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Abstract—Though the schemes are different, both Horstein's a spacing 0% (possibly non-integer) channel uses. There is

and Kudryashov's non-block strategies for communication vith

feedback over the binary-symmetric channel asymptoticajt
achieve the identical reliability function (error exponent); a
function that displays some curious features. For positiverates
their reliability function is strictly larger than Burnash ev’s
and transitions discontinuously at the channel capacity fom a
strictly positive value to zero. The purpose of this paper isto
connect this reliability function to familiar coding contexts and
to demonstrate that it provides an upper bound on the error
exponents achievable in these contexts. We first show thatith
function gives an upper bound on theminimum probability of

decoding error across codewords in a block-coding context ith

(or without) feedback.We then show that the same reliabiliy
function also gives an upper bound on the maximum probabiliy
of hit error in a non-block “streaming” context where noiseless
feedback is available and the destination is (occasiona)lallowed

a fixed latency requirement oA channel uses between when
the bit arrives at the encoder and when it is required at the
destination. However, rather than being forced to commé to
value for the bit as is done in [8], the decoder has the optfon o
declaring an erasure as in [4]. When the bit-erasure prtityabi
is constrained to be kept below some (small, but positive)
targete, it is shown in [2] that the probability of undetected
bit-error can be made to drop with asymptotically as fast
the error-exponents given in [6], [7], even if the feedbdnk |
connecting the decoder to the encoder is itself a noisy adann
Even with noiseless feedback there are no known upper-
bounds on the undetected-error exponent with delay in the
non-block setting given an erasure option. Consequeritly, i

is unclear whether even higher error exponents are atieinab
The goal of this paper is to show that the Horstein/Kudryasho
exponents are the best possible for the memoryless binary-
symmetric channel with crossover probability{the p-BSC).
Horstein [6] and Kudryashov [7] present coding strategies
that attain seemingly impossibly high error exponents. [&/hi
the authors present quite different coding strategies afidel  To illustrate the core tension in the errors-and-erasure
their error exponents slightly differently, they shareshcom- context, consider the following coarse bound. First, comce
mon features. First, they consider non-block communicatiof the noise process in theBSC in the following manner.
in which the relevant probability of error is at the bit ratheEach noise sample is drawn i.i.d. from a compound probgbilit
than block level. Second, the relevant “length” is viewedum distribution. With probabilityl — 2p the noise sample equals
average sense rather than being a fixed number. Third, ba#io and with probability2p the noise sample is Bernoulli-
strategies rely on the availability of noiseless feedback.  (0.5). Thinking of the BSC noise process in this way makes
Recently, we have achieved the same error exponents in 2gpparent that, over angs channel uses, with a probability
by marrying the fixed-delay setting of [8] to the errors-and2p)® the noise sequence is i.i.d. Bernoulli-(0.5) and indepen-
erasure perspective of [4]. The source model we assumed@nt of the channel input. With this probability the length-
central to understanding our results. We assume that datantise sequence is a one-time-pad and the channel output is
be communicated arises as a stream generated in real timstatistically independent of the input.
the source (e.g. voice, video, or sensor measurements)sand iConditioned on this event, the channel outputs — being fair
useful to the destination in finely grained increments (a.g.coin tosses — will likely turn out to be self-evident gibtsdri
few milliseconds of voice, a single video frame, etc.) at sonthat the decoder will interpret as an erasure. Howevergther
specified post-generation delay. The acceptable enddo-ésma small probability that the decoder will “hallucinatdiat
delay is determined by the application and can often be mudacoding is progressing normally and will make a decoding
larger than the natural granularity of the information lgeinerror. At least one output sequence must correspond to ‘@orm
communicated. This model differs from the traditional mlodgrogress” else the message bit that arrivedchannel uses
— better matched to block-coding — in which information esis before would never be decoded. Conditioned on the noise
in large bursts and each burst needs to be received by tieing a one-time-pad, all output strings are equally likely
destination before the next burst is available at the source This lower bounds the probability of undetected error (not
Rather than worrying what the appropriate granularity @n erasure) a&p)*2=2 = p~ = g~ Alog giving the upper
information should be, we specify the problem at the level dound oflog 1 on the error exponent. However, this bound
individual bits. Message bits arrive at the encoder ref¢ukatr does not depend on the data rate and therefore cannot be tight

to declare erasures (per Forney). The basic insight undering the
bound leads to the moniker the “hallucination” bound.

