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Abstract— It is well known that the rate-distortion function for An explicit bound on the uniform continuity oR(p, D)
a finite alphabet 11D source with distribution p, denotedR(p, D), is useful in the computation of the rate-distortion funatio
is uniformly continuous in its arguments. We prove an explicit ¢qr g arbitrarily varying source (AVS) ([4], [5]). For see

bound on |R(p, D) — R(q, D)| for distributions p,q in terms of . - -
the variational distance ||p— q/1. A simple and elementary proof adversarial models of lossy source coding, the rate-distor

shows that |R(p, D) — R(g, D)| = O(~|lp — q|l1 log||p = ||:), function has the form

with constants depending on the distortion measure. The uniform

continuity of the rate-distortion function has the same behavior R(D) = max R(p, D), Q)
the uniform continuity of entropy in the order sense. The bounds PeEQ

are used for several applications. First, an algorithm is presented . o . .
to compute the rate-distortion function for an arbitrarily varying ~ Where Q is a convex set of distributions. Sind&(p, D) is

source to within a given accuracy. Second, we comment on the not generally quasi-concave i standard convex optimization
problem of approximating the rate-distortion function for an  techniques cannot be used to comp&€D). A brute force
unknown IID source to within a desired precision. approach would be to sample a large number of point€,in
computeR(p, D) for them and take the maximum to give an
approximation forR(D). The explicit bound on the uniform

Shannon [1] showed the necessary and sufficient rate to cedetinuity of R(p, D) translates readily to a bound on the
an 11D source with distribution to distortionD is quantified number of distributions to sample to provably comp&ieD)
by the rate-distortion functiodk(p, D). For a finite alphabet to within some additive errot > 0.
source with distributiom under an average distortion measure, The uniform continuity bound also is useful in the problem
R(p, D) is a relatively well understood function of the distorof estimating the rate-distortion function for an unknown
tion D. For a fixedp, R(p, D) is convexU, monotonically finite alphabet IID source from its samples. Here, we wish
decreasing and differentiable almost everywhere as aiunctto guarantee that the estimated rate-distortion functigh w
of D [2]. For a fixed D, R(p, D) is continuous inp and samples is withine > 0 of the true rate-distortion function
because the set of distributions on a finite set is compagith probability at leastl — 7. The question is: How many
R(p, D) is also uniformly continuous. Intuitively, continuity of samples are required and how does the number of samples
the rate-distortion function allows a coding system to agtli  required scale witke and 7 as they go to zero? We give a
uncertainty in the underlying distribution in a principlady sufficient number of samples based on the uniform continuity
when a certain target fidelity must be met. This is in conti@st bound.
studying the continuity of the distortion-rate functionheve The paper is organized as follows. Definitions are given in
we think of having a fixed rate ‘budget’ and would like toSection Il and the main result is stated in Section Ill. We
bound how the distortion changes because of uncertaintygresent the applications of the continuity result to AVSerat
the distribution. distortion computation and rate-distortion function msttion

As a function ofp, one expectsR(p, D) to behave like in Sections IV-A and IV-B respectively. Proofs of the main
entropy, but this intuition is not always correct. For exdemp result are given in Sections V and VI.
Ahlswede [3] shows thaiR(p, D) may not be concave in
the distribution, while entropy is. In fack(p, D) may even 1. DEFINITIONS
have multiple local maxima with different values. However, -
we show that the uniform continuity d&(p, D) behaves like ~ Let X’ be afinite source alphabet aAtla finite reproduction
the uniform continuity of entropy, namely for two distribts ~ alphabet. LetP(X) be the set of distributions (probability
p,q with |[p — ¢|. small, |R(p, D) — R(¢,D)| = O(—|p — mass functions) ont. Let the entropy of a distributiop
qllinlp — qll1). be H(p) = —> ,cxp(x)Inp(x). For p,q € P(X), the

L, or variational distance betweemandgq is |p — q|1 =
This work was supported by an NSF Graduate Research Felpwsh > o [p(z) — q(z)].

