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Abstract—Though the schemes are different, both Horstein’s
and Kudryashov’s non-block strategies for communication with
feedback over the binary-symmetric channel asymptotically
achieve the identical reliability function (error exponent); a
function that displays some curious features. For positiverates
their reliability function is strictly larger than Burnash ev’s
and transitions discontinuously at the channel capacity from a
strictly positive value to zero. The purpose of this paper isto
connect this reliability function to familiar coding contexts and
to demonstrate that it provides an upper bound on the error
exponents achievable in these contexts. We first show that this
function gives an upper bound on theminimum probability of
decoding error across codewords in a block-coding context with
(or without) feedback.We then show that the same reliability
function also gives an upper bound on the maximum probability
of bit error in a non-block “streaming” context where noiseless
feedback is available and the destination is (occasionally) allowed
to declare erasures (per Forney). The basic insight underlying the
bound leads to the moniker the “hallucination” bound.

I. I NTRODUCTION

Horstein [6] and Kudryashov [7] present coding strategies
that attain seemingly impossibly high error exponents. While
the authors present quite different coding strategies and define
their error exponents slightly differently, they share three com-
mon features. First, they consider non-block communication
in which the relevant probability of error is at the bit rather
than block level. Second, the relevant “length” is viewed inan
average sense rather than being a fixed number. Third, both
strategies rely on the availability of noiseless feedback.

Recently, we have achieved the same error exponents in [2]
by marrying the fixed-delay setting of [8] to the errors-and-
erasure perspective of [4]. The source model we assume is
central to understanding our results. We assume that data to
be communicated arises as a stream generated in real time at
the source (e.g. voice, video, or sensor measurements) and is
useful to the destination in finely grained increments (e.g.a
few milliseconds of voice, a single video frame, etc.) at some
specified post-generation delay. The acceptable end-to-end
delay is determined by the application and can often be much
larger than the natural granularity of the information being
communicated. This model differs from the traditional model
– better matched to block-coding – in which information arises
in large bursts and each burst needs to be received by the
destination before the next burst is available at the source.

Rather than worrying what the appropriate granularity of
information should be, we specify the problem at the level of
individual bits. Message bits arrive at the encoder regularly at

a spacing of1
R

(possibly non-integer) channel uses. There is
a fixed latency requirement of∆ channel uses between when
the bit arrives at the encoder and when it is required at the
destination. However, rather than being forced to commit toa
value for the bit as is done in [8], the decoder has the option of
declaring an erasure as in [4]. When the bit-erasure probability
is constrained to be kept below some (small, but positive)
targetǫ, it is shown in [2] that the probability of undetected
bit-error can be made to drop with∆ asymptotically as fast
the error-exponents given in [6], [7], even if the feedback link
connecting the decoder to the encoder is itself a noisy channel.

Even with noiseless feedback there are no known upper-
bounds on the undetected-error exponent with delay in the
non-block setting given an erasure option. Consequently, it
is unclear whether even higher error exponents are attainable.
The goal of this paper is to show that the Horstein/Kudryashov
exponents are the best possible for the memoryless binary-
symmetric channel with crossover probabilityp (thep-BSC).

II. T HE BASIC IDEA AND OUTLINE OF THE PAPER

To illustrate the core tension in the errors-and-erasure
context, consider the following coarse bound. First, conceive
of the noise process in thep-BSC in the following manner.
Each noise sample is drawn i.i.d. from a compound probability
distribution. With probability1 − 2p the noise sample equals
zero and with probability2p the noise sample is Bernoulli-
(0.5). Thinking of the BSC noise process in this way makes
it apparent that, over any∆ channel uses, with a probability
(2p)∆ the noise sequence is i.i.d. Bernoulli-(0.5) and indepen-
dent of the channel input. With this probability the length-∆
noise sequence is a one-time-pad and the channel output is
statistically independent of the input.

Conditioned on this event, the channel outputs — being fair
coin tosses — will likely turn out to be self-evident gibberish
that the decoder will interpret as an erasure. However, there
is a small probability that the decoder will “hallucinate” that
decoding is progressing normally and will make a decoding
error. At least one output sequence must correspond to “normal
progress” else the message bit that arrived∆ channel uses
before would never be decoded. Conditioned on the noise
being a one-time-pad, all output strings are equally likely.
This lower bounds the probability of undetected error (not
an erasure) as(2p)∆2−∆ = p∆ = 2−∆log 1

p , giving the upper
bound of log 1

p
on the error exponent. However, this bound

does not depend on the data rate and therefore cannot be tight.



