Trade-off of lossless source-coding error exponents
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Abstract—We consider the lossless encoding of two anytime-reliability regions and the stabilizability over
simultaneous sources. The encoder may choose to discrim- noisy channels of unstable linear systems with vector-
inate against one source‘and hence the error exponents for valued states. However, as was seen in [8], [2], the
the two sources can be different. The goal of this paper is to f di ts is oft imol
understand the region of achievable error-exponent pairs case or source-coding errlor exponents 1s o e_n Simpler
for lossless source coding. In the fixed-block-length case, than that of channel coding. Therefore, the ideas are
the error exponent region is completely characterized and developed here in the source-coding context.
is found to be relatively trivial. However, in the streaming In Section I-A and Section I-B, we review the point
context, it is shown that there exists a non-trivial trade-off to point error exponent results for both the fixed-block-

between the two error exponents. Both an inner bound lenath and streaming contexts. Then. in Section I-C
and an outer bound are given for that case, but they do 9 g ’ ’ !

not match. The outer bound comes from a multi-sream W€ formally define the error-exponent region for the

version of the uncertainty-focusing bound. two source one encoder problem. The main results are
then stated in Section Il with a numeric example in
I. INTRODUCTION AND PROBLEM SETUP Section Ill. Abbreviated proofs follow in Section IV.

Classical error exponents show the tradeoff betweef. Point-to-Point fixed length lossless source coding
the amount of information communicated and the reli- consider a discrete memoryless iid source with distri-

ability of that communication [7]. In a multiuser set-ption p, defined on finite alphabet’. A rate-R fixed-
ting, a new tradeoff is possible since different usergock-length source-coding system fosource symbols
can have differenerror exponentswhile sharing the consists of an encoder-decoder pdr,, D,,), wheré
same underlying communicatioasources The vectors
of achievable error exponents are known as the error Ent X" — {0,137, &, (af) = b7
exponent region. The error exponent region is studied for D, : {0,1}"F — x", D, (b)) =27
Gaussian broadcast and multiple-access channels in [11
where outer and inner bounds are derived.

In this paper, we simplify the problem further by Prixi” # X{'] = Prlxi’ # Dn (& (x1"))]-
considering qnly the case when the two users can jointly |, his seminal paper [10], Shannon proved that arbi-
encode and jointly decode. In the context of streamyqiily small error probabilities are achievable by letting
ing* messages, the feedback-channel-coding version pfget pig as long as the encoder rate is larger than the
even thls_ S|mpI|f|ed_ problem_ is very |mportanF SiNCEantropy of the source? > H (py). Furthermore, it turns
[9] established an intimate link between multistreamy; that the error probability goes to zero exponentially
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1The streaming context is where the message is revealed to tRacoder paif D. such that
encoder gradually in real-timand is composed of finely-grained o
information that is incrementally useful in small chunks. The streaming Pr[x # X" < K. 2 B (R)—e) (1)
context is distinguished from the hard real-time (or zero-delay) context -

in that the streaming context tolerates a substantial end-to-end delgthis result is asymptotically tight, in the sense thiat>

between when the chunk of information enters the encoder and wh
it is needed at the destination. The streaming context is distinguishgg _HGe >0, s.t.vn > 0, for all block encoder-decoder

from the usual block-coding context in that the streaming end-to-enpalr En, Dy,

delay is considered to be much larger than the granularity of the n  ~n —n(EX(R)+e)

information itself. The usual block-coding context can be considered PY[Xl 75 Xl} > G2 b (2)
one in which the tolerable end-to-end delay is equal in size to

one information chunk. See [8] for a detailed discussion about the 2We assume thakR is an integer. It should be clear that this
difference between the streaming and block contexts. assumption is insignificant in the asymptotic regime wheris big.

]The probability of block decoding error is defined as



whereE}(R) is defined as the block source coding error
exponent with the form;

Source X1 X2 X3 X4 X5 XG .o
E{(R) = min D(glp, © S
The error exponenE; (R) is monotonically increasing Encoding by (x7) by (x') by (x7) .
and convex [6] forR € [H(px),log(|X])] as illustrated
in Figure 1. Rate limited channel
Decoding 1) %22 BB) %@ 2R(B) %) ..
T Fig. 2. Time line of delay universal source coding: réte= %
XLIJ_D
0 H Tog(1X)) all ¢ > 0, there existsK. < oo, 3 delay-universal
Rate R encoder/decoder pais, D, s.t.V0 < i < j < oo:
o ) E*(R)—
Fig. 1. Block coding error exponedt; (R) Prlx; # Xi(j)] < K2 (=) (B, (B) =)

This error exponent is derived in [1] and [3], [2].

