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Abstract

In part I, we reviewed how Shannon’s classical notion of cépais not sufficient to characterize a noisy
communication channel if the channel is intended to be usepaat of a feedback loop to stabilize an unstable
scalar linear system. While classical capacity is not enpagtense of capacity (parametrized by reliability) called
“anytime capacity” is both necessary and sufficient for cterevaluation in this context. The rate required is the
log of the open-loop system gain and the required religbddmes from the desired sense of stability. Sufficiency
is maintained even in cases with noisy observations andowitany explicit feedback between the observer and
the controller. This established the asymptotic equiveddnetween scalar stabilization problems and delay-usaber
communication problems with feedback.

Here in part Il, the vector-state generalizations are distadrd and it is the magnitudes of the unstable eigenvalues
that play an essential role. To deal with such systems, theegi of the anytime rate-region is introduced. This is
the region of rates that the channel can support while sgktimg potentially different anytime reliability targefts
parallel message streams. All the scalar results generalizan eigenvalue by eigenvalue basis. When there is no
explicit feedback of the noisy channel outputs, the intdrelay of the unstable system tells us what the feedback
delay needs to be while evaluating the anytime-rate-refporthe channel. An example involving a binary erasure
channel is used to illustrate how differentiated servicesguired in any separation-based control architecture.

Index Terms

Real-time information theory, reliability functions, dool over noisy channels, differentiated service, feedthac
anytime decoding
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The necessity and sufficiency of anytime capacity for stabiation of a linear system over a noisy
communication link
Part Il: vector systems

. INTRODUCTION

One of Shannon’s key contributions was the idea that bitsdctwel used as a single universal currency for
communication. For a vast class of point-to-point apploca, the communication aspect of the problem can be
reduced to transporting bits reliably from one point to deotwhere the required sense of reliability does not depend
on the application. The classical source/channel separ#t®orems justify a layered communication architecture
with an interface that focuses primarily on the message Ré&te has the advantage of being additive in nature
and so multiple applications can be supported over a singkedy simple multiplexing of the message streams.
This paradigm has been so successful in practice that résraroften assume that it is always valid.

Interactive applications pose a challenge to this separdtased paradigm because long delays are costly. Part |
of this paper [1] studies the requirements for the scalasivarof the interactive application illustrated in Figure 1:
stabilization of an unstable linear system with feedba@k thust go through a noisy communication channel. It
turns out that message rate is not the only relevant paramieiee the underlying noisy channel must also support
enough anytime-reliability to meet the targeted sense ailsty. However, the architectural implications of this
result are unclear in the scalar case since there is only @ssage stream.

To better understand the architectural requirements feractivity in a well defined mathematical setting, this cor-
respondence considers the stabilization of linear systeitiisa vector-valued state. Prior work on communication-
limited stabilization problems had also considered sucttareproblems from a source coding perspective. [2]
showed that the minimum rate required is the sum of the logshefmagnitudes of the unstable eigenvalues
and [3] extends the result to certain classes of unboundethglrdisturbances. The multiparty case has begun to
be addressed in the control community under the assumpfiowiseless channels [4], [5]. The sequential rate-
distortion bounds calculate the best possible controlguerdnce using a noisy channel that is perfectly matched
to the unstable open-loop system while being restrictedaioniy a specified Shannon capacity [6], [7]. Thus, the
prior necessary conditions on stabilization are only imigiof Shannon capacity and the prior sufficient conditions
required noiseless channels.

The model of vector valued linear control systems is intredlicn Section Il and the main results are stated.
Before going into the proofs, the significance of these resisltdemonstrated through an extended example in
Section VI involving the stabilization of a vector-valuedapt over a binary erasure channel. For this example,
stabilization is impossible unless different bits are tedadifferently when it comes to transporting them across th
noisy channel. These results establish that in interacetngs, a single “application” can fundamentally require
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Fig. 1. Control over a noisy communication channel. The unstable syistararsistently disturbed byV; and must be kept stable in
closed-loop through the actions 61, C.



different senses of reliability for its message streamsshigle number can adequately summarize the channel and
any layered architecture for reliable communication stallow applications to individually adjust the reliakidis
on message streams. Recently, Pradhan has investigatektdalding reliability regions for distributed channel
coding without feedback [8], [9]. This correspondence sholneg reliability regions are interesting even in the
point-to-point case in that they are both useful and noiatliv

Section VI illustrates by example both the implications o tfesults as well as how to generalize the scalar
results to vector systems with diagonalizable dynamics. fEmeaining ideas involved in proving the key results
are given in Section VII for sufficiency and in Section VIII for gessity. Many aspects of the results here
are straightforward generalizations from [1] using staddinear control theory tools. To avoid unnecessarily
lengthening this correspondence, the details of thes@btfarward aspects are omitted. The reader familiar with
[1], [10] should not have any difficulty in filling in the omittedietails.

II. THE MODEL AND MAIN RESULTS

The model is the same as in [1] except that everything is veetlred. It is depicted in Figure 1. For convenience,
all parts operate in discrete time with a common clock foppieg through time’.
The n-dimensional state of the control system at titnis denotedX; and evolves by

Xip1 = AXy + B,Uy + BuWy, t>0. (1)

To be interesting, the matriX should have some unstable eigenvalues that lie strictlsideithe unit circle. For the
initial condition, depending on the context we assume eithknown zero initial condition¥, = 0 or a bounded
initial condition || X;|| < .

Any convenient finite-dimensional norm can be used since #neyall equivalent. Consequently, this correspon-
dence mostly assumes the—norm || X|| = max; | X (i)| for convenience. Throughout, subscripts are used to denote
time indices, and the-th component of of the vectors is selected uskg).

The noisy channel is a probabilistic system with an input ame@atput. At every time step, it takes an input
a; € A and produces an output € Z with probability! p(Z; = zt]atl,zi‘l) where the notatiom is shorthand
for the sequenceq,ao, ..., a;. In general, the current channel output is allowed to depmndll inputs so far as
well as on past outputs.

The m, dimensional input?t to the observer/encodé? is a linear function of the state corrupted by bounded
additive noise.

?t = Cy)zt + Nt- (2)

The observer map®; : (IR™v)" — A take the observations{ and emit a channel input.

The channel output&! enter the controller map§; : Z' — IR™+ and result in them,-dimensional control
signal U,.

The {W;} is a bounded noise/disturbance sequence taking valugB’in s.t. |[W;|| < % Similarly, the
observation nois¢ N, } is only assumed to be bounded so thak|| < L

As in [1], the results in this correspondence impose no restrictions orhe individual sequences{w;}, {7}
other than remaining bounded by ©2 and T". In particular, no distribution is assumed for these disimdes. All
distributions with bounded support are already coveredhaydufficiency result here while the techniques of [11]
can be applied to generalize the necessity result with [deitgechnical conditions.

