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Abstract— The localization problem is fundamentally
important for sensor networks. We study the Cramér-
Rao lower bound (CRB) for two kinds of localization
basedon noisy range measurements.The �rst is Anchored
Localization in which we know true positions of at least
3 nodes. We show some basic invariances of the CRB
in this caseand derive lower and upper bounds on the
CRB which can be computedusing only local information.
The secondis Anchor-fr eeLocalization where no absolute
positions are known. Although the Fisher Inf ormation
Matrix is singular, wederive a CRB-lik e bound on the total
estimation variance. Finally, for both caseswe discusshow
the bounds scaleto large networks under differ ent models
of wir elesssignal propagation.

I . INTRODUCTION

In wireless sensor networks, the positions of the
sensorsplay a vital role. Position information can be
exploited within the network stack at all levels from
improvedphysicallayer communication[1] to routing[2]
and on to the application level where positions are
neededto meaningfullyinterpretany physicalmeasure-
mentsthe sensorsmay take. Becauseit is so important,
this problemof localizationhasbeenstudiedextensively.
Most of thesestudiesassumethe existenceof a group
of “anchor nodes” that have a-priori known positions.
Thereare threemajor category of localizationschemes
thatdiffer in whatkind of geometricinformationthey use
to estimatethe locations.Many[3], [4], [5], [6] and [7],
useonly the connectivity informationbasedon whether
node

�

candirectly communicatewith node � , or anchor
�

. Such approachesare attractive becauseconnectivity
information is easily accessibleat the network layer
whereit is alsoessentialfor multi-hop routing.

The secondcategory usesboth Euclideandistances
and angularinformation for localization.Suchschemes
are studiedin [8], [9] and [10]. Theseare useful when
antennaarraysare availableat the sensornodesso that

beamforming is possible in order to determinewhat
directionsignalsarecomingfrom.

The third category is localization basedsolely on
the Euclideandistances(ranging) betweennodes and
betweennodesand anchors[11], [12], [13] and [14].
Within these, the �rst two paperscited estimatethe
coordinatesof thenodesbasedontheestimateddistances
betweenthe nodesand the anchorsdirectly. The latter
two schemes�rst estimatepositions in an anchor-free
coordinatesystemandthenembedit into the coordinate
systemde�ned by the anchors.In [15] and [16], the
schemesfor estimating Euclidean distancesare dis-
cussed.In thispaperwe focuson thiskind of localization
problemusingranginginformation.

The Craḿer-Rao lower bound (CRB) [17] is widely
usedto evaluatethe fundamentalhardnessof an estima-
tion problem.The CRB for anchoredlocalizationusing
ranging information has beenstudiedin [18] and [19]
for several speci�c geometricsetups.For anchor-free
localization, as mentionedin [9], the FIM is singular
andso the standardCRB analysisfails.[20]

A. Outline of the paper

After reviewing somebasics,in SectionII we study
estimationboundsfor anchoredlocalization.Assuming
the rangingerrorsare iid Gaussian,we give an explicit
expressionfor the FIM solely basedon the geometryof
the sensornetwork and show that the CRB is invariant
underzoomingandtranslation.Rotationdoesnot change
the lower boundon �������
	���
 ��	�������������	���
 ��	������ . Using
matrix theory, we give a lower boundon theCRB which
is determinedby only local geometry. This convergesto
the CRB if the local area is expanded.We also give
an upperboundon localizationperformanceusingonly
local information.Finally we studythewirelesssituation
in which the noisevarianceon the rangemeasurements
dependson the inter-sensordistance.Simulationresults



validate our intuition that the faster the signal decays,
the less the estimation bound bene�ts from faraway
information. A heuristicargumentis given that reveals
the basicscalinglaws involved.

In Section III we study the estimation bounds for
anchor-free localization.We show that the rank of the
FIM is at most ���! #"$�&% , where �'�! (" is thedimension
of the matrix. We give a boundon the total estimation
variancein the anchor-free estimationand observe that
the per nodeboundin simulationsappearsproportional
to the averagenumberof neighbors.We conjecturethat
the averageestimationvariancedependson the received
signalenergy per node.