B. Point-to-Point delay constrained streaming source Theorem 2:(From [1]) delay-constrained error expo-
coding nent for streaming source coding

In [1] and [8], delay constrained streaming source x P G
coding and streaming channel coding are studied. The Ei(R) = énf;] G Zr(latR) )
delay-universal source coding model is illustrated in FlgwhereEx(R) is the block-coding error exponent defined
ure 2. Rather than being known in advance, the sour¢g Theorem 1.
symbols enter the encoder in a streaming fashion. We
assume that the discrete memoryless source generafesTwo source and once encoder problem and its error
one source symbot; per second from a finite alphabetexponent region
X. Wherex;'s are i.i.d from a distributiorp,.. The i'" Instead of having one source, we study the problem
source symbok; is not known at the encoder until time jllustrated in Figure 3. There are two sources, both
1. This is the fundamental difference in the system mOdef which enter the Sing|e encoder and must be recon-
from the block source coding setup in Section I-A.  structed by the single decoder. If the decoding error
is defined asPr[(x,y) # (X,y)], this problem was
discussed the previous two sections. However, in this
paper, we study therror vector— (Pr[x # X], Pr[y #

y]) and the asymptotic behaviors as the block-length or
‘ delay gets long — error-exponent vectors for both the
&+ X7 — {0,1}URIZLG-DRI g (57 = bHJRJl)RHl block-coding and streaming contexts.

The outputs of the delay-universal decod®rare the Is_efmlglon 3: We denote b_y(fE(R, X)Aﬁj(f’y))h.an
decoding decisions of all the arrived source symbols aC levable error-exponent pair for rate All the achiev-
the encoder by time based on the received binary bits® le pairs form an error-exponent region that is a subset

of the the first quadrant{(X,Y) € Rt x R*

up to timej. X andY are achievable error exponents for soutce
D; : {0, 1}UR — X9, D, V) = 29 (5) andy respectively}

Definition 1: A delay universal sequential encoder-
decoder pairf, D is a sequence of mapgs;},j =
1,2,...and{D,},j = 1,2, .... The outputs of; are the
outputs of the encodef from time j — 1 to j.

WhereZ! (4) is the estimation, at timg, of x/ and thus In this setup, the two sources share the a total rate of

the end-to-end delay of symbat at time j is j —¢ R. The goal of this paper is to characterize the error-

seconds fori < j. In a delay-universal scheme, theexponent region for both block and streaming source

decoder emits revised estimates for all source symbot®ding.

so far. The coding system is illustrated in Figure 2. We say an error exponent p&if;, F2) dominates
Definition 2: A delay-constrained error exponentanother pair(Fy, Fs) iff £y > Fy and E; > F, this

EX(R) is said to be achievable if and only if for gives a partial order o x R. Obviously, we only need



RateR = X v A= (B} (R), E{(R))
(x, y)— Encoder Decoder|_,.

~

y

Fig. 3. Two sources one encoder source coding

C = (By(R), By (R))

to determine those exponent pairs that are not dominated B = (E5(R), By (R))
by any other exponent pairs. X
II. MAIN RESULTS Fig. 4. Error exponent region for block source coding, the three
. . corner points are marked a$,B and C, where A and B are the
A. Fixed-block-length coding dominant operation points.

Theorem 3:Consider fixed-block-length source cod-

ing of iid data (x;,y;) ~ px,, and the error exponent

region in Definition 3, then the error exponent region i¢N€ €rror exponent region in Definition 3, then the true
an “L” shaped region- error exponent region is supersetof:

E!(R) { U B}t U Bae)}
E())(y(R)' a€l0,1] ael0,1]

E(R,x) < Ef(R) and E(R,y)
E(Rx) <EY(R) of E(Ry)

IAIA

) ) ) where B%(«) and Bj(a) are rectangular regions
B. Delay-universal streaming coding B () =
We summarize the outer bound result in Theorem 4 N {XxYy):
and the inner bound result in Theorem 5. £>0,0€[0,1]
o Xy (0 R —a pxr (1-0)(1 R
X < g (MO8 4 1o e U=0UE0R) ang

« min ,i—l X —
Y < SEY (0040 R+t By (R B

Theorem 4:(Outer bound) Consider the delay con-
strained source coding of iid sources, y;) ~ px,, and B
the error exponent region in Definition 3, then the error Similarly for B (c).
exponent region is aubsetof:

These two bounds are illustrated in Figure 5.

