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Abstract | It is well kno wn that orthogonal cod-
ing can be used to approac h the Shannon capacit y
of the power-constrained AW GN channel without
a bandwidth constrain t. In this pap er, I show that
it is possible to do this using a semi-orthogonal
variation of pulse position mo dulation that is se-
quen tial in nature | bits can be \streamed out"
without having to bu�er up blo cks of bits at the
transmitter. ML decoding of the code results in
an exp onentially small probabilit y of error as a
function of tolerated receiv er delay and th us even-
tually a zero probabilit y of error on every trans-
mitted bit. Just as orthogonal coding is related
to the idea of capacit y per unit cost, this code
suggests an in teresting sequential version of that
problem.

I. Intr oduction

Shannon's capacity theorem is arguably the greatest
accomplishment in communications theory. Together
with the source-channel separation theorem, it estab-
lishedthe fundamental role of bits in communication. Un-
fortunately, the random coding proof is non-constructive
in that does not give a construction for any explicit
code. This has led to the proverb: \Almost all codesare
"good" codes except for the the onesthat we can think
of."[10] However, there is a channel for which explicit non-
random constructions for capacity-achieving codesexist:
the continuous-time AWGN channel with an input power
constraint and no bandwidth constraint.

We model the noiseprocessaswhite with intensity N 0
2 .

The capacity of the channel is most naturally expressed
in terms of energyper bit and is given by:

Eb > N0 ln 2 (1)

which means that reliable communication is possible if
the normalized energyper-bit exceedsln 2. When viewed
in terms of bits per unit time, it meansthat reliable com-
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Figure 1: Pulse position modulation illustrated in
the block coding framework.

munication requires:

R < C1 =
P

N0
log2 e (2)

where P represents the allowed power per unit time.
For such channels, it is further known that orthogonal

signaling can be used to achieve data rates arbitrarily
closeto capacity. One such orthogonal signaling scheme
is pulse position modulation (PPM) as depicted in �gure
1. Supposewe have M distinct messagesthat we want to
be able to transmit during one time slot of duration T .
To communicate message0 � m � M � 1, the transmitter
sendsout a burst of its allocated transmit power during
the time slot [ m

M T, m +1
M T ] and is silent during the rest

of the time slots. Since the time-slots are disjoint, the
waveforms xm (t) corresponding to di�eren t messagesm
are necessarilyorthogonal over the interval [0, T ].

The receiver can do simple maximum-likelihood detec-
tion by having a bank of M matched-�lters that correlate
the received signal Y (t) with the M disjoint waveforms.
The result of this correlation can be consideredas Zi for
messagei and due to the AWGN assumption, can be
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Figure 2: One block after another where each block
usesan orthogonal code.

modeled as:

Zi =
�

Ni if i 6= mp
2Eb log2 M + Nm if i = m

(3)

where the Ni are iid standard zero-meanunit-variance1

Gaussianrandom variables,Eb represents the normalized
energy per bit, and m represents the true messagesent.
log2 M represents the number of bits to be communi-
cated.

In this case,ML decoding consistsof �nding the time-
slot with the highest Zi . Classical analysis of this chan-
nel [3] shows that the orthogonal code with maximum-
likelihood (ML) decoding hasa probabilit y of block error
that goesto zero exponentially with block duration:

Pe � Ke� T E orth(R ) (4)

where K is a rate dependent constant and

Eor th (R) =

8
<

:

( C1
2 � R) ln 2 if 0 � R � C1

4
(
p

C1 �
p

R)2 ln 2 if C1
4 < R < C1

0 otherwise
(5)

For a situation in which bits arrive from the source
at regular intervals, the traditional view involves bu�er-
ing up a block of log2 M bits, and then sending out the
block of data1 using orthogonal signaling while we wait
for the next block of data bits to arrive at the encoder.
Becausethere is no bandwidth constraint, the duration
of signalling can be made as small as we like and hence
essentially all the end-to-end delay can be attributed to
the bu�ering at the encoder.2

It is natural to ask if the placement of the delay at
the encoder is fundamental or whether it can be moved
to the decoder. In the following section, I give a se-
quential version of pulse position modulation that has
a \semi-orthogonalit y" property in that the waveforms
corresponding to di�eren t possiblebitstreams are orthog-
onal beyond the point where they �rst di�er in any bit's

1The 2Eb term is there to achieve this normalization of the
noise.

