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Abstract

Our understanding of information in systems has been baseth® foundation of memoryless processes.
Extensions to stable Markov and auto-regressive procesmgeslassical. Berger proved a source coding theorem
for the marginally unstable Wiener process, but the infihibeizon exponentially unstable case has been open since
Gray’s 1970 paper. There were also no theorems showing wsha¢éded to communicate such processes across
noisy channels.

In this work, we give a fixed-rate source-coding theorem Far infinite-horizon problem of coding an expo-
nentially unstable Markov process. The encoding naturaiults in two distinct bitstreams that have qualitatively
different QoS requirements for communicating over a noigdimam. The first stream captures the information that
is accumulating within the nonstationary process and regusufficient anytime reliability from the channel used to
communicate the process. The second stream captures tbadaisinformation that dissipates within the process
and is essentially classical. This historical informatiman also be identified with a natural stable counterpart to
the unstable process. A converse demonstrating the fundaltyelayered nature of unstable sources is given by
means of information-embedding ideas.

Index Terms

Nonstationary processes, rate-distortion, anytime loéitg, information embedding

Department of Electrical Engineering and Computer Science at theelsitiy of California at Berkeley. A few of these results were
presented at ISIT 2004 and a primitive form of others appearedI@t2800 and in his doctoral dissertation.

Department of Electrical Engineering and Computer Science at theddassetts Institute of Technology. Support for S.K. Mitter was
provided by the Army Research Office under the MURI Grant: Data Fusid_arge Arrays of Microsensors DAAD19-00-1-0466 and the
Department of Defense MURI Grant: Complex Adaptive Networks foogerative Control Subaward #03-132 and the National Science
Foundation Grant CCR-0325774.



Source coding and channel requirements for unstable processes

. INTRODUCTION

The source and channel models studied in information thageynot just interesting in their own right,
but also provide insights into the architecture of reliabtanmunication systems. Since Shannon’s work,
memoryless sources and channels have always been at theflmgeunderstanding. They have provided
the key insight of separating source and channel coding thighbit rate alone appearing at the interface
[1], [2]. The basic story has been extended to many diffesmirces and channels with memory for
point-to-point communication [3].

However, there are still many issues for which informatitvedretic understanding eludes us. Net-
working in particular has a whole host of such issues, leadiphremides and Hajek to entitle their
survey article “Information Theory and Communication Netkg An Unconsummated Union!” [4]. They
comment:

The interaction of source coding with network-induced gatats across the classical network layers and has
to be better understood. The interplay between the distortf the source output and the delay distortion induced
on the queue that this source output feeds into may hold tbeetsef a deeper connection between information
theory. Again, feedback and delay considerations are itaptr

Real communication networks and networked applicatiomscanite complicated. To move toward a
guantitative and qualitative of understanding of the issuactable models that exhibit at least some of
the right qualitative behavior are essential. In [5], [Ble toroblem of stabilization of unstable plants across
a noisy feedback link is considered. There, delay and feddbansiderations become intertwined and the
notion of feedback anytime capacity is introduced. To $itabian otherwise unstable plant over a noisy
channel, not only is it necessary to have a channel capaldepdorting a certain minimal rate, but the
channel when used with noiseless feedback must also suagogh enough error-exponent (called the
anytime reliability) with fixed delay in a delay-universaishion. This turns out to be a sufficient condition
as well, thereby establishing a separation theorem foril&ation. In [7], upper bounds are given for
the fixed-delay reliability functions of DMCs with and withibfeedback, and these bounds are shown to
be tight for certain classes of channels. Moreover, the foedy reliability functions with feedback are
shown to be fundamentally better than the traditional fikéxtk-length reliability functions.

While the stabilization problem does provide certain imanttinsights into interactive applications,
the separation theorem for stabilization given in [5], [6]coarse — it only addresses performance as a
binary valued entity: stabilized or not stabilized. All thaatters is the tail-behavior of the closed-loop
process. To get a more refined view in terms of steady-stat®erpence, this paper instead considers
the corresponding open-loop estimation problem. This éssemingly classical question of lossy source
coding for anunstablescalar Markov processes — mapping the source into bits ag ¢being what is
required to communicate such bits using a point-to-poimh@anication system.

A. Communication of Markov processes

Coding theorems for stable Markov and auto-regressive peaseunder mean-squared-error distortion
are now well established in the literature [8], [9]. We calesireal-valued Markov processes, modeled as

Xy = A X + W, (1)

where{WW,},>, are white andX, is an independent initial condition uniformly distributed [—2, 4]

where (), > 0 is small. The essence of the problem is depicted in Fig. 1: itamize the rate of the

encoding while maintaining an adequate fidelity of recargion. Once the source has been compressed,

the resulting bitstreams can presumably be reliably comoated across a wide variety of noisy channels.
The infinite-horizon source-coding problem is to design arse code minimizing the rat& used

to encode the process while keeping the reconstructiore dimghe original source in an average sense
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Fig. 1. The point-to-point communication problem considered here gblaéis to minimize end-to-end average distortjgX, )A(t). Finite,
but possible large, end-to-end delay will be permitted. One of the kegsssxplored is what must be made available at the source/channel
interface.

limy, o0 = >y E[|X; — X,|"]. The key issue is that any given encoder/decoder system raustz
bounded delay when used over a fixed-rate noiseless chalimelencoder is not permitted to look into
the entire infinite future before committing to an encoding X;. To allow the laws of large numbers to
work, a finite, but potentially large, end-to-end delay imakd between when the encoder obser¥gs
and when the decoder emifs,. However, this delay must remain bounded and not grow with

For the stable cases| < 1, standard block-coding arguments work since long blocksusg¢ed by an
intervening block look relatively independent of each otaed are in their stationary distributions. The
ability to encode blocks in an independent way also tellshas $hannon’s classical sensecatliability
also suffices for communicating the encoded bits across sy raiannel. The study of unstable cases
|A| > 1 is substantially more difficult since they are neither eigatbr stationary and furthermore their
variance grows unboundedly with time. As a result, Gray wale @& prove only finite horizon results
for such nonstationary processes and the general infioiiedn unstable case has remained essentially
open since Gray’s 1970 paper [9]. As he put it:

It should be emphasized that when the source is non-stayiotiie above theorem is not as powerful as one
would like. Specifically, it does not show that one can coderaylsequence by breaking it up into smaller blocks
of lengthn and use the same code to encode each block. The theorentily strfone-shot” theorem unless the
source is stationary, simply because the blogks- 1)n, kn] do not have the same distribution for uneqiakhen
the source is not stationary.

On the computational side, Hashimoto and Arimoto gave anpemdc form for computing theR(d)
function for unstable auto-regressive Gaussian procgdd$dsand mean-square distortion. Toby Berger
gave an explicit coding theorem for an important sub-case,narginally unstable Wiener process with
A = 1, by introducing an ingenious parallel stream methodolddg. noticed that although the Wiener
process is nonstationary, it does have stationary and ewemt increments [11]. However, Berger's
source-coding theorem said nothing about what is requireah fa noisy channel. In his own words:[12]

It is worth stressing that we have proved only a source codiprem for the Wiener process, not an
information transmission theorem. If uncorrected chammedrs were to occur, even in extremely rare instances, the



user would eventually lose track of the Wiener process cetepl. It appears (although it has never been proved)
that, even if anoisyfeedback link were provided, it still would not be possibteachieve a finite [mean squared
error] per letter ag — oco.

In an earlier conference work [13] and the first author’s elitation [14], we gave a variable rate coding
theorem that showed thB(d) bound is achievable in the infinite-horizon case if variatsite codes are
allowed. The question of whether or not fixed-rate and fididay codes could be made to work was left
open, and is resolved here along with a full information $raission theorem.

B. Asymptotic equivalences and direct reductions

Beyond the technical issue of fixed or variable rate lies apdeejuestion regarding the nature of
“information” in such processes. [15] contains an analg$ithe traditional Kalman-Bucy filter in which
certain entropic expressions are identified with the acdatimn and dissipation of information within a
filter. No explicit source or channel coding is involved, i idea of different kinds of information flows
is raised through the interpretation of certain mutual infation quantities. In the stabilization problem
of [5], it is hard to see if any qualitatively distinct kind$ mformation are present since to an external
observer, the closed-loop process is stable.

Similarly, the variable-rate code given earlier in [13],4]1does not distinguish between kinds of
information since the same high QoS requirements were ieghos all bits. However, it was clear that
all the bitsdo not requirethe same treatment since there are examples in which aazess ddditional
lower reliability medium can be used to improve end-to-eedfgrmance [16], [14]. The true nature of
the information within the unstable process was left oped aile exponentially unstable processes
certainly appeared to be accumulating information, theas wo way to make this interpretation precise
and quantify the amount of accumulation.

In order to understand the nature of information, this pdpglds upon the “asymptotic communication
problem equivalence” perspective introduced at the encbpfThis approach associates communication
problems (e.g. communicating bits reliably at réteor communicating iid Gaussian random variables to
average distortior< d) with the set of channels that are good enough to solve tlwdilgm (e.g. noisy
channels with capacity’ > R). This parallels the “asymptotic computational problenuieglence”
perspective in computational complexity theory [17] exceyat the critical resource shifts from compu-
tational operations to noisy channel uses. The heart of ppeoach is the use of “reductions” that show
that a system made to solve one communication problem carsé# as a black box to solve another
communication problem. Two problems are asymptoticallyiealent if they can be reduced to each other.

The equivalence perspective is closely related to thettoadil source/channel separation theorems. The
main difference is that traditional separation theorem& @ privileged position to one communication
problem — reliable bit-transport in the Shannon sense — a&draductions in only one direction: from
the source to bits. The “converse” direction is usually gewsing properties of mutual information. In
[18], [19], we give a direct proof of the “converse” for class problems by showing the existence of
randomized codes that embed iid message bits into iid s@esoarce symbols at rate. The embedding
is done so that the bits can be recovered with high probgbiitm distorted reconstructions as long as
the average distortion on long blocks stays below the distorate functionD(R). Similar results are
obtained for the conditional distortion-rate function.iJtequivalence approach to separation theorems
considers the privileged position of reliable bit-trangpo be purely a pedagogical matter.

This paper uses the results from [18], [19] to extend theltesaf [5] from the control context to the
estimation context. We demonstrate that the problem of conicating an unstable Markov process to
within average distortion/ is asymptotically equivalent to a pair of communication ljemns: classical
reliable bit-transport at a rate: R(d) — log, |A\| and anytime-reliable bit-transport at a ratelog, |A|.
This gives a precise interpretation to the nature of infdramaflows in such processes.



C. Outline

Section Il states the main results of this paper. A brief nticaé example for the Gaussian case is
given to illustrate the behavior of such unstable procesBles proofs follow in the subsequent sections.

Section Il considers lossy source coding for unstable Mafkrocesses with the driving disturbandé
constrained to have bounded support. A fixed-rate code ateaaraitrarily close toR(d) is constructed
by encoding process into two simultaneous fixed-rate messagams. The first stream has a bit-rate
arbitrarily close tolog, |A\| and encodes what is needed from the past to understand thre.fittcaptures
the information that is accumulating within the unstablegasss. The other stream encodes those aspects
of the past that are not relevant to the future and so captbheepurely historical aspects of the unstable
process in a way that meets the average distortion constiidis second stream can be made to have a
rate arbitrarily close taR(d) — log, ||

Section IV then examines this historical information moaeegully by looking at the process formally
going backward in time. The?(d) curve for the unstable process is shown to have a shape tltia¢ is
stable historical part translated kg, |\| to account for the unstable accumulation of information.

Section V first reviews the fact that random codes exist aaingeanytime reliability over noisy channels
even without any feedback. Then, ferdifference distortion measures, an anytime reliabitity; log, |\|
is shown to be sufficient to encode the first bitstream of theeeaaf Section 11l across a noisy channel. The
second bitstream is shown to only require classical Shamfrehability. This completes the reduction of
the lossy-estimation problem to a two-tiered reliabletkatisportation problem and resolves the conjecture
posed by Berger regarding an information transmissionrdgrador unstable processes.

Section VI tackles the other direction. The problem of amgtireliable bit-transport is directly reduced
to the problem of lossy-estimation for a decimated versibthe unstable process. This is done using
the ideas in [5], reinterpreted as information-embedding shows that the higher QoS requirements for
the first stream are unavoidable for these processes. A destoeam of messages is then embedded into
the historical segments of the unstable process and tl@amstis recovered in the classical Shanren
reliable senseExponentially unstable Markov processes are thus the fostrivial examples of stochastic
processes that naturally generate two qualitatively digtikinds of information.