{(X,Y): X < E}(R) andY < EJ(R)}[) I1l. NUMERICAL RESULTS

{ N Ak [ AhB)} The source consists of two independent random vari-
«€l0,1],8>0 a€l0,1],8>0 ablesx andy with marginalsp, = p, = (0.02,0.98).
At rate R = 0.5, the fixed-block-length error expo-

xT Yy wpn H
where A% (o, ) and A% (a, 3) are “L” shaped regions, nents areEx(R) — EJ(R) — 0.1426 and E¥ (R) —

Ar(,B) s 9.0253. The error-exponent region is the shgded rggion
((6Y) X < GFga ) or Y < e ) o b her aunievabis et suponert
where Fg(a. 5) = pa,gts'rate R = 0.5, the delay-constrained (Xerror expo-
i ) 1 ) e ner and auter bounds. are ploted n

Figure 5.
and similarly A% (o, ) is o

IV. PROOFs

) 1 y 1,
s mFR(aﬁ) orYy = EFR(a’ﬁ)} In this section, we give the sketch of the proofs of
Th 4ands.
where F, (o, 8) = eorems 3, 4 and 5
. B 0(1+ B)R ) I~ (1-6)(1+B)R A. Proof of Theorem 3
oelon) b ()t (=B (") Converse:the proof of converse is trivial. By Theo-

) . rem 1, we know that
Theorem 5:(inner bound) Consider the delay con-

strained source coding of iid sources, y;) ~ px,, and E(R,x) < Ef(R) andE(R,y) < EJ(R) (5)



b the output of the encoder. The lengthtofs nR + 1,

S to simply the notations we denote By the string of
) : b with the first bit removed.
: At the decoder side, if the first bit of the stririgis
- “trivial" outer bound
; 0,
o5t D;>Y(b) = DY (b-1) = Di¥ (ER¥ (a7, y1))
: if the first bit is 1,
= L 7 D;7Y(b) = (D5 (b-1), 07) = (D5 (5 (1)), 0F).
Obviously the new coding systefg*>¥, DZ>¥) makes
0 . ‘ — an decoding error or only if (£7,DZ) makes an de-
0 EY(R) 0.5 ER) 1

coding error orx, and(EX>Y, Dx>¥) makes an decoding
error ony only if (£2¥, D*¥) makes an decoding error
Fig. 5. Delay constrained streaming coding error exponent regionOn (a:,y)The new coding _SyStem l_Jse,S one eXtra, bit
that is insignificant asymptotically. This gives the desired
result that the error-exponent pdif) (R), E,” (R)) is
and for anye > 0, there exists a3, > 0, s.t. the achievable.

following is true for alln: B. Proof of Theorem 4

Pr{(x", y") # (X", 9] = Ge2 (B 0+ (6) The proof is the multistream generalization of the
Then by noticing that eithePr[x # 7] or Pr[y® + proof for the single source stregming source—coding case
y"] has to be at least half dtr[(x], y?) # (X, y7)]: in [1], [3], [2]. The idea is to figure out thdominant

error event for a particular delay. By using the method

Pr[x!" #X7'] > %Q—H(EZY(RHE) of types [4], we can give the correct exponent of these

C% ) dominant error event in the block coding context. Then,

or  Prly! #y" > 762‘”(Eby(R>+€> we translate these block coding errors to symbol errors

and thus derive a bound on the delay-constrained error
Taking logarithm at both sides, notice that this is trug&xponent for streaming source coding.
for all e andn, by lettinge — 0 andn — co, we have  Now we can only give the sketch of the proof due
E(R,x) < EY(R) or E(R,x) < EY(R) (7) 1o the space limitations. As shown in Figure 6, if the
total empirical entropy of the random sequercef
Combining (5) and (7), we prove the converse. (7, y2™) is higher thar(1+3)n.R, with high probability
Achievability: By symmetry and the partial order the coding system makes a block decoding error at
established by dominance, we only need to showWme (1 + 8)n for (z7,y9"). We know that the true
that the following error-exponent pair is achievablegistribution of the source ig,,, So the probability that
(Ef(R), ;Y (R)). By Theorem 1, for alle > 0, there the source behaves atypically such that the empirical
exists K < oo, s.t. for alln there exist a source coding entropy is higher tharfl + 3)nR is as follows:

