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Abstract— For the point-to-point additive white Gaussian noise
(AWGN) channel with noiseless feedback and an average power
constraint, Schalkwijk and Kailath's scheme achieves a doubly-
exponential decay of the probability of error. While some AN
coding schemes for networks with noiseless feedback incorporate AN
variations on the Schalkwijk-Kailath scheme, they do not in RN
general achieve better than single-exponential decays in their R
probabilities of error everywhere in their achievable rate regions. é§\
We give a technique that can boost the reliability as high as @.f'Qoﬁ‘
desired of any from a large class of block coding schemes O &
for networks with feedback. The technique relies crucially on _.~'0\§\
the average nature of the power constraints. We explain and RS
illustrate our results in the context of Ozarow's feedback strategy '
for the AWGN multiple-access channel.

Capacity region
with feedback

Fig. 1. Schematic rendering of the capacity region of the AWGN MAC
I. INTRODUCTION without feedback (dashed line) and with feedback (solid line). Ozarow’s

. . . achievability proof leads to doubly exponential error probability decay for
For the point-to-point AWGN channel with an averag@ymmetric rate points (dotted line), but only to singly exponential error

power constraint, Shannon [1] shows that feedback does pwmbability decay for all other rate points.
increase capacity. That noiseless feedback of the channel out-
put is nevertheless useful for AWGN channels is shown, e.g.,
by Schalkwijk and Kailath [2], where they construct a simpl#ated in Figure 1. Without feedback, the capacity region has
code that achieves a doubly-exponential decay of the erfBf Pentagonal shape indicated by the dashed line. With feed-
probability with increasing block-length. Later, Kramer [8Pack, this region can be extended to the curved shape given
analyzed a different model in which such noiselesgput by the solid line in the figure. To establish the curved region,
feedbacks replaced by noiselestecision feedback.e., exact Ozarow specifies a coding scheme inspired by Schalkwijk-
knowledge of what decision the decoder is about to maKgailath. This scheme achieves any symmetric rate pair, those
Even with this weaker model, Kramer is able to show fastéfdicated in the figure by the dotted line. Furthermore, the
than doubly-exponential decay of the error probability. ~ €fror probability decays doubly-exponentially for these rate
For AWGN networks, the situation is different in twokairs. To attain the remainder of the capacity region, Ozarow
respects. First, feedbadoesincrease the achievable rate$uperimposes a regular feedback-free block code. Hence, for
in many cases. Second, network reliability functions (err&ny non-symmetric rate point, the overall error probability
exponents) without feedback are mostly unknown. Indee@f)ly decays singly exponentially — the errors of the superim-
many existing coding theorems for AWGN networks witlposed block code dominate. Our investigations are motivated
feedback and average power constraints do not yield specta¢-the question of whether this effect is fundamental, or an
ular error exponents. Whenever typicality arguments are us@éfifact of Ozarow's specific scheme.
the dependence of the error probability on the block-ledgth ~ In this paper, we present a novel scheme that achieves a
becomes obscured. While there is usually an exponential tef@hability better than any single exponentealerywheren the
that comes from the difference of the rate and the relevdnterior of Ozarow's capacity region. The strategy is related
mutual information expression, there is also aterm that o Kramer's technique [8]. In addition to the MAC, we show
covers the probability of the atypical set. Given the nature BPW to apply the technique to attain similarly high reliabilities
the AWGN channel, in most cases we can apply a Cherné® many other AWGN networks.
bound and see thatis also an exponentially small function
of the block length. However, the exponent involved can be
quite low. The approach we take builds on a key insight for using
The situation is best illustrated by the AWGN multiplefeedback to improve reliability in the context of average cost
access channel (MAC) with noiseless output feedbaatonstraints: “speak quietly, but carry a growing stick.” In other
Ozarow determines the full capacity region in [5], as illuswords, over time save up power so that when the channel
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behaves atypically, you can respond by blasting much makg, ; and X ; are the channel inputs of transmittedsand
power than you do on average. Strategies of this kind weks respectively, andZ is zero-mean AWGN with variance
proposed for point-to-point channels by Kramer [8], and more?. The channel inputs are functions of the messages and
recently in [10], [12]. previous channel outputs a4, = fa(ma,Y1,...,Yi_1)