In Section VII, the results are then extended to cover thes&aarkov case with the usual squared-
error distortion. Although the proofs are given in terms cduSsian processes and squared error, the
results actually generalize to amydistortion as well as driving noise distributiom® that have at least
an exponentially decaying tail.

This paper focuses throughout on scalar Markov processesldaty. It is possible to extend all the
arguments to cover the general autoregressive moving gegidRMA) case. The techniques used to
cover the ARMA case are discussed in the control contextjinvféere a state-space formulation is used.
A brief discussion of how to apply those techniques is prekere in Section VIII.

[1. MAIN RESULTS
A. Performance bound in the limit of large delays

To defineR(d) for unstable Markov processes, the infinite-horizon proble viewed as the limit of a
sequence of finite-horizon problems:

Definition 2.1: Given the scalar Markov source given by (1), firete n-horizon version of the source
is defined to be the random variablég ' = (Xo, Xy, Xn1).

Definition 2.2: The n—distortionmeasure i$(X;, X;) = |X; — X|". It is an additive distortion measure
when applied to blocks.

The standard information-theoretic rate-distortion fime for the finite-horizon problem using-
difference distortion is:

1
RY(d) = inf SIXh YY) (2)

{'P(YOTL71|X(?71)' 1 '(Lfl EHXL_Y”TI]Sd} n

‘n =0
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We can consider the block? as a single vector-valued random variable The RX(d) defined by
(2) is related toRy(d) by RX(d) = LRX(nd) with the distortion measure o given by p(X, X) =
Z::ol |Xz - X|77_
The infinite-horizon case is then defined as a limit:
RX (d) = lim inf R (d) (3)
The distortion-rate functionDX (R) is also defined in the same manner, except that the mutual-
information is fixed and the distortion is what is infimized.

B. The stable counterpart to the unstable process

It is insightful to consider what the stable counterpart s tunstable process would be. There is a
natural choice, just formally turn the recurrence relagioip around and flip the order of time. This gives
the “backwards in time process” governed by the recursion

— —
X, =A'"X 0 — AW (4)

This is purely a formal reversal. In place of an initial camzh X, it is natural to consider é_(n for
some timen and then consider time going backwards from there. SjAcé| < 1, this is a stable Markov
process and falls under the classical theorems of [9].

C. Encoders and decoders

For notational convenience, time is synchronized betwbersburce and the channel. Thus both delay
and rate can be measured against either source symbols mnethases.

Definition 2.3: A discrete time channe$ a probabilistic system with an input. At every time stejit
takes an input; € A and produces an output € C with probability p(C;|at, ;') where the notation!
is shorthand for the sequen¢e,, as, . . ., a;). In general, the current channel output is allowed to depend
on all inputs so far as well as on past outputs.

The channel isnemorylessf conditioned ona,, the random variabl€’; is independent of any other
random variable in the system that occurs at tinee earlier. So all that needs to be specifieg;i&;|a;).
The channel is memoryless and stationary;{fC;|a;) = p(C¢|a;) for all timest.

Definition 2.4: A rate R source-encode€; is a sequence of map<;,;}. The range of each map is
a single bitb; € {0,1} if it is a pure source encoder and is from the channel inputapt.A if it is a

joint source-channel encoder. Th¢h map takes as input the available source symbdléJ.
Similarly, arate R channel-encode€. without feedbacks a sequence of mag<..}. The range of
each map is the channel input alphabetThe ¢-th map takes as input the available messagelbﬁﬁéj.
Randomized encodeadso have access to random variables denoting the commdomaress available
in the system. This common randomness is independent ofotlnees and channel.

Definition 2.5: A delay ¢ rate R source-decodeis a sequence of mag9;,}. The range of each map
is just an estimatéA(t for the ¢t-th source symbol. For pure source decodersitiemap takes as input the
available message biBIL(”‘b)RJ. For joint source-channel decoders, it takes as input thdadle channel
outputsC{”’. Either way, it can see time units beyond the time when the desired source symbal firs
had a chance to impact its inputs.

Similarly, adelay ¢ rate R channel-decodeis a sequence of mags,;}. The range of each map is
just an est_imate§2- for the i-th bit taken from{0,1}. Thei-th map takes as input the available channel
outputsCl%WS which means that it can segetime units beyond the time when the desired message bit

first had a chance to impact the channel inputs.
Randomized decodesdso have access to the random variables denoting commdomaress.
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quantities to the left of them on the timeline. If noiseless feedback is availtigle); can also have an explicit functional dependence on
the Ci~! that lie to the left on the timeline.
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Fig. 3. The source-coding problem of translating the source into two sinedtzs bitstreams of fixed ratés and R». End-to-end delay
is permitted but must remain bounded for all time. The goal is toRyets log, |A\| and Rz ~ R(d) — log, |A|.

The timeline is illustrated in Fig. 2 for channel coding andimilar timeline holds for either pure
source coding or joint source-channel coding.

For a specific channel, the maximum rate achievable for angsense of reliable communication is
called the associated capacity. Shannon’s classicalability requires that for a suitably large end-to-end
delay ¢, the probability of error on each bit is below a specified

Definition 2.6: A rate R anytime communication systewer a noisy channel is a single channel encoder
&. and decodeD? family for all end-to-end delays.

A rate R communication system achievaaytime reliability« if there exists a constant” such that:

P(Bi(t) # B}) < K27(=#) (5)

holds for every:. The probability is taken over the channel noise, the messais B, and all of the
common randomness available in the system. If (5) holds ¥eryepossible realization of the message
bits B, then we say that the system achievesform anytime reliabilitya.

Communication systems that achiemaytime reliability are calledanytime codesand similarly for
uniform anytime codes

The important thing to understand about anytime religbi$itthat it is not considered to be a proxy used
to study encoder/decoder complexity as traditional rditglfunctions often are [8]. Instead, the anytime
reliability parametern indexes a sense of reliable transmission for a bitstreamhitiwthe probability
of bit error tends to zero exponentially as time goes on.

D. Main results

The first result concerns the source coding problem illtsttan Fig. 3 for unstable Markov processes
with bounded-support driving noise.

Theorem 2.1:Assume both the source encoder and source decoder can bemiaed. Given the
unstable [\| > 1) scalar Markov process from (1) driven by independent ngigé},~, with bounded



support, it is possible to encode the process to averagatyide||.X; — )A(i|77] arbitrarily close tod using
two fixed-rate bitstreams and a suitably high end-to-endydel

The first stream (called theheckpoint streajncan be made to have raf® arbitrarily close tolog, ||
while the second (called thiistorical strean) can have rateR, arbitrarily close toRZ (d) — log, |A|.
Proof: See Section IlI.

In a very real sense, the first stream in Theorem 2.1 represantnitial description of the process to
some fidelity, while the second represents a refinement ofléseription [20]. These two descriptions
turn out to be qualitatively different when it comes to conmuating them across a noisy channel.

Theorem 2.2:Suppose that a communication system provides uniform meyteliability o > nlog, ||
for the checkpoint message stream at bit-rAte Then given sufficient end-to-end delay it is possible
to reconstruct the checkpoints to arbitrarily high fidelitythe 7-distortion sense.

Proof: See Section V-B.

Theorem 2.3:Suppose that a communication system can reliably commignio@ssage bits meeting
any bit-error probabilitye given a long enough delay. Then, that communication systmbe used to
reliably communicate the historical information messatyeasn generated by the fixed-rate source code
of Theorem 2.1 in that the expected end-to-end distortionlea made arbitrarily close to the distortion
achieved by the code over a noiseless channel.

Proof: See Section V-C.

The Gauss-Markov case with mean squared error is covereaiojiaries:

Corollary 2.1: Assume both the encoder and decoder are randomized and iteeefid-to-end delay
can be chosen to be arbitrarily large. Given an unstablex 1) scalar Markov process (1) driven by iid
Gaussian noise{Iin}tZO with zero mean and varianeg, it is possible to encode the process to average
fidelity F[|X; — X;|?] arbitrarily close tod using two fixed-rate bitstreams.

The checkpoint stream can be made to have faterbitrarily close tolog, |\| while the historical
stream can have ratB, arbitrarily close toR (d) — log, |A|.
Proof: See Section VII-A.

Corollary 2.2: Suppose that a communication system provides us with thigyatoi carry two message
streams. One at rat&®, > log, |A| with uniform anytime reliabilitya: > 2log, |A|, and another with
classical Shannon reliability at rat@, > RX (d) — log, |\| where R (d) is the rate-distortion function
for an unstable Gauss-Markov process with unstable gdi> 1 and squared-error distortion.

Then it is possible to successfully transport the two-stremde of Corollary 2.1 using this communi-
cation system by picking a sufficiently large end-to-enchgel. The mean squared error of the resulting
system will be as close t@ as desired.

Proof: See Section VII-B.

Theorems 2.2 and 2.3 together with the source code of The@rémeombine to establish a reduction
of the d-lossy joint source/channel coding problem to the probléraoonmunicating message bits at rate
R(d) over the same channel, wherein a substream of message bdtte at log, || is given an anytime
reliability of at leastn log, |A|. This reduction is in the sense of Section VIl of [5]: any cheinthat is
good enough to solve the second pair of problems is good éntmugolve the first problem.

The asymptotic relationship between the forward and badkwate-distortion functions is captured in
the following theorem.

Theorem 2.4:Let X be the unstable Markov process of (1) wjtt} > 1 and let the stable backwards-
in-time version from (4) be denoted . Assume that the ||d driving noisB’ has a Riemann-integrable
density fyr and there exists a constaht so thatE[|>>'_, \/W;|"] < K for all + > 1. Furthermore
for the purpose of calculatlng the rate-distortion funnsdoelow assume that for the backwards-in-time
version is initialized WlthX = 0. Let QA be the uniform quantizer that maps its input to the nearest
neighbor of the formkA for integerk.



RE(d) =@ lim lim RXI9E0 (@) =) lim RXIX0(d) = RX(d) — logy A 6)

A—0 n—oo n—00

or expressed in terms of distortion-rate functions for> log, |A[:
DX(R) = DX(R ~log, |\).

This implies that the process generally undergoes a phassition from infinite to bounded average
distortion at the critical ratéog, |\|.
Proof: See Section IV-B.

Notice that there are no explicitly infinite distortions imetoriginal setup of the problem. Consequently,
the appearance of infinite distortions is interesting ashis &abrupt transition from infinite to finite
distortions around the critical rate @fg, |\|. This abrupt transition gives a further indication thatrthe
is something fundamentally nonclassical about the katg|\| information inside the process.

To make this precise, a converse is needed. Classical st@tthn results only point out that the
mutual information across the communication system musitbeastR(d) on average. However, as [21]
points out, having enough mutual information is not enouglgtiarantee a reliable-transport capacity
since the situation here is not stationary and ergodic. DHewing theorem gives the converse, but adds
an intuitively required additional condition that the padiility of excess average distortion over any long
enough segment can be made as small as desired.

Theorem 2.5:Consider the unstable process given by (1) with the iid dgvimoise W having a
Riemann-integrable densityt;, satisfying the conditions of Theorem 2.4.

Suppose there exists a family (indexed by window sizeof joint source-channel cod€g, D;)) so
that then-th member of the family has reconstructions that satisfy

EHXk’n - )?kn’n] <d (7)
for every positive integek. Furthermore, assume the family collectively also sassfie
1 T+n—1 N
lim sup P(— Z |1 X; — X;|">d)=0 (8)

e T20 n =T

so that the probability of excess distortion can be maderarbly small on long enough blocks.

Then for anyR; < log, |\, < nlogy |A|, Ry < RX(d) — log, |\|, P. > 0, the channel must support
the simultaneous carrying of a bit-raf priority message stream with anytime reliabilityalong with
a second message stream of bit-r&tewith a probability of bit error< P, for some end-to-end delay.
Proof: See Section VI-A.

Note that a Gaussian disturbariéeis covered by Theorems 2.4 and 2.5, even if the differendertiisn
measure is not mean squared-error.

E. An example and comparison to the sequential rate distopiroblem

In the case of Gauss-Markov processes with squared-erstortdon, Hashimoto and Arimoto in [10]
give an explicit way of calculating?(d). Tatikonda in [22], [23] gives a similar explicit lower bodn
to the rate required when the reconstructiin is forced to be causal in that it can only depend.on
observations forj < t.