The above coarse discussion reveals the central tension that
must be reflected in the hallucination bound. To minimize
the probability of error, the decoder should be very strict
in terms of categorizing received strings as being “normal
progress.” But, the need to keep the probability of erasure
moderately small forces the decoder to accept at least a certain
number of “typical” noise patterns as being compatible with
normal progress for each possible message sequence. In the
coarse bound just provided “typicality” is in the strictestsense
– at least one sequence must decode. A positive-rate code
mush have additional received strings that are compatible with
normal progress. The higher the rate of the code, the more
likely will be hallucinations.

To turn this idea into a bound, we proceed in stages. For
clarity of exposition we restrict discussion to the BSC — the
simplest possible channel that still allows for the possibil-
ity of hallucination. (Hallucinations cannot occur on erasure
channels.) The block-coding version of the bound is derived
in Section III. This shows quantitatively how the data rate
impacts the error exponent. The case of streaming data with
an end-to-end delay constraint is considered in Section IV.A
pair of key lemmas bounding the probability of hallucination
in terms of the number of candidate hallucinations and vice-
versa are proved in the appendix. Conclusions are given in
Section V.

III. B LOCK CODING

In this section we connect the error-exponents approached
asymptotically by Horstein [6] and Kudryashov [7] to a block-
coding context. We show that their exponents provide lower
bound on thebest-caseprobability of (undetected) error across
all messages. This result holds whether we consider the errors-
and-erasure context or decoding without an erasure option.

In Appendix A we prove the following helper lemma that
lower bounds the probability of a set in terms of a lower bound
on the size of the set.

Lemma 3.1:Let d denote some number of channel uses of a
p-BSC where0 < p < 1

2 . Consider any subset of output strings
D ⊆ {0, 1}d where|D| ≥ 2dE′

for some0<E′<1. Then, for
any possible code functionF = (f1, f2(y1), . . . , fd(y

d−1)),
Pr(Y d ∈ D) ≥ 2−dE

+
hal(E

′,d) where

E+
hal(E

′, d) = D(q′||p) +
log(d + 1) + log 1

p
+ ln 2

d
(1)

andq′ > 1
2 is the unique solution to

HB (q′) = E′ −
log(d + 1)

d
. (2)

HB (·) is the binary entropy function andD(·||·) is the binary
divergence. IfE′ <

log(d+1)
d

, then chooseq′ = 1.
Remark: As d → ∞, the solutionq′ to (2) approaches

the high-valued branch of the inverse binary entropy func-
tion H−1

B (E′), and E+
hal(E

′) approachesD(H−1
B (E′) ||p).

Lemma 3.1 is a central tool in proving the following result.
Theorem 3.1:Consider a sequence (ink) of increasing

length-∆k block-codes with noiseless feedback that have

2∆kR messages each. Assume that for each code, each mes-
sage is correctly decoded over ap-BSC (0<p<0.5) with an
increasing probability of at least1−ǫk wherelimk→∞ ǫk = 0.

Then the best-case probability of undetected error has an
exponent upper-bounded by:

lim sup
k→∞

−
1

∆k

log
[
min

m
Pr

[
M̂ 6=m|M =m

]]
≤Ehal(R) (3)

where the “hallucination” exponent is defined as

Ehal(R) = D
(
H−1

B (R + HB (p)) ||p
)
, (4)

and H−1
B (·) is the branch of the inverse binary entropy

function that returns values≥ 1
2 .

Remark:The conditionlimk→∞ ǫk = 0 prevents all output
strings being assigned to the same decoding region, which
would not lead to a useful code.

Proof: Since the maximal probability of error is tending to
0, R≤C =1−HB (p) andH−1

B (R + HB (p)) is well defined.
For anyǫ > 0, consider the set ofǫ-weakly-typical noise:

T∆k
=

{
z∆k |2−d{HB(p)+ǫ} ≤ p(z∆k) ≤ 2−d{HB(p)−ǫ}

}
.