All the randomness comes from the noisy channel and any raizétion performed within the observer/encoder
and controller/decoder. To be precise, the underlying $arspacelsample= channel* {code The channel's
randomness and the randomness available to the encodmttitesare assumed to be independent of each other and
this is reflected in the underlying sigma fiefdand probability mapP. However, once all the boxes in Figure 1 are
connected togetheand the individual sequence§i, }, {w;} are specified, thQUt,)?t,?t} become a well defined
joint random process on the underlying probability space.

Definition IlI: (Parallels Definition 2.2 in [1]) A closed-loop dynamic systevith stateX; is 7-stableif there
exists a constank” s.t. for every{s,}, {w;} satisfying their bounds, the expectatiéh|X,||”] < K for all ¢ > 0.

1This is a probability mass function in the case of discrete alphaBetsut is more generally an appropriate probability measure over the
output alphabet.



The expectation is taken over all the randomness in the systetnding the noisy channel and any randomness
that the controller and observer can access. The coniianty depend on the parameters of the system including
the constants$2, I', but the bound on the-th moment must hold for all timesand uniformly over all individual
sequences for both the driving disturbance and observatise.

The equivalence of finite-dimensional norms guarantees thatiaded;-moment of theco—norm of X implies
a bounded;-moment of any other norm and vice versa. This also impliesitithe n-moment is bounded in one
coordinate system it is also bounded in another coordingte. Thus we will choose the coordinate system best
matched to the system dynamics.

The goal is to design observet¥ and controllers; thatn-stabilize the system.

A. Dimensionality mismatches and intrinsic delay

Unlike the scalar case, the dimensionsXfU, W,Y can all be different. So even without a communication
constraint, stabilizing the system in closed-loop recifd, Cy) to be an observable pair. A pair of matrices
(A,C) is observable if the matrixC,CA,CA?, ..., CA" 17T is of full rank [10]. This condition assures that
by combining enough raw observations, all the modes of theali dynamical system can be observed. The
corresponding conditions ofA, B,) and (A, B,,) is that they be reachable pairs. A pair of matrideg B) is
reachable if the matrixB, AB, A2B, ..., A"~'B] is of full rank [10]. This condition assures that by approf&ia
choice of inputs, all the modes of the linear dynamical syst&n be driven to a desired state.

Definition IV: The intrinsic delay©(A4, B, C,) of a linear system is the amount of time it takes the input to
become visible at the output. It is the minimum integer 0 for which C, A’B,, # 0.

For single-input single-output (SISO) systems, this is jl&t position of the first nonzero entry in the impulse
response.

A. Anytime capacity regions

Anytime capacity is introduced in [1] and related to traafital channel-coding reliability functions in [12]. In
order to state the results for systems with vector-valuatesit is convenient to introduce the notion of an anytime
rate region. Throughout this correspondence, réteme measured in units of bits per time step.

Definition V: A rate-tuple (R;, R, ...) sequential communication systemmer a noisy channel is a channel
encoder€ and channel decodép pair such that:

o Messages\/;; enter the encoder at time Messagel;; = Siﬁg{lmd“ corresponds to the-th R;-bit
message sent in theth message stream aMf;d is shorthand for the sequen¢g/; 1, M; o, ..., M;_q). At
the bit level, thej-th bit S; ; arrives at encoder at time %

« The encoders; : 27 x {0,112t . A with delay# feedback have access to past channel outputs
Z{‘e in addition to the message bits, and produce a channel ingirhest¢ based on everything it has seen
so far.

« The decoded; : 2! — {0, 1}>=:1L%t produces updated estimatﬁ\sd-(t) for all j < ¢ based on all channel
outputs observed till time.

The anytime rate regiorRany() of a channel is the set of rate-tuple®;, Ry, .. .) that the channel can support

using sequential communication. There has to exist a unifwnstantX” so that for each, all delaysd, all times
t, andall possiblemessage sequencés/; ;},

P (M) # ML) < K20,

No distribution is assumed for the bits ; and so this is essentially a requirement on the maximum pibtya
of error. If common randomness is allowed, this is equivaterassuming a uniform distribution over the bits and
an average probability of error since the common randompassbe used to make the input look uniform by
XORing each message bit with an iid fair coin toss known tchlerticoder and decoder.

The #-feedback anytime rate regiaefers to the rate region when noiseless channel outpubfestdis available
to the encode€ with a delay off time units. If6 is omitted, it is to be understood as being one.



This generalizes the notion of a single feedback anytime@gp@any(«) to a rate regiorRany() corresponding
to a vectora of anytime-reliabilities specifying how fast the probdtidls of error tend to zero with delay for the
different message streams.

Because all the message streams could simply be multiptegether into a single stream in which everyone
has the same reliability, it is obvious thRfany(a) must contain the convex region defined by

Ri > 07
ZRj < C’any(mjaxaj). 3)

J
Similarly, if R € Rany(d@), then any rate vector obtained by stealing rate from higbgalility message streams
and distributing it among lower reliability streams is algoing to be within the rate region.

To get a simple outer bound, just notice that any single streauld be demultiplexed into parallel message
streams and thereby achieve the anytime reliability of astié¢he minimum of the parallel anytime reliabilities. For
convenience, assume thatis sorted so thaty; > as > --- > «a,. This means thaRany(@) must be contained
within the region defined by the intersection of the followiregyions:

R, > 0
k
> R < Cany(a) (@)
asi, k range over all the message stream indices.

A. Main results

Since the vecton of unstable eigenvalues (if an eigenvalue has multipli¢chgn it should appear iA multiple
times) plays an important role in these results, some saondimotation is usequH is used to denote the component-
wise magnitudes of tha. logQ()\]) is used to denote the component-wise logarithms of thosenituaigs.

Theorem 5.1:For someé > 0, assume a noisy finite-output-alphabet channel such thatfthe1)-feedback
anytime rate regiorRany(nlog, XH + €) contains the rate vectQﬂog2(AT|) + €). Also assume an unknown initial
condition X, that is bounded| X, || < ‘.

If the observer has access to the observatiipsorrupted by bounded additive noise, then any linear system
with dynamics described by (1) with unstable eigenvatﬁsmachabIQA, B,), observablg A, C,), intrinsic delay
©(A, By, Cy) < 0 can ben -stabilized by constructing an observ@rand controlletC for the unstable vector system
that together achievé([|| X, || ] < K for all sequencesf bounded driving noisé W, || < £ andall sequencesf
bounded observation noigeV; || < L.

If the observer map®); are also allowed direct access to the past channel outptitsdslay ¢’ > 1, then it
suffices to just consider thain(¢’, 6 + 1)-feedback anytime rate region.

By applying (3) to Theorem 5.1, one immediately gets the oty easier to check corollary:

Corollary 5.1: If the sum of the logarithms of the magnitudes of the unsteienvalues of a system matching
the conditions of Theorem 5.1 is less than thet 1)-delayed feedback anytime capacifiany(n max; logy |As),
then it is possible tg)-stabilize the system over the noisy channel in the sameesansn Theorem 5.1.