I. INTRODUCTION

Il. THE BASIC IDEA AND OUTLINE OF THE PAPER



The above coarse discussion reveals the central tension @& messages each. Assume that for each code, each mes-
must be reflected in the hallucination bound. To minimizeage is correctly decoded ovepeéBSC (0 <p<0.5) with an
the probability of error, the decoder should be very strithcreasing probability of at leagt— ¢, wherelimy_. . € = 0.
in terms of categorizing received strings as being “normal Then the best-case probability of undetected error has an
progress.” But, the need to keep the probability of erasuegponent upper-bounded by:
moderately small forces the decoder to accept at least aircert 1 -
number of “typical” noise patterns as being compatible withlim sup AL log {min Pr {M#mlMZmH <Ena(R) (3)
normal progress for each possible message sequence. In th&— > g "
coarse bound just provided “typicality” is in the stricteshse Where the “hallucination” exponent is defined as

at least one sequence must decode. A positive-rate code Ena(R) = D(Hgl (R+ Hg () ||p)a @)

mush have additional received strings that are compatilite w
normal progress. The higher the rate of the code, the Mgy Hgl () is the branch of the inverse binary entropy
function that returns values 3.

likely will be hallucinations.
Remark:The conditionlimy .., €z = 0 prevents all output

To turn this idea into a bound, we proceed in stages. For
clarity of exposition we restrict discussion to the BSC — thgtrings being assigned to the same decoding region, which
would not lead to a useful code.

simplest possible channel that still allows for the possibi
Proof: Since the maximal probability of error is tending to

ity of hallucination. (Hallucinations cannot occur on engs
channels.) The block-coding version of the bound is derived _ —1 : :

in Section lll. This shows quantitatively how the data ra?é’ 50? aCn;el ;gB égﬁ;ggiﬁe(ézr (ﬁlfﬁe(gl)(?;iyvgil;?ﬁg;?'
impacts the error exponent. The case of streaming data with ' ’
an end-to-end delay constraint is considered in SectiorAlV. Ta, = {ZAk|2*d{HB(p)+5} < p(ZAk) < 2*d{HB(p)*€}} )

pair of key lemmas bounding the probability of hallucinatio

in terms of the number of candidate hallucinations and vicket 6, = 1 — Pr(7a,). Clearly lim;_.. 6, = 0 and
versa are proved in the appendix. Conclusions are givenBn[7a,] < Y .accr, 2~ dHze(P)=<} means|Ta,| > (1 —
Section V. 85 ) 20 HB(P) =€)}

For any given message, there is a one-to-one and onto

. ) mapping between a channel noise sequerfteand channel
In th|S section we connect the error—exponents approacl’tﬁﬂputsyAk_ Consider the decoding regi(mm for message

asymptotically by Horstein [6] and Kudryashov [7] to a bleck,,, Because decoding must be correct most of the tifag,
coding context. We show that their exponents provide lowgiyst include a large part of the channel outputs correspondi

bound on thevest-casgrobability of (undetected) error acrossyg the typical noise set. For each messagewe bound the
all messages. This result holds whether we consider theserrQecoding region sizéD, | using

and-erasure context or decoding without an erasure option.

I1l. BLoCck CODING

In Appendix A we prove the following helper lemma that Pr[Dy, N 7a,] =1 = Pr[D;, UTK, ]
lower bounds the probability of a set in terms of a lower bound > 1— Pr[Dy,] — Pr[7%, ]
on the size of the set. o
>1—e€x — g, (5)
Lemma 3.1:Letd denote some number of channel uses of a At A
p-BSC where) < p < 1. Consider any subset of output strings Pr(D,, NTa,] < D Pr[e®z2 € Ta,]
D C {0,1}¢ where|D| > 27" for some0 < E' < 1. Then, for #k €D
any possible code functioff = (f1, fa(y1), ..., fa(y®1)), < Dy |27 HE @)=, (6)

d > 9—dE;f  (F',d)
Pr(Y® e D) > 27 where Together the relations givié®,,| > (1— e — ;)22 Hs®)=¢),

log(d +1) + 1og% +1In2 Since decoding regions are disjoint, the cardinality of the
d 1) union of the decoding regions corresponding to the other
24+E _ 1 messages

Ef (B’ d) = D({||p) +

andq’ > % is the unique solution to

. AgR Ap{Hp(p)—e}
log(d + 1 U D2 @ -1 - - 52
Hp(¢)=FE" - % (2) i#m
ey los(—ep—3y)
Hg (+) is the binary entropy function anB(-||-) is the binary > 2Ak‘R’12A’“{HB(”) R}
divergence. IfE’ < %, then chooseg’ = 1. _ 2Ak{R+HB(p)7€7l—log(lA*):k*‘sk)}