system(E¥, DZ) s.t. ! ) £ ) ( )]
. n(E(R)— Pr{(x", yi™) # (' (1 4 B)n, yi" (1 + B)n
Prlxi" # Dy (€5 (x")] < K275 =9 . 9-n(@D(gyIpy)+(1-0) D(rlp) o) ®)
and there exist a source coding syst¢&yY, Dxv) s.t. YV aH(gy) + (1 — a)H(ry|lpx) > (1+ B)nR
n n X Ty n n —-n ol —€
Pr((x{", y1') # Dp¥ (7Y (', yi )] < K2 "E =9 0 |ast line is equivalent a0 e 0,1], s.t.

The new “biased” coding syster(€Z>¥, DZ>v) is
as follows: for a source sequence pdi?,y7), if
(=1, y1) = DY (€Y (a1, uT))

EXZY (g ylt) = (0, EXY (2}, y})) Subsutu‘Fe_ Fhe above two mequglmes into (8) and
) by the definition of the source coding error exponents
otherwise&2>Y (z7, y7) = (1,EX(x7)), where (d;, da)

concatenate two binary strings andas. We denote by 3Again we ignore the integer effects sinaecan be arbitrarily large

aH(gy) > 0(1+ 6)nR
and (1 —a)H(ry|lpx) > (1 = 0)(1 + B)nR.

4
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Fig. 6. Bounding theatypicality for the outer bound

defined in Theorem 1, we have:

P’ yi™) # 4" (1 + B)n, yi™ (1 + B)n)]
5 o "oy (PET RPN Byl —)

©)

Streaming data
X1, Xo, X3 .——»{ Empirical entropy coder

Vi,¥2,¥3 .T{Empirical cond-entropy codeﬁ

FIFO (o
© Rate R bit stream

Encoder Buffer

Two sources one encoder source coding

Fig. 7.

empirical conditional entropyy goes to 0 asV goes
to infinity.
The FIFO ¢) encoder buffer hasvo buffers, one for

Now assume the delay-constrained error exponent pair one fory. The buffer sends oneode wordfor an

is (X,Y), then the decoding error at timé + 3)n can
be bounded as follows:

Pr((x}', yi™) # (R (1 + B)n, 77" (1 + B)n)]
< ZPr[Xi #X; (14 B)n)]
+ Z Prly; # yi (14 B)n)]

=1
< K. (2,,1,@()(,5) +27n(1+,87a)(y,€))

x block X; or ay block y; based on the priority order
described as followsx; has higher priority than any;,
Jj > 1, in that the individual buffers are FIFO. Suppose
at timet, X; andy; are the topmost blocks for sourece
and sourcey respectively. Denote bi(t) the last time
that both of the buffers were empty. Th&nhas higher
priority if a(i — %) > (j— %), otherwisey; has
higher priority. Notice thaty < 1, soi > j.

The decoding error is then converted into a buffer
overflow problem, and then the inner bound in Theo-

Combining the above inequality with (9) and letting
(n,€e) go to (o0, 0), we get the desired result:

1. 1 . g
where F% (o, 3) is defined in Theorem 4. We have the
obvious bounds that 3]

B(R.x) < EX(R) and E(R.y) < B(R). (1)

Combining (11) and (10) and noticing the symmetry, we
(5]
prove Theorem 4. a

6
C. Proof of Theorem 5 1l

Due to the space limitations, we can only give them
sketch of the coding scheme here and must omit the
proof entirely. We describe the scheme that tre&ts [8]
with higher priority, with a parametes € [0,1]. The [9]
case of givingY” priority is identical.

The coding system is illustrated in Figure 7. The
encoder first chops the sequenggs.... andy;, .... into [10]
blocks of size N, where N is sufficiently big. Then
the encoder converts each blogk and y; of length [11]
N into prefix-free codes with lengtiV(H (X;) + en)
and N(H(y:|X;) + en) respectively , whereH (X;) is
the empirical entropy of bloclk; and H(y;|X;) is the

rem 5 is derived following the analysis in [1], [2].
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