For the necessity direction, the requirements are relaxetvée only assume that a control system exists that
works with a known0 initial condition and without noise in the observationscsirthese make the task of the
observer and controller easier.

Theorem 5.2:Assume that for a given noisy channel, system dynamics ibestby (1) with reachableA, Byy),
observable(A, Cy), zero initial conditionX, = 0, elgenvaluesk andn > 0, that there exists an observér and
controllerC for the unstable vector system that achie#$.X,||"] < K for all sequences of bounded driving noise
W] < & 5 and allt.

Let |\ | > 1fori=1...1, and letX be thel-dimensional vector consisting of only the exponentialhstable
eigenvalues ofd. Then for every;, €3 > 0 the rate vecto(log, XH —€1) is contained within th¢O (A, By, Cy)+1)-

feedback anytime rate regidRany(7 log, XII — é3) for this same noisy channel.



This theorem reveals that each unstable eigenvalue, nomditgher it has its own eigenvector or not, induces
a demand that the channel be able to reliably transport aagesstream. The sufficient conditions of Theorem 5.1
and the necessary conditions of Theorem 5.2 match each #ther

VI. DIFFERENTIATED SERVICE EXAMPLE

This section studies a simple numeric example of a vectoredalinstable plant. An explicit self-contained five-
dimensional example was given in [13] for the binary eraslr@nnel, but here a simpler two-dimensional example
is given that leverages the results from [12].

20.34 0
A= [ 0 90.05 ] (5)

where the observer has noiseless access to both theétatel the applied control signa@. The controller can
apply any2-dimensional input that it wishes. Assume that the distucedl’ satisfiesHI/T/tHOO < % for all timest.
Thus, this example consists of two independent scalar sgstieat must share a single communication channel.
Section VI-A reviews how it is possible to hold this systenmats within a finite box over a noiseless channel using
total rate R = 0.392 consisting of one bitstream at rafe341 and another bitstream of rate051. Section VI-B
considers a particular binary erasure channel and showsifthais used without distinguishing between the
bitstreams, then third-moment stability cannot be acldev&ection VI-C shows how a simple priority based
system can distinguish between the bitstreams and achiernhioment stability while essentially using the
observer/controller originally designed for the noissldigk. Finally, Section VI-D discusses how this diagonal
example can be transformed into a single-input singlettutpntrol problem that suffers from the same limitations.

A. Design for a noiseless channel
The system defined by (5) consists of two independent scaltersgsand so each of these falls under [1]. Since

0.341 > 0.34
0.051 > 0.05,

Theorem 4.1 in [1] guarantees that it is sufficient to use twalpgrbitstreams of rate®; = 0.341 (for the first
subsystem) and®, = 0.051 (for the second subsystem) to stabilize the system over selesis channel. The total
rate is0.392 bits per channel use.

B. Treating all bits alike

A strict layering-oriented design attempts to use a virbipipe interface to connect the observers and contsller
from the previous section. Consider a binary erasure cHavitfeerasure probability = 0.4 and noiseless feedback
available to the encoder. There is clearly enough Shannorcitamncel — 0.4 = 0.6 > 0.392. To minimize
latency, the natural choice of coding scheme is a single FIF€ugin which bits are retransmitted until they get
through correctly. The system is illustrated in Figure 2.

If a channel-code does not differentiate among the submetnen the code would have to give the same anytime
reliability to all the bits. The minimum anytime reliabilityequired isa* = 31og, 2°-3* = 1.02. For the binary
erasure channel, there is exact expression for the feedinagkne-capacity:[12, Theorem 3.3]

Cany(a) = a

S (6)
a+ logQ(%)

Plugging ing = 0.4 anda = 1.02 into (6) reveals that the channel can only casty).38 < 0.39 bits/channel-use
with the required reliability. Thus, it is impossible to siltaneously attain the required rate/reliability pair byngs

a channel code that treats all message bits alike.
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C. Differentiated service

The main difficulty encountered in the previous section is thatmost challenging reliability requirement comes
from the larger eigenvalue, while the total rate requiretrmiamolves both the eigenvalues. This section explores
the idea of differentiated service at the reliable commatidn layer as illustrated in the simple priority-based
scheme of Figure 3. This is used to give extra reliability (#fodelays) to the bitstream corresponding to the first
subsystem at the expense of lower reliability (higher dgldgr the second one.

« Place bits from the different streams into prioritized FIFGférs.

o At every channel use, transmit the oldest bit from the higlpe®rity input buffer that is not empty.
« If the bit is received correctly, remove it from the apprepe input buffer.

o If there are no bits waiting in any buffer, then send a dummntyabross the channel.

Two priority levels are used. The higher one correspondseaale R; = 0.341 bitstream coming from the first
subsystem with eigenvalu?-3*. The lower one corresponds to the rdte = 0.051 bitstream and corresponds to
the subsystem with eigenval@&>.

The decoder functions on a stream-by-stream basis. Sinae ihapiseless feedback and the encoder’s incoming
bitstreams are deterministic in their timing, the decodar keep track of the encoder’s buffer sizes. As a result, it
knows which incoming bit belongs to which stream and can gasseceived bit on to the appropriate subsystem’s
controller. The sub-system controllers are patched as irptbef of Theorem 4.1 in [1] — they applnyi(to) if
their bit arrives with a delay ofl time-steps instead of showing up at tiheas expected.

All that remains is to calculate a lower bound on the anytimlabilities delivered by such a communication
scheme.

Theorem 6.1:For the binary erasure channel with erasure probabjity 0 used with the strict two-priority
encoder above, high-priority rate< Ry < 1 — 3 and low-priority rate0 < R; < 1 — (8 — Ry, the system attains
anytime-reliabilitiesay, oy, satisfying

ag = (EE%)K}%H)

ar > max Ey(p) — pRy (7)
p<pHL
where
Eo(p) = —logy(B+277(1 - f3)) (8)

is the base-2 Gallager function for the BEC from [14] ang;, is the unique solution to

Ry + Ry = Polonr) ©)

PHL
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Fig. 3. The strict priority queuing strategy for discrimination between bistre Lower priority buffers are served only if the higher
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When Ry, is low enough, the bound (7) evaluates to the sphere-padiangd D(1 — Ry||3) for the anytime
reliability oy, of the lower-priority bitstream.
Proof: See Appendix A.

Numerical evaluation of the bound (7) for the rate-pRiy = Ry = 0.341, R;, = Ry = 0.051 gives the anytime
reliabilities iy ~ 1.11 > 1.02 and a > 0.196 > 0.15. This reveals that the both subsystems will remain stable in
the third-moment sense.

All of this is illustrated graphically in Figure 4. The diagdrimes have a slope off = 3. The markedx on
the plot has rate equal @34 + 0.05 and a reliability of3 x 0.34. Since it is outside the anytime capacity region
demarcated by the BEC’s uncertainty-focusing bound, it isaehievable. The two marked points represent the
reliabilities achieved by the high and low priority strearitice that both are above their corresponding diagonal
lines and so the resulting closed-loop systen3-&able.