B. Cramér-Raoboundon ranging

Sincerangeis our basicinput,we �rst review theCRB
for wirelessranging.The distancebetweentwo nodesis

)�*,+

, where
+

is the speedof light and
)-*

is the time of
arrival (TOA). TOA estimationis extensively studiedin
theradarliterature.If . is theobservationduration,/0�

)

�

is thepulse1, and 132 is thenoisepower spectraldensity,
thenfor any unbiasedestimateof

)�*

[21]:
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is proportionalto the energy
in the signalwherethe proportionalityconstantdepends
on the shapeof the pulse.Becauseof the derivative, we
know that having signi�cant pulse energy at high fre-
quencies(i.e. a signalwith wide bandwidth)is bene�cial
for localization.Calling thatproportionality H
�

I we have:
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C. Modelsof Localization

In idealizing the localizationproblem,we assumeall
the sensorsare�x edon a 2-D plane.We have a setS of

N

sensorswith unknown positions,togetherwith a set
F of 1 sensors(anchors)with known positions.Because
the sizeof eachsensoris assumedto be very small, we
treateachsensorasa point.

Eachsensorgenerateslimited-energy wirelesssignals,
by meansof which node i can measurethe distance
to somenearbysensorsin the set O

F

���

�

� . We assume

1Notice that we can get rangingestimatesfrom any pulsewhose
shapeis known at thereceiver. Thiscanincludeadatacarryingpacket
that hasbeensuccessfullydecodedas long as we know the time it
wassupposedto have beentransmitted.In a wirelesssensornetwork,
we arenot necessarilyrestrictedto usea radio that is dedicatedonly
to the function of ranging.

�QPRO

F

�
�

�

� iff
�

PRO

F

�
�6�S� .2 Throughout,we alsoassume
high SNR3 and so are free to assumethat the distance
measurementsare only corruptedby independentzero
meanGaussiannoises.

1) Anchored Localization Problem: If there are at
least threenodeswith known positions( T U5T

:

% ), then
it is possibleto estimateabsolutecoordinatesfor each
nodeusingobservations � andpositionknowledge VW� .
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� is the position of a single sensor
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Fig. 1. A sensornetwork, solid dotsareanchors,circlesarenodes
with unknown positions.Theranginginformation v

w�x6y z

is only known
for sensorpair {�|[} s.t.

w
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2In general,if node { can measurethe distanceto node } that
doesnot necessarilymeanthat node } can measurethe distanceto
node { as well. However, we will assumethat sensor { and } can
communicatewith eachotherandhencethe distancebetween{ and

} is known to both. Also, if { and } get differentdistancemeasures,
we assumethat they have beenappropriatelyaveragedtogether.

3Supposethat we are estimatingthe propagationtime by looking
for a peakin a matched�lter . By high SNR we meanthat the peak
we �nd is in the nearneighborhoodof the true peak.At low SNR,
it is possibleto becomeconfuseddueto falsepeaksarisingentirely
from the noise.



2) Anchor-free Localization Problem: If T U5TˆX r ,
no nodeshave known positions.This is an appropriate
model whenever either we do not care about absolute
positions,or if whatever global positionswe do have
are far more imprecise than the quality of measure-
ments available within the sensornetwork. If V•e‰X

YS�l
 � 	 _�
 � 	 �

<

T
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P

K

b is an estimateof nodepositions,then
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e
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Vce wherethe Ž representsre�ecting the entirenetwork
aboutthe � axis and L���•c� is a rotationmatrix:
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As a result, the performancemeasureof an anchor-free
localization should not be ™

	

����	•�š
 ��	d� � �›����	W�œ
 ��	d� � .
Insteadwe will use the distancebetweenequivalence
classes.Since the FIM for anchor-free localization is
singular [9], we will develop a bound using the tools
provided in [20].

I I . ESTIMATION BOUNDS FOR ANCHORED

LOCALIZATION

For the AnchoredLocalizationproblem,the Craḿer-
Raobound(CRB)canbedirectlyderivedfrom theFisher
InformationMatrix (FIM).