I. INTRODUCTION



Letd : X x X — [0,d*] be a distortion measure with Now let d(-,-) be an arbitrary distortion measure with
maximum distortiond* < oo. Define the minimal nonzero maximum distortiord* for which (Z) may not hold. We can
distortion _ form a new distortion measure,

d= min d(x, @). 2 N N N
(2,2):d(x,%)>0 do(z,7) = d(z,Z) — min d(z, 7). (8)
TeX
Also, for a »p € P(X), let Dpin(p) = _
Y wex P(x)ming_5d(z,2). We say that condition(Z), We letd, be the minimal nonzero distortion fai(-,-). We
meaning zero distortion, holds for the distortion meastire i have defineddy(-,-) so that(Z) holds and hence Lemma
~ ~ . 2 applies to it. The rate-distortion functions with respaxt

(2) ¥z €&,3 Tolx) st-d(, () = 0. the two different distortion measured(-,-) and dy(-, ), are

In words, (Z) is the condition that the distortion matrix has aelated in a simple way, as discussed in Section VI. If we

zero in every row. are careful about when the rate-distortion function is itg#in
Let WV be the set of probability transition matrices (charthis allows us to extend Lemma 2 to the following lemma by
nels) fromX to X. Forp € P(X) andW € W, let taking on a larger constant. B
R Lemma 3: For p,q € P(X) with |p — q|l1 < do/4d*, if
Zp 1’|(E II? ZL’) (3) D Z maX{Dmin(p)7 Dmin(q)}a
X||X
be the average dlstort|on of sourgecross channél’. Then, |R(p, D) — R(q,D)| < —q[liIn [ Xlx] ©)
R(p, D) is defined to b . do Ip = allx
Proof: See Section VI.
R(p,D)=_min I(p,W), 4)
WeW(p,D) These lemmas give an upper bound on the behavior of
whereW(p, D) = {W € W : d(p, W) < D} andI(p, W) is |E(p, D) — R(q, D)| as|[p — gl goes t00, namelyO(—||p —
the mutual information (in nats) q|[1 In [[p—gq[|1). For binary distributiong1—p, p) and(1—g, q)
R with p,q € [0,1/2], the rate-distortion function under Ham-
Z Z W (#|z) In W (z|x) ~ ming distortion measure i&((1 —p,p), D) = hy(p) — hy (D)
s e Y wex (@)W (Z]2') for D € [0,p] where hy(-) is the binary entropy function.
seX Hence, forD < min{p, ¢},
If (Z) holds, we haveR(p, D) < oo forall D > 0, p € P(X).
We let |[R((1—p,p), D)= R((1—q,q), D)| = |hs(p) — hs(q)|- (10)
Wip= i I(p,W 5 . . .
p.D argwenvbl(rglg D) (p, W) ®) While Lemmas 2 and 3 are loose in the constants, equation
and note thatv* ,, may not be unique (see Problem 3 0](10) and Lemma 1 shows that they are correct in the order
Section 2.3 of [6]) For our purposes, it will be sufficienath sense. x| 2]
at least onelV* |, exists, which is true by the continuity of For use in the next section, we I¢{7) = ~In for
I(p,W)in W and the fact thaw(p, D) is closed. v € [0,1/2], with f(0) = 0 by_ continuity. Also, we Ietg :
f([0,1/2]) — [0,1/2] be the inverse function of (which
[1l. UNIFORM CONTINUITY OF R(p, D) exists becaus¢ is monotonically increasing and continuous

In [7], the following bound on the uniform continuity of ©n [0,1/2]).
entropy is given.
Lemma 1: Forp,q € P(X), if |[p — gl < 1/2, IV. APPLICATIONS
x| A. Computing R(D) for an AVS

X
H(p)— H <|lp— In ———— 6
A (p) (@l < llp =gl In llp = qll1 © In [4] and [5], the problem of lossy source coding is consid-

Using Lemma 1, one can prove bounds on the uniforfiied for an arbitrarily varying source. An AVS is composed

continuity? of R(p, D). First, we state the bound for distortionOf finite alphabet subsources with known distributions. One
measures when conditiof) holds. of the subsources outputs a letter at each time that must be

Lemma 2: Suppose conditioriZ) holds. Forp, ¢ € P(X), enc_oded, gnd 'the choige of which gubsource outputs the lette
it Ilp— gl < for any D > 0, varies arbitrarily over t!me. In [4], it was shown that if the
- 4d*' variation was chosen in a way that did not depend on the
|X\|/’?| realizations of the subsources, the rate-distortion fandior

Td*
|R(p, D) — R(q,D)| < — \\P—Q||1lﬂm- (") such a source is
Proof: See Section V.
R(D) = max R(p, D), (11)
1By convention,R(p, D) = oo if W(p, D) = 0. peg