D. Interpreting the example

The diagonal system example given here is subject to two simf@rpretations. First, it can be interpreted as two
physically distinct control systems that must share a comimattleneck communication link. Thus, it represents
an information-theoretic example of how different intdnae applications sharing the same communication link
can require differentiated service by the reliable comroation layer even in the context of an asymptotic binary
performance objective likg-stabilization.

Alternatively, this example can be packaged into a singkesy with a vector valued state. This vector-state
valued system can even be at the heart of a SISO control systensider the change of coordinates matrix:

1 -1
r-[t ] w0

This transformation is used to define= T AT ! using (10) and (5) results in

. 20.34 20.05 _ 20.34
A= [ 0 £0.05 } (11)
The B,, matrix remains the identity while
0
B=| 1] 12)
and
Cy = [1,1]. (13)

This is clearly an unstable SISO system with a scalar observaii@nd scalar control/;. As a scalar system, it
has two real poles &@%3* and 2%, Both are outside the unit circle.
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It is easy to verify thatC, and Cyﬁ are linearly independent and thus the system is observHhileere were
neither controls nor driving disturbances, then an obsefveould take an appropriate linear combination of two

consecutive scalar observatioks Y; 1 to recover the staté?i exactly. Explicitly, X;(1) = (20'3427%,22%2%“ and

Xi(2) = %

The driving disturbance shows up as an additional “noisef'jml. Hence the effective observation noiselinis
N; and the effective observation noiselpy; is W;(1) + W;(2) + N;+1. So the estimation errgeX; (1) — X;(1)| <
(21'025(;122;33}%5”9 and similarly| X;(2) — X;(2)| < %71_);@ This can be interpreted as a larg&rthat bounds
the norm of the effective observation noise.

To support the estimation performed at the observer, th&aier could either refrain from applying any controls
for two consecutive time-instants or equivalently applyteol signals that are perfectly known to the observer.

Similarly, the controllability conditions are satisfied sin®, and AB,, are linearly independent. By identical
reasoning, this means that the controller can apply anyetesontrol to each of the underlying states by preparing
scalar controls in batches of two consecutive time units.sTke controller can alternate between applying a zero
control for two time units and then applying a batched cdrfwo the next two time units.

Stabilizing the output of the SISO system clearly requiresilitaig all of the internal states since the system
is observable. Since the internal state evolution of thidesysis governed byA, it is essentially the same as
that governed by the diagonal since the two differ only by a linear change of coordinatesis Tiheans that
differentiated service across the erasure channel is nedjdior this single SISO system as well!

VIl. SUFFICIENCY: PROOF OFTHEOREMS5.1

Theorem 5.1 is proven in stages. The scalar case is in [1] andctisi®¥|-D shows, the scalar results immediately
generalize to systems with purely diagonal dynamics thnaughange of coordinates. The bounded initial condition



can be interpreted as a zero initial condition and bound@dndr noise, but for a system that starts at timé.
Consequently, the first new issue concerns systems with agodal Jordan blocks. After that, we consider general
systems that are reachable and observable, but where thienargode is assumed to be a black-box with its own
access to channel feedback. Finally, we show how to operatedb&ck anytime code without any explicit feedback
path for the channel outputs.

A. Non-diagonal Jordan blocks.

Proposition 7.1: For somee > 0, assume access to an anytime-code that supports the rate @egg()\]) +€)
with anytime reliabilitiesn log, XII + €

Consider am-dimensional linear system with dynamics described by &ljrig positive real unstable eigenvalues
X, Ain block-diagonal form with each block being upper-triategltand having a single real-valued eigenvalig
on its diagonal B, andC,, as identity matrices so that each state can be individualhtrolled, with observations
Y, corrupted by bounded additive noise.

Then for all©2 > 0,T" > 0, there exists ak" > 0 so that the system can byastabilized by constructing an
observer© and controllerC for the unstable vector system that together achIEWaXtH | < K for all sequences
of bounded driving nois¢ ;|| < £ andall sequencesf bounded observation noiggV; || < L.

Furthermore, this continues to hoId even if the controllerestricted to applying a nonzero control signal only
everyn time steps and the observer is similarly restricted to sentipd state every: time steps.

Proof: Because the blocks corresponding to different eigenvalieesot interact with each other in the specified
model, it suffices to consider afrdimensional squarel matrix that represents a single upper-triangular block.

[\ aip a3 - an
0O X agg - aon
A=11 0 o (14)
0 0 - A anin
000 - 0 A

There are two key observations. The first is that the dynamicshioilast componenk;(n) are the same as in
the scalar case —X;41(n) = AXy(n) + Wi(n) + Ui(n). This faces a driving disturbance with boufi = .
The second is that the dynamics for all the other componeetgigen by:

Xi1(i) = AX(0) + Uy (i) + Wi (i Z ai; X (j (15)
J=i+1

Recall that the constructions in Section IV.B of [1] (dupted here in Appendix C for reader convenience) are
based on having &irtual controlled processX that is stabilized over a finite-rateoiselesschannel in a manner
that keeps the virtual state withinZs-sized box, no matter what the disturbances are. The obsesgentially tells
the controller what controls to apply so as to do this andgmtstthese instructions with an anytime channel code.

Group together the weighted sum of the bounded virtual otlett state dimensionE;L:iJrl a; j X¢(j) and the
net disturbancéV; (7)) into a single disturbance term. The new bound on the distadasimply

n
Q=2+ Y laigld,

j=i+1
where A; are computed recursively using the following formula frof: [
Q4
A _ J
11— )\2-R
where R > log,y .

Since there are only a finite number of state dimensions, tlossshhat “in the box” stabilization is possible
using noiseless channels at the appropriate rates. Just[a} if used with an anytime code, the control signal
must take care to counteract the impact of any previouslgnewus control signals. LeX; represent the state at
time ¢ that would result from only the actual controls applied (mstutbances) till time — 1. AX; is the prediction
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for what that would evolve into if a zero control were to be kg at timet. The current message estimates from
the anytime code at time reveal what the desired value fdf;,; is. As B, is the identity, the actual applied
control signal is just the dn‘ferenc&’tH AXt

The only remaining question concerns the impact on sjaté such temporary anytime decoding errors on
message strearn> j. Recall that the “impulse response” on stgtef an impulse on statéat time0 is given by
pi.j(t)A\" wherep(t) is some polynomial irt of orderi — j where the polynomial depends on the elements of the
A matrix. The polynomial is bounded above B§(\€)! where K is a constant depending ot n, A, e ande > 0
can be chosen as small as desir&dcan further be multiplied by the (small) constanto bound the net impact
of an error on statg from a decoding error in any combination of message streamg.