Let δk = 1 − Pr(T∆k
). Clearly limk→∞ δk = 0 and

Pr[T∆k
] ≤

∑
z∆k∈T∆k

2−d{HB(p)−ǫ} means|T∆k
| ≥ (1 −

δk)2d{HB(p)−ǫ)}.
For any given messagem, there is a one-to-one and onto

mapping between a channel noise sequencez∆k and channel
outputsy∆k . Consider the decoding regionDm for message
m. Because decoding must be correct most of the time,Dm

must include a large part of the channel outputs corresponding
to the typical noise set. For each messagem, we bound the
decoding region size|Dm| using

Pr[Dm ∩ T∆k
] = 1 − Pr[Dc

m ∪ T c
∆k

]

≥ 1 − Pr[Dm] − Pr[T c
∆k

]

≥ 1 − ǫk − δk, (5)

Pr[Dm ∩ T∆k
] ≤

∑

z∆k∈Dm

Pr
[
z∆k |z∆k ∈ T∆k

]

≤ |Dm|2−d(HB(p)−ǫ). (6)

Together the relations give|Dm| ≥ (1−ǫk−δk)2∆k(HB(p)−ǫ).
Since decoding regions are disjoint, the cardinality of the

union of the decoding regions corresponding to the other
2∆kR − 1 messages

∣∣∣
⋃

i6=m

Di

∣∣∣ ≥ (2∆kR − 1)(1 − ǫk − δk)2∆k{HB(p)−ǫ}

> 2∆kR−12
∆k

n

HB(p)−ǫ+
log(1−ǫk−δk)

∆k

o

= 2
∆k

n

R+HB(p)−ǫ−
1−log(1−ǫk−δk)

∆k

o

There exists ak large enough so that for allk > k, the term
1−log(1−ǫk−δk)

∆k
≤ ǫ and so
∣∣∣

⋃

i6=m

Di

∣∣∣ > 2∆k{R+HB(p)−2ǫ}



Applying Lemma 3.1 tells us that the probability of decoding
to one of these other messages is at least:

Pr
[
M̂ 6= m|M = m

]
≥ 2−∆kE

+
hal(R+HB(p)−2ǫ, ∆k)

= 2
−∆k



D(H
−1
B (HB(p)+R−2ǫ)||p)+

log(∆k+1)+log 1
p

+ln 2

∆k

ff

Taking log of both sides and dividing by∆k → ∞, gives an
exponent ofD(H−1

B (HB (p) + R − 2ǫ) ||p). Sinceǫ > 0 was
arbitrary, we get the desired bound. �

This bound reveals the combined impact of the rate and
the crossover probability on the best-case error exponent.It is
interesting to evaluate the hallucination bound atR = C =
1−HB (p). There it gives an exponent ofD(1

2 ||p) > 0. This is
interesting because it is the same as the sphere-packing bound
at rateR = 0. Evaluating the hallucination bound atR = 0
gives an exponent ofD(H−1

B (HB (p)) ||p) = D(1 − p||p).
This is the same as the Burnashev exponent [1] atR = 0.

IV. STREAMING CASE WITH DELAY

The hallucination bound in the block-coding context cor-
responds to the non-standard problem of bounding thebest-
caseprobability of (undetected) block error across messages.
In an errors-and-erasures context this bound holds when also
subject to a constraint on erasure probability. This contrasts
with the more familiarworst-caseprobability of error. Subject
to a constraint on erasure probability Burnashev’s result [1]
bounds the worst-case probability of error (and is achievable
when feedback is available). It turns out that the hallucination
bound governs the worst-case probability ofbit error with end-
to-end delay subject to a constraint on the erasure probability.
While space constraints prevent us from providing the full
proof, we state the main theorem and provide one of the main
technical lemmas.

Prior to stating the main result we introduce a technical
definition that captures the non-block nature of the codes we
consider. The important aspect to capture is that the code
typically has the channel inputs depend on the data-bits soon
after they arrive rather than usually waiting in a buffer for
some time proportional to the end-to-end delay — as they
would in a block-code. As mentioned above, block-coding
with feedback in an errors-and-erasure context is governedby
Burnashev’s bound [1]. Therefore, to really understand what
Horstein and Kudryashov’s bounds are telling us we need to
restrict attention to non-block codes. We conjecture, however,
that codes not meeting the specific technical condition stated
can only have worse performance than those covered by this
definition.