2Note to reviewers: We have not been able to find this kind ofiddn the h G is th hull of the distributi th b
Western literature or standard textbooks. We feel it may lmsvknsomewhere, where ¢ is the convex hull o € distributions on the sub-

and if you are aware of such a result, please let us know. sources. In [5], it was shown that if the variation is allowted



depend on the realizations of the subsources, the rateritist to determineR(D) to within accuracye is at most

function of the AVS is i
2|1X|

R(D) = max R(p, D), (12) N s|—7=v+2 : (16)
Pep 9\ 11~

. o Proof: The bound onN(e) is clear as there are at most
whereD is a convex set of distributions (actually a pontopez[l/ﬂ +1)¥1=1 points in®
with G C D. While R(p, D) can be computed by the Arimoto- Now, we prove|R, (D) — R(D)| < e. First, for all p € Q
Blahut algorithm or convex optimization techniqué¥,D) is .’ 0 'tf? < T\ ol X, T ’
not easily computed by standard algorithms in either (11) BF€"@ 1 @ € O with [lp —qf1 < ¢ (ﬁ) = 2|X]y. To see

(12). We now give a simple brute-force algorithm that prdyabthis, letq(:) = Lp(j)h fori =1,...,]X|—1. Thenj € O, and

computesR (D) to within any desired precisioa > 0 when we letq(i) = g(i) fori =1,...,|X|—1. It is readily checked
R(D) is of the form thatq € O and||p — ¢||1 < 2v|X|. By Lemma 3,R(q, D) >
R(p, D) — €. This distributiong (or possibly one closer tp)
R(D) = max R(p, D), (13) will always be included in the maximization yielding, (D),
peQ so we haveR, (D) > max,cg R(p, D) — ¢ = R(D) — e.

Conversely, for ag € O, if minyego ||p — ¢l < 2|X]y,

where @ is a convex set defined by a finite number of ”neq[emma 3 again givest(q, D) < R(p.D) + -
q, S maXpeg L1(p, €.

inequalities.

Without loss of generality, assum& = {1,2,...,|X|}. B. Estimating R(p, D) for an unknown IID source
Lety € (0,1) and letyZ*I=1 be the|X| — 1 dimensional
integer lattice scaled by. Let O = [0,1]I¥I=1 N 4ZI*I=1,
Now, define

Recently, Harrison and Kontoyiannis [8] have studied the
problem of estimating the rate-distortion function of the
marginal distribution of an unknown source. Lgi-. be

-~ = the (marginal) empirical distribution of a vecta™ € A™.
N H,q €0, They show that the ‘plug-in’ estimatoR(p«~, D), the rate-

O=qaeP): q(i) =ql),i= 1|’X'|'_‘1’ ¥ -1, distortion function of the empirical marginal distributiof a

q( X)) =1=23227 q(i) 20 sequence, is a consistent estimator for a large class ofe®ur
] ) . (14) beyond just IID sources with known alphabets. However,éf th

In words, sample thelX| — 1 dimensional unit cube, soyrce is known to be 11D with alphabet siz&|, estimates
[0,1]1*, uniformly with points from a scaled integer lattice.of the convergence rate (in probability) of the estimaton ca
Embed these points iR*! by assigning the last value of thepe provided using the uniform continuity of the rate-dittor
new vector to be minus the sum of the values in the originaknction.
point. If this last value is non-negative, the new point is a Suppose the true source is 1D with distributipre P(X)
distribution in P(X’). The algorithm to compute?,(D) is znd fix a probabilityr € (0,1) and ane € (0,In|X]). We
then one where we compui(q, D) for distributionsg € O ish to answer the question: How many samplezeed to be
that are also in or close enough @ taken so thatR(px», D) — R(p, D)| < e with probability at

1) Fixag € O. If min,eq|lp — ¢l < 2|X|y, compute least1 — 7? The following lemma gives a sufficient number

R(q, D) using the Arimoto-Blahut algorithm [7], other- of samplesn.

wise do not computdi(q, D). Repeat for ally € O. Lemma 5: Suppose(Z) holds. For anyp € P(X), 7 €
2) Let R,(D) be the maximum of the computed values of0, 1), ande € (0, In |X]),
R(q,D), i.e.