Since the message streams have anytime reliakilitindividually, they have anytime reliabilityhin; a; when
considered together as a single stream. Since the relevgtitmanreliability min; «; > nlog, A, we can choose
so thata; > n(1+€)logy, A as well. Thus, by the same arguments as Section IV.D of [1]halhtmoments in the
block will be bounded.

Notice that A™ is also upper-triangular with diagonal terms &f. Thus, by arguments identical to those of
Theorem 4.4 in [1], the results continue to hold if both theestssr and controller are restricted to act only every
n time steps. O

B. Changing coordinates: complex unstable eigenvalues

The restriction to real block-diagonal upper-triangulasteyns in Proposition 7.1 is easily overcome by choosing
the right coordinate frame.

Proposition 7.2: Proposition 7.1 holds even if the redl matrix has complex unstable eigenvaILfes
Proof: To avoid any complications arising from the complex eigémes, the real Jordan normal form can be used
[15]. This guarantees that there exists a nonsingular realixm®& so thatV AV ! is a diagonal sum of either
traditional real-valued Jordan blocks corresponding tortkal eigenvalues and special real-valued “rotating” dord
blocks corresponding to each pair of complex-conjugateraiglues. The rotating block for the pair= A\, +\;v/—1
and its conjugate is a real two-by-two matrix:

5]
-\ A

Al 0 cgs(lA) sin(Z\)
[ 0 |A } [ —sin(Z\)  cos(Z\)

which is clearly a product of a scaling matrix and a rotatioattix. Group these two-by-two rotating blocks into a
block-diagonal unitary matrixz. SoV AV ~! = AR whereA is now a real block-diagonal matrix whose constituent
blocks are upper-triangular and whose diagonals consittedfnagnitudes of the eigenvalues.

The key is to take the rotating parts and view them through dt&ting coordinate frame that makes the system
dynamics real and block-diagonal. Transform an = (]_'%—’WV))Z',m using R~*"V as the real time-varying
coordinate transformation. Notice that

Xii1 R DY X,
= RV AX, + -
= R Dy gy- 1R’“X’
= R+ )ARRka+
— R (k+1)Rk+1AX/
= AX,+

since theA block-diagonal matrix commutes with the unitary blockgbaal matrixR. The time-varying nature of
the transformation is due to taking powers of a unitary maitiand so the Euclidean norm is not time-varying.
The problem in transformed coordinates falls under Projoosif.1 and so can beg-stabilized. O



11

C. Dimensionality mismatch

The restriction toB, and C, consisting of identity matrices so that each state dimensin be individually
controlled and observed is also easily overcome:

Proposition 7.3:For somee > 0, assume access to an anytime-code that supports the raoe Meg2(AT‘) +€)
with anytime reliabilitiesn log, X + €.

Consider ann-dimensional linear system with dynamics described by (ith w real matrix A with unstable
eigenvalues\, (A, B,) reachable(A, C ) observable, with observation$ corrupted by bounded additive noise.

Assume that the observé? has access to the applied control signals. Then fofalt 0,I" > 0, there exists
a K > 0 so that the system can hgstabilized by constructing an obsen@rand controllerC for the unstable
vector system that together achief@d|| X, "] < K for all sequencesf bounded driving nois¢/i;| < £ andall
sequencesf bounded observation noigeV, || < L.

Proof: First consider the system as though it haB,aand C, consisting of identity matrices so that each state can
be individually controlled. Proposition 7.2 tells us that £very )’ T” there exists an observ&? and controller
C’ that only interact with the system everytime steps and can-stabilize the system.

By the observablllty of( 4, C,), it is known that there exists a linear mﬂpso thatn successive measurements
YtH,YHz, .. YHn of the system suffice to recover the final stﬁgn = F(YtH,YtH, o ,ﬁJrn) if there were
no driving dlsturbanceW, observation noiseV or control signals/. Since all the control signals are presumed
to be known exactly at the observer, linearity tells us thairtimpact on the sta@t+n can be compensated for
exactly. Thus, only the effect of at mostof the boundedV, N remains. So there existsI& > 0 such that the
observer has access tol'aboundedly noisy observation of the true stafe every n time steps. This is used to
construct an observed from O'.

Similarly, by the controllability of(A, By), it is known that there exists a sequence of linear mapso that
by applying controlsl/; = G4 (U"), Ut+1 Go(U"), ..., Upsn_1 = Go(U") in n successive time-steps, the system
behaves as though a single contidl was applled to the system that hadBy = [ so that all states were
immediately reachable. This is used to construct a contréllom C’.

The desired proposition follows directly. .

D. Communicating through a plant with delay

We are now in a position to prove Theorem 5.1 by building upoopBsition 7.3.

Proof: Consider the assume@ + 1)-feedback anytime code. It is clear that simply delaying ¢lputs of
the anytime decoder by a constantime-steps does not change either the message rates ortdiredtanytime
reliabilities. The probability of message error merely getsrse by at most a factor df*:” on streami. Set
T=0+1.

Applying Proposition 7.3 gives an obserw®f and controllerC’ satisfying the following properties:

o The closed-loop system igstable.

o The control signaﬁg only depends on the channel outputs .

« The observel)’ requires access to the past channel outpljty_; to operate the anytime code.

« The observel®’ requires access to the past control signals for its own dipera

It suffices to give the observer access to the past channalitsufp_¢_; since that way, it can compute its own
copy of the control signals. If the observer has direct actegpast channel outputs, then we are done. Otherwise,
the channel outputs must be communicated back to the obstneeigh the vector-plant using onl/+ 1 time
steps by making the plant “dance” with that delay followingc&m V.B.2 in [1]. The boundedness of both the
disturbance and the observation noise means that thereeiaemor path to communicate through the plant itself.

The key idea is illustrated in Figure 5. Without loss of gerigraassume tha€, A® B, has a nonzero element
in its first column. Lety) be the response of the system at ti@e(the intrinsic delay through the plant) when
fed an input of the(1,0,...,0)T vector at timel. Let i) be the maximum ofi |, |1a], . .., [tm|. Let T be the
maximum magnitude of the effective observation noise atréoeiver after accounting for the combined bounded
uncertainties in both the true observation noise as welhaddtiving disturbances.

Associate the finite channel output alphali&twith the positive integers,2,...,|Z|. Add 3%’Zt to the first

dimension of the control signdTTt’ before applying it. In© time steps, the response will show up at the observer
as a shift inY;; ¢ that is unmistakably decodable to recovgr ¢_; exactly.
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Applying next set of controls

Applying control ™

While applying the controls given to
the left, the controller also applies

A A A A A S A A AN A AR A a modulation that communicates
Controller timeline > the current discrete channel output back
to the observer in 4+ © time units

Commit to next set of controls

Commit to a control sequendé"
to begin applying in the following: timeslots
that stabilizes the system and counteracts .
the effect of all prior modulations Use knowledge of control&/™
and modulations to interpret
observationsy™ to estimateX

Phpbyvey .
m——

M

Observer timeline

Know next set of controls

Knows the control sequendé™

the controller is applying since

it knows all the channel outputs
it is based upon

Fig. 5. When viewing time in blocks af, the controller is required to commit to its primary contrdldime step before actually putting
them into effect. This way, by the time the observer can first see thet effebese controls, it already knows exactly what that effect is
going to be since it knows all the channel outputs that the controls weesl hason.