Definition 4.1: A sequence (ink) of rate-R delay-∆k codes
with noiseless feedback is calledguess-friendlyif there exists
a positive constantK1 (the same for allk) such that for alln
and all l such thatn − ∆k < l < n

lim
k→∞

Pr
[
B̂l

l−1(n) 6= Bl
l−1

]
≤

K1

n − l
. (7)

where

b
j
i ∈

{
0, 1

}⌊jR⌋

⌊iR⌋
and b̂

j
i ∈

{
∗, 0, 1

}⌊jR⌋

⌊iR⌋

are, respectively, realizations of the rate-R streaming data
sequenceBj

i and the rate-R data sequence estimatêBj
i , and

where∗ indicates the erasure option. For conciseness we define
b
j
i = b̂

j
i = ∅ if j ≤ i. We sometimes need to indicate explicitly

at what time the estimate is made, e.g.,b̂
j
i (t) is the estimate

made at timet.
In [3] Definition 4.1 is relaxed somewhat to the concept

of coarse-guess-possiblecodes using the ideas of list de-
coding. Space limitations herein prevent us from stating that
relaxation. Intuitively, the concept ofguess-friendlycodes is
designed to capture the idea that the conditional entropy of
message bits given the channel outputs must drop reasonably
fast even before their individual deadlines expire. The schemes
of Horstein [6] and Kudryashov [7] are both guess-friendly.

Theorem 4.1:Consider a sequence of rate-R increasing
delay-∆k coarse-guess-possible codes with noiseless feed-
back. Assume that for each code and all possible data-bits each
bit is correctly decoded over ap-BSC (0 < p < 0.5) with an
increasing probability of at least1− 1

∆2
k
, so the probability of

declared bit-erasure drops aso( 1
∆k

). Then,

lim sup
k→∞

−
1

∆k

log
(

max
t,bt+∆k

Pr
[
B̂t

t−1(t + ∆k) 6= Bt
t−1

∣∣∣ Bt+∆k = bt+∆k

] )
≤ Ehal(R)

(8)

whereEhal(R) is as defined in (4).
The full proof is given in [3]. However, the intuition can be

summarized as follows and uses techniques from [8]. First, the
code is treated like an appropriately long block-code and the
total volume of channel outputs that correspond to “normal
decoding” is bounded below using typicality arguments and
the assumption that erasures happen infrequently. Next, the
natural tree-structure of these decoding regions is exploited
to upper-bound the total volume of channel outputs assuming
that bit errors are very rare. These two ways of bounding the
total volume of channel outputs are then compared to establish
the bound on the error exponent.

A main lemma needed to prove Thm. 4.1 is stated next, and
its proof is given in Appendix A. This lemma upper bounds
the size of a set given only an upper bound on that set’s
probability. For a single code-function, this can be obtained
by considering the contra positive of Lemma 3.1. Because our
interest is in codes with feedback, the past channel outputs
act like a randomization of the code function for any given
message.

Lemma 4.1:Let d denote some number of channel uses of
a p-BSC where0 < p < 1

2 . Consider a list (indexed byi) of
K setsDi ⊆ {0, 1}d of possible channel outputs. Letpi be
a corresponding list of positive real numbers in a tight band
(within a tolerance factor of2−dǫ) so that for alli, j:

2−dǫ ≤
pi

pj

≤ 2+dǫ (9)

and let the corresponding code functions be denotedFi. Let



q∗ ≥ 1
2 + 1

d
be the unique solution to:

D(q∗||p) = E − ǫ +
log(d + 1)

d
. (10)

Then, as long asd ≥ max
{

2
q∗

, 1
1−q∗

}
, if the weighted average

probability

1
∑K

i=1 pi

K∑

i=1

pi Pr
[
Y d ∈ Di usingFi

]
≤ 2−dE (11)

then the average size of the sets is also small:

∑K

i=1 |Di|

K
≤ 2

d
n

HB(q∗)+ 1+log(q∗/(1−q∗))+log(d+1)
d

o

. (12)

WhenD(1||p) + ǫ− log(d+1)
d

> E > D(1
2 ||p) + ǫ − log(d+1)

d
,

q∗ = 1
2 if E is too small, andq∗ = 1 if E is too big.

As d → ∞ and ǫ → 0, the exponent in (12) approaches
HB (q∗) where the error exponentE approachesD(q∗||p).
Thus, the bound here asymptotically matches the bound in
Lemma 3.1.

V. CONCLUSION

The very high error exponents of Horstein [6] and
Kudryashov [7] were originally stated in the context of bit-
error probability for non-block coding with an average delay
constraint. However, they can be more easily understood if
we adopt Forney’s errors-and-erasures perspective and focus
on the probability of undetected error. For that problem, the
hallucination bound stated herein provides the natural converse
which shows that no larger error exponents are possible.

In the block-coding context, the hallucination bound com-
plements the traditional sphere-packing bound. Whereas the
traditional sphere-packing bound tells how bad the maximum
or average probability of error must be, the hallucination
bound considers the minimum probability of error. This allows
the code to implicitly have a “favorite message” that is extra-
reliable. The reason this error exponent can be bounded away
from zero even at capacity is that the problem at the decoder
becomes one of multi-stage hypothesis testing. The decoder
first asks “is this my favorite message” before trying to decode
to any other message. Since the favorite message is unique,
this first stage can have a positive error exponent at any rate
for the overall code.