Assuming unit variance for the driving noi$& and A > 1, Hashimoto’s formula is parametric in terms
of the water-filling parametex and for the Gauss-Markov case considered here simplifies to:

1 [7 1

D) = o ), i {E’ 1 —2Xcos(w) + )\2} dw,

1

1 [ 1
R(/{) 08y A + o /ﬂ max |:O, 9 089 /{(1 — 92\ COS(UJ) + )\2) w ( )
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Fig. 4. The distortion-rate curves for an unstable Gauss-MarkovegmaithA = 2 and its stable backwards-version. The stable and
unstableD(R) curves are related by a simple translation lbhit per symbol.

The rate-distortion function for the stable counterpaxtegi in (4) has a water-filling solution that is
identical to 9, except without thieg, A term in theR(x)! Thus, in the Gaussian case with squared error
distortion direct calculation verifies the claim

RX(d) = log, A+ RX(d)

from Theorem 2.4.
For the unstable process, Tatikonda’'s formula for causamnstructions is given by

Rsed(d) = 5 logs(\ + ). (10)

Fig. 4 shows the distortion-rate frontier for both the angji unstable process and backwards stable
process. It is easy to see that the forward and backward gsooerves are translations of each other.
In addition, the sequential rate-distortion curve for theafard process is qualitatively distindRsed 1?)
goes to infinity ask | log, A while D(R) approaches a finite limit.

The results in this paper show that the lower curve for theulegdistortion-rate frontier can be
approached arbitrarily closely by increasing the accdptéinite) end-to-end delay. This suggests that it
takes some time for the randomness entering the unstabbegsdhroughV” to sort itself into the two
categories of fundamental accumulation and transienbilyisThe difference in the resulting distortion is
not that significant at high rates, but becomes unboundeddjelas the rate approaches, \. It is open
whether similar information-embedding theorems similarmheorem 2.5 exist that give an operational
meaning to the gap betweét).,(d) andR(d). If a communication system can be used to satisfy distortion
d in a causal way, does that mean the underlying communicatisources also must be able to support
messages at this higher rakg.,(d)?

I1l. TWO STREAM SOURCE ENCODINGAPPROACHINGR(d)
This section proves Theorem 2.1.
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Source Encoder

X Normalize (make iid) Conditionally encode
historical blocks normalized superblock
by subtracting checkpoints to desired fidelity

|

Recursively encode checkpoints
with fixed rate dithered code

Random
“dither”

high priority stream| low priority stream
(checkpoints)| (history in between)

Recursively decode
dithered checkpoints exactly

Add checkpoints back
to get reconstruction

Conditionally decode the
normalized superblock

>4

for original signal

Source Decoder

Fig. 5. A flowchart showing how to do fixed-rate source coding for kdarsources using two streams and how the streams are decoded.

A. Proof strategy

The code for proving Theorem 2.1 is illustrated in Fig. 5. Mdiit loss of generality, assume= |\| > 1
to avoid the notational complication of keeping track of gign.

. Look at time in blocks of sizex and encode the values of endpoirifs;, 1, X,) recursively to
very high precision using rate(log, A + ¢;) per pair. Each blockX,, Xyni1, ..., X(pg1)n—1 WIll
have encoded checkpoint&,,, Xi,.,_1) at both ends.

. Use the encoded checkpoinfs,,,} at the start of the blocks to transform the process segmants i
between (the history) so that they look like an iid sequerfcinge horizon problems)?.

« Use the checkpoint$an+n_1} at the end of the blocks as side-information to encode thergis
to fidelity d at a rate ofn(RX(d) —logy, A + €2 + o(1)) per block.

. “Stationarize” the encoding by choosing a random startifiget so that no times area priori more
vulnerable to distortion.

The source decoding proceeds in the same manner and firgsersd¢be checkpoints, and then uses them
as known side-information to decode the history. The twothen recombined to give a reconstruction
of the original source to the desired fidelity.

The above strategy follows the spirit of Berger’s encodirig[ In Berger’s code for the Wiener process,
the first stream’s rate is negligible relative to that of tee@nd stream. In our case, the first stream’s rate
is significant and cannot be averaged away by using largek¥loc

The detailed constructions and proof for this theorem areéhm next few subsections, with some
technical aspects relegated to the appendices.

B. Recursively encoding checkpoints

This section relies on the assumption of bounded supporthferdriving noise|lV;| < % but does
not care about any other property of th&/;},>, like independence or stationarity. The details of the
distortion measure are also not important for this section.
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Proposition 3.1: Given the unstableX( > 1) scalar Markov process of (1) driven by noi$&/; };~o
with bounded support, and ank > 0, it is possible to causally and recursively encode checkpoi
spaced byn so that| X}, — X;,| < %. For any R; > log, A, this can be done with rateR; bits per
checkpoint by choosing large enough. Furthermore, if an iid sequence of indeperuhars of continuous
uniform random variable$©;, ©;},-, is available to both the encoder and decoder for ditherimgetrors
(an—l_an—la Xin—X},) can be made an iid sequence of pairs of independent unifardora variables
on[-£,+2].

Proof: First, consider the initial condition aX,. It can be quantized to be within an interval of size
by usinglog,[%] bits.

With a block length ofn, the successive endpoints are related by:

n—1

Xkt = X" X + XY A Wiy (11)

=0

The second ternf - -] on the left of (11) can be denotédl, and bounded using

n—1 n—1
— , Q Q
— )\n—l E A | < )\n—l § A A" )

=0 =0

(12)

Proceed by induction. Assume th},, satisfies X, — Xj.,| < 4. This clearly holds fok = 0. Without
any further information, it is known thak ), must lie within an interval of size\"A + )\"%. By
usingn R} bits (whereR] is chosen to guarantee an integet)) to encode where the true value lies, the
uncertainty is cut by a factor a1, To have the resulting interval of siz& or smaller, we must have:

A > 27\ A 4 L).

A-1)
Dividing through byA2-"1\" and taking logarithms gives
Q
- > —).
n(Ry —logy A) = log,(1 + A\ — 1))

EncodingX},,_; given X, requires very little additional rate sing&(;,,_; — A~'X},| < Q+ A and so
log, [£+1] < log,(2+ ) additional bits are good enough to encode both checkpduitsing everything
together in terms of the originak, gives

logy (1 4+ xnts) +1ogye (2 + %) log, [S
Ry > max (logz)\—i— 21+ zp7) 2( A)7 0gy[ X1 '

(13)
n n

It is clear from (13) that no matter how smallZa we choose, by picking an large enough the rate
R, can get as close tivg, A as desired. In particular, picking = K (log, +)* works with largeKX and
small A.

To get the uniform nature of the final errdf,, — X,,, subtractive dithering can be used [24]. This
is accomplished by adding a small iid random variaBlg uniform on [—%, +%}, to the X,,, and only
then quantizingX;m + ©y) to resolutionA. At the decoderP,, is subtracted from the result to gét;,,.
Similarly for X;,,_;. This results in the checkpoint error sequeriéd., 1 — Xyn_1, Xin — Xgn) being
iid uniform pairs over—£, +2]. These pairs are also independent of all tieand initial condition.X.
O

In what follows, we always assume thatis chosen to be of high fidelity relative to the target distort
d (e.g. For squared-error distortion, this means that< d.) as well as small relative to the the initial
condition SOA < €.
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C. Transforming and encoding the history

Having dealt with the endpoints, focus attention on theohisal information between them. Here the
bounded support assumption is not needed for{th&}, but the iid assumption is important. First, the
encoded checkpoints are used to transform the historit@inration so that each historical segment looks
iid. Then, it is shown that these segments can be encodectappropriate fidelity and rate when the
decoder has access to the encoded checkpoints as side atiform

1) Forward transformation: The simplest transformation is to effectively restart thegess at every
checkpoint and view time going forward. This can be congidenormalizing each of the historical
segmentsX """ to (X, 0 <i<n—1) for k=0,1,2,....

n

Xy = Xingi — AN Xy, (14)

For eachk, the block X), = {X ) }o<i<n—1 satisfiesX 11y = AXwk,) + Wks). By dithered quan-
tization, the initial condition i = 0) of each block is a uniform random variable of suppdrtthat is
independent of all the other random variables in the systene. initial conditions are iid across the
different £. Thus, except for the initial condition, the blocks, are identically distributed to the finite
horizon versions of the problem.

Since A < g, each X, block starts with a tighter initial condition than the ongl X process did.
Since the initial condition is uniform, this can be viewedaagenie-aided version of the original problem
where a genie reveals a few bits of information about thaainitondition. Since the initial condition
enters the process dynamics in a linear way and the distonieasurep depends only on the difference,
this implies that the new process with the smaller initiahdition requires no more bits per symbol to
achieve a distortior than did the original process. Thus:

141 197} -
RY() ~ — 25 < RY(d) < RY(d)
for all n andd. So in the limit of largen
RE(d) = RX(d). (15)

In simple terms, the normalized history behaves like thedihorizon version of the problem when
is large.

2) Conditional encoding:The idea is to encode the normalized history between two kyjuects
conditioned on the ending checkpoint. The decoder has sidoethe exact values of these checkpoints
through the first bitstream. .

For a givenk, shift the encoded ending checkpoikit;, 1), t0

Z]Z = X(k+1)n—1 - /\n_len‘ (16)

Z! is clearly available at both the encoder and the decoderesinonly depends on the encoded
checkpoints. Furthermore, it is clear that

Xkm1) = 28 = (Xpesimor = A" Xin) = Kprvmor = A" Xin) = Xperyno1 — X(er1yn1
which is a uniform random variable qpr%, +%]. ThusZ} is just a dithered quantization t& precision
of the endpointX;, ,_1).

Define the conditional rate-distortion functidi.”*(d) for the limit of long historical blocksY}';"!
conditioned on their quantized endpoint as

1 1 =
RX179(d) = liminf — inf —I(X§~ 5 Y29, 0). (17)
o0 M p(vy Ry 29,0):k SIS B[ Ki-vil]<ay 1
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Proposition 3.2:Given an unstableX( > 1) scalar Markov proces$X; .} obeying (1) and whose
driving noise satisfiesZ[| >>'_, A\"'W;|"] < K for all t > 1 for some constanfs, together with its
encoded endpoint} obtained byO-dithered quantization to within a uniform random variabl¢h small
supportA, the limiting conditional rate-distortion function

RE#"9(d) = R(d) —logy A. (18)

Proof: See Appendix C.

The case of driving noise with bounded support clearly Batighe conditions of this proposition since
geometric sums converge. The conditional rate-distorfimction in Proposition 3.2 has a corresponding
coding theorem:

Proposition 3.3: Given an unstable)X( > 1) scalar Markov proces$X;} given by (1) together with
its n-spaced pairs of encoded checkpoififs} obtained by dithered quantization to within iid uniform
random variables with small suppoX, for everye, > 0 there exists anV/ large enough so that a
conditional source-code exists that maps a lengtisuperblock of the historical informatiofXy, }o<i<ar
into a superblocK 7T}, }o<x<ns Satisfying

M-1 n
1 1 ~
i > - > Elp(Xkeg) Tirg)] < d+ s (19)
k=0 = j=1

By choosingn large enough, the rate of the superblock code can be madeoss &bk desired to
RX (d) — log, X if the decoder is also assumed to have access to the encodekpoimtsXy,,.

Proof: M of the X, blocks are encoded together using conditioning on the exttatieckpoints at the
end of each block. The paitXy, Z{) have a joint distribution, but are iid acrossby the independence
properties of the subtractive dither and the driving ndigg ;). Furthermore, theX; ;) are bounded and
as a result, the all zero reconstruction results in a boumlidrtion on theX vector that depends om.
Even without the bounded support assumption, Theorem 2ehle that there is a reconstruction based
on the Z{ alone that has bounded average distortion where the boues! miut even depend on

Since the side informatioty/ is available at both encoder and decoder, the classicalitommal rate-
distortion coding theorems of [25] tell us that there existﬂock length) (n) so that codes exist satisfying
(19). The rate can be made arbitrarily closerty " @ ). By letting n get large, Proposition 3.2 reveals
that this rate can be made as close as deswelagfg(nd — log, A O

D. Putting history together with checkpoints

The next step is to show how the decoder can combine the tearst to get the desired rate/distortion
performance.