As in Section V.B.2 of [1], the controller uses the controiléy of (A, B,) to superimpose another control
input (in blocks ofrn time-steps) whose purpose is to prevent the past commiorieatiented controls3L- 7,
from continuing to propagate unstably through the systemadycs. Since this is only a function of past channel
channel outputs, its effect can also be removed from thereaéens at the observer.

Since the additional communication-oriented control sigimaly have an impact that lasts for at m@st time
steps, they-stability of the closed-loop system is unchanged and tkerthm is proved. O

VIIl. N ECESSITY. PROOF OFTHEOREMS5.2

The extension of the scalar-case Theorem 3.3 in [1] to the weetse is largely straightforward and for the
most part, the same arguments that worked in Section VII applyhe necessity side — with the controllability
of (A, By) playing the same role here that controllability @4, B,,) did in Section VII. Observability is not an
issue since the goal is to simulate an unstable system ddydmounded disturbances by using the message bits
as well as thed + 1 delayed channel outputs. The embedding is such that the trotted process (without th&’
controls) grows exponentially with time and has high-ort#s representing message bits from a long time ago.
Since the controlled process is the sum of the uncontrolledgss and the undisturbed process (without e
disturbances), the size ¢fX,|| captures the extent to which the controller knows the emeeddessage bits.

Controllability of (A, B,,) can be used to apply any desired input sequence to the indiveigenstates, at the
expense of a smaller bourfd since the original disturbance constraint might turn intonsthing smaller after
passing through the linear mapping induced by the readhal@rammian|[B, AB,,, A2B,,, ..., A" 1B,]. This
leaves only two non-obvious issues:

« Dealing with channel feedback that is delayed®y- 1 time-steps.

o Dealing with non-diagonal Jordan blocks.

Otherwise, the problem reduces by a change of coordinatgsralel scalar systems and Theorem 3.3 in [1]
gives the desired result. To avoid repeating the same angisnas the previous section and [1], we focus here only
on the new issues.
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A. Using delayed feedback to simulate the plant

The key idea is that we do not need to feed the simulated plam}ft to the observel®, just the simulated
plant observation. In order to generate the simulaf@pll, the exactlU values are only needed through time
t — O(4, By, Cy) since controls after that point have not become visible yeha plant output. In running the
simulated control system at the anytime encoder, a deldyto® (A, B,, C,) can therefore be tolerated rather than
the unit delay assumed while proving Theorem 3.3 in [1].

B. Non-diagonal Jordan blocks

It suffices to consider a single real upper-triangular bloth)(since the real Jordan form decouples a general
vector problem into such components by a rotating changeoofdinates.

The n parallel bitstreams are encoded independently at reigs\ > R = R} = Ry = --- = R, into
the simulated individual driving disturbancég;(¢) using the simulator given by equation (6) in the proof of
Theorem 3.3 in [1]. The new challenge arises at the decoder.

Notice that the last stat&(n) is just like the scalar case and only depends on its own &étstr However, all
the other states have a mixture of bitstreams inside of theaeghe later states enter as interfering inputs into
the earlier states. As a result, the decoding algorithmrgimeSection [11.B.2 of [1] will not work on those other
states without modification.

The decoding strategy in the upper-triangular case charges successive-decoding in the style of decoding for
the stronger user in a degraded broadcast channel [16]. dikplihe decoding procedure is as follows for every
given timet at the decoder:

1) Seti = n. SetD.(j) = —)Aft(j) for all j where X(j) represents thg-th component of the system in
transformed coordinates driven only by the control inpﬁ’t’s not the disturbance$’. This is what is
available at the decoder.

2) Decode the bits on th&h stream using the algorithm of Section 111.B.2 of [1] appli®d Dy (i).

3) Subtract the impact of these decoded bits frbatk) for every k < i.

4) Decrement and goto step 2.

Notice that if all the bits decoded upto a point are corrdentwhen decoding the bits on tht stream (using
D, (k) as the input to the bit-extraction algorithm of Section IIRBf [1]), the D, (k) will contain exactly what it
would have contained had thé matrix been diagonal. Consequently, the error probabd#iculations done in [1]
would apply. However, this successive decoding strategyth@ possibility of propagating errors between streams
and so the error propagation must be accounted for.

The goal of the:; is to allow a slightly lower sense of reliability for the eadtreams within a block. Equation
(11) in [1] tells how much of a deviation i®,; (i) can be tolerated without an error in decoding bits from befor
d time steps ago. Repeated here:

QL) if i < |Rt]

. . X (
ap(i) = inf |X;(9) — X4 (S)] > Ite
9an(7) §;§ﬁési| () ()l { 0 otherwise

logg A

wherey = 2%%,51 =2"r — 2 are constants defined in [1] that depend on the messagerrated the siz&)
allowed whlf\e simulating the driving disturbances.

To get an upper bound on the probability of error, allocatié tiathat maximum deviation gafi) inton —i+1
equally-sized pieces. So each allocated margin is at mosi}:«a)%zs%ﬂlog2A when considering a bit with
delayd. The firstn — i of them correspond to allowances for error propagation ftater streams. The final piece
corresponds to what is allowed from the controlled statdiatlevel. For purposes of bounding, an error is declared
whenever any one of these pieces exceeds its allocation.

The following Lemma shows that error propagation can causéshdeviation only a little larger than on an
exponential scale.

Lemma 8.1:Consider a real Jordan block corresponding\tand timet. Suppose that there are only decoding
errors in a stream > j occurring for bits corresponding to times after d and there are no decoding errors on
bits whose delays exceed
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Then for everye’ > 0, there exists d > 0 so that the maximum magnitude deviation/of due to the decoding
errors in stream is bounded byk’2¢(1+€)logz A — g7 \(I+e)d
Proof: See Appendix B.