2This is di�eren t in the traditional picture as applied to a
DMC or any other �nite degree-of-freedomchannel. In that
picture, T must be of a certain length and hence the delay is
essentially split betweenthe encoder and the decoder resulting
in an end-to-end delay of around 2N � 1 channel uses for a
block-code of size N .

value. Analysis of this scheme shows that it is possible
to shift the delay entirely to the decoder without any loss
of reliabilit y. Furthermore, the encoder naturally has the
\anytime" or \delay-universal" property in that the tar-
get delay doesnot needto be known to the encoder. The
sameencoder works for all values of delay. A side e�ect
of this property is that every bit is eventually perfectly
known at the decoder. I closewith somediscussionsof
extensionsand implications of this result. In particular,
this result seemsto extend naturally to the capacity per
unit cost framework where it suggestsa sequential ver-
sion of the problem. Eventually , I hope that this might
help us better understand the role of encoder burstiness
and decoder delay in reliable communication.

I I. The semi-or thogonal code
In this section, I motivate and give a sequential version

of pulse position modulation.

I I.A Motiv ation: zer o-ra te coding by
repetition

Supposethat we were facing a binary symmetric chan-
nel. We all know that the repetition code is an excellent
code at zero-rate. To achieve a target reliabilit y, we just
repeat a bit as many times as needed. To achieve per-
fect reliabilit y, we just repeat it in�nitely often. Now,
supposethat bits were arriving at the encoder regularly,
but we did not care about the delay in decoding them
at the decoder nor about any increasein delay with bit
position. One strategy to communicate reliably would be
as follows:

1. Initialize i = 1

2. Output every bit B i
1

3. Increment i

4. goto step 2.

This would result in an output stream
B1; B1, B2; B1, B2, B3; B1, B2, B3, B4; . . . where the
semicolonsare usedto denotethe points of time at which
we start repeating bits again and the commas mark
the times between channel uses. It is clear that if the
decoder waits long enough, it will get enoughrepetitions
of any individual bit to achieve its target reliabilit y.

While this code has zero rate and has increasing re-
quired delay with time, it is possible to modify this
schemefor useon the in�nite bandwidth AWGN channel
with �nite rate, �nite energyper bit, and �xed delays.

I I.B Repeated/refined pulse position
modula tion

Supposethat bits are arriving every τ secondsand we
are allowed Eb energy per bit. Rather than waiting to
build up a bu�er of log2 M bits and then signaling, sup-
pose we instead spent our Eb energy immediately but
used it to \rep eat" the value of every bit received so far
asin the schemeof sectionI I.A. The schemeis illustrated
in �gure 3. It \re�nes" the information as time goesone.
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Figure 3: Repeated pulse position modulation illus-
trated. The time slots are on the top and the possi-
ble sub-slotsare on the bottom.

Lemma I I.1 The repeated pulse position modulation
code is semi-orthogonal.

If x is the waveform corresponding to the bitstream b,
and x0 is the waveform corresponding to the bitstream b0,
then x([(j � 1)τ, T ] is orthogonal to x0([(j � 1)τ, T ] when-
ever there exists a bit position i � j for which bi 6= b0

i .

Proof: This is a simple consequenceof the orthogonality
of traditional pulse-position modulation. Since the un-
derlying data bits di�er somewhereat or before j, then
over each time-slot after (j � 1)τ the signalsx and x0 have
disjoint support. �

Within the time slot [(k � 1)τ, kτ ], we divide it into
2k disjoint sub-slotsand put all our energy (Eb) into the
sub-slot that corresponds to the realization of Bk

1 that
we have seenso far at the encoder. If our target rate is
R = 1

� and our target averagepower per unit time is P ,
then by using Eb = P

R , it is clear that this schememeets
our target power constraint | not just when we average
over the realizations of the incoming bits B, but for every
possiblesequenceof bits. Figure 4 illustrates the natural
tree structure of this code.

The decoder is assumedto have a target delay of dτ

secondsand to be interested in estimating the value of
the bits with that delay. In order to study asymptotic
behavior, weare interestedin the caseof d largebut �nite.