Remark:As d — oo, the solutiong’ to (2) approaches
the high-valued branch of the inverse binary entropy func- There exists & large enough so that for al > &, the term
tion Hy' (E'), and E; ,(E’) approachesD(Hg" (E')||p). 1=log(l—ex=3k) ~ ¢ and so
Lemma 3.1 is a central tool in proving the following result. A B
Theorem 3.1:Consider a sequence (ih) of increasing ‘ U Di‘ < 9Ak{R+Hp(p)—2¢}
lengthAA; block-codes with noiseless feedback that have i#m



Applying Lemma 3.1 tells us that the probability of decodingre, respectively, realizations of the rdtestreaming data
to one of these other messages is at least: sequenceB; and the rateR data sequence estlmafq7 and
— B CALE (Rt Hp(p)—2¢, Ay) wherex indicates the erasure option. For conciseness we define
br {M # m|M = m} 22 " bj =b; = 0if j <14. We sometimes need to indicate explicitly
—Ak{D(Hgl(HB(p)+R—2€)Hp)+log(Ak+1)A+log%Hlﬂ} at what time the estimate is made, efg(t) is the estimate
= " made at timef.

Taking log of both sides and dividing byA;, — oo, gives an In [3] Definition 4.1 is relaxed somewhat to the concept
exponent ofD(H5' (Hp (p) + R — 2¢) ||p). Sincee > 0 was Of coarse-guess-possibleodes using the ideas of list de-
arbitrary, we get the desired bound. ] coding. Space limitations herein prevent us from statirag th
This bound reveals the combined impact of the rate afiglaxation. Intuitively, the concept afuess-friendlycodes is
the crossover probability on the best-case error expoiteist. designed to capture the idea that the conditional entropy of
interesting to evaluate the hallucination boundRat= ¢ = Mmessage bits given the channel outputs must drop reasonably
1—Hg (p). There it gives an exponentm( |[p) > 0. Thisis fast even before their individual deadlines expire. Theesubs
interesting because it is the same as the sphere -packimgibof Horstein [6] and Kudryashov [7] are both guess-friendly.
at rate R = 0. Evaluating the hallucination bound & = 0  Theorem 4.1:Consider a sequence of rate-increasing
gives an exponent oD(H' (Hg (p))|lp) = D(1 — p||p). delayA, coarse-guess-possible codes with noiseless feed-
This is the same as the Burnashev exponent [1§ at 0. back. Assume that for each code and all possible data-lits ea
bit is correctly decoded over;@cBSC 0 < p < 0.5) with an

increasing probability of at leagt— —g, so the probability of
The hallucination bound in the block-coding context cor-

responds to the non-standard problem of boundingbids- declared bit-erasure drops a@—) Then
caseprobability of (undetected) block error across messages. 1
In an errors-and-erasures context this bound holds when aldim sup AL 10g( max
subject to a constraint on erasure probability. This catra b Lo
with the more familiamworst-caseprobability of error. Subject Pr Bf,l(t + Ag) # Bf,l‘ BitAr = bt““Ak] ) < Epa(R)
to a constraint on erasure probability Burnashev’s redijit [ (8)
bounds the worst-case probability of error (and is achilevab
when feedback is available). It turns out that the halludima Where Ej,;(R) is as defined in (4).
bound governs the worst-case probabilityodferror with end- The full proof is given in [3]. However, the intuition can be
to-end delay subject to a constraint on the erasure pratyabilsummarized as follows and uses techniques from [8]. Fhst, t
While space constraints prevent us from providing the futlode is treated like an appropriately long block-code armd th
proof, we state the main theorem and provide one of the maatal volume of channel outputs that correspond to “normal
technical lemmas. decoding” is bounded below using typicality arguments and
Prior to stating the main result we introduce a technicthe assumption that erasures happen infrequently. Nest, th
definition that captures the non-block nature of the codes watural tree-structure of these decoding regions is ebgaloi
consider. The important aspect to capture is that the comeupper-bound the total volume of channel outputs assuming
typically has the channel inputs depend on the data-bita sabat bit errors are very rare. These two ways of bounding the
after they arrive rather than usually waiting in a buffer fototal volume of channel outputs are then compared to establi
some time proportional to the end-to-end delay — as th#lye bound on the error exponent.
would in a block-code. As mentioned above, block-coding A main lemma needed to prove Thm. 4.1 is stated next, and
with feedback in an errors-and-erasure context is govelgedits proof is given in Appendix A. This lemma upper bounds
Burnashev’s bound [1]. Therefore, to really understandtwhghe size of a set given only an upper bound on that set’s
Horstein and Kudryashov’s bounds are telling us we need peobability. For a single code-function, this can be oledin
restrict attention to non-block codes. We conjecture, hane by considering the contra positive of Lemma 3.1. Because our
that codes not meeting the specific technical conditioredtatinterest is in codes with feedback, the past channel outputs
can only have worse performance than those covered by thig like a randomization of the code function for any given
definition. message.
Definition 4.1: A sequence (irt) of rate4 delayA, codes  Lemma 4.1:Let d denote some number of channel uses of
with noiseless feedback is callggiess-friendlyf there exists a p-BSC where0 < p < 1. Consider a list (indexed by) of
a positive constank’; (the same for alk) such that for allv g setsD; C {0,1}4 of pOSS|bIe channel outputs. Let be