Using Lemma 8.1 and settingj to the delay corresponding to the first bit-error in the othezam, the allocated
margin can be set equal to the propagation allowance:

Vel gdlog, X prrod (1) logy A
(mn—i+1)(1+e)
V€1 dlog, A od'(1+€)log, A
K'(n—i+1)(1+e€)
logo(grtarey) , , 1 _
(1 + €)logy A 1+4+¢€
1
K"+d = d
14 ¢€

The key point to notice is that the tolerated del#lyon the other streams is a constdiit’ plus a term that is
almost equal tal.
Consequently, the probability of error on strearfor bits at delayd or more is upper-bounded by

1
1+¢

or earliern

n
. VEL dlog, A . )
Pl |Xe(3)] > , 207824 | P(Stream; has an error at positiol™” + d
Jj=t+1
Finite induction completes the proof. The base case,n is obvious since it is just the scalar case by itself.
Now assume that for every > i,

logo A

_d-nee2 A
P(Stream;j has an error at positiod or earliey < K72 REEROTE

With the induction hypothesis and base case in hand, cansidied use Markov’s inequality since themoment
is bounded:

P(Stream: has an error at positiod or earlier

n

: €1 dlog, A 11— (K" +d ) G-
< P(X > 20108, K"9 T+e’ ) ()7
< PUXON = AT e >+j2i;1 ;

n

» Ve dlog, A o~ K" 2N g2

= P(|Xt(7/)‘ > " 2 22 )+ Z K 2 (a+cHn=7 9 (geHyn—a+1
T n—i+1)(1+e) ]
Jj=i+1

< K"M9—dnlog, A + K{////Q—d%
< K(/////2—d (111:;)%21‘
— 7

where we used the induction hypothesis, the proof of Theor@in31] and the fact that a finite sum of exponentials
is bounded by a constant times the slowest exponential. Sineas arbitrary ana is finite, this proves the theorem
since we can get as close as we wantite- nlog, A in anytime reliability. O

IX. CONCLUSIONS

Theorems 5.1 and 5.2 reveal that the problem of stabilizingeat vector plant over a noisy channel is intimately
connected to the problem of reliable anytime communicatibparallel message streams over a noisy channel with
feedback. The anytime-capacity region of a channel withldaek is the key to understanding whether or not it is
possible to stabilize an unstable linear system over thestyrchannel. The two problems are related through three
parameters. The primary role is played by the magnitudes efutiistable eigenvalues since their logs determine
the required rates. The target momenmultiplies these logs to give the required anytime relidbs. Finally,
the intrinsic delayo (A, B, C,) tells us the noiseless feedback delay to use while evatu#tie required anytime
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reliabilities when explicit channel feedback is not avaliéaand all feedback must be implicitly through the system
itself.

To stabilize a system, it is sometimes necessary to treat duits as being more time-sensitive than others.
Though the example in Section VI was crafted with the binans@m@ channel in mind, we believe that similar
examples should exist for most channels. However, theralapespecial channels for which such examples do not
exist. In particular, the average-power constrained AW®Gidnmel with noiseless feedback is special. As shown in
[1], the AWGN channel has a feedback anytime capacity equaktShannon capacity regardlesscof The need
for differentiated service can only exist when there is atrigial tradeoff between rate and reliability.

Despite this, the ideas of this correspondence are signifeeen in the case of AWGN channels. They show
that stabilization (of all moments) is possible over an adég capacity AWGN channel with noiseless feedback
even when there is a dimensionality mismatch between thenghhand the plant. Prior results involving only linear
control theoretic techniques could not reach the capaaiynl for cases in which the dimension of the unstable
plant was different than the dimension of the channel [6].

It should also be immediately clear that all the argumentsrgin [1] on continuous-time models also apply in the
context of vector-valued states. Standard results on sagfitiear systems tell us that in the continuous-time case,
the role of the magnitude of the unstable eigenvalues isepldy the positive real part of the unstable eigenvalues.
Similarly, all the results regarding the almost-sure serfsstabilization when there is no persistent disturbance
also carry over directly with no differentiated service uggd among the unstable eigenvalues. In addition, it is
easy to extend the suboptimal but “nearly memoryless” smphdom observer strategy of Theorem 5.2 of [1]
to the vector context by randomly labeling a lattice-basedngjzation ofn successive observation$. This is
suboptimal because it treats all dimensions alike and at&s dot take advantage of the feedback to improve the
anytime reliability of the channel.

It should be noted that because the results given here appbeheral state-space models, they also apply to all
equivalent linear models. In particular, they apply to tlase of control systems modeled using ARMA models or
with rational open-loop transfer functions of any finite ardessuming that there is no pole/zero cancellation, such
results can be obtained using standard linear techniquablisting the equivalence of SISO models to the general
state-space forms considered here. In those cases, thablenstgenvalues of the state-space model correspond to
the unstable poles (together with their multiplicities)tbé ARMA model. The intrinsic delay corresponds to the
number of leading zeros in the impulse response, i.e. theiphcity of the zero atz = .

The primary limitation of the results so far is that they onlgver the binary question of whether the plant
is stabilizable in they—moment sense or not. They do not address the issue of perfoeman[11], we have a
clean approach to performance for the related scalar estimproblem using rate-distortion techniques. The linear
systems techniques of this correspondence apply direxttiid estimation problem there and can generalize those
results naturally to the vector case. In particular, it iightforward, but somewhat cumbersome, to apply these
techniques to completely solve all the nonstationary aegpessive cases left open in [17].

For the estimation problem of [11] where the limit of largetimstion delays does not inherently degrade
performance, it turns out thatparallel bitstreams corresponding to each unstable ei@eewvare required, each of
rate > log, |\;|, together with one residual bitstream that is used to boedsbpmance in the end-to-end distortion
sense. The unstable streams all require anytime relialilithhe sense of Theorem 5.2 while the residual stream
just requires Shannon’s traditional reliability. Since thare no control signals in the case of estimation, intrinsic
delay plays no role there.

A second limitation of the results so far is that there are nodginner or outer bounds on the anytime rate and
reliability regions beyond the ones for the single-ratédislity region [12]. However, even without such bounds,
we have learned something nontrivial about the relativicdity of different stabilization problems. For example,
consider a scalar system with a single unstable eigenvdlue-e 8 as compared to a vector system with three
unstable eigenvalues, all of which ake = 2. From a total rate perspective, the two appear identicalireguat
least3 bits per unit time. However, they can be distinguished bamedhe anytime-reliability they require. The
scalar case requires anytime-reliability> 3n while the vector case can make do with amy> 1. Since the three
eigenvalues are identical in the vector case, there is alsoaed to prioritize any one of them over the others
and thus we can interpret the “vector-advantage” as beingceoif reduction in the anytime-reliability required.
Thus, in the precise sense of Section VIl of [1], vector-siahiion problems are easier than the scalar-stabilization



16

problem having the same rate requiremefttseems that spreading the potential growth of the processa many
independent dimensions reduces the reliability requirdemdemanded from the noisy channel.

APPENDIXA
BOUNDING THE ANYTIME RELIABILITY REGION OF THE STRICT PRIORTY QUEUE

The proof of Theorem 6.1 builds upon the proof of Theorem 3.3 &).[Ihere, the anytime capacity of the binary
erasure channel with noiseless instantaneous feedbadkriputed and shown to achieve the uncertainty-focusing
bound which is given parametrically by

Eo(p)

P
Furthermore, it is shown in [12] that this reliability is dttad by the strategy of placing the bits as they determin-
istically arrive into a FIFO queue that is drained byit every time the BEC is successful.