The rate side is immediately obvious since theréojs, A from Proposition 3.1 and?¥X (d) — log, A
from Proposition 3.3. The sum is as closeftg (d) as desired. On the distortion side, the decoder runs
(14) in reverse to get reconstructions. Suppose hat are the encoded transformed source symbols
from the code in Proposition 3.3. The’(i,mﬂ = Tlpy + N 'Xin and s0X, i — anﬂ = X ki) — Lhi)-
Since the differences are the same, so is the distortion.

E. “Stationarizing” the code

The underlyingX; process is non-stationary so there is no hope to make thedemgctuly stationary.
However, as it stands, only the average distortion acrosls eathe M n length superblocks is close tb
in expectation giving the resulting code a potentially ‘logtationary” character. Nothing guarantees that
source symbols at every time will have the same level of egaetidelity. To fix this, a standard trick
can be applied by making the encoding have two phases:
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« An initialization phase that lasts for a randdtime-stepsT’ is a random integer chosen uniformly
from0,1,... Mn—1 based on common randomness available to the encoder andedebaring the
first phase, all source symbols are encoded to fidélityecursively using the code of Proposition 3.1
with n = 1.

« A main phase that applies the two-part code described abavetérts at timel” + 1.

The extra rate required in the first phase is negligible ormraaye since it is a one-time cost. This takes

a finite amount of time to drain out through the rdte message stream. This time can be considered an
additional delay that must be suffered for everything in seeond phase. Thus it adds to the delay: of
required by the causal recursive code for the checkpoirits. ré€st of the end-to-end delay is determined
by the total lengthM/n of the superblock chosen inside Proposition 3.3.

Let d; be such that the original super-block code gives expect&drtiond; at position: ranging from

0 to Mn — 1. It is known from Proposition 3.3 thajg}—n Zf‘iﬁ“ d; < d + ¢,. Because the first phase is
guaranteed to be high fidelity and all other time positioresrandomly and uniformly assigned positions
within the superblock of sizé/n, the expected distortio'[| X; — X;|"] < d + ¢, for every bit positioni.

The code actually does better than that since the probabiliexcess average distortion over a long

block is also guaranteed to go to zero. This property is iid@ifrom the repeated use of independent
conditional rate-distortion codes in the second streanj. [25
This completes the proof of Theorem 2.1.

IV. TIME-REVERSAL AND THE ESSENTIAL PHASE TRANSITION

It is interesting to note that the distortion of the code ie firevious section turns out to be entirely
based on the conditional rate-distortion performance Her historical segments. The checkpoints merely
contribute alog, A term in the rate.

The nature of historical information in the unstable Markmecess described by (1) can be explored
more fully by transforming the historical blocks going ltlgabackward in time. The informational
distinction between the process going forward and the puristorical information parallels the concepts
of information production and dissipation explored in tfentext of the Kalman Filter [15].

First, the original problem is formally decomposed intoward and backward parts. Then, Theorem 2.4
is proved.

A. Endpoints and history

It is useful to think of the original problem as being brokemwah into two analog sub-problems:

1) Then-endpoint problem:This is the communication of the procesky,, } where each sample arrives
everyn time steps and the samples are related to each other thraagtwith 1, being iid and having
the same distribution a&"~' S " A7 '

This process must be communicated so thgtXy, — )?,m|’7] < K for some performancés. This is
essentially a decimated version of the original prgblem.

2) The conditional history problemThe stableX process defined in (4) can be viewed in blocks
of lengthn. The conditionaihistory problem is thus the problem of camimating an iid sequence of

n-vectors)?,; = (ym, ..., Xrn—1) conditioned on iidZ, that are known perfectly at the encoder and
decoder. The joint distribution ok —, Z are given by:
n—1
Z = =) AW,
- =0
anl = —)\_1Wn,1

< 15 —1
X, = A X - AW,
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where the underlyind W,} are iid. Unrolllng the recursion glveXt =—->" 1=t \—is "W,.;. The Z is

=0
thus effectively the endpoint = X 0- The vectorsX are made available to the encoder everyime
units along with their corresponding side- mformanﬁ'g The g_al is to communicate these to a receiver
that has access to the side-informatign so that: """ "Elp(X i, X )] < d for all k.
_The relevant rate distortion function for the above problsnthe condltlonal rate-distortion function

RX'Z(d) The proof of Theorem 2.1 in the previous section involvedighy modified version of the
above where the side-informatiadi is known only to some quantization precisidn The quantized

side-information isZ? = Q(a,e)(Z). The relevant conditional rate-distortion functlon}?é(‘z ©(d).

3) Reductions back to the original problenit is obvious how to put these two problems together to
construct an unstableX;} stream: the endpoints problem provides the skeleton andahéitional history
interpolates in between. To reduce the endpoints problethawriginal unstable source communication
problem, just use randomness at the transmitter to sampie fhe interpolating distribution and fill in
the history.

To reduce the conditional history problem to the originastatle source communication problem, just
use the iidZ, to simulate the endpoints problem and use the interpolatingistory to fill out {X:}.
Because the distortion measure is a difference distortieasure, the perfectly known endpoint process
allows us to translate everything so that the same averagertion is attained.

B. Rate-distortion relationships proved

Theorem 2.4 tells us that the unstalé > 1 Markov processes are nonclassical only as they evolve
into the future. The historical information is a stable Markprocess that fleshes out the unstable skeleton
of the nonstationary process. This fact also allows a sfingtion in the code depicted in Fig. 5. Since the
side-information does not impact the rate-distortion eufor the stable historical process, the encoding
of the historical information can be done unconditionaihdan a block-by-block basis. There is no need
for superblocks.

The remainder of this section proves Theorem 2.4.

Proof:

< —

1) (@): It is easy to see thaRX (d) = lim, .. RX'QA(XO)(d) since the endpointX, is distributed
like — Z;‘i:l A~‘W; and has a finite)-th moment by assumption. By Lemma B.1 (in the Appendix), the
entropy onA(yo) is bounded below a constant that depends only on the preasid his finite number
is then amortized away as — oo.

2) (b): Next, we show L

lim RXI1Q2(X0)(q) = lim RXIXo(q). (20)

A—0 n—oo

3

For notational convenience, 1619 = Qa(X,). First, By '“°(d) is immediately bounded above by

RX‘Zq(d) since knowledge o&o exactly is better than knowledge of only the quantizéd To get a
lower bound imagine a hypothetical problem that is one t&t®p longer and consider the choice between
knowing XO to fine precisionA or knowing X 1 exactly.

—n—1 «—

—n—1 «—
RXO |X—1(d) Z(i) RXO ‘X—17Zq<d)

—n—1 «— q "
> i RXo [X-1,29.05,G5,W5 (d)

i)

where (i) and (ii) above hold since added conditioning caty saduce the conditional rate-distortion
function, andC.,, G5, Wy are from the following lemma applied to the hypothesiz&d,; driving noise.

Lemma 4.1:Given a random variabl&” with density fy, arbitrary1 > v > 0, there exists & > 0 so
that it is possible to realizél’ as

W = (1 — C,y)(Gg -+ U5) + nyWg/ (21)
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where

« C, is a Bernoulli random variable with probability of being 1.

. Us is a continuous uniform random variable pa2, +3].

« G5 andW are some random variables whose distributions depeng;am, .
. C,,Us,Gs, Wy are all independent of each other.

Proof: See Appendix A.

Pick v small and then choos& < 4. Notice thatX _, = )\*13_(0 -\a-c )(G5+ Us)+ 1O, Wy
whereC.,, Us, G5, Wy are independent of each other as well as the entire veXEgor Because theX }
process is Markov, the impact of the observatldﬁsl, Z1,C,, G5<,_W(§’ on the conditional rate-distortion

function is factored entirely through the posterior disttion for X .
There are two cases:

o C, =1 The value fong Is entirely revealed by the observations. The posterior rac delta.

o U, = 0 There are t two independent measurements’@f The first is the quantizatio@?. The second
is AX _ 1+Gs = XO — Us. This is Justh blurred by uniform noise.
It is useful to V|ew them as coming one after the other. Af&HIBng Qa(X 0) = zi, the posterior
distribution P(XO]Z‘I = z1) has support only withinz; — 2 .21 +£].
The distributionP(Z,|Z¢ = z;) for the second observatiod, = X, — Us conditioned on the first
observation has a pair of interesting properties. Firshai$ support only onz; — %{_,zl + %].
Second, the distribution is uniform over the interya] — 252, z; + =2 since theP(X |29 = z)
has support with total spaﬁ < 0.
Consider the postenOP(Xo|Zq = 21,7y = z9) fOr zo € (21 — % 21+ —) and apply Bayes rule:

P(Xo <@, 7y = 2|27 = )
P(ZQ = 22|Zq = 21)
= 573(%0 S LIZ’,ZQ = 2’2|Zq = 21)
— —
= <5P(Z2:ZQ‘Zq:,Zl,X0§.’L')> P(Xogx‘zqzzl)

H
P(XO S .T|Zq == Zl,ZQ = Zz) =

«—
= P(XO S .I"Zq = Zl)-

So if it lands in this region, the second observation is ssel&lotice thals (‘5 24 924 forces

the second observation to be inside this region. Thusi thenskeabservation is useless with probability
—n—
at least(1 — v)2=22 regardless of what the actual, are.
Define a new hypothetical observatidfi that with probability (1 — )5 22 is just equal toZ9 and is

<gual toXO otherwise. The above tells us that this is a more powerfuemlon than than the original

(X_4,2%,C,,Gs, W{). Thus

—n—1 «—

RXO |X,1(d) > R?Q‘ |Z’(d)
0 —2A
— 1—
(1=7)—
0 —2A
)

0 —2A
)

R0 12°(q) + (1 —(1-7) ) R0 Xo(q)

> (1-7) R* 17(d).
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Simple algebra then reveals that

«—n—1

X q ]- q
RYZ" = —RXo 17%(q)

n
_ SRXo 1X-1(q)
— n(l—7)0—2A

Taking the limits ofn — oo, % — 0,0 — 0,7 — 0 establishes the desired result.

Notice that an identical argument works to show that

lim lim RyY17(d) = lim Ry (d)

for the forward unstable process. It does not matter if itaaditioned on the exact endpoint or a finely
guantized version of it. Notice also that the argument ishanged if the quantization was dithered rather
than undithered.

3) (c): This follows almost immediately from (18) from Propositi@®2. The only remaining task is
to show that

REV(d) = RY7(a).

It is clear that the iid{Z,} in the “conditional history” problem are just scaled-dowsy (a factor of
A~("=1)) versions of the{1V,} from the “endpoints” problem. The forward; = (X;.1,..., X, 1) can
be recovered using a simple translationof by the vector(Z, A\Zy, ..., \""'Z;) since

t—1
Xt _ Z )\t—i—lm
’:Li(;. n—1
_ Z )\t—i—lVVi o Z )\t—i—lWi
=0 i=t
n—1-—t

n—1

_ )\t—IZA—iVVi . Z A_i_IWt—‘,—i
=0 . =0

= A7+ X,

Similarly, the conditional history problem can be recoefeom the forward one by another simple
translation ofX, by the vector(—\="""1VZ,, ... —\"1Z,, — 7).

Thus, the problem of encoding the conditional history taatiton d conditioned on its endpoints is
the same whether we are considering the unstable forwarthblesbackwards processes.

4) Phase transition: At rates strictly less thanog, A, the distortion for the originalX process is
necessarily infinite. This is shown in Lemma 6.2 where finitstadtion implies the ability to carry
~ log, A bits through the communication medium. O

V. QUALITY OF SERVICE REQUIREMENTS FOR COMMUNICATING UNSTABLEPROCESSES
SUFFICIENCY

In Section V-A, the sense of anytime reliability is reviewedm [5] and related to classical results on
sequential coding for noisy channels. Then in Section ViBitime reliable communication is shown to
be sufficient for protecting the encoding of the checkponaicpss, thereby proving Theorem 2.2. Finally
in Section V-C, it is shown that it is sufficient to communicéte historical information using traditional
Shannore-reliability, thereby proving Theorem 2.3.
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12 345%6 78
Time

Fig. 6. A channel encoder viewed as a tree. At every integer time, gatthof the tree has a channel input symbol. The path taken down
the tree is determined by the message bits to be sent. Infinite trees haveimgidrtarget delay and bit/path estimates can get better as
time goes on.