I I I. Anal ysis of Pe

Becausethis is a sequential encoding scheme that is
going to be usedwith �nite delay, the relevant error-event
is a bit-error, not a block error. We want the probabilit y
of bit-error to go to zero with delay. However, whenever
we are dealing with bit-errors, it is important to specify
which bit weare talking about. Wewill considera code to
achieve reliabilit y Ea(R) if there exists a rate-dependent

1 2 3 4 5

Figure 4: The sub-slots in each timeslot are re�ne-
ments of the sub-slotsin the previous timeslot. This
gives rise to a natural tree structure and the semi-
orthogonality property of the code.

constant K0 so that

P (B̂i 6= Bi ) � K0e� d� E a(R )

for every i > 0.
Our focus will be on ML decoding. To get B̂i , the

decoder has accessto the received waveform Y (t) over
the interval t 2 [0, (i + d)τ ]. Since we are not assuming
an a-priori joint distribution over the Bi , we will follow
the following strategy:

� For every possiblebit-sequence�bi + d
1 , compute the

log-likelihood ln p(Y ([0, (i + d)τ ]) = y([0, (i +
d)τ ])jB i + d

1 = �bi + d
1 ). By the white nature of the

noise,we know:

ln p(Y ([0, (i + d)τ ]) = y([0, (i + d)τ ])jB i + d
1 = �bi + d

1 )

=
P i + d

j =1 ln pY (y([(j � 1)τ, jτ ])jB j
1 = �bj

1) (6)

� Pick the most likely sequence~B i + d
1 and emit its i-

th position. In the white-Gaussian case,this will
reduce to a picking the bit-sequencethat results
in the minimum Euclidean distancebetweenwave-
forms.

It is important to note that the decisionsare not re-
membered in this decoder. In principle, it recomputes
the ML path each time.

I I I.A Suffix-err or anal ysis

Supposethat a geniegave the decoder accessto the cor-
rect value of the bits B i � 1

1 . Sincewe know the truth be-
fore time (i � 1)τ and (6) tells us that the log-likelihood is
additiv e acrosstime, we only needto considerln p(Y ([( i�
1)τ, (i + d)τ ]) = y([( i � 1)τ, (i + d)τ ])jB i + d

1 = �bi + d
1 ). The

total duration of the relevant signal is thus (d + 1)τ .
The only way that we can get an error is if one of the

2d bitstreams with �bi 6= bi has a larger likelihood than
the true stream. By Lemma II.1, the true waveform is
orthogonal to all the falsewaveformsunder consideration.
Recalling that the analysis of probabilit y of block-error
calculation in [3] usedonly the union bound and the fact



that the true waveform wasorthogonal to each of the false
ones3, we can immediately apply (4) to seethat

P (B̂i 6= Bi at delay djB i � 1
1 known) � Ke� (d+1) � E orth(R )

(7)

I I I.B Dealing with the uncer t ain prefix

The actual decoder doesnot know B i � 1
1 . However, we

can bound the error probabilit y as follows:

P (B̂i 6= Bi at delay d)

�
i � 1X

j =0

P (B̂i � j 6= Bi � j at delay d + jjB i � 1� j
1 knwn)(8)

sinceto make an error at bit i the most likely sequence
has to di�er from the true sequenceat i or earlier. The
regular union bound then gives us (8) with the earlier
positions having correspondingly increaseddelays.

Combining (8) with (7) givesus:

P (B̂i 6= Bi with delay d)

�
i � 1X

j =0

Ke� (d+1+ j ) � E orth(R )

< K(
1X

j =0

e� ( j +1) � E orth(R ) )e� d� E orth(R )

=
K

e� E orth(R ) � 1
e� d� E orth(R )

which givesus the desiredresult with Ea(R) = Eor th (R)
and no dependenceon the bit position i and delay d.

Theorem I I I.1 The repeated pulse position modulation
code under maximum-likelihood decoding for individual
bits with delay dτ achievesthe orthogonal coding error
exponent for every delay and bit position.

P (B̂i 6= Bi with delay d) � K0e� d� E orth(R ) (9)

An immediate consequenceof theorem II I.1 is that this
code achieveszeroprobabilit y of error on every bit in the
limit of large delays. The limit here is purely at the de-
coder rather than being over encoder-decoder pairs. As
such, it shows more clearly what the nature of reliable
communication can be over the in�nite-bandwidth chan-
nel. Using the languageof anytime reliabilit y [5], theorem
II I.1 establishesan explicit lower bound on the anytime
reliabilit y of the in�nite-bandwidth AWGN channel.

