”)

E. Lemma 6
Proof: Expand (9):

—rln(gap) + In(2) — K2 In(2) + o(1)

1 1
- \/1n(2)K(p + gap”) \/r ln(@) + (2 - K3)In(2) +o(1)

1 1
) ¢m@K@+@w>rm%w““”“”

v
—
=
N
E
]
+
S
'G
ES
S

and similarly

1 J—
o \/IH(Q)K(ergapr)\/ln(?) —In(h; 1 (5(G)))
d 1
B \/(2 — K9)In(2) + T 1rln (gap> +o(1)
rd 1
) \/ID(Q)(CZ —1)K(p+gap") \/ln <gap) (1+o0(1)).

All that remains is to show thak'(p + gap”) converges tak (p) as gap — 0. Examine (10). The continuity of
Digtnllo) js clear in the interion € (0,1 — g) and forg € (0, 5). All that remains is to check the two boundaries.

lim,, o D(g;"”g) = Sy by the Taylor expansion aD(g +1lg) as done in the proof of Lemma 4. Similarly,

AN
—
=
©
=
N | =
+
3
i)




hmnalfg
set, it is itself continuous and thus the liniitng,, .o K (p + gap”) = K(p).
Converting from natural logarithms to base 2 completes tioefp

F. Approximating the solution to the quadratic formula
In (31), forg = ¢* =p+ gap”,

a = D(g"|lp)
g (1-— p))
b elo P
82 (p(l — g
¢ = logy ((P.)p) —logy (b, (8(g%))) + 1.
The first term,a, is approximated by Lemma 4 so

1

21— pym) W)

a = gap”(

Applying Lemma 5 and Lemma 6 reveals

rd 1 gap”
e %d—w¢ otz (g )i Sy )
1 rd 1
~ p(I-p)h(2) \/(d ~1)K(p) \/gap% logz <gap> (1+0(1)

1 T 1
b > p(1—p)In(2) \/%\/gap2 log, (gap) (14 o(1)).

The third term,c, can be bounded similarly using Lemma 3 as follows,
¢ = [log, (gap) —logy (h;, ' (6(g"))) +1
d 1
(d— 1" — ) logy (gap) + K3 +0o(1)

IN

Y

(r — B)log, (glp) + K4+ o(1).

for a pair of constant$s, K4. Thus, forgap small enough and < (d L) , we know thatc < 0.

The lower bound on/n is thus

N Vb2 —4dac—b
- 2a

b 4ac

Plugging in the bounds (83) and (85) reveals that

1\3‘®‘

Similarly, using (83), (85), (86), we get
dac _ 4gap®” (m) X [(% — ) logy <gap) + K3} (1+o0(1))
— < -
b (@) 7y 8aP*" logs (gap) (1+0(1))

= (- P |75 =)o)

34

W = D(1]|g) = log, gq ) Since K is a minimization of a continuous function over a compact

(83)

(84)

(85)

(86)

(87)

(88)

(89)

(90)
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This tends to a negative constant since ﬁ(d L
Plugging (89) and (90) into (88) gives:

10g2 ( ap) ﬂ d
n > | K(p) gapg;" (14 0(1)) <\/1 +4p(1 — p) In(2) K (p) [r - d—J +o(1) — 1)}2
_ lem(e) \/ TEEIAY
= | = ] ) ( 7 +4p(1 — p)In(2) K (p) [ﬂ— dl] —ﬁ") (1+0(1))
logs (1 2
_ Q<W> 91)

for all » < min{-5-,1}. By taking d arbitrarily large, we arrive at Theorem 4 for the BSC.

APPENDIX IV
APPROXIMATION ANALYSIS FOR THEAWGN CHANNEL

Taking logs on both sides of (11) for a fixed test chan@el

0.2
(P2} ) 2 Il (3(G) ~ n(2) ~ nD(alloF) — V() +2m2 - 2maln 6@ (% ~1) . @2

Rewriting this in the standard quadratic form using

a = D(cg|lo}), (93)
3 1 Jé

b = (5+2m2 -2k, (5(G)))) <U%— ) (94)

¢ = In((P)p) —In(hy ' (6(G))) + In(2). (95)

it suffices to show that the terms exhibit behaviorgap — 0 similar to their BSC counterparts.
For Taylor approximations, we use the chanGé| with corresponding noise varianoé;* = 0% + (, where