A. Anytime reliability

It should be clear that the encoding given for the checkppiatess in Section IlI-B is very sensitive
to bit errors since it is decoded recursively in a way thatppigates errors in an unbounded fashion. To
block this propagation of errors, the channel code mustaguae not only that every bit eventually is
received correctly, but that this happens fast enough. Ehishat motivates the definition of anytime
reliability given in Definition 2.6. The relationship of atiipe reliability to classical concepts of error
exponents as well as bounds are given in [7], [5].

Here, the focus is on the case where there is no explicit &&dbf channel outputs. Consider maximum-
likelihood decoding [26] or sequential-decoding [28] aplagal to an infinite tree code like the one
illustrated in Fig. 6. The estimatds;(¢) describe the current estimate for the most likely path tghothe
tree based on the channel outputs received so far. Becauke pbssibility of “backing up,” in principle
the estimate forB; could change at any point in time. The theory of both ML andusetjal decoding
tells us that generically, the probability of bit error ort bapproaches zero exponentially with increasing
delay.

In traditional analysis, random ensembles of infinite tredes are viewed as idealizations used to study
the asymptotic behavior of finite sequential encoding sa@esuch as convolutional codes. We can instead
interpret the traditional analysis as telling us that randofinite tree codes achieve anytime reliability. In
particular, we know from the analysis of [26] that at rdtebits per channel use, we can achieve anytime
reliability o equal to the block random coding error exponent. Pinskegsiraent in [29] as generalized
in [7] tells us also that we cannot hope to do any better, atleathe high-rate regime for symmetric
channels. We summarize this interpretation in the follgMvheorem:

Theorem 5.1:Random anytime codes exist for all DMCs For a stationary diecmemoryless channel
(DMC) with capacityC, randomized anytime codes exist without feedback at adisr&t < C' and have
anytime reliabilitya = FE,.(R) where E,.(R) is the random coding error exponent as calculated in Base

Proof: See Appendix D.
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B. Sufficiency for the checkpoint process

The effect of any bit error in the checkpoint encoding of &ettll-B will be to throw us into a wrong
bin of size A. This bin can be at mo@t"% away from the true bin. The error will then propagate and
grow by a factor\™ as we move from checkpoint to checkpoint.

If we are interested in th@—difference distortion, then the distortion is growing by actor of A"
per checkpoint, or a factor of” per unit of time. As long as the probability of error on the sege bits
goes down faster than that, the expected distortion will inalls This parallels Theorem 4.1 in [5] and
results in this proof for Theorem 2.2.

Proof: Let X}, (¢) be the best estimate of the checkpalfy, at timekn + ¢. By the anytime reliability
property, grouping the message bits into groups:&f at a time, and the nature of exponentials, it is
easy to see that there exists a const@htso that:

K'o—aletng) yjnn_ 27

E[‘Xllm<¢) - an\"] < A—1

M-

7=0
k
_ K//2fa¢ Z ijn(afn logy A)

=0

< K//2fa¢ Z ijn(afn logs A)
=0

_ K///2fa¢>

where K" is a constant that depends on the anytime code, Ratesupport(2, and unstable\. Thus by
making suren > 7 log, A and choosingy large enough2~¢ will become small enough so thaf”’2-¢
is as small as we like and the checkpoints will be reconstditd arbitrarily high fidelity. O

Theorem 2.2 applies even in the case that 1 and hence answers the question posed by Berger
in [12] regarding the ability to track an unstable processrav noisy channel without perfect feedback.
Theorem 5.1 tells us that it is in principle possible to gegtane reliability without any feedback at all,
and thus also with only noisy feedback.

This idea of tracking an unstable process using an anytinde ¢® useful beyond the source-coding
context. In [30], [31], [32], anytime codes are used over @&syndeedback link to study the reliability
functions for communication using ARQ schemes and expedétaly. The sequence numbers of blocks
are considered to be an unstable process that needs to kedraicthe encoder. The random requests for
retransmissions make it behave like a random walk with a dodwndrift, but that can stop and wait from
time to time.

C. Sufficiency for the history process

It is easy to see that the history information for the two atnecode does not propagate errors from
superblock to superblock and so does not require any sp@ad8l beyond what one would need for an
iid or stationary-ergodic process. This is the basis fovprg Theorem 2.3.

Proof: Since the impact of a bit error is felt only within the supe®, no propagation of errors
needs to be considered. Theorem 2.4 tells us that there ixemun@ possible distortion on the historical
component. Thus the standard achievability argument [BIf0R) tells us that as long as the probability
of block error can be made arbitrarily smallwith increasing block-length, then the additional expdcte
distortion induced by decoding errors will also be arbityasmall. The desired probability of bit error
can then be set to bedivided by the superblock length. O

The curious fact here is that the QoS requirements of thensestseam of messages only need to hold
on a superblock-by-superblock basis. To achieve a sma#éineble average distortion, there is no need
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to have a secondary bitstream available with error prolightihat gets arbitrarily small with increased
delay! The secondary channel could be nonergodic and goounimge for the entire semi-infinite length
of time as long as that outage event occurs sufficiently yaselthat the average on each superblock is
kept small. Thus the second stream of messages is compaiibléhe approach put forth in [33].

VI. QUALITY OF SERVICE REQUIREMENTS FOR COMMUNICATING UNSTABLEPROCESSESNECESSITY

The goal is to prove Theorem 2.5 by showing that unstable Magtocesses require communication
channels capable of supporting two-tiered service: a higitity core of ratelog, A with anytime-reliability
of at leastnlog, A, and the rest with Shannon reliable bit-transport. To dg,tthis section proceeds in
stages and follows the asymptotic equivalence approach]of [

This section builds on Section IV-A where the pair of comnuation problems (the endpoint com-
munication problem and conditional history communicatmnoblem) were introduced. In Section VI-A,
it is shown that the anytime-reliable bit-transport probleeduces to the first problem (endpoint com-
munication) in the pair. Then Section VI-B finishes the neitgsargument by showing how traditional
Shannon-reliable bit-transport reduces to the secondgmobnd that the two of them can be put together.
This reduces a pair of data-communication problems — amiatiable bit transport and Shannon-reliable
bit-transport — to the original problem of communicatingiagse unstable process to the desired fidelity.

The proof construction is illustrated in Fig. 7. Two messatieams need to be embedded — a priority
stream that requires anytime reliability and a remainingath for which Shannon-reliability is good
enough. The priority stream is used to generate the endpuihile the the history part is filled in with
the appropriate conditional distribution. This simulaprdcess is then run through the joint source-channel
encoderé, to generate channel inputs. The channel outputs are givéretwint source-channel decoder
D, which produces, after some delay a fidelity d reconstruction of the simulated unstable process. By
looking at the reconstructions corresponding to the ermtppit is possible to recover the priority message
bits in an anytime reliable fashion. With these in hand, #&maining stream can also be extracted from
the historical reconstructions.

A. Necessity of anytime reliability

We follow the spirit of information embedding[34] excepatiwe have n@-priori covertext. Instead we
use a simulated unstable process that uses common randoamesvithout loss of generality, message
bits assumed to be from iid coin tosses. If the message bits m@t fair coin tosses to begin with, XOR
them with a one-time pad using common randomness before defimgethem. This section parallels the
necessity story in [5], except that in this context, therthes additional complication of having a specified
distribution for the{1¥,}, not just a bound on the allowdl’;|.

The result is proved in stages. First, we assume that thetgderisil’ is a continuous uniform random
variable plus something independent. After that, this mmgion is relaxed to having a Riemann-integrable
density fyy .

1) Uniform driving noise:

Lemma 6.1:Assume the driving noisél = G + U; where GG, Us are independent random variables
with U; being a uniform random variable on the interyal?, +2] for somed > 0.

If a joint source-channel encoder/decoder pair existsHerandpoint process given by (11) that achieves
(7) for every positiorkn, then for every rational rat& = % < log, A, there exists a randomized anytime
code for the channel that achieves an anytime reliability6f 7 log, A.

Proof: The goal is to simulate the the endpoint process using thesagesbits and then to recover the
message bits from the reconstructions of the endpointk ®ie initial condition X, using common
randomness so it can be ignored in what follows.
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Fig. 7. Turning a joint-source-channel code into a two-stream code usfarmation embedding. The good joint-source-channel code is
like an attacker that will not impose too much distortion. Our goal is to simuladeusce that carries our messages so that they can be
recovered from the attacker's output.

At the encoder, the goal is to simulate

n—1
We = A" AW,
=0

n—1
= N W+ AT AW
=0
n—1

= )\n_lUg’k + )\n_l(Gk + Z /\_iW/m‘)
i=0
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The [A”‘l(GkJrZ;:OI A"'Wy.;)] term is simulated entirely using common randomness andrisehknown
to both the transmitter and receiver. Thig.-15, term is a uniform random variable da-2"-%, +2" ]
and is simulated using a combination of common randomnedghanfair coin tosses coming from the

message bits.
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Fig. 8. The priority message bits are used to refine a point on a Cantdrteenatural tree structure of the Cantor set construction allows
us to encode bits sequentially. The Cantor set also has finite gaps betlv@emis corresponding to bit sequences that first differ in a
particular bit position. These gaps allow us to reliably extract bit values fmoisy observations of the Cantor set point regardless of which
point it is.

Since a uniform random variable has a binary expansion $hair coin tosses, we can Writé»-15;, =
A";‘S > 02, (3)"Sk. where theS),, are iid random variables taking on valugd each with probabilitys.

The idea is to embed the iildR message bits into positiorfs= 1,2, ...,nR while letting the rest —
a uniform random variableé]g%RJC representing the semi-infinite sequence of V8%, r1, Sk.nri2,---)
— be chosen using common randomness. The result is:

n—1

S .
Wy = )\nfliMk + N (Usgun 1 G + Z A" W) (22)

i=0

where M, is then R bits of the message as represente@Htyequally likely points in the interval-1, +1]
spaced apart bg! "%, and the rest of the terms- -] are chosen using common randomness known at
both the transmitter and receiver side. .

Since the simulated endpoints process is a linear functfatheo{1¥;} and the distortion measure is
a difference distortion, it suffices to just consider th&,, } process representing the response to the
discrete messagds\/;} alone. This has a zero initial condition and evolves like

Xipsyn = A" X + BM), (23)
n—146 . . . .
where s = A"~'5. Expanding this recursion out as a sum gives
k
Xlpiyn = A8 N M;. (24)
=0

This looks like a generalized binary expansion in ba%end therefore implies that th&’ process takes
values on a growing Cantor set (illustrated in Fig. 8 fd€ = 1)

The key property is that there are gaps in the Cantor set:

Property 6.1: If the rate R < log, A + w and the message-streams and M first differ at
position j (message\/; # M;), then at timek > j, the encodedX;, and X}, corresponding ta\/*
and M[~! respectively differ by at least:

X}, — Xl < KA (25)

for some constani’ > 0 that does not depend on the values of the messagekbits, ;.
Proof: See Appendix E.

In coding theory terms, Property 6.1 can be interpreted amfamte Euclidean free-distance for the
code with the added information that the distance increaspsnentially as\"*~7). Thus, a bit error can
only happen if the received “codeword” is more than half theimum distance away.

At the decoder, the common randomness means that the aetinetor X, — X, is the error in
estimatingX;,,. By applying Markov’s inequality to this using (7), we immatkly get a bound on the
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probability of an error on the prefi®z} for i < k:
M ' o K .
P(Mi(kn) # Mj) < P(XG, = X[ > 5 A7)
o K ,
= P X = Xi| > 5 2"0)
X K nte—ipy
= P X = Xial? > ()10

K)—n()\n(k—i))n

< d(—
2

9~ (nlogy Mn(k—i)
But n(k —1i) is the delay that is experienced at th&-bit message level. If bits have to be buffered-up to
form messages, then the delay at the bit level includes anotinstant:. This only increases the constant
K’ further but does not change the exponent with large delalggs,Tthe desired anytime reliability is
obtained. OJ

2) General driving noiselLemma 6.1 can have the technical smoothness condition wedke simply
requiring a Riemann-integrable density for the whité driving process.

Lemma 6.2:Assume the driving nois@’ has a Riemann-integrable densfiy. If there exists a family
of joint source-channel encoder/decoder pairs for a semu@h increasing:-endpoint problems given
by (11) that achieve (7) for every positiom, then for every ratek < log, A and anytime reliability
a < nlog, A, there exists a randomized anytime code for the underlyiranoel.

Proof: Since the density is Riemann-integrable, Lemma 4.1 app#®oses such thaty < A\,
When simulatinglV, , in the endpoint process, use common randomnesg’faand W', and follow the
procedure from the proof of Lemma 6.1 f6f; and Us.