In this paper we expand upon this insight, specifying and X ; = fg(mg,Y1,...,Yi—1).
general framework for super-reliable communication networks our strategy starts by picking a rate pdir= [R4 Rjp]
with AWGN links, feedback, and average power constraintg, the interior of Ozarow’s achievable region. We boost its
Feedback is used so that information sources can detggfapility as follows:
decoding errors and initiate retransmissions. The idea OfSetup: Pick a positive scala8 < 1 so that the rate vector

retransmission in case of detected error is old, and ~3)R is still achievable. This is possible sinéis assumed
also been extensively explored in the context of dlscregbe in the interior of the rate-region. The constamtrovides

memoryless channels. In particular, if we only constrain tl}ﬁe “slack” needed to accommodate boostingﬁlfs close to
average block length, rather than fixing a set block length, th b . . o

L . 20 oundary of the achievable rate region, tleis close to
the availability of feedback makes much higher reliabilitie y g

possible. Both Burnashev [3] and Yamamoto-ltoh [4] give . L
schemes that attain the maximum possible reliability in this Given a sufficiently '9”9 block-lengthv, divide it into two
context. Further, both of their schemes operate with sourd§1ases: a data transmission phase of lepgth and an alarm
initiated retransmissions, as oppose to sink-demanded, a&i{l retransmission phase of length— )N .
the case of Forney [6]. In contrast to the variable-length natureData Transmission: For the first3N channel usés use
of these schemes, we use a fixed block ledgind, instead the Ozarow scheme operating at rat¢3) R. Because of the
of exploiting a weaker average-block-length constraint, we a@gtput feedback, at the end of this phase the transmitters know
able to increase reliability by exploiting an average powe#yhether the receiver has correctly decoded their messages.
constraint. Note that Wyner shows in [13] that the Schalkwijk- Alarms and Retransmissions: The remaining(1 — 3) N
Kailath strategy only achieves singly-exponential error decgjannel uses are split between the two transmitters. For sim-
when a peak power constraint in imposed. In further contrgsiicity we assume that they are divided equally. The interval
to these earlier papers, we apply our ideas to networks. [N + 1, 8N + 0.5(1 — 3)N] is dedicated to transmitted,

We term the resulting increase in decoding reliability and [8N + 0.5(1 — )N + 1, N] to transmitterB.
“boost” because our strategy can be used in conjunction withif no errors are detected at the end of the transmission
many baseline block-oriented strategies. The baseline stratg@yise, hoth transmitters sit idle during this phase. If any errors
need only satisfy a few characteristics, discussed further e detected, the system goes into emergency mode. In the first
Section IV. The boosting technique can even be applied ¢ its channel uses, the relevant transmitter raises an alarm
achievability strategies not yet invented. Indeed, this is one g§ sending a “very loud” signal. After sending its alarm, the
the main morals of the paper — in AWGN networks operajransmitter follows up with a retransmission of its message.
ing under average power constraints and having sufficienfiscause of the time-division, retransmissions experience no
capable feedback, it is not really necessary to be concerqggtrference. During retransmission the required datd &f,
with block-coding error exponents. We can always improv@espectivelyNV 12 3) is transmitted at rate roughi.4 /0.5(1—
reliability through boosting. 3) (respectively,R/0.5(1 — j3)). If the overall scheme is

The outline of the paper is as follows. The boosting teclperating close to the outer bound of the achievable rate
nique is introduced and analyzed in the context of Ozarowggion, thend ~ 1, and the retransmission rates are very large.
scheme in Section Ill. In Section IV we discuss the applifo he able to support such high retransmission rates at high
cability of the scheme more widely, and sketch the strategyjiability we need to use a very large retransmission power.
for general networks. A number of network examples of thgs we show, because retransmissions are quite rare, we can
application of the technique is given in Section V. Commenig,pport very high power retransmissions without exceeding
and conclusions are given in Sections VI-VIL. the system’s average power constraints. Further note that while
the point-to-point Schalkwijk-Kailath scheme could be used
for retransmissions, we show that standard block codes suffice.
) ) ) Meanwhile, the receiver listens for alarms at tinEs + 1

In this section we develop our scheme as applied to the spgy BN + 0.5(1 — B)N + L. If it detects an alarm in the
cific context of boosting the reliability of Ozarow's strategysormer, it interprets that asRAK It then tries anew to decode
In the multiple-access network Ozarow considers [5] there §fgnsmitter A's message from its observations in the interval
two transmittersA and B with average power constraini3, [BN + 2, 8N + 0.5(1 — B)N]. If it detects an alarm at the

and Pp, and with independent messages, and mp, of |5¢ter time, it does the same for transmitigls message.
ratesR4 and R, respectively. The channel is a memoryless