IV. STREAMING CASE WITH DELAY

and alll such thatn — Ay <l <n a corresponding list of positive real numbers in a tight band
. K ithi —de C
khm Pr [Bll—l( )+ B 1} < 11. ) (within a tolerance factor 02~%¢) so that for alli, j:
where g-de < Pi o gtde 9)
s i R] pj
J J ’
b {O’ 1} iR and b; € {*’O’ 1}“@ and let the corresponding code functions be dendted_et



¢* > % + % be the unique solution to: APPENDIX

log(d + 1) Proof of Lemma 3.1The binary entropy functio g (-)
D(¢*||p) —E-e+ 20T (10) is continuous in its argument and so the second part of

1
2

d the lemma is clearly true sincémg_, w =0asis
1
Then, as long a8 > max {ql, ﬁ} if the weighted average limg_.o log(dJrl)J;log ptn2 )
probability For the first part, it is useful to consider the BSC as

a modulo 2 additive noise channel with nois€; drawn

1 d ) _dE i.i.d. Bernoullip. For any code function the mapping from
K Zpi Pr[Y e D; using ;] <2 (11) " channel noise to channel outputg? is one-to-one and onto.
==l Thus, the probabilityPr [Y¢ € D] must be larger than the
then the average size of the sets is also small: minimum probability of a seD, of channel noise satisfying
K |Dz| > 2¢F giving
D #y_ 1+log(a* /(1—g*))+log(d+1)
Lizt [P pt{rata) ! GE) PryteD] > min Pr[Z% € Dg]
K Dy s.t. |Dz|>29F
When D(1|[p) + ¢ — 28D ~ B~ p(L||p) + ¢ — 8t Define DY, to be the set of all length-binary strings with
q- = % if E istoo small, and;* =1 if E is too big. average weight greater than or equaljte % Then
As d — oo ande — 0, the exponent in (12) approaches ) d d 7
Hp (¢*) where the error exponerf approachesD(q¢*||p). D, SIT,%SEQW Pr{zeDz] > Pr[z°€e Dy
Thus, the bound here asymptotically matches the bound in

for any value ofg chosen so that

|Dg| < 29 (13)

Lemma 3.1.

V. CONCLUSION ) . . .
This holds because the least likely strings for a Bernoulli

The very high error exponents of Horstein [6] angrocess withp < § are the ones with the largest weights.
Kudryashov _[?] were originally stqted in the context of bit- getg = (d;ﬂ where ¢ is defined in (2). To see that this
error pr.obablhty for non-block coding with an average @elachoice ofg satisfies (13) observe that
constraint. However, they can be more easily understood if . iHs (@)
we adopt Forney’s errors-and-erasures perspective ang foc D7l < (d+1)|Tgl < (d+1)2977Y
on the probability of undetected error. For that problene, th < (d+ 1)2dHB(q’) — 9dE’
hallucination bound stated herein provides the naturalese _ - o _
which shows that no larger error exponents are possible. WhereZy is the set of sequences of typeThe first inequality

In the block-coding context, the hallucination bound conf10!ds Since type-classes closei0to have more members than
plements the traditional sphere-packing bound. Whereas {R0Se further away and there are 1 binary types in tc/>ta|. The
traditional sphere-packing bound tells how bad the maximupfcond inequality hOId/S because since- 0.5, ¢ > ¢' > 0.5
or average probability of error must be, the hallucinatiodnd SOH 5 (‘J)/ < Hp(¢'). The third inequality holds by the
bound considers the minimum probability of error. Thiswatio definition of¢" in (2). o
the code to implicitly have a “favorite message” that is axtr _Finally, to lower b?und the probability itself, observe tha

, o f .
reliable. The reason this error exponent can be bounded away 4 < min{l,¢’ + 3} and so:
from zero even at capacity is that the problem at the decoder, (29 eDL] > Pr[Z? e T]
becomes one of multi-stage hypothesis testing. The decoder