In such a code, there is a one-to-one mapping between theedeegth distribution and the delay distribution.
Ignoring integer effects for the sake of notational coneenk, the event that biR(¢t — d) experiences a delay of
larger thand is equivalent to the event that the queue contains at IRdsbits at timet. Since the marginal for
delay has an exponential tail governed by the expomnerthis means that the steady-state queue-leqgthas a
tail governed byz. Mathematically,ve > 0,3K > 0 so

a=FEy(p) , R= (16)

a(R)

'P(Q > Q) < KQ*( " —e)gq (17)

wherea(R) is the delay-reliability attained at rafe as governed parametrically by (16). Definipg as the unique
p that satisfies (16) immediately gives

P(Q > q) < K2~ (pr=9), (18)

A. The high priority stream

Since the highest priority stream preempts the lower pyicsiteam, it effectively does not have to share the
channel at all. The queue-length is therefore the same asuidwave been for a single bitstream at rate This
establishes the desired result for the high priority stream

B. The low priority streams

Let Qy, Q1 be the steady-state queue lengths for the high and low fyriguieues respectively. Similarly let
Dy, Dy, be the delays experienced in the high and low priority queues

P(Dp =>d) = P(QL = Rrd)

< P(Qr+Qu > Rpd)
< Ko Cmiims mORud

— K9 (par—€)Rrd
Where the final inequality comes from realizing that the coredi queue-length is the same as the queue-length
for a single bitstream arriving with the sum-rate. The lastaiy comes from plugging in the definition @fy,
from (9) into (18). The delay exponent seems to be asymptiytigaverned bypy 1, Ry,

The next observation is that the true queue-length exponest be monotonically decreasing in ra&, since

increasing the rate of low-priority message-bit arrivads ©nly make the low-priority queue get longer. This allows

us to optimize the above bound over & > R;. ChooseR; = E"T(p) — Ry wherep < pgp. This rangesR’,

2This vector advantage in terms of required anytime reliability is even manrgrising in light of the performance bounds in terms of
rate only. [6] gives explicit bounds on the squared-error perfoceausing sequential distortion-rate theory. Suppose\tkes scalar plant
was driven by a standard iid Gaussian disturbance while the vector pemdiagonal and driven by three iid Gaussians each of variance
%. For a given rateR (in bits), the sequential distortion-rate bound B X;|?] is Hﬁ for the scalar system while it isﬁ for

1—4 3
the vector system. For a given rate, the second-moment perfoentdrtbe vector system iworsethan the scalar one. For example, at rate
4 the scalar one gets te 1.33 while the vector one isc 2.70. At high rates, the two approach each other in terms of second-moment
performance but the anytime-reliability requirements for the scalar syséenain much higher.
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from Ry up tol — (3 — Ry. The sum rate ISM and thuspy 1, = p. So the lower-bound on the asymptotic delay
error-exponent for the low-priority bits becomes

oy, R = e o0 )
= max Ey(p) — pRy.
p<pHL
It is immediately obvious from [14] that this can be no higlteain the sphere-packing boundt; with equality
possible if the sphere-packing boundZa; occurs with ap > pgr. 0

It turns out that this bound on the low-priority exponentight whenever it hits the sphere-packing bound since
the sphere-packing bound governs the tail of the interwahéimes for the high-priority queue.

APPENDIXB
PROOF OFLEMMA 8.1
Assume all the rate®; = R for S|mpI|C|ty First write the expression correspondingeguation (5) in [1] for
the states < n. [1] tells us that(2 + ¢;) = A7 and so the virtual uncontrolled stafé (i) =

|Rt]
YN Y AR S (k)
k=0

| Rt
+ | Do AT Ep([RE] = B)Sima (k)
k=0
| Rt
+ e | S AT R pai([BE] — k) Sa(k) (19)
k=0
where thep, represent polynomials that depend on thenatrix. The key feature of polynomials is that for every
€, it is possible to choose a constakit > 0 so thatp,(7) < K;2¢7. The maximum possible deviation is bounded
by considering the case in which an error is made on all the ddier a certain point — d since the worst case is
when every bit that could be wrong is wrong.
In that worst case, the magnitude of the deviatiomndue directly to decoding errors is given by:

LRt

ST N Epi (R - k)2

k=[R(t—d)]
L12t]
< 2Ky YT aTwedlRR)
k=[R(t—d)]
(12t
< 2K,Y2(Re+log2 At Z g—k(e+52>)
k=[R(t—d)]
o0
< 2R ~y2(Retlogy Nig—R(t—d)(e+522) )y "ok +252)
k=0
—  ['o(Rtettlog, \)—(Rt—Rd)(e+ )
_ K/2d(eR+log2 A)
_ K/2d(1+ﬁ)log2/\
Sincee was arbitrary, choose it s¢ = —<£. O

log, A
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will grow by factor of A > 1 due to the dynamics
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giving a new window forX;
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Fig. 6. Virtual controller for R=1. How the virtual stat& evolves.

APPENDIXC
THE VIRTUAL CONTROLLED PROCESS

This section is here for the convenience of the reviewers. It is a copyf the relevant section from Part |
of this paper. It will be dropped in the final version of this correspondence.

The observer that has access to the state and knowledge obiiwls can reconstruct the driving noi$g;
sinceW; = X;11 — AXy — U;. Thus, it has access to the uncontrolled process

Xip1 = 2\Xs + Wh. (20)

The observer acts as though it is working with a virtual cdigrahrough a noiseless channel of finite rate
in the manner. The resulting bits are sent through the anytioge. The controller attempts to make the true state
behave like the virtual controlled state by constantly ecting for any erroneous controls that it might have applied
in the past due to tentative bit errors made by the anytimedksrc

The observer is constructed to keep the state uncertainheatittual controller inside a box of siz& by using
bits at the rateR. It does this by simulating a virtual proces§ governed by:

X1 = A + W + Uy (21)
where thelJ; represent the computed actions of the virtual controlleis Tiives rise to a virtual undisturbed process
xZ, =xxV + 0, (22)

that satisfies trje relationshifi; = X; + XtU. The goal is to keepX; within a box [—%, %], and thereby keep
—XV close toX;. )
Because of the rate constraint, the virtual confiltakes on one oflE(t+DI-LEL values. For simplicity of

exposition, ignore the mteger effects and consider it tmbe of2” values and proceed by induction. Assume that

X; is known to lie within[—2, 2] Then\X; will lie within [-22 28] By choosmng control values uniformly

20 2
spaced within that interval, it is guaranteed that; + U; will lie within [— 2§$1, 2R+1} Finally, the state will be

disturbed byW; and soX;,; will be known to lie within[— 2§$1 — 2, Qﬁél =+ ]

Since the initial condition has no uncertainty, inductiodl Wwe complete if

A\
SA+Q<A (23)

To get the minimumA required as a function oR, we can solve for (23) being an equality. This occurs when
A= W for every case wheré& > log, \. Since the slope; on the left hand side of (23) is less thanany
larger A also works.
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