AWGN channel with outpu; = X4, + Xp,; + Z; where

Ill. BOOSTINGOZAROW’'S RELIABILITY THROUGH
EMERGENCY RETRANSMISSIONS

2For notational simplicity we treaBN, and similar quantities later, as
1t is straightforward to generalize our ideas to the variable-length contekitegers. They should be rounded to the nearest integers for correctness.



Block length N

B)min{ P4, Pg}. Using this in (4) shows that the probability

£ £ i -
Data Transmission (baseline schemels Retrans.§ Retrans. of an ala_rm .errog decrease_s to zero faster thqr) any single
©| userA || userB exponential inN.® Further, if the error probability in (1)
g N actually goes to zero exponentially fast — as in Ozarow’s
(1-B)N-L

scheme — therE, in (3) grows exponentially fast idv, and
the alarm error (4) will decay at a doubly-exponential rate.

Emergency modes
(usually silent) .
C. Error as a function of block length

Fig. 2. Division of channel uses into the phases of boosting scheme: datavve now analyze the overall system error prObab'“ty as
transmission using baseline scheme and alarms and retransmissions. Becaufignction of block length. Because we use a time-division
the data transmission phase is most often successful, most transmitterssﬁategy during the alarm and retransmission phase, when
usually silent during emergency mode, thereby bringing down the average . . . . . . .
energy usage. Ctive each link is a simple interference-free point-to-point
AWGN channel. For example, the information stream from

transmitterA is retransmitted at rat® 4 /0.5(1 — 3). In order

A. Average power usage to communicate this rate reliably, it must be below the link
The key to the strategy is that emergency mode is activatedacity, 1.e.,

only very rarely. D.urin.g most alarm and retransmissiop phases R _ 1 wl Py .

transmitters remain silent. They can therefore transmit at very 40.5(1 —B) = 5 + o2 | (®)

high powers during emergencies, and still meet their average 5

power constraints. where P,4 is the average power available for retransmission

Since whether or not emergency mode is activated depe®¥gr the link. This power comes from tHe5E, left over
on whether data transmission was successful, the energy ugier we have already spent half the energy on the alarms.
by the scheme in any particular block is random. Let us aach retransmission takes roughly(1 — 3) N channel uses.
sume that all block-error probabilities in the data transmissidrlis means that uset’s retransmission power is

phase are going to zero with block-length at least as fast as y 0.5E4

Prlerrof < N~2, 1) AT 05(1-B)N

for some A > 0. Ozarow's scheme satisfies (1) as itérhe important thing to notice about (6) is that it is growing

robability of error decays to zero exponentially fastNn with N. A similar result holds for usef.
P y Y P y ' Using (6) in the right-hand side of (5) shows that the

rgﬁ’pacity of the channel during retransmission grows like
Ysa In[N]. However, the communication rate required during
retransmission, i.e., the left-hand side of (5) is constant in
NP = NP + Prlerrof E, < BNP+ N~2E,, (2) N. Since this is an AWGN channel, the random coding error

_ . exponentt,(r, P4/o?) at all fixed rates: > 0 goes to infinity
where the average power constraint= [P4 Pg|. The GNP as P4 /o? increases. Foi?, large we gets, (r, Pa/o?) >

term comes from the energy used every block during the d%t% 1n[0.5(1+ P4 /o?)]) —r (see [7], p. 340). This means that

. . A o 4
transmission phase, and the™ = E. term from the emergency yne error probability of user's retransmission is bounded by
phase contribution. The inequality is term-by-term. Using (1)

in (2) and solving forE, gives Kexp _(=pNTL 0’ +PsN®\ 2R, @
B P 2 2 202 (1-7)

oo A 1+A Al _ arl+A D

Be = { ] = NTE (=) { ] = NTR(1-B)P. (3) where (1 — 3)N/2 is the block-length used during retrans-