We can thus interpret a “heads” f@r, as an “erasure” with probabilityy since no message can be
encoded in that time period. From the point of view of Lemmb, @his can be considered a known null
message.

Since the outcome of these coin tosses come from common mareks, the position of these erasures
are known to both the transmitter and the receiver. In thig, wabehaves like a packet erasure channel
with feedback. This problem is studied in Theorem 3.3 of @ijd the delay-optimal coding strategy
relative to the erasure channel is to place incoming packétsa FIFO queue awaiting a non-erased
opportunity for transmission. The following lemma summes the results needed from [7].

Lemma 6.3:Suppose packets arrive deterministically at a ratdzgbackets per unit time and enter a

FIFO queue drained at constant ratg@er unit time.

« Supposey < L. If each packet has a size distribution that is bounded belayeometri¢l — )

(i.e. P(Size >1?9) < ~* for all non-negative integers), then the random delay experienced by
any individual packet from arrival to departure from the geesatisfiesP (¢ > s) < K 2~ for all
non-negatives and some constart” that does not depend on Furthermore, ifR < 1+ for some
r >0, thena > —10g27 — 29",

. Assume the ratd: = 1 and each packet has a size distribution that is bounde®btize > n(1 —
€) +s) <~ for all non- negative integers. Then the delayp experlenced by any individual packet

has a tail distribution bounded in the same way asRbe= - - and packets with geomet(ic— )

size. That isP(¢ > s) < K27 wherea > —log,y — 27"7 .
Proof: See Theorem 3.3 and Corollary 6.1 of [7].

2r

For our problem, the message bits are arriving determaabyi at bit-rate R < log, A per unit time
to the transmitter. Pick > 0 small enough so thak’ = (1 + 3r)R < logQ)\ Group message bits into

packets of sizesR'. These packets arrive deterministically at rqm{,g— < 1 +2 packets per time units.



24

Thus, Lemma 6.3 applies and the delay {irunits) experienced by a packet in the queue has a delay
error exponenty of least

—log,y — 29" > —logy, A2 — 2\
= n2nlogy A — 221"

pern time steps oRnlog, A — # per unit time step. When is large, this exponent is much faster
than the delay exponent gflog, A obtained in the proof of Lemma 6.1. The two delays experidrine
a bit are independent by construction. Thus, the dominalalyeexponent remainglog, A as desired]

Notice that the simulated endpoint process depends onlyoommon randomness and the message
packets. Since the common randomness is known perfectheateteiver by assumption and the message
packets are known with a probability that tendsltwith delay, the endpoint process is also known with
zero distortion with a probability tending tb as the delay increases.

B. Embedding classical bits

All that remains is to embed the classical message bits h@distorical process. The overall construc-
tion is described in Fig. 7. Firsty is chosen to be large enough so that fhestream can be successfully
embedded in the endpoint process by Lemma 6.2.

Now, n is further increased so thak, < Rﬁf‘X“(d) the conditional rate-distortion function for the

history given the endpoint. This can be done siligg, X'Xo(d) = RX(d) —log, A by Theorem 2.4.

By choosing an appropriate additional delay, Lemma 6.2rassus that the receiver will know all the
past high-priority messages and hence simulated endpoantsctly with an arbitrarily small probability
of error e. As described in Section IV-A, this means we now have a familgystems (indexed byh)
that solve the conditional history problem. The conditi@) {fanslates into

T+m—1 1 n—1 - - :
WILLIEOEEEP ZT Z|X ki) (lm')’ > d) = 0. (26)
It tells us that by pickingn large enough, the probability of having excess distortian be made as
small as desired.

The simulated Z, } containing the high-priority messages are interpretechas'¢overstory” that must
be respected when embedding messages intc{ﬁ)ja} process. The(Z,} are iid by construction and
hence Theorem 3 from [18] (full proofs in [19]) applies andisteus that a lengthn’ > m random
code with)?,; drawn independenﬂy of each other, but conditional on tdeZii, can be used to embed

information at any raterR, < nR. “(d + ¢) = nRy " (d + €) per vector symbol with arbitrarily low
probability of error. O

The “weak law of large numbers”-like condition (8), or sofmey like it, is required for the theorem
to hold since there are joint source-channel codes for wiriatual information cannot be turned into the
reliable communication of bits at arbitrarily low probabés of error. Consider the following contrived
example. Suppose there are two different joint source4oblarodes available: one has a target distortion
of d; and the other has a target distortiondgf= 10d;. The actual joint code, which is presumed to have
access to common randomness, could decide with probak?gggyto use the second code rather than the
first. In such a case, the ensemble average mutual informéialose toR(d;) — log, A bits, but with
non-vanishing probabilityw% we might not be able sustain such a rate over the virtual alann

We conjecture that for DMCs, if any joint source-channel cegists that hits the target distortion on
average, then one should also exist that meets (8) and itdsheyossible to simultaneously communicate
two streams of messages reliably with anytime reliabilitytbe first stream and enough residual rate on
the second.
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VIl. UNSTABLE GAUSS-MARKOV PROCESSES WITH SQUAREfERROR DISTORTION
A. Source-coding for Gaussian processes

The goal here is to prove Corollary 2.1. The strategy is esslgntis before. One simplification is
that we can make full use of Theorem 2.4 and rely®fi(d) = RX(d) — log, \. There is thus no rate
loss in encoding the historical segments on a block-bylbloasis rather than using superblocks and
conditional encodings. The only issue that remains is dgaliith the unbounded support when encoding
the checkpoints.

The overall approach is: (key differencealicized)

(&) Look at time in blocks of size and encode the values of checkpoitiig, recursively to very high
precision using a prefix-freeariable-lengthcode with raten(log, A 4+ ¢1) + L, bits per value, where
the L, are iid random variables with appropriately nice propettie

(b) Smooth out the variable-length code by running it throughlB@- queue drained at constant rate
Ry =logy A + €1 + ¢,. Make sure that the delay exponent in the queue is high enough

(c) Use theexact valuefor the ending checkpoink ), (instead of the quantize®) to transform the
segment immediately before it so that it looks exactly liketable backwards Gaussian process of
length n with initial condition 0. Encode each block of the backwards history process to geera
fidelity d using a fixed-rate rate-distortion code for the backwardsgss that operates at rate (d)+
€s-

(d) At the decoder, wait time units and attempt to decode the checkpoints to highitiyddél the FIFO
gueue is running too far behind, then extrapolate a recartdion based on the last fully decoded
checkpoint.

(e) Decode the history process to average-fidefittand combine it with the recursively quantized
checkpoints to get the reconstruction.

a) Encoding the checkpointg11) remains valid, but the terer =N ' A" Wynys IS NOt
bounded since th&/; are iid Gaussians. ThWk are instead Gaussian with variance
n—1
’52 _ /\Q(n—l) Z )\—22'0_2

1=0

< /\2(71,—1)0_2 Z )\—21'
1=0

2

om O
= A Yo1
The standard deviation is thereforeA"\/ﬁ. Pick | = 23 and essentially pretend that this random
variableW,, has bounded support @&F during the encoding process By comparing (12) to the ahbine,
effective (2 is simply la\/L” = 23" \/:1 DefineQ = o m so that the effectivé) = 23 "Q).
Encode the checkpoint increments recursively as beforly, aitd an additional variable-length code
for the value of| ;£ + 1| while treating the remainder using the fixed-rate code asrbefThe variable

length code is a unary encoding that counts how niangway from the center the’, actually is. (Fig. 9
illustrates the unary code.) Ldt, be the length of thé-th unary codeword. This is bounded above by

P(Ly >3+j) = P(W|>ji5).

Let N be a standard Gaussian random variable and rewrite this as

1 261

P(Ly >3+ j) = P(IN| > j25") < exp(—§]22 " (27)

and soL,, is very likely indeed to be small and certainly has a finiteestption < 4 if n is large.
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Offset | Codeword
0 100
+1 1110
-1 1100
+2 11110
-2 11010
+3 111110
-3 110110
+4 1111110
-4 1101110

Fig. 9. Unary encoding of integer offsets to deal with the unboundegatipThe first bit denotes start while the nest two bits reflect
the sign. The length of the rest reflects the magnitude of the offset withoateemination. The encoding is prefix-free and hence uniquely
decodable. The length of the encoding of intedeis bounded by3 + | S|

The fixed-rate part of the checkpoint encodingg has a rateishtie same as that given by (13), except
that Q2 is now mildly a function ofn. Plugging in23"(Q for Q in (13) gives

logy (1 + xp- 1))+10g2(2+ 2) log,[% 1)
0

Ry ; > max | log, A+ ;
n n

a,
logy (14 £ 29 Q)—{—log( 4+ 2229 106 [
= max | logy A + ’ A% ’ SR Bl '
n n

In Q 1-1p Q

2 l0g, (273" 4+ 1) + logy, (213" + 2) 1og, [2e

= max logz)\+§el_|_ 2 A(A-1) 2 A 7 gz(AW
n n

Essentially, the required rat&, ; for the fixed-rate part has only increased by a small cons%ant
Holding A fixed and assuming is large enough, we can see that

Rl,f = 10g2 /\ + €1 (28)

is sufficient.

b) Smoothing out the flowThe code so far is variable-rate and to turn this into a fixae-F; =
log, A + €1 + ¢, bitstream, it is smoothed by going through a FIFO queuet,Ferscode the offset using
the variable-length code and then recursively encode ttrement as was done in the finite support case.
All such codes will begin with @ and thus we can use zeros to pad the end of a codeword whenever
the FIFO is empty. Whem is large, the average input rate to the FIFO is smaller thanotitput rate
and hence it will be empty infinitely often.

c) Getting history and encoding itSection IV explains why such a transformation is possible by
subtracting off a scaled version of the endpoint. The resut stable Gaussian process and so [9] reveals
that it can be encoded arbitrarily close to its rate- dlﬂborboundRX( ) = RZ (d) —log, X if n is large
enough.

d) Decoding the checkpointsThe decoder can wait long enough so that the checkpoint we are
interested in is very likely to have made it through the FIF@ue by now. The ideas here are similar
to [7], [35] in that a FIFO queue is used to smooth out the raeation with good large deviations
performance. There ige, slack that has to accommodate bits. Because: can be made large, the error
exponent with delay here can be made as large as needed.
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More precisely, a packet of siz€(¢; +1og, \) + L, bits arrives every, time units where thd,;, are iid.
This is drained at raté?; = ¢, + ¢; + log, A. An alternative view is therefore that a point packet asive

L. . . . . . . €1+logy A Ly
deterministically every: time units and it has a random service tiffiegiven by - —i—el—i—logQ st oot

: / €1+logy A
Define(1 —¢,) = m Then the random service tinig, = (1 — ¢ )n + m when measured

in time units or7T? = (1 —«¢ . )nBy + L, when measured in bit-units.
This can be analyzed using large-deviations techniquey applying standard results in queuing. The
important thing is a bound on the length, which is provided by (27). It is clear that

1 <1
P(Liz3+j) < exp(-57°257)
< exp(=2777);).

Since an exponential eventually dominates all constanéskmow that for anys > 0, there exists a
sufficiently largen so that:

P(Ly—3>j) <279, (29)

Thus, the delay (in bits) experienced by a block in the quellieb@have no worse than that of point
messages arriving everyR?; bits where each requires at leask, (1 — ¢,) +3 = nR;(1 — ¢,) bits plus
an iid geometri€l — p) number of bits withp = 27,

Lemma 6.3 applies to this queuing problem and the secondopdiat lemma tells us that the delay
performance is exactly the same as that of a system with pogssages arriving eveng, bits requiring

only an iid geometric number of bits. Sli’leé- is small, the first part of Lemma 6.3 applies. 8et =< —1,
then the bit-delay exponent, is at least

a > —log,27F —27F"
= f-2" a5t )

which is at least? — 1 whenne > 3. Converting between bit-delay and time-delay is essenptjaiit a
factor of log, A and so the time -delay exponent is at Ie#stl— But 4 can be made as large as we want
by choosingn large enough.

e) Getting the final reconstructionThe history process is added to the recovered checkpoims. Th
differs from the original process by only the error in thetbrg plus the impact of the error in the
checkpoint. The checkpoint reconstruction-error’s intpdies exponentially since the history process is
stable. So the target distortion is achieved if the cheakpbas arrived by the time reconstruction is
attempted. By choosing a large enough end-to-end dgldire probability of this can be made as high
as we like.