(@) PR D)~ RG.D)| =) <7 (A7)

R.(D) :max{R(q,D) tq € O,min|p—qlh <2|X|7}. if 9 1
peQ n>-——- (m —+ X ln2) : (18)

€ T

9 7;*

Checking the conditiomin,cg ||p — ¢l|1 < v2|X| is a linear

program when@ is defined by linear inequalities, so it can Proof: From Lemma 2, we have

be efficiently solved. By setting according to the accuracy § 2 P(|R(pxn, D) — R(p, D)| > €)

e > 0 we want, we get the following result. ~
Lemma 4. The preceding algorithm computes an approxi- <P <||px" —pli>g <6d>>

mation R, (D) such thatlR, (D) — R(D)| < ¢ if Tdr

n ~ 2
~ <2¥lexp(—=g (ed/?d*)
- 1 Edo (15) 2
T\ 11 )
3This is clearly not the best bound as many of the points in tliecube on
do not yield distributions ofP(X'). The factor by which we are overbounding

The number of distributions for whiclk(q, D) is computed is roughly|.X|!, but this factor does not affect the dependence-.on



The last line follows from Theorem 2.1 of [9]. This bound is Now, we have seem(p, W, ) < D + d*[|p — g|[1. We
similar to, but a slight improvement over, the method-giety  will use the uniform continuity ofR(p, D) in D to bound
bound of Sanov's Theorem. Rather than (an+ 1)/*! term, |R(p, D) — R(p, D + d*||p — q||1)|. This will give an upper
we just have 2% term multiplying the exponential. Settingbound onR(p, D) — R(q, D) as seen through equation (20),
0 = 7 and takingln of both sides gives the desired resull. namely,

We emphasize that this numberis a sufficient number of R(p,D) — R(¢,D) < |I(p,Wp)—1I(q,W;p)l+
samples regardless of what the true distributipre P(X) R( ) Rip, d( <)) @)
is. The bound of (18) depends only on the distortion measure, P; P, a\P, W q,0
alphabet sizesY| and|X'|, desired accuracyand ‘estimation < [p,Wgp) —I(a: Wy p)l+
error’ probability 7. R(p, ) R(p, D + d*||p qllh),

V. PROOF OFLEMMA 2 where the last step follows becauBép, D) is monotonically

Proof: The quantity of interest is decreasing inD. For a fixedp, the rate-distortion function in
|R(p, D) — R(q,D)| = |I(p,W,;p) — I(¢, W; p)l.  (19) D is convexuU and decreasing and so has steepest descent at

. . . D = 0. Therefore, for any) < Dy, Dy < d*,
Considerd(p, W, 1), the distortion of source acrossg’s W< Dy, Do <

distortion D achieving channel. |[R(p, D1) — R(p, D2)| < [R(p,0) — R(p, |D> — D1])|. (22)

d * < d “p) + : : -
. Wop) < dla.Wop) Hence, we can restrict our attention to continuityRfp, D)

|d(p, W, p) — d(q, Wy p)| around D = 0. By assumptionW(p,0) # 0 Vp € P(X).

= d(q,W;p)+ Now consider an arbitrary) > 0, and letW € W(p, D). We
will show that there is somé&V, € W(p,0) that is close to

ZZ - p(Z|r)d(x,Z)| W in an L;-like sense (relative to the distributign). Since

W € W(p, D), we have by definition
< D+||p—Q|| dr.

By definion, Wr, is in W(p,dp,W:p)), SO L= Z ZW (Fle)d(z, 2) (23)
e ’ X = p(x W(z|z)d(x,x (24)
R(pvd(pqu,D)) < I(p7Wq,D) Z ( )Jf d(%:x)>0 ( | ) ( )
S I(Q7 (;D) + T
’ . ) > d) plx W(z|z). (25)
‘I(p, q,D) - I(q7Wq,D)| Z T: d(.z%,;c\)>0

N\ " Now, we will construct a channel iV (p,0), denotedV.

. . .‘I(p’ I_/VQ*D) 14, Wq.p)120) First, for eachz,z such thatd(z,z) = 0, let V(2|z) =
Expanding mutual informations yields W (Z]x). For all other(z,z), setV (z]z) = 0. Note thatV is
I(p,W* ) — I(q, W < |H(p) — H(q)| + not a channel matrix itV ¢ W(p,0) since it is missing some
e Wep) = Ha- Wep)l - < |H(pi/V* (q)\H - probability mass. To cread,, for eachz, we redistribute the

|H (p ‘Ivf) —Hlg q=D*)‘ T missing mass fron¥ (-|z) to the pairs(z, z) with d(x, Z) = 0.
|H(p, Wg.p) — H(¢; Wy p)l- Namely, for (z, %) with d(z, %) = 0, we define
Above, for a distributiorp on X and channelW from X to D W (&)
X, H(pW) denotes the entropy of a distribution drn with Wo(zlz) = V(3|z) */ d(2,27)>0
probabilities (pI)(Z) = Y, p()W (&]z). H(p, W) denotes {#': d(z,2) =0}
the entroply of the JomtAsource_cmr X .X with probabllmgs For all (z,7) with d(z,7) > 0, defineWy(Z|z) = 0. So, W
(p, W)(z,7) = p(x)W (Z|x). It is straightforward to verify s g valid channel inV(p. 0). For a fixedz € X, it can easily

that [[pW — ¢W 1 < [lp — ¢l[x and [[(p, W) — (¢, W)[lx < be checked that
|lp — ¢||1- So using Lemma 1 three times, we have