EB PB
mission. The error probability in (7) decays exponentially in

The important observation here is that the emergency moﬂ,eln(N) _ faster than any single-exponentialif If the error

transmitter energies grow on a per-transmitter basis faster than, >, /.. . .
the block-length. probability in (1) were to go to zero exponentially fast then,

since the retransmission power in (6) would be exponential

B. Raising the alarm in N, the retransmission error probability would go to zero
Alarms are raised by sending a large power pulse at tR&Ponentially fast =, _

appropriate time. If we transmit an alarm with minimum N€ total probability of error on the block is bounded by

power P,.;,, and use a basic maximum-likelihood detectoF,he sum of the error probabilities on the alarms plus the

then the probability of mis-detecting either alarm signal €70 probabilities on the emergency retransmissions. Since
upper bounded (via the union bound) by

> P,N2. (6)

used per block. This will tell us the total emergency ener
E. = [E4 Eg] available for alarms and retransmissions.

SNote that in many networks the alarms can be eliminated by merging them
2 with the retransmissions. We can use Gallager's random code construction

Pr[alarm erro}' < 2exp {_Pmiﬂ/SU } . (4) for the AWGN channel to guarantee thalt codewords have a high average
B . half the total f (ﬁgbwer. If we add a special all-zeros codeword to the codebook to commu-
y using one-ha € lotal emergency energy 1or €atfae the lack of an alarm, then alarm detection can be accomplished by

alarm, we getP,;, = 0.5min{E4, Fg} > O.5N1+A(1 — looking at the total received energy during the retransmission phase.



all of these error probabilities decay faster than any single-Sketch of general strategy:Say we have a network with
exponential, and there are a finite number of them, we achievenodes, and also a baseline strategy that supports any
an overall probability of system error that decays faster thachievable rate vectaR at an error probability satisfying (1).

any single-exponential in the block length. To implement our strategy, as before, we pickja< 1
_ _ such that(1/3)R is still achievable. We divide thél — 5)N
D. Discussion channel uses of emergency mode imtotime-slots. Since

There are four things to note about the boosting stratef}f Network consists of' nodes, the maximum number of
that underly its applicability to other networks. First, the onljjiformation source-sink pairs is?. Further, the network may
type of feedback required is decision feedback, not outp&‘f’e a multi-hop relay character if some of the source-sink
feedback. Although, of course, whether or not one has outgift''s have no direct path. As it takes at mast- 1 hops
feedback may effect the achievable rate region. Second, durfRfy @ Mmessage to arrive at its corresponding sink, an upper
boosting we can use a standard feedback-free block co8uUnd on the number of time slots needed.is- S°. During
This means that the retransmission phase is not tied into a?*ﬂ):h slot a S|_nglg transmitter-receiver pair is active, the rest of
kind of feedback-dependent coding strategy. Third, the erfdfe network is silent. The retransmission rates are therefore
decay required on the data transmission block (1), is qui@Per-bounded by®R/(1 — 3). Since S is assumed to be
slow, and thus can be satisfied by a wide range of strategifidite, this is a vector of finite rates.

Finally, the division of the emergency energy to alarms and The bound on the expected emergency energy equals (3),
retransmissions is done evenly, without any particular rega@g before, and again we spend half the energy on the alarms
to transmit powers or receiver signal-to-noise ratios. o@d half on the retransmissions. The alarm probability is again

could optimize these choices, but such optimization is nétven by (4), except for two substitutions. First, the constant

needed to show faster-than-exponential decay in the erfoPut front is replaced bys®, again from the union bound.

probabilities. Second, now the rati@,i, /o2 is replaced by the minimum
ratio, across all the transmitter/receiver pairs, of the receiver
IV. GENERAL NETWORK STRATEGY signal-to-noise ratio during alarm transmissions. This ratio

still grows faster thanV, so we get a faster-than-exponential

In this section we discuss the general characteristics thlcay A similar argument also holds for the retransmission
a system must have for our strategy to be applicable. Weshapility of (5). Since all these probabilities of error decay
then quickly summarize the strategy in general networks fgier than any single exponential, and there are a finite

an extension of that described for the MAC problem. number of links (bounded bg?), the overall probability of
The first assumption has to do with the class of networkseror decays this fast as well.