A. TheFIM for Anchored Localization

As illustrated in Fig.2, we de�ne •c	‡\•Pž4 rs_#Ÿ– �� , the
anglefrom node

�

to � , as:
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B. Propertiesof the CRBof Anchored Localization

Given the FIM, we can evaluate the CRB for any
unbiasedestimators:
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Corollary 1: TheFIM is invariantunderzoomingand
translation

²

�¬YS���
	�_���	d�#b±�‹X

²

�¬YS�?OS��	��

+

_-OÜ��	!�

F

�#b±� for
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Proof: : Theangles•=	‡\ andnoise t�	u\ areunchanged
andso the result follows immediately. Û

Corollary 2: The CRB for a single nodeis invariant
under rotation and re�ection: Let /ÝX

²
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Proof: : Going throughthe derivation of the FIM,
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C. A lower boundon theCRBfor anchoredlocalization

In order to evaluatethe CRB, we need to take the
geometryof the whole sensornetwork into account.In
this section,we derive a performanceboundfor node ð

that dependsonly on the local geometryaroundit. This
hasthepotentialto bevaluablein any “local” algorithms
that try to do localization without performing all the
computationsin onecenter.

First we review a lemmafor estimationvariance:
Lemma1: Submatrix bound Let ñ X
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where
²

�?ñS� is the non-singular, andhencepositive de�-
nite, FIM for ñ .
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Notice that for any subsetof
N

parameters,we can
alwayschangethe index of the parameterto make them
have index 1š�

N

�›­–_,°,°,°m_-1 . By directly applying
Lemma1 we get:

Theorem2: A lower boundon the CRB
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We now assumethattherangingerrorsarei.i.d. Gaus-
sianwith zeromeanandcommonvariancet=� andde�ne
thenormalizedFisherinformationmatrix ú“X§t=�
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. It is
similar to theGeometricDilution of Precision(GDOP)in
theradarliterature[23] in that ú is adimensionlessvalue
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The sumof the estimationvariance
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origin �?rs_-rÜ� . A specialcaseis when •fýåX

�

ý��

ÿ

��� and
the anglesŸ�•=ý 's areuniformly distributed in 4 rs_#Ÿ– �� .

Above, we used one-hop geometric information
aroundnode

�

to get a lower boundon the CRB. This
bound can be interpreted as the CRB given perfect
knowledgeof thepositionsof all othernodes.Wecanuse
moreinformationto geta tighterboundon theCRB.The
lower boundusing2-hop information is the CRB given
the positionsof all nodes � , �ùÂ P§O

F

���

�

� , and similarly
for multiple-hops.The larger the local region we useto
calculatethe CRB, the tighter it is.

In our simulation,we have Ÿ–r�r nodesand ­,r anchors
all uniformly randomlydistributedinsidethe unit circle,

�àP•O

F

�
�

�

� , if and only if
F

	�� \ óžrs°ƒ% . In Figure. 3, we
plot the boundsfor Ÿ–r randomlychosennodes.

Fig. 3. Dots: CRB, Crosses:2-hop bound,Squares:1-hop bound,
Curve: �
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The nodesare indexed with decreasing'
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D. An upperBoundon theCRBof anchoredlocalization

The CRB bound in Theorem 1 gives us the best
performancean unbiasedestimatorcan achieve given
all information from the sensornetwork, including the
positions of all anchorsand all the available ranging
information 


F

	�Z \ . This boundsthe performanceof a cen-
tralizedlocalizationalgorithmwherea centralcomputer
�rst collects all the information and then estimatethe
positionsof the nodes.

In a sensornetwork, distributed localization is often
preferreddue to the potentially lower communication
and computationcosts.In this “local” estimationprob-
lem only a subset of the anchors U÷ø,+ U and a
neighborhoodof the nodes ð3P

K

ø-+

K

may be taken
into account.Giventhepositionsof someof theanchors
in Ucø and the distancesbetweensomeof the nodepairs
in

K

ø , �'ø
XgY

F

	�Z \]T

�

P

K

ø

^

U¥_��ˆPaO

F

�
�

�

�/.

K10

b , our goal is

to estimatethe �lø�_��¤ø . The CRB 25���lø[� and 25���¤ø[� of this
estimationproblemcomputedfrom the ŸÆT

K

ø7T-ß‹ŸÆT

K

ø7T FIM
is an upperboundon the CRB directly computedfrom
the Ÿ

N

ßÃŸ

N

FIM becausestrictly lessinformation is
usedfor estimation.In this section,we comparethe two
boundsthroughsimulation.