3The analysis in [3] proceededby approximating the error
event by the union of two events: that the noise in the direc-
tion of the true codeword is large and the event that a false
codeword beats the true codeword conditioned on the fact
that the noise in the direction of the true codeword is small.
The straight union bound over all the false codewords was
then used for the secondevent. By adjusting what is meant
by \large/small," the appropriate probabilities, the two terms
could be matched in the exponent and gave the exponential
bound.

IV. Interpret ations and extensions

I have constructed a new sequential variation on or-
thogonal coding for the in�nite-bandwidth AWGN chan-
nel called repeated pulse position modulation. (RPPM)
This code has the special property that it pushesall the
delay to the decoder and moreover it is delay-universal in
that the decoder can chooseany delay that it might like
and attain exponentially good reliabilit y with that delay
choice. Thus, it is an explicit construction that com-
plements the random coding arguments in [5, 7]. The
existenceof feedback-free anytime codesallows us to bet-
ter understand the performanceof systemsthat have ac-
cessto noisy feedback as recently shown in [6] as well as
approach the problem of interactive computations over
noisy channels.[8]

The code as described is a pulse-position modulation
variation that endsup requiring unboundedly large peak
amplitudes while meeting a hard average power con-
straint. Becauseall that is required is orthogonality on
each time slot, we can use any orthogonal signaling we
prefer. In particular, we could usesignals that have con-
stant amplitude and just change abruptly in phase. So
this type of signaling can be done while meeting a hard
amplitude constraint.

So, is this a practical tool for data communication? It
seemslikely that the answer to this question is negative.
Orthogonal signaling can be very wasteful of bandwidth
and the RPPM schemegiven here actually uses1 band-
width which is never available in practice. The goal here
is rather to re�ne our understanding of the role of de-
lay in reliable communication and the tradeo�s possible
between the encoder and decoder. It provides another
extreme point balancing block-codes on the other side.
As such, it is best to consider its theoretical rather than
practical implications.

IV.A Capacity per unit cost

Verdu's capacity per unit cost framework [9] is the
natural generalization of the in�nite-bandwidth power-
constrained AWGN channel. To seehow the main result
of this paper translates, we �rst can reinterpret the error
calculation so far as a function of the number of bits in-
tervening rather than the time delay and rate. Apply the
substitutions Eb = P

R , τ = 1
R to (2), (9), and (5) to get:

P (B̂i 6= Bi with d bits intervening) � K0e
� dE orth( Eb

N0
)

(10)
where Eor th ( E b

N 0
) =

8
><

>:

( E b

N 0
( 1

2 ln 2 ) � 1) ln 2 if E b

N 0
> 4ln 2

(
q

E b

N 0
( 1

ln 2 ) � 1)2 ln 2 if ln 2 < E b

N 0
� 4 ln 2

0 otherwise

(11)

With this done, we no longer require the in�nite-
bandwidth assumption as long as we are interested only



in the probabilit y of error going to zero as a function of
interveningenergy. This givesrise to the natural \sequen-
tial" versionof Verdu's capacity per unit cost framework:

� There is a zero-costchannel input available.

� The encoder gets accessto the bits one at a time
and can useany number of channel usesit likes.

� The total cost of the channel usesso far must be
lessthan Eb times the number of bits the encoder
has received.

� The decoder wants to estimate the valuesof all the
bits, but is willing to wait until the encoder has
spent a certain extra amount dEb more than it had
when it �rst got accessto the desiredbit.

As the encoding strategy in [9] is a kind of pulse posi-
tion modulation, the repeated pulse-position-modulation
strategy described here translates directly into that
framework.4 All we have to do is interpret the sub-slots
depicted in �gure 3 as individual channel uses.The semi-
orthogonality property of Lemma II.1 translates directly
into a semi-disjoint support property. We will usethe ML
detector in the natural form and (6) continues to apply
asappropriately interpreted. For error analysisaiming at
an analogueof (7), we can bound ML performanceby the
suboptimal, yet simple, hypothesis-testingbaseddecoder
in [9]. Sincethe error analysisin [9] reliesonly on the dis-
jointness of the true codeword to each false one individ-
ually, all the arguments given here extend directly.5 All
that is required for the pre�x-argument of section I I I.B
to work is that the probabilit y of error go to zero expo-
nentially in d. Although this is not explicit in the stated
proof in [9], it does indeed hold.6

There is only one new consideration: integer e�ects.
In the continuous amplitude situation, we could measure
out any desired energy and pour it into a disjoint time
period. For a DMC with an input cost constraint, there

4We will use the zero-cost channel input in most places,
except for the position that corresponds to all the bits so far.
There we use the appropriate more expensive channel input.