When feedback is allowed in the block-coding context,
the encoder can optimize its channel input distribution based
on how the channel is behaving. This logic leads to the
Haroutunian bound [5]. When feedback is allowed in the
streaming context the encoder has the option of changing its
message mid-stream to its favorite message. As is developed
in [2] when erasure are permitted the favorite message can
be assigned the role of warning the decoder that the channel
is behaving badly and instructing it to declare an erasure.
The hallucination bound shows that the performance thereby
achieved is the best possible.

APPENDIX

Proof of Lemma 3.1:The binary entropy functionHB (·)
is continuous in its argument and so the second part of
the lemma is clearly true sincelimd→∞

log(d+1)
d

= 0 as is

limd→∞
log(d+1)+log 1

p +ln 2

d
= 0.

For the first part, it is useful to consider the BSC as
a modulo 2 additive noise channel with noiseZi drawn
i.i.d. Bernoulli-p. For any code function the mapping from
channel noisezd to channel outputsyd is one-to-one and onto.
Thus, the probabilityPr

[
Y d ∈ D

]
must be larger than the

minimum probability of a setDZ of channel noise satisfying
|DZ | ≥ 2dE′

giving

Pr
[
Y d ∈ D

]
≥ min

DZ s.t. |DZ|≥2dE′

Pr
[
Zd ∈ DZ

]

DefineDq̄
Z to be the set of all length-d binary strings with

average weight greater than or equal toq̄ ≥ 1
2 . Then

min
DZ s.t. |DZ|≥2dE′

Pr
[
Zd ∈ DZ

]
≥ Pr

[
Zd ∈ Dq̄

Z

]

for any value ofq̄ chosen so that
∣∣Dq̄

Z

∣∣ ≤ 2dE′

. (13)

This holds because the least likely strings for a Bernoulli
process withp < 1

2 are the ones with the largest weights.

Set q̄ = ⌈dq′⌉
d

whereq′ is defined in (2). To see that this
choice ofq̄ satisfies (13) observe that

|Dq̄
Z | < (d + 1)|Tq̄| ≤ (d + 1)2dHB(q̄)

≤ (d + 1)2dHB(q′) = 2dE′

whereTq̄ is the set of sequences of typeq̄. The first inequality
holds since type-classes closer to0.5 have more members than
those further away and there ared+1 binary types in total. The
second inequality holds because sinceq′ > 0.5, q̄ > q′ > 0.5
and soHB (q̄) < HB (q′). The third inequality holds by the
definition of q′ in (2).

Finally, to lower bound the probability itself, observe that
q′ ≤ q̄ ≤ min{1, q′ + 1

d
} and so:

Pr
[
Zd ∈ Dq̄

Z

]
> Pr

[
Zd ∈ Tq̄

]

≥
1

d + 1
2−dD(q̄||p)

=
1

d + 1
2−d{q̄ log q̄

p +(1−q̄) log 1−q̄
1−p}

≥
1

d + 1
2
−d



(q′+ 1
d ) log

min(1,q′+ 1
d

)

p +(1−q′) log 1−q′

1−p

ff

≥
1

d + 1
2
−d



1
d (log 1

p )+q′(log q′

p +log
q′+ 1

d
q′

)+(1−q′) log 1−q′

1−p

ff

=
1

d + 1
2
−d

n

D(q′||p)+ 1
d (log 1

p )+q′ log(1+ 1
q′d

)
o

≥
1

d + 1
2−d{D(q′||p)+ 1

d (log 1
p +ln 2)}

= 2−d{D(q′||p)+ 1
d (log(d+1)+log 1

p +ln 2)}

which proves the desired result. �



Proof of Lemma 4.1: Since D(·||p) is continuous in its
first argument the second part of the lemma holds for reasons
identical to Lemma 3.1.