The wireless sensor network is shown in Fig.4.
Anchors are on the integer lattice points in a 3àß43

square region. There are Ÿ–r nodes with unknown
positions uniformly randomly distributed inside each
grid square.Sensorpair

�

and � canseeeachotheronly
if they are separatedby a distancelessthan rs°65 . In the
�gure, we plot the nodes

K

@

inside the centralgrid in
black, thoseinside

Þ

¶

Þ

�

Þ87GÞ89

in gray, andthosenodes
inside Õ¦¶(Õ

�

Õ

7

Õ

9

in light gray.

Fig. 4. The setupof the sensornetwork
Anchorsareshown assquares,nodesareshown asdots,nodesinside
the centralgrid areshown asblack dots.

We compute the normalized CRBs ( 2
	®X 2-:
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Xo­–_#Ÿ]_,°,°,°±_#Ÿ–r ) on the estimationof the positions
of the nodesinside the central grid /
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in
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differentcasescorrespondingto informationfrom within
the squares:/ ¶#/
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, and
the whole sensornetwork. As shown in Fig.5, 2
	��?/‹�

:
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�dÕ&�
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�?/8=>=Á�(_
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X ­–_#Ÿ]_,°,°,°±_#Ÿ–r . We
observe that 2�	7�dÕ � (squaresin Fig.5) is extremelyclose
to 2J	��?/8=>=Á� (the curve in Fig.5). More surprisingly, we
observe that 2Æ	-�

Þ

� is muchsmallerthan 2Æ	��?/‹� .
To explore further, we gradually increasethe size

of the squareregion which contains /3¶#/

�

/

7

/

9

in the
middle, and computethe averageCRB. As shown in



Fig. 5. Craḿer-Raobounds
Circle: estimationboundsusing the information inside ?A@�?CB"?CD"?

�

.
Dot: estimationboundsusing the information inside E @ E B E D E

�

.
Square:estimationboundsusingthe information inside FC@�FGB
F1D"F

�

.
Curve: estimationboundsusingall the information.

Fig.6, the averageCRB decreasesas the size increases.
Notice that /&¶-/
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are
the squareregions with size ­ , Ÿ , % respectively. After
�rst dropping signi�cantly, the upper bound levels off
signi�cantly oncewehave includedall thenodesdirectly
adjacentto our neighborhood.This bodeswell for doing
localization in a distributed fashion— distant anchors
and ranginginformation doesnot signi�cantly improve
the estimationaccuracy.
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Fig. 6. Circle: CRB using information from local network.
Line: CRB usingwhole network.

E. CRBunderDifferent Propagation Models

In previous discussion,we always assumedthat the
ranginginformationis corruptedby iid Gaussiannoises.
However from the CRB on the ranging information,

Eqn.1, we know that the variance t �

	�Z \

of the additive
noiseon the distancemeasurementcould dependon the
distance

F

	�Z \ betweentwo nodes
�

_�� , becausethereceived
wirelesssignal /3�

)

� decaysas a function of
F

. In this
paper, we assumet �

	�Z \

X›t �

F

º

	�Z \

, where t � is the noise
variancewhen

F

Xš­ .4 Under the propagationmodel,
we assumethe ranging information betweenany two
sensorsis available, thoughit may be quite bad if they
are very far apart.Here, we will also ignore the issue
of interferenceamongthe wirelessmeasurements.This
assumptionis reasonableonly in the casewherethereis
no bandwidthconstraintfor the systemas a whole, or
if the data ratesof communicationare so low that all
nodescanusesignalingorthogonalto eachother.

De�ne ú Xït �

²

to be the normalizedFIM. Just
as in the casewhere OqX�r , translationsof the whole
sensornetwork do not changethe FIM. Rotation does
not changethe CRB on any node ú

µ!¶

�

	�µ!¶�Z

�

	�µ!¶

� ú

µ!¶

�

	�Z

�

	

.
However, zoomingdoeshave an effect on the FIM.