However, the goal is not just to meet the target distortimelld with high probability, it is also to hit
the target in expectation. Thus, we must bound the impacbbhaving the checkpoint available in time.
When this happens, the un-interpretable history infornmaisoignored and the most recent checkpoint is
simply extrapolated forward to the current time. The expdcatquared errors grow ag¥ where is the
delay in time-units. The arguments here exactly paralleséhof Theorem 2.2, where the FIFO queue is
acting like an anytime code. Since the delay-exponent ofjtiaie is as large as we want, it can be made
larger than2log, A. Thus, the expected distortion coming from such “overflovitiations is as small as
desired. This completes the proof of Corollary 2.1. O

"While this proof is written for the Gaussian case, the arguments here regailyralize to any driving distributiofd” that has at least
an exponential tail probability. To accommoddfé with power-law tail distributions would require the use of logarithmic encosling
described in [36], [37]. This does not work for our case becauseittary nature of the encoding is important when we consider transportin
such bitstreams across a noisy channel.
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B. Channel sufficiency for communicating Gaussian processes

This section shows why Corollary 2.2 is true. The story in treu§sian case is mostly unchanged since
the historical information is as classical as ever. The asdye is with the checkpoint stream. An error
in a bity steps ago can do more than propagate through the usual pathwauld also damage the bits
corresponding to the variable-length offset.

Because of the unary encoding and thé"” expansion in the effectiv€, an uncorrected bit-stream
error ¢ time-steps ago can only impact the error in the checkporanstruction byl (log,, /\)2%1" since
the worst error is clearly to flip the sign bit and keep the yradeword from terminating thereby making
it at most2¢ log, A bits long. The current reconstruction is therefore incciritgy anO(wﬁ”)\w) change
in its value. As far ag-distortion is concerned, the distortion grows by a faaigr)7273 " \7) from what
it would be with correct reconstruction. Asymptoticallipet delay:) is much larger than the block-length
n and so the polynomial term in front is insignificant relatitee the exponential iny. If the code has
anytime reliabilitya > nlog, A, then the same argument as Theorem 2.2 applies and the Cyiudils.

O

VIIl. EXTENSIONS TO THE VECTOR CASE

With the scalar case explored, it is natural to consider wWiedpens for general finite-dimensional
linear models wherae is replaced with a matrixd and X is a vector. In the Gaussian process case, these
will correspond to cases with formally rational power-spalcdensities. Though the details are left to the
reader, the story is sketched here. No fundamentally nemghena arise in the vector case, except that
different anytime reliabilities can be required on diffietestreams arising from the same source as is seen
in the control context [6].

The source-coding results here naturally extend to theg foliserved vector case with generic driving
noise distributions. Instead of two message streams, iberge special stream for each unstable eigenvalue
A; of A and a singe final stream capturing the residual informatarass all dimensions. All the sufficiency
results also generalize in a straightforward manner — eétiecunstable streams requires a corresponding
anytime reliability depending on the distortion functisnj and the magnitude of the eigenvalue. The
multiple priority-stream necessity results also followngédcally? This is a straightforward application
of a system diagonalizatidrargument followed by an eigenvalue by eigenvalue analy$is. necessity
result for the residual rate follows the same proof as hesetan inverse-conditional rate-distortion with
the endpoints in all dimensions used as side-information.

The case of partially observed vector Markov processes evties observationé?zg)? are linear in the
system state requires one more trick. We need to invoke tisergability* of the system state. Instead
of a single checkpoint pair, use an appropriate numloérconsecutive values for the observation and
encode them together to high fidelity. This can be done by transforming coordinates linearly s ttie
system is diagonal, though driven by correlated noise, ftbeckpoint-block to the next checkpoint-block.
The initial condition is governed by the self-noise that rsawidable while trying to observe the state.
Each unstable eigenvalue will contribute its olwg, \; term to the first stream rate and will require the
appropriate anytime reliability. The overhead continue$e¢ sublinear im and the residual information
continues to be classical in nature by the same argumergs diere.

2The required condition is that the the driving noise distributithshould not have support isolated to an invariant subspace tffthat
were to happen, there would be modes of the process that are ne#edex

The case of non-diagonal Jordan blocks is only a challenge for thessigg part regarding anytime reliability. It is covered in [6] in the
control context. The same argument holds here with a Riemann-integaht-density assumption on the driving noise.

“The linear observation should not be restricted to a single invariant aobsjf it were, we could drop the other subspaces from the
model as irrelevant to the observed process under consideration.

*The appropriate number is twice the number of observations requirfetdieball of the unstable subspaces show up in the observation.
This number is bounded above by twice the dimensionality of the vector giate.sThe factor of two is to allow each block to have its
own beginning and end.
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The partially observed necessity story is essentially anged on the information embedding side,
except that every long block should be followed by a miniklad length equal to the dimensionality
k during which no message is embedded and only common-rareksria used to generate the driving
noise. This will allow the decoder to easily use observgbilo get noisy access to the unstable state
itself.

In [6], these techniques are applied in the context of comtther than estimation. The interested
reader is referred there for the details. Some simplificetito the general story might be possible in the
case of SISO autoregressive processes, but we have notreplem in detail.

IX. CONCLUSIONS

We have characterized the nature of information in an utetistarkov process. On the source coding
side, this was done by giving the fixed-rate coding Theoreimhis theorem’s code construction naturally
produces two streams — one that captures the essentiablesi@ure of the process and requires a rate
of at leastlog, A, and another that captures the essentially classicalaafuhe information left over. The
guantitative distortion is dominated by the encoding of seeond stream, while the first stream serves
to ensure its finiteness as time goes on. The essentialllestalture of the second stream’s information
is then made precise by Theorem 2.4 which relates the forwar&) curve to the “backwards” one
corresponding to a stable process.

At the intersection of source and channel coding, the notibanytime reliability was reviewed and
Theorem 5.1 shows that it is nonzero for DMCs at rates belovadap Theorem 2.2 and Lemma 6.2
then shows that the first stream requires a high-enoughraayteliability from a communication system
rather than merely enough rate. In contrast, Theorems a23&m show that the second stream requires
only sufficient rate. Together, all these results estatihghrelevant separation principle for such unstable
Markov processes.

This work brings exponentially unstable processes firmly ithe fold of information theory. More
fundamentally, it shows that reliability functions are @omatter purely internal to channel coding. In the
case of unstable processes, the demand for appropriadbiliéyi arises at the source-channel interface.
Thus unstable processes have the potential to be usefullsnetide taking an information-theoretic look
at QoS issues in communication systems. The success ofabactions and equivalences” paradigm of
[5], [19] here suggests that this approach might also beuligefunderstanding other situations in which
classical approaches to separation theorems break down.

APPENDIXA
RIEMANN-INTEGRABLE DENSITIES AS MIXTURES

It is often conceptually useful to think of generic randonmiables with Riemann-integrable densities
as being mixtures of a blurred uniform random variable alwitlp something else. This appendix proves
Lemma 4.1.

Since the density is Riemann-integrable,

+00 +oo

fw(w)dw = lim 0 min  fy ()
oo =0 z€lid—$,i6+5]

Thus, fiy can be expressed as a non-negative piecewise constanbfurift that only changes every
0 units plus a non-negative functiofj;, representing the “error” in Riemann-integration from bel®y
choosingd small enough, the total mass fif, can be made as small as desired since the Riemann sums
above converge.
Chooses such that the total mass iff;, is v. So
f /!

fir = (=) 40 (30)



30

and thusiW can thus be simulated in the following way:
1) Flip an independent biased caif, with probability of headsy.
2) If heads, independently draw the valud@ffrom the density% corresponding to a random variable
w”.
3) If tails, independently draw the value &f from the random variablél’” with piecewise constant
density%. This can clearly be done by using a discrete random vari@blelus an independent

uniform random variablé/; so thatiV” = G5 + Us has density%.
This proves the result. O

APPENDIXB
ENTROPY BOUND FOR QUANTIZED RANDOM VARIABLES WITH BOUNDED MQMENTS

Lemma B.1:Consider a random variablg that is quantized to precisioA so Z? = Qa(Z). Further
suppose that[|Z|"] < K where K > A". Then

log, K log, K 1 1 5+In2
H(S) <7+ —2— +2log, ; +log, - + 2log, log, - + R (31)
Proof: Let Z¢9 = SA whereS is an integer. ThenS| <1+ % and so
2]
E[IS]" < E[(1+K)"]
|Z]
< FE|(2 1,—1)"
< Elzmax (1.3
Z]

— E 277 ]_77 I \n

2w (11, ()

1Z]"

< B[N +27 ]

n 2" n
= 2 +§EUZ| ]

2TK

n

< 27T+ A
K

n+l =

< 2 A
Applying the Markov inequality gives
MK
P(IS] > 5) < min(1, ==s7). (32)

The integerS can be encoded into bits using a self-punctuated code usebgythard + log,(|S]) +
21og, (1 + log,(|S| + 1)) bits to encodesS # 0 [38]. First encode the sign of using a single bit. There
are at mostl + log,(|.S| + 1) digits in the natural binary expansion f|. This length can be encoded
using at most + 2log, (1 + log,(|S| 4+ 1)) bits by giving its binary expansion with each digit followed
by a0 if it is not the last digit, and 4d if it is the last digit. Finally,|S| itself can be encoded using at
most1 + log, | S| bits.

Since the entropy must be less than the expected code-l&ngémy code,

H(S) < 4+ Ellogy(S)] + 2E[logy(1 + loga(1S] + 1))
= 4+/ P(log,(]S]) >l)dl+2/ P(logy(1 + logy(|S] + 1)) > D)dl.
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First, we deal with the dominant term
/ P(logy(|S]) > 1)dl
0
= / P(|S] > 24dl
0

> 2K
< / min(1, 27 dl
0

AN

1 21K >
_ = —nu
-7 logy ( X )+ /0 27"l

log2K+1 1+1+1n2
982 A nin2

= 1+

Next, consider the smaller term
2/ P(logy(1 +logy (S| + 1)) > 1)dl
0

= 2/ P(logy(|S| + 1) > 2" — 1)di
0

[e'e] 221
_ 2/ PUS|+1> 2)dl
0 2

< 2(1+/OO7>(|5| > 22dl)
0
< 2 —1—2/000 min(1, 27);177[{2—7721)&
= 2+210g2w+2/m2_”2ldl
n 0
< 2+ 2log, tog, K + 2logy(1 + %) + 2log, log, % * %
< 2+ 2log, log, K +2log2log2%+ nli2

where the final inequalities come from the concaveature oflog, and lower bounding! with just /.
Putting everything together gives the desired result. O]

APPENDIXC
PROOF OFPROPOSITION3.2

From (3) and (2), we know for every, > 0, if A is small enough and is large enough, that there
exists a random vectdr;'" so that: S p(X,,Y;) = d+ e; and that even the best such vector must
satisfy B

(R (d) — e2) < T(XG™H Yy ™) < n(R(d) + ea).

Decompose the relevant mutual information as
I(X3 Yy !29,0) = —[(Xg™ 2910) + I(Xg~ Y5, 291O). (33)

To get the desired result of asymptotic equality, this cbodal mutual information has to be both upper
and lower bounded. To upper bound the conditional mutuarmaétion, we lower bound (X} '; Z1|©)
and upper bound (X '; Y"1, Z9|©). Vice-versa to get the lower bound.
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A. Lower bounding/ (X~'; Z7|©)
The first term is easily lower bounded far small enough since

O PAIC) H(Z/©) — H(Z‘|X}, ©)
H(Z%©)
H(Z0,Wg™)
[ log, AnilJ

= [(n—1)logy Al. (34)
This holds since conditioned on the final dittey the quantized endpoint is a discrete random variable
that is a deterministic function ok, _; and conditioning reduces entropy. B4t conditioned on the

driving noise W2 is just the A-precision quantization oA"~! times a uniform random variable of
width A and hence has discrete entropylog, \" .