- g (BB o
Pr

Lemma 12: For small enouglgap, for ¢ as in (96), ifr < 1 thenC(G*) < R.
Proof: SinceC(P) — gap = R > C(G*), we must satisfy

1 Pr 1 Pr
< =1 — =1 1 .
o< o (1 7)o (14 27

So the goal is to lower bound the RHS above to show that (96) ésl gmough to guarantee that this is bigger
than thegap. So

1 ¢ ¢
= -1 1+ =) -1 1+ —5—"—
2 (o (1) e ()
_ L 1 142 T(1+§) -1 142 b
= 5% gap Pr 082 gap" Pr
1 c o2 1 o?
il 5 "1+ Py _ _— 959y P
= 3 (m(z) (1+ PT) ) &P b, >
r 1 JP

For small enougtyap, this is a valid lower bound as long as < 1. Choosec; so thatl < ¢, < ﬁ For ¢ as
in (96), the LHS isgap” K and thus clearly having < 1 suffices for satisfying (97) for small enougznp This
is because the derivative ghp” tends to infinity asgap — 0. ]



36

In the next Lemma, we perform the approximation analysis lierterms inside (93), (94) and (95).
Lemma 13: Assume that?. = 0% + ¢ where( is defined in (96).

(a) ) 2Pr 4 02)
OG-~ 1 = r T 0p
o2 1 =gap (PT > : (98)
(b)
In(6(G*)) = rln(gap) + o(1) — In(C(P)). (99)
(©)
In(hy " (6(G")) = ——rIn(gap) + ez, (100)
for some constanty that is a function ofd.
In(h, ' (8(G"))) < rln(gap) + c3, (101)
for some constants.
(d) )
D(0%.[j0%) = (PT;;P)gapQT(l +o(1)). (102)

Proof: (a) Immediately follows from the definitionTs and (96).
(b) We start with simplifyingd(G*)

c(G*

C —gap — %logQ <1+ £T>

= G*
C — gap
B %logg (14—5—}{)—%10{;2 (1+ﬁ)—gap
B C —gap
2 PT 2

B %logz ((UPUE )(PT?UECJrC)) — gap
N C — gap
B %logQ (14—%)—%10& (1+ﬁ)—gap
B C — gap
B %é*%ﬁggﬂLO(O*gaP
B C — gap
B 3 (7@(%510?) +0(C)> — &ap
N C —gap

1,1 . 20%(Pr + 0%) Pr ., gap
= (= — 1 -8

o5 (gap Py oL (P + 0% +olgap’) | — gap)(1 — =5~ + o(gap))

T

- gg’ (1+ o(1)).

Taking In(-) on both sides, the result is evident.

(c) follows from (b) and Lemma 2.

(d) comes from the definition o (c2.|/0%) followed immediately by the expansidm(az;*/al%) = In(1 +
(/o3) = é — %(é)Q +o(gap™). All the constant and first-order igap” terms cancel sinc%- = 1+ é This

gives the result immediately. ]

Now, we can use Lemma 13 to approximate (93), (94) and (95).
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(PT + 0’%;)2

a = Pi%gapzr(l—l-o(l)) (103)
b = (2 +2In2 - 2In(h;* (6(G)))) gapTZ(IJZD_'T_(TIQD)

< Wmn(gip)gapf(uo(l)) (104)
b o> ern(g;’)gaﬁ(l—i-o(l)) (105)
¢ < (G- Al )1+ o(1) (106)
¢ > (rg)ln(gip)(uou)). (107)

Therefore, in parallel to (89), we have for the AWGN bound
In(-L
b rhr ( (g""’)> (1+ o(1)). (108)

2a = (Pp+o0%) \ gap”
Similarly, in parallel to (90), we have for the AWGN bound
4ac 1 d 1
== < (1 1)= - B)———.
N G Ot Ty
gap
This is negative as long as< @, and so for everys < % for small enoughgap, we know that
dac 1 d 1
1———1 > ¢s=(B——r)——A(1 1)).
g1 2 (8- oy (o)
gap

Combining this with (108) gives the bound:

1, d 1 rPp (In(gp)),
n > (1+0(1))[csr2(6 d—lr)ln(ngp) Prt o3 < o ] (109)
= oo (0= ) (o (110)

Since this holds for alD < ¢, < 1 and all7 < min(1, @) for all d > 1, Theorem 4 for AWGN channels
follows.
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