Corollary 4: The normalizedFIM ú is scaledunder
zooming If the propagationmodel is

F

º

_-O

:

r ,andthe
whole sensornetwork is zoomedby a zooming factor

+IH

r . úâ�¬Y

+

����	7_���	d�#b±�WX

¶

��J

úâ�¬YS���
	�_���	d�#b±� ,
+

½X§r .
Proof: : Zooming doesnot changethe angles •c	�Z \

betweensensors,theonly thing thatchangesis thedecay
factor

F

º

	�Z \

. If the zoomingfactor is
+

, thenthe decaying
factor changesto �

+

F

	�Z \
�

º

X

+

º

F

º

	�Z \

, Substitutethe new
decayingfactorsinto the FIM asin Theorem1, we get:

úâ�¬Y

+

����	7_���	��#b±�¿X

¶

��J

úâ�¬YS����	7_���	��#b±� . Û

The CRB t��Gú

µ!¶

	�Z 	

changesproportionalto
+

º , if the
whole sensornetwork is zoomedup by a factor

+

.
Next, we have a simulation where we �x the node

densityand examinethe averageCRB for different O 's
as we vary the size of the sensornetwork. The sensor
network is thesameasin Fig.4andthesizesaretakenat

­`ßa­–_#%åßˆ%]_,°,°,°�_�­�%åßa­�% . We calculatethe averageCRB
inside the central squareand plot the aligned average
estimationboundin ­,r÷Ô

¢LK

¶
2

scalein Fig.7.
The averageCRB decreasesas the sizeof the sensor

network increases.This is expectedsincethereis more
informationavailableandno interferenceby assumption.
Asymptotically, the CRB decreasesat a fasterrate for
smaller O sincethenoisevarianceincreasesmoreslowly
with range.

Heuristically we have the following explanationfor
theeffectsof faraway nodeson theestimationof a single

4Earlier, we hada hybrid modelwith 'NMPO locally and 'QMSR at
a greatdistancesince the ranging information is only available for
sensorpair {�|[} , if

w
x»y zUT�€=•

xƒ‚?xƒ„[…‡†

.
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Fig. 7. AverageCRB in the centralgrid for different '

Circle: 'NMWV , Dot: 'NMYX , Cross: 'QMPZ

node
�

. Theestimationaccuracy of thepositionof a node
�

is mainly determinedby thetotal energy receivedby it.
Supposethat the distancebetweennodesis :

ê�[ , and
thenodesareuniformly distributed.We approximatethe
total received energy VU\ coming from sensorswithin
distanceL as:

V]\ X �_^
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��� if O'X�Ÿ]°

When O

ô

Ÿ , V]\ behaves like Lä�

µ�º which grows
unboundedlyasthenetwork grows andsimilarly for O'X

Ÿ where V]\ behaveslike Ô

ª

�?L&� . In suchcases,there are
advantagesto havinga bigger networkand it shouldbe
possibleto saveeach node's transmitterpowerby going
to a larger networkand thenturning downthe transmit
power in such a way as to keep the position accuracy
�xed. This also suggeststhat distributed algorithmsfor
positioningin suchcasesshouldhavesomeway of using
the measurementsfrom distantnodes.When O

H

Ÿ , VU\

converges to �"d

�

º�µ

�

ê–�

µ�º

[

. This heuristic explanation is a
qualitative �t with Fig.7, when O�X¾­ , the difference
betweenVCe and V

¶

�

is about %

F

Þ

.

I I I . ESTIMATION BOUNDS FOR ANCHOR-FREE

LOCALIZATION

In the anchor-free localizationproblem,the only in-
formation available is the inter-nodedistancemeasure-
ments. The nature of anchor-free localization is very
differentfrom anchoredlocalization,in thesensethatthe
absolutepositionsof thenodescannotbedetermined.We

�rst review thesingularityof theFIM usingthetreatment
from [17].

Lemma2: Rankof the FIM: For a
—

parameteresti-
mationproblem,if Å

F

is the observation vector, and ñ is
the

—

dimensionalparameter. Write ð��lÅ

F
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Ä
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asthe log likelihoodfunction.Thenthe rankof the FIM
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,
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r , if andonly if the expectationof the
squareof directionalderivative of ð��lÅ

F

T ñS� at ñ is zerofor
�

independentvectors ‘m¶,_,°,°,°�_#‘9ý PRL

� .
Proof: : The directional derivative of

ð���Å

F

T ñS� at ñ , along direction ‘9	 is : H���‘(	d� X

�

Ú

ð�Â

Ú

ñÜ¶�_

Ú

ðdÂ

Ú

ñ

�

_,°,°,°�_

Ú

ðdÂ

Ú

ñ/�Æ�7‘(	 .