The network must consist of channels that are constrained to
operate under average cost constraints. Thus, during tempo-
rary “emergencies” — when the channel has behaved atypi-
cally poorly — the peak cost can greatly exceed the averagdn this section we apply the boosting strategy to a number
constraint. This allows us to deliver data quickly and at highf elementary networks. In addition, we show an example —
reliability. the two-way channel — that does not satisfy the conditions of
The second assumption has to do with the feedback chani@siction IV, and for which boosting does not work.
We assume there is some implicit or explicit instantaneousMultiple access channel:For the MAC problem with a
“tentative decision” feedback from every information sink tsingle receiver, we set = S — 1 which gives each source
its corresponding information source. By this, we mean thtite chance to raise an alarm.
at the conclusion of the data transmission phase, each sourcBroadcast channel:For the broadcast channel with a single
knows what decision the corresponding sink would make, tifansmitter and many receivers, we get= S — 1. As before
the sink were forced to decide right then. E.g., the noiselesi$ receivers monitor their alarm time. Note that we do not care
output feedback in Ozarow’s MAC setting has this propertyif the broadcast channel is physically degraded, stochastically
Third, we assume the existence of some baseline blodegraded, or non-degraded.
coding scheme. The baseline scheme determines the achieGingle-layer relay channel:Consider a relay channel with
able data rates of the overall strategy, while boosting detersingle source-destination pair, and a layeiSof 2 helper
mines its reliability. The major requirement is that the targeélays in between. These relays can hear the source and
rate point must lie strictly within the achievable region fohelp get the message to the destination. We assume that the
the baseline scheme. The boosting strategy we propose camaoirce can be heard at the destination, although perhaps in an
be used to improve the reliability of a baseline scheme thattenuated manner, and that it has access to noiseless feedback
operates right on the boundary of a closed achievable regifmam the destination. In this case we can pitk= 1 since
The main result of this paper is that for any networkhere is a direct path from source to sink. Had there not been
that satisfies the above three conditions, the reliability of tleedirect pathL > 1 would be required. Similarly, the direct
boosted baseline strategy can be made better than any sinih from source to sink suffices for the emergency topology
exponential function of the block length. used during retransmission. The relays stay silent.

V. NETWORK EXAMPLES



Interference channel: In the simple interference channelso bad that it threatens to put the entire block into outage, the
there areS/2 transmitters andS/2 receivers, all of which transmitter needs to increase transmit power to fight it.
face a direct path and various cross-channel interferences. We V1. CONCLUSION
require noiseless feedback from each sink to its correspondinq: i )
source. We need, = /2 time slots to raise the alarm since ~" AWGN problems with noiseless feedback from down-
each transmitter requires its own alarm. With this choice, eapfieam ”‘?des’ t_her_e_ IS no need to bother trying to calculate
source-destination retransmission occurs in the absence ofdfpck-coding reliability functions. The result here shows that
terference. Strategies for interference networks with feedballe ¢an boost the reliability to better than any exponential
that generalize Ozarow’s approach are developed in [9]. providing that the baseline probability of error satisfies (1).

Two-way channel: The two-way channel is an illustration In fact, the technique described here can be applied re-

of a network where boosting does not work. In the standa?HrSively to boost the reliability yet again. If, for instance,

Gaussian two-way channel, both parties observe the sagﬂ% error probability in (1) decayed exponentially fast in the
outputY = X4+ Xp +Z ,and want to transmit at rates lock length, than every additional boost would add to the

R4 and Rp to each other. Since both transmitters see ponent: a single boost gives exponential decayVih a

i 3
common output, the sources effectively have noiseless out Sfjb,lsl bOESt InN", zland.fso on. Even gger;:telL b_pkoicsllarhe
feedback. But this noiseless feedback in not sufficient for ea@ffSSIP'€- FOr €xampie, it we clgn run dc ?)I Wik-Ral at_ |
to determine whether its sink has decoded correctly. Howev pring retransmissions, we would get a doubly-exponentia

if we add explicit decision feedback, that would trivialize th ecay. A.Iternately, we could use Kramer-like strategies for
gtransmission.

problem. If such explicit feedback links were present, or \ L : .
might as well send the original messages along them! Stepping back, a main interpretation of this result seems
to be an indictment of the model. A pure average power
VI. COMMENTS AND CHALLENGES constraint in conjunction with noiseless feedback is too lax

The critical assumption underlying our approach is {3 festriction on the system model.

average nature of the power constraint. With a peak-power ACKNOWLEDGMENT
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so we could not boost reliability everywhere in the interior ofNs-0326503.
the achievable region while maintaining a fixed block length.
Even with average power constraints, the cases of noisy
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