1 _
first asks “is this my favorite message” before trying to akeo > ———2~d4Pllp)

. . ! . “d+1
to any other message. Since the favorite message is unique, Jf _ o
) . o o 7d{§log 14(1—q)log —}7‘1}
this first stage can have a positive error exponent at any rate = a1 12 » »
for the overall code. o
i i i 1 —a{ @ ytop ™ gy tog 122 |
When feedback is allowed in the block-coding context, -~ _~ o d » T=»

/41
9 +g
P

the encoder can optimize its channel input distributionedas T d+1
on how the channel is behaving. This logic leads to the 1
Haroutunian bound [5]. When feedback is allowed in the = d+1
streaming context the encoder has the option of changing its 1
message mid-stream to its favorite message. As is developed — ;1
in [2] when erasure are permitted the favorite message can ;2—d{D(q/Hp)+%(log%+1n2)}

be assigned the role of warning the decoder that the channel = 77

is behaving badly and instructing it to declare an erasure. _ 9—d{D(d'|Ip)+% (log(d+1)+log 1 +In2)}

The hallucination bound shows that the performance thereby

achieved is the best possible. which proves the desired result. O

—d{%(log %)-l—q/(log %-Hog )+(1—q") log 1:‘1; }

o= d{ D@ |lp)+5 (l0g £)+4' log(1+77) }



Proof of Lemma 4.:1Since D(-||p) is continuous in its and then

first argument the second part of the lemma holds for reasons K

identical to Lemma 3.1. 3 D < KIDY| < K(d+ 1)2%5(2)
For the first part, notice that the bound is trivial whenever i=1

¢* = 1. Similarly E > D(1||p) cannot happen unless the set < god{Hs(a)+224H )

D is empty so just concentrate on the cgse> %
As in Lemma 3.1, for each code function, the one-to-oreet ¢* be the smallesj that satisfies (17). Then for agy< ¢*
mapping from binary channel noise! to channel outputs such thaty — 5 > 1 we have
y? justifies solely considering set®; of channel noise g I\ log(d41)
sequences instead of the original sets of channel outpis. W K|D%| < F2{e(e—d)+=5= ) (18)

need to bound the total siZe’ D, subject to In particular, anyg > 3 + 1 that satisfiesr [Z¢ € D] >

1 K . p 2-4E—) will do. Such ag can be found by using a lower-
S > piPr[2¢eDy;] <2797 (14)  bound on the probability of a single type class.
=17 =1
. . . 1
By calculating the average set size subject to a looser Pr (2 € D] > m?‘w(q”p)

constraint we upper bound the total size of the sets. The o )
constraint (14) is relaxed by noticinguin < pi < pmax Where @and so picking;” from (10) is good enough.

Penin = 27%p SiNce2 Yy < Pi < P All that remains is to upper bountiz (¢* — 3) from (18):
K * 1 7
1 a S WS B e B . _t
-5 Zpi Pr [Z S ,DZ,i} Hp (C] d) _dlog [1—q*+l q (1Og[q ] +10g |:1 dq*
>im1Pi i - 1
K * *
—(1—¢q (10 1—-¢"|+1o [14—7])
> Y mPr[7 e D) o) sl = wlos |1 gy
i=1Pmax =1 1 [ q*
K <Hp (q%) + = log —q¢*log |1 —
1 d d d 1—q* dg*
2 ZKi Z 2- €pmax PI’ [Z S DZ,i] ) 1
i=1Pmax ;=1 —(1-¢")log [1 + 7} (19)
| X ( ) d(l —q*)
= 2*‘15E2Pr (2% € Dyz,). Assumingd > max{Z, =}, we know ;- < 1 and
=t s < L Sincelog is concaveA with logl = 0,
Therefore the cznstramt (14) implies log 3 = —1 andllogz =1, vxl/e knowlo_g(l_— W) 2 —as
1 4 Cd(E—e andlog(1 + 7= *))) > g Continuing from (19) we
2 Pr(2teDz;] <275, (15) get (1-¢ (1-¢
=1
Since the probability of a noisy sequence is strictly de-f7, (q* _ l) < Hp(¢")+ llog [ q } + 2 1
creasing in its weight, it suffices to considBy; ; satisfying d d l—q d d
the property that ifz¢ € Dz, then anyz? with weight _ o, 1 q* 1
strictly larger thanz? is also in Dz;. If a set does not = Held)+ dlog 1—gqg* * d
satisfy this property, sequences can be swapped in/outaso @ombining this with (18), gives (12). 0
the set remains the same size but does satisfy this property. '
Meanwhile, the total probability after the swaps is styictl REFERENCES
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