���?H���‘#	��

�

�

X§����‘

<

	

�

Ú

ðdÂ

Ú

ñ¤¶�_,°,°,°m_

Ú

ðdÂ

Ú

ñ/�Æ�

<

�

Ú

ð�Â

Ú

ñÜ¶�_,°,°,°�_

Ú

ð�Â

Ú

ñ	�J�7‘(	��

X•‘

<

	

²

‘ 	 (22)

If
�

independentvectors ‘
¶

_,°,°,°m_#‘9ý make ‘

<
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X r ,
the rank of

²

is
—

�

�

, since � is an
—

ß

—

symmetric
matrix. Û

The FIM for anchor-free localization is the sameas
whatwascalculatedin Theorem1, just with no anchors.
With theabove lemma,we canprove thattherankof this
FIM is at most Ÿ

N

�•% in a
N

nodesensornetwork.
This is intuitively obvioussincethereare Ÿ

N

parameters
��¶,_��s¶�_��

�

_��

�

_,°,°,°�_��l"ë_��Ü" with % degreeof freedomin
rotationand translationon �l	7_���	 .

Theorem3: For the anchor-free localizationproblem,
with

N

nodes,the FIM
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The last equality comesfrom the conditional indepen-
dence.The directional derivative of each term in the
sum is r along the vectors Å‘
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where Å‘�¶ and Å‘
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the 2-D spacein L
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" correspondingto translationsand
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7

is the instantaneousdirectionwhenthe whole sensor
networks rotates. Û

Sincetherankof theFIM is Ÿ

N

��% , we cannotapply
the standardCRB argumentbecause

²

µ!¶ doesnot exist.
However, theCRB is

²ih

instead,where
²ih

is theMoore-
Penrosepseudo-inverseof

²

.[20]

A. Whatdoes
² h

mean:total estimationbound

In an
—

parameterestimationproblemwherethe FIM
²

is singular, we cannotproperly de�ne the parameter
estimationproblemin L

� . However, we canestimatethe
parametersin thesubspacespannedby all
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orthonormal
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thus
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is the intrinsic CRB matrix for the estimation
problem.The total estimationboundfor the estimation
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sincetherealways exists a translationof the entirenet-
work to make theestimationof node

�

perfectlyaccurate.
However we �nd the total estimationbounddepictsthe
estimationperformanceof anchor-free localizationsince
the traceis invariant.

De�nition 1: Total estimation bound 2
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By the de�nition we know that 2
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underrotation, translationand zooming.The total esti-
mation bound is in fact the sum of the inverseof the

Ÿ

N

�$% non-zeroeigenvaluesof ú .
Theorem4: Total estimationbound 2
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1) Total estimation bound on 3 nodes anchor-free
localization: Using Theorem4, we can give the total
lower boundon any geometricsetupof an anchor-free
localization.The simplestnontrivial caseis when there
are only % points. We �x two points at �?rs_-rÜ�(_��?rs_�­��

and assumethe longestedgehaslength ­ . We plot the

contour of the total estimationbound as a function of
the positionof the %±ê

F

node Pà4 rs_�­

8

ßà4 rs_�­

8 .

Fig. 8. Thecontourshows the total estimationboundin t�u$vLV
O scale
for the 3rd nodeat (xw]|qy	) .
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Fig. 9. Thetotal estimationbound,the3rd nodeis at (zO/{ |�|�y	) along
the gray line in Fig.8.

The result shows that the total estimationbound is
relatedto thebiggestangleof thetriangle.Thelargerthat
angleis, the larger the total estimationboundis. From
Fig.8 (b), we �nd that the minimum total estimation
boundis achievedwhenthetriangleis equilateral,where
the 3rd nodeis at �?rs°65]_~}

7

�

� . In Fig.9 we show what is
happeningaroundthe minimum.

2) Total estimation bound for different network
shapes: The shapeof the sensornetwork effects the
total estimationbound.We illustratethis by a simulation
with

N

sensorsrandomlyand uniformly distributed in
a region / with all thepairwisedistancesmeasured.We



plot theaveragenormalizedtotal estimationboundof 5–r

independentexperiments.
In Fig.10 / is a rectangularregion with dimension

=`¶æß•=

�

_$=`¶

:

=

�

. Sincethe zoomingdoesnot change
the total estimationbound,the only thing mattersis the
ratio LùX

0

�

0

Ñ

, and it turnsout that the normalizedCRB
increasesas L increases,or as the rectangularbecomes
less and less square.5 However, once the number of
nodeshadgottenlargeenough,the total estimationerror
bounddid not changewith more nodes.The error was
reducedper-node in a way that simply distributed the
sametotal error over a larger numberof nodes.