For the first part, notice that the bound is trivial whenever
q∗ = 1

2 . Similarly E > D(1||p) cannot happen unless the set
D is empty so just concentrate on the caseq∗ > 1

2 .
As in Lemma 3.1, for each code function, the one-to-one

mapping from binary channel noisezd to channel outputs
yd justifies solely considering setsDZ,i of channel noise
sequences instead of the original sets of channel outputs. We
need to bound the total size

∑
|DZ,i|, subject to

1
∑K

i=1 pi

K∑

i=1

pi Pr
[
Zd ∈ DZ,i

]
≤ 2−dE. (14)

By calculating the average set size subject to a looser
constraint we upper bound the total size of the sets. The
constraint (14) is relaxed by noticingpmin ≤ pi ≤ pmax where
pmin ≥ 2−dǫpmax. Since2−dǫpmax ≤ pi ≤ pmax,

1
∑K

i=1 pi

K∑

i=1

pi Pr
[
Zd ∈ DZ,i

]

≥
1

∑K
i=1 pmax

K∑

i=1

pi Pr
[
Zd ∈ DZ,i

]

≥
1

∑K
i=1 pmax

K∑

i=1

2−dǫpmax Pr
[
Zd ∈ DZ,i

]

= 2−dǫ 1

K

K∑

i=1

Pr
[
Zd ∈ DZ,i

]
.

Therefore the constraint (14) implies

1

K

K∑

i=1

Pr
[
Zd ∈ DZ,i

]
≤ 2−d(E−ǫ). (15)

Since the probability of a noisy sequence is strictly de-
creasing in its weight, it suffices to considerDZ,i satisfying
the property that ifzd ∈ DZ,i, then any z̃d with weight
strictly larger thanzd is also in DZ,i. If a set does not
satisfy this property, sequences can be swapped in/out so that
the set remains the same size but does satisfy this property.
Meanwhile, the total probability after the swaps is strictly
smaller and hence still satisfies the constraint (15).

Thus, for each setDZ,i there must be a minimal weight and
corresponding typeqi. Each stringzd of typeqi has probability
2−dHB(qi) and so its contribution to the un-normalized sum in
(15) is2−dHB(qi). These2−dHB(qi) can be assumed to be not
far apart acrossi since otherwise, the average probability could
be reduced by swapping a string from oneDZ,i to another
DZ,j . The only way they could not be identical is ifq =
mini qi < maxi qi = q̄ were adjacent types and the typeq̄,
and all less likely types, are completely full in all theDZi .
So,

Dq̄
Z ⊆ DZ,i ⊆ D

q

Z (16)

Thus, (15) can be further relaxed to

Pr
[
Zd ∈ Dq̄

Z

]
≤ 2−d(E−ǫ) (17)

and then
K∑

i=1

|Di| ≤ K|D
q

Z | ≤ K(d + 1)2dHB(q)

≤ K2d{HB(q)+ log(d+1)
d }.

Let q̄∗ be the smallest̄q that satisfies (17). Then for anyq ≤ q̄∗

such thatq − 1
d
≥ 1

2 we have

K|D
q

Z | ≤ K2d{HB(q− 1
d)+ log(d+1)

d }. (18)

In particular, anyq > 1
2 + 1

d
that satisfiesPr

[
Zd ∈ Dq

Z

]
≥

2−d(E−ǫ) will do. Such aq can be found by using a lower-
bound on the probability of a single type class.

Pr
[
Zd ∈ Dq

Z

]
≥

1

d + 1
2−dD(q||p)

and so pickingq∗ from (10) is good enough.
All that remains is to upper boundHB

(
q∗ − 1

d

)
from (18):

HB

(
q∗−

1

d

)
=

1

d
log

[
q∗ − 1

d

1−q∗+ 1
d

]
− q∗

(
log[q∗] + log

[
1−

1

dq∗

])

− (1 − q∗)

(
log[1 − q∗] + log

[
1 +

1

d(1 − q∗)

])

≤HB (q∗) +
1

d
log

[
q∗

1 − q∗

]
− q∗ log

[
1 −

1

dq∗

]

− (1 − q∗) log

[
1 +

1

d(1 − q∗)

]
(19)

Assuming d ≥ max{ 2
q∗

, 1
1−q∗

}, we know 1
dq∗

< 1
2 and

1
d(1−q∗) < 1. Since log is concave–∩ with log 1 = 0,
log 1

2 = −1 and log 2 = 1, we know log(1 − 1
dq∗

) ≥ − 2
dq∗

and log(1 + 1
d(1−q∗) )) ≥ 1

d(1−q∗) . Continuing from (19) we
get

HB

(
q∗ −

1

d

)
≤ HB (q∗) +

1

d
log

[
q∗

1 − q∗

]
+

2

d
−

1

d

= HB (q∗) +
1

d
log

[
q∗

1 − q∗

]
+

1

d

Combining this with (18), gives (12). �
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