(26)

(W) = I, Wip) < lp— q”lhlnpl_é‘ﬁlq||1 N Z W (@|z) — Wo(@]2)] 2% démmm).
lp — q||11n£ i Therefore, using (25)
lp— qA||1 R ) -
||pfq||11nM ZP($)Z\W(J:|32)—WO($\$)| < e (27)
Ip — allx v @
< 1X0¥ So, forW = W p,, there is al/y € W(p,0) with the above

3llp — qfls In lp—qlli ‘modified £, dlstance with respect tp betweenlW and W,



being less thaQD/J Going back to the bound diR(p, 0) —
R(p, D),

\R(p,O) -

- in I(p,W
wiin ) [0 W)

I(p,Wo) — 1(p, W, p)
|H (pWo) — H(pW, p)|
—|—|H(p, WO)_H(pa ;D)‘

Now, note that theC; distance betweepW, andpW, p, is

R(p, D)|

- I(p7 W;:,D)

VANVAN

lpWo — pW, plly (Z|z) —
p(x)W, p(Z|z) (28)
< Zp Z\Wo Tlz) — Wy p(Z]2)|
2D
=, 29
5 (29)

similarly, ||(p, Wo) — (. Wy p) 1 < 2D/d.

Now, assumingD < d/4, we can again invoke Lemma
to get

1

2D dlxX| 2D . dX|X|
|R(p,0) — R(p, D)| < ot T,
4D d|X||X|
< =1 . 30
s Fhp (30)
Going back to (21), we see that|jp — q||; < %,
e = [R(p,D+d"[p—qlv)) - R(p. D) (31)
d 2d*|lp — qllx
d Ip = qllx

The last step follows becaus@d* < 1. Substituting into
equation (21) gives

XX
R(p.D)~ R(a.D) < 3lp—qliin XL 4
P —qllx
d* XX
4*~||p—f1||11nM (34)
d lp—qllx
7d* XX
< M- gl L (g
d lp—qllx

Finally, this bound holds uniformly op and ¢ as long as
the condition on||p — ¢||; is satisfied. Therefore, we can
interchangep and ¢ to get the other side of the inequality.

d* XX
P — ¢l 1n i
lp —

< £
qllx

R(QaD) - R(p, D) (36)

VI. PROOF OFLEMMA 3

Proof: We now assumel : X x X — [0,d*] to be
arbitrary. However, we let

do(z,T) = d(z,T) (37)

— mind(x, )
TeX

so that Lemma 2 applies . Let Ry(p, D) be the IID rate-
distortion function forp € P(X) at distortionD with respect
to distortion measuréy(x, ). By definition, R(p, D) is the
IID rate-distortion function forp with respect to distortion
measured(z, ). From Problem 13.4 of [7], for anyD >
Dmin(p)a

R(p, D) = Ro(p, D — Din(p))- (38)

Hence, forp,q € P(X), D > max(Dmin(p), Dmin(q)),
B8 % |R(p,D)— R(q,D)| (39)
= |Ro(p, D — Duin(p)) — Ro(g; D — Din(q)| (40)

< |Ro(p, D — Dmin(p)) — Ro(p, D — Diin(q))| +
|Ro(p, D — Drin(q)) — Ro(q, D — Din(q))|- (41)

Now, we note that Dyin(p) — Dmin(q)| < d*[|p — ¢|l1. The

first term of equation (41) can be bounded using equation (30)
and the second term of (41) can be bounded using Lemma 2.

The first term can be bounded|jp — g[[; < do/4d* and the
second can be bounded|iip — q|[1 < do/4dg. Sinced; < d*,
we only require||p — ql|1 < do/4d*.

4d* do| X || X
5 < My gy BT
do 2d*[|p — qlx
7d XX
B 1y~ gl m IIEL (4
0 o — aqlly
11d* |X|| X
< ~—lp—qllx H_i
0 p CI||1
]
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