Fig. 10. The normalizedtotal estimationlower bound €A• number
of nodes.Rectangularregion (

€

Mƒ‚
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Ñ

)

B. Whynot seta nodeat �?rs_-rÜ� andanothernodeon the
x axis

It is tempting to eliminate the singularity of the
FIM by just setting some parameters.If we �x node

­ at position ���=¶�_��s¶#� , node Ÿ with y-coordinate r , it
is equivalent to doing the estimation in the subspace
through point ���
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_,°,°,°�_��
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7

andso the choiceof which nodeswe chooseto �x can
impact the bounds!

C. Comparisonof anchoredandanchor-freelocalization

Sometimesbadgeometricsetupof anchorsresultsin
bad anchoredestimation,while the anchor-free estima-

5In [22], we alsostudiedthe total estimationboundfor an annular
region. Let

€

M…„

Î6†‡†�ˆŠ‰

„q‹�Œ
•

ˆŠ‰ be the ratio of the radiusof the inner circle
over theradiusof theoutercircle,we observe thatthetotal estimation
bounddecreasesas

€

increasesandagainthe total estimationbound
is roughly constantwith respectto the numberof nodes.The best
casewashaving the nodesalong the circumferenceof a circle!

tion is still good! As such,it is not useful to view the
anchor-free case as an information-limited version of
the anchoredcase.After all, in the anchoredcase,we
also have a more challenginggoal: to get the absolute
positionscorrect,not just up to equivalency. In Fig.11,
we have a sensornetwork with % anchorsvery close
to eachother, the total estimationbound for anchored
localization is ­gŽL5]°ƒŸ–r , meanwhile the total estimation
boundfor anchor-free localizationis

�

°ƒŸL• .
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Fig. 11. A badsetupof anchors.square:anchors,dot: nodes

D. Total EstimationBoundunderDifferent Propagation
Models

It canbeeasilyseenthat just asin theanchoredlocal-
ization, ú is invariantundertranslationand 2

B




B

º
ø7�?ú•� is

invariantunderrotationas well. Justas in anchoredlo-
calization,the total estimationbound 2

B




B

º
ø��?úk� changes

proportionalto
+

º , if thewholesensornetwork is zoomed
up by a factor

+

.
In simulation, we study the affect of the size of

the sensornetwork on the averageestimationboundin
differentpropagationmodels,i.e. for different O 's using
the samesetupasFig.4.

As shown in Fig.12, we observe that the average
estimationbound decreasesas the size of the sensor
network increaseswith �x ednodedensity. Justasin the
anchoredcaseshown in Fig.7, the estimationaccuracy
is mainly determinedby the received power and so the
heuristicexplanationfor the anchoredcasealso�ts into
the simulationresultswe have for the anchor-free case.

IV. CONCLUSIONS AND FUTURE WORK

In this paper, we studiedthe CRB for both anchored
andanchor-free localizationandgave a methodto com-
pute the CRB in terms of the geometryof the sensor



Fig. 12. The averagenormalizedtotal estimationlower bound €>•

sizeof the sensornetwork for different ' .
Circle: 'NMWV , Dot: 'NMYX , Cross: 'QMPZ

network. For the anchoredlocalization problem, we
derivedboth lower andupperboundson theCRB which
canbedeterminedby only localgeometry. Theseshowed
that we can use local geometry to predict the accu-
racy of the position estimationand that bodeswell for
distributed algorithms.For the anchor-free localization
problem,dueto thesingularityof theFisherInformation
matrix, we computedthe total estimationboundinstead.
Finally, weconsideredtheimplicationsof wirelesssignal
propagationsand found that if the signals propagate
very well, then therearepotentialgainsby using larger
networksanddoingestimationin a mannerthatusesthis
information.This deservesto bestudiedin greaterdetail.

So far, we have only computedCRB on the local-
ization problem.For the designof algorithms,it would
also be good to know the sensitivities to individual
observations.It might be very helpful to the localization
if one can identify the bottleneckof the problem. i.e.
how to �gure out which distancemeasurementcould
help to increasethe localizationaccuracy themost.With
the knowledgeof the bottleneck,it may be possibleto
allocate the energy or computationin a smart way to
improve localizationaccuracy.
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