5For a given pre�x, the true su�x has d expensive channel
inputs at the appropriate places. The false su�ces all have
the zero cost channel input in that place. Similarly , they all
have their expensive channel inputs where the true su�x has
zeros. Thus the pairwise competition works.

6Look at the set of types that we we will accept as rep-
resenting that a \pulse" is present at the appropriate set of
channel inputs. The threshold corresponds to how much of
a margin around the type P0 we are going to accept. All
that matters is that there is a margin and so the probabil-
it y of missing the true \pulse" is exponentially small with d.
The Stein's lemma argument already gives us an exponen-
tially small probabilit y of false alarm using the union bound.
By choosing the threshold to equalize the exponents, we have
a single exponent. The decoder analyzed in [9] might not give
the best possibleexponent, but all we needhere is that it does
give us an exponent. To seewhy is it not the best, the reader
is encouragedto carry out this analysis for the AWGN case.

might be no way to hit the desired cost with a single
input and so someway of time-sharing betweeninputs is
essential.

It is here that we can seea role for a �nite additional
\delay" being imposed at the encoder. If the encoder
decidesto \burst" its output, it can do so by bu�ering
up bits (spending no channel cost) until it hasL of them
ready to go, and is willing to spend LEb cost to do the in-
cremental encoding. By letting L get large, LEb gets big
enoughto smooth out any integer constraint. 7 However,
the probabilit y of error analysisgiven earlier continuesto
hold and the probabilit y of L-burst error will go to zero
exponentially at the correct rate with respect to cost in-
crements.

In the capacity per unit cost formulation, this scheme
or �nitely truncated versions of it might actually have
practical consequences.Consider a sensornetwork with
very little energyavailable for long-rangecommunication,
but also very little data to send. If the data is going to
be used by some application, the sensormay not know
what the acceptable \delay" is. By using an anytime
or delay-universal scheme like the one presented here, a
sensormight be able to leave that choice to the decoder.

IV.B Exploring the fund ament al r ole of
bursting

In the previous section, we sketched how we could use
bursting at the encoder to smooth out integer-e�ects re-
garding the input cost. As such, the role of the bursting-
induced delay at the encoder was di�eren t from the role
of the delay at the decoder. If we think about a rate/cost
and reliabilit y region, the encoder delay wasusedto make
a certain (rate/cost, reliabilit y) pair achievable. Once
that was done, it was the decoder delay that appeared
essentially in the reliabilit y calculations.

It remains to be seenwhether this situation is in fact
generic. Analysis based on the block-coding paradigm
can not easily distinguish between the encoder and de-
coder. Long blocks are used to average over all the
stochastic uncertainty in the system. Two examples
where di�eren t e�ects all cometogether are:

� Writing on dirt y paper.[1] Here, the advanceknowl-
edge of the interference is getting longer as the
block-length increases. Initial work marrying this
scheme to that given in [4] leads us to suspect
(though it is far from certain) that bursting/delay
at the encoder can be used to get the capacity up
while the decoding delay is used to get the proba-
bilit y of error down.

� Fading wideband channels. Here, being able
to burst the signal allows us to: amortize the
cost of channel estimation over many bits and
to ignore parts of the channel variation through

7Having a budget of LE b allows us to choosethe appropri-
ate mix of channel inputs in a sub-slot that together cost less
than LE b but have close to the desired divergence.



time/frequency. It will be interesting to seeif the
techniques/ideasherecanallow us to establishthat
bursting at the encoder and processingat the re-
ceiver also can have complementary roles | with
encoder bursting usedto get the appropriate amor-
tization/ignoring e�ects while decoder delay gets
the probabilit y of error as low as we like.

This exploration might havepractical signi�cance since
it could allow us to make better use of channels where
bursting is restricted to some �nite values too small to
allow for the desired probabilit y of error. Currently the
main practical tool we have for such situations is con-
catenated coding [2] where we can use a limited looka-
head/bursty inner-code together with a more robustly
error-correcting outer code. The idea here is the same,
but where the outer code is sequential in nature and the
inner-codedoesnot pushthe error probabilit y to besmall,
but rather \impro ves the channel" by exploiting side-
information, training-data, or any other special features
of the problem.
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