(AVARAYS

B. Upper bounding/ (X7 ~'; Z2|©)
To upper-bound this term, Lemma B.1 can be used to see

1(X52000) = H(Z'0)

log, K’ log, K’ 1 1 5+In2

7T+ + 2log, ) +log2z+2log210g2z+

nin2 (35)

where K’ is an upper-bound t&[|Z|"]. Such an upper-bound is readily available since

E(|Z]") = E[X.|"
Z& n—1—1
< Bl + 13 n -y
= B+ N - Wy
2 =0 1
= NOVB(R Y
o\ \n—1 / 4
1=0
A .
n—1 —1
< NDE[(2 max( 7| z_;n — AW
A"
n(n—1) n
< A (/\n(n—l) +2"K).
Using this for K’ and taking logs shows
logy K" logy ("D (56 +27K)
n n

105—.’32(% +2"K)

= 1+ (n—1)logy \+
Ui

Substituting this in gives the desired bound

I(X})7' 290)

logy (atyy + 21K 1 1 5+1
< 84 (n—1)logy A+ 2logy(1 + (n— 1) logy A + & 7;) ))+10g2z+210g210gzz+m%%)

There is only a single)(n) term above, and it i$n — 1) log, A. Everything else i$(n).
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C. Lower bounding/ (X2 Y*~!, Z9|©)
We need to establish B
I(Xg™h Y™, 298) = n(R(d) — e2). (37)
This is immediately obvious from
X5yt ze) = (X3 LYyt e) + H(Z4e,Yy ) — H(Ze,Yy ™, X5 ™)
= I(XghYgYe) + H(Zele, Yy )
> n(RL(d) - e).
The first equality is just expanding the mutual informatiom aecognizing the fact th&f? is discrete once
conditioned on the dithe® and soH is the regular discrete entropy here. l@ts o) denote the dithered
scalar quantizer used to generate the encoded checkposttsppropriately translated so it can apply to

the X giving Z¢ = Qa,6)(X,-1). The next equality is a consequence of this deterministatiomship.
Finally, the discrete entropy is always positive and can toppled to give a lower bound.

D. Upper boundingl (X7~ Y !, Z9|©)
The second term of (33) is upper bounded in a way similar tdfitseterm. We need to establish
I(XG5 Y51, 278) < n(RE(d) + ) + ofn). (38)
Expand the mutual information as before
[(X3h Yt z10) = 1(Xg5 Y5 Ye) + H(Z7e, Yy ™)
I(Xy Y5 110) + H(2900, Y1)
= n(RE(d) + &)+ H(Z— Qre)(Yn-1)0, Y1)
< n(RE(d) + €2) +logy 3 + H(Qae)(Xn-1 — Y51)|O).

The first inequality comes from dropping conditioning. Aftdat, the quantizet)» o) can be applied
to Y,—1 so thatZ? — Qae)(Y,—1) = SA where S is an integer-valued random variable representing
how many steps up or down th&-quantization ladder are needed to get frghn ¢)(Y,-1) to Z%. The
difference of two quantized numbers differs by at most 1 g@ation bin from the quantization of the
difference. This slack of up to 1 bin in either direction casmdncoded usingpg, 3 bits.

__At this point, Lemma B.1 applies using the trivial upper bdun(d + ;) for the n-th moment of
X,,_1 —Y,_1, since the worst case is for the entire distortion to fall ba last component of the vector.

H(Q(A,@) (Xrnfl - Ynfl)’@)

| d | d 1 1 5+1n2
Og2n( +€3) ) ngn( +€2)+10g2z+210g210gzz+i

IN

< T+ + 2log

nin2

The log, n term is certainlyo(n). The only other term that might raise concernldg, %, but that is
o(n) since (13) tells us that we are already required to cheosauch larger than that to havg, close
to log, A in the first stream. The order of limits is to always tego to infinity beforeA goes to zero.

E. Putting pieces together
With (38) established, it can be applied along with (34) t8)(8nd gives
I(XP7 LYY 29,0) < n(RX(d) —logy A + €) + o(n). (39)

Taking n to co and dividing through by establishes the desired result on the upper bound.
Similarly putting together (36) and (37) gives

I(X2 5 Y 29,0) > n(RX(d) —logy A — €) — o(n). (40)

Taking n to oo and dividing through by establishes the desired result on the lower bound.
But ¢, was arbitrary and this establishes the desired result. O
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APPENDIXD
PROOF OFTHEOREMb5.1

Interpret the random ensemble of infinite tree codes as destwple with both encoder and decoder
having access to the common-randomness used to generatedihvree. Populate the tree with iid channel
inputs drawn from the distribution that achievés(R) for block codes. Theorem 7 in [26] tells us that
the code achieves anytime reliability = FE,(R) since the analysis uses the same infinite ensemble for
all 7 and delays.

Alternatively, this can be seen from first principles for Meabding by observing that any false path
Bi can be divided into a true prefig/™' and a false suffixB;. The iid nature of the channel inputs
on the code tree tells us that the true code-suffix correspgntd) the received channel outputs from
time % to t is independent of any false code-suffix. Since there<ar@(t-#%) such false code-suffixes
(|gnor|ng integer effects) at depth Gallager’'s random block-coding analysis from [8] applg#sce all
that it requires is pairwise independence between true alseé todewords.

P(B;(t) # B;|B/ " already knowm

IA

P(error on random code wita®!~%) words and block length — (]J{l)

2—(t—f%W)Er(R)
27(t7%71)ET(R)

IA A

The probability of error onB: can be bounded by the union bound oyet 1...1.

P(Bi(t) # B!) < ZP t) # B;| B}~ already knowp

IN

Z 9~ (t—%—1)Er(R)
j=1

< Y ot—h-iVE®)

j=0
— K27(t7%)Er(R)
The exponent for the probability of error is dominated by shertest codeword length in the union bound,
and this corresponds to— +. O
APPENDIXE

PROOF OFPROPERTY6.1

X = Xkl = NEIBOM, = M| — | > AT (M, — M)))

i=j+1

> NDB(IM; — M| =207 " AT)

=0
. A7
> )\n(k—]) 21—nR )
, 1
= A\=iggef —
B~ )
which is positive as long a& " > L= or nR < log,(A\" —1). We can thus us& = 262" — ;1) =
9 (2nlloeA=R) _ 2A"_) and the property is proved. O



35

ACKNOWLEDGMENTS

The authors would like to give special thanks to Mukul Agdriea the discussions regarding this paper
and the resulting contributions in [19] where one of the kegults required is proved. We also thank
Nigel Newton, Nicola Elia, and Sekhar Tatikonda for seve@hstructive discussions about this general
subject over a long period of time which have influenced thisknin important ways.

(1]
(2]
(3]
(4]
(5]
(6]

(7]
(8]
(9]
[10]
[11]
[12]
[13]

[14]
[15]

[16]
[17]
(18]

[19]
[20]

[21]
[22]

(23]
[24]
[25]
[26]

[27]
(28]

[29]
[30]
[31]

[32]

REFERENCES

C. E. Shannon, “A mathematical theory of communicatid¢ll System Technical Journalol. 27, pp. 379-423, 623—656, Jul./Oct.
1948.

——, “Coding theorems for a discrete source with a fidelity criteridiRE National Convention Recaqrdol. 7, no. 4, pp. 142-163,
1959.

S. Vembu, S. Verdu, and Y. Steinberg, “The source-chanepasation theorem revisitedfEEE Trans. Inf. Theoryvol. 41, no. 1, pp.
44-54, Jan. 1995.

A. Ephremides and B. Hajek, “Information theory and communicatietworks: An unconsummated uniofZEE Trans. Inf. Theory
vol. 44, pp. 2416-2434, Oct. 1998.

A. Sahai and S. K. Mitter, “The necessity and sufficiency of anyticapacity for stabilization of a linear system over a noisy
communication link. part I: scalar system$ZEE Trans. Inf. Theoryvol. 52, no. 8, pp. 3369-3395, Aug. 2006.

——, “The necessity and sufficiency of anytime capacity for stabilizatiof a linear system over a noisy
communication link. part II: vector systemsTEEE Trans. Inf. Theory submitted for publication. [Online]. Available:
http://lwww.eecs.berkeley.edu/"sahai/Papers/control-part-1l.pdf

A. Sahai, “Why block-length and delay behave differently if feedbas present,”IEEE Trans. Inf. TheorySubmitted. [Online].
Available: http://www.eecs.berkeley.edu/"sahai/Papers/FocusingBmilin

R. G. GallagerInformation Theory and Reliable CommunicatiorNew York, NY: John Wiley, 1971.

R. Gray, “Information rates of autoregressive processe’E Trans. Inf. Theoryvol. 16, no. 4, pp. 412-421, Jul. 1970.

T. Hashimoto and S. Arimoto, “On the rate-distortion function for tlemstationary autoregressive procesgEE Trans. Inf. Theory
vol. 26, no. 4, pp. 478-480, Apr. 1980.

T. Berger, “Information rates of Wiener processd&EE Trans. Inf. Theoryvol. 16, no. 2, pp. 134-139, Mar. 1970.

——, Rate Distortion Theory Englewood Cliffs, NJ: Prentice-Hall, 1971.

A. Sahai, “A variable rate source-coding theorem for unstabédasenarkov processes,” iRroceedings of the 2001 IEEE Symposium
on Information TheoryWashington, DC, Jun. 2001.

——, “Any-time information theory,” Ph.D. dissertation, Massaséits Institute of Technology, Cambridge, MA, 2001.

S. K. Mitter and N. J. Newton, “Information flow and entropy protian in the Kalman-Bucy filter,Journal of Statistical Physics
vol. 118, no. 1, pp. 145-175, Jan. 2005.

A. Sahai and S. K. Mitter, “A fundamental need for differentiatgdality of service’ over communication links: An information
theoretic approach,” iProceedings of the Allerton Conference on Communication, Control, amadp@ting Monticello, IL, Oct. 2000.
J. E. Hopcroft and J. D. Ullmarintroduction to Automata Theory, Languages, and ComputatidReading, MA: Addison-Wesley,
1979.

M. Agarwal, A. Sahai, and S. K. Mitter, “Coding into a source: A dirgverse rate-distortion theorem,” Proceedings of the Allerton
Conference on Communication, Control, and CompuytMgnticello, IL, Sep. 2006.

——, “A direct equivalence perspective on the separation thegréEEE Trans. Inf. Theoryln preparation.

B. Rimoldi, “Successive refinement of information: Charactaian of the achievable ratedEEE Trans. Inf. Theoryvol. 40, no. 1,
pp. 253-259, Jan. 1994.

S. Verdu and T. S. Han, “A general formula for channel @gd IEEE Trans. Inf. Theoryvol. 40, no. 4, pp. 1147-1157, Jul. 1994.
S. Tatikonda, “Control under communication constraints,” Phlisertation, Massachusetts Institute of Technology, Cambridge, MA,
2000.

S. Tatikonda, A. Sahai, and S. K. Mitter, “Stochastic linear contr@rca communication channellEEE Trans. Autom. Contrpl
vol. 49, no. 9, pp. 1549-1561, Sep. 2004.

R. Zamir and M. Feder, “On universal quantization by randonhiariform/lattice quantizersJEEE Trans. Inf. Theoryvol. 38, no. 2,
pp. 428-436, Mar. 1992.

B. M. Leiner and R. M. Gray, “Rate-distortion theory for ergodmusces with side information,JEEE Trans. Inf. Theoryvol. 20,
no. 5, pp. 672-675, Sep. 1974.

G. D. Forney, “Convolutional codes Il. maximum-likelihood ddi,” Information and Contrgl vol. 25, no. 3, pp. 222—-266, Jul.
1974.

——, “Convolutional codes lll. sequential decodindriformation and Contrglvol. 25, no. 3, pp. 267-297, Jul. 1974.

F. Jelinek, “Upper bounds on sequential decoding perforeg@acameters /EEE Trans. Inf. Theoryvol. 20, no. 2, pp. 227-239, Mar.
1974.

M. S. Pinsker, “Bounds on the probability and of the number ofaxiable errors for nonblock code&foblemy Peredachi Informatsii
vol. 3, no. 4, pp. 44-55, Oct./Dec. 1967.

A. Sahai and T. Simsek, “On the variable-delay reliability functiondisfcrete memoryless channels with access to noisy feedback,”
in Proceedings of the IEEE Workshop on Information The&an Antonio, TX, Nov. 2004.

S. Draper and A. Sahai, “Noisy feedback improves communicagdiability,” in Proc. IEEE International Symposium on Information
Theory Jul. 2006. [Online]. Available: http://www.eecs.berkeley.edu/"sabp#Fs/DraperSahailSIT06.pdf

——, “Variable-length coding with noisy feedbackguropean Transactions on Telecommunicatjic®sbmitted.



[33]
[34]
[35]
[36]
[37]

(38]

36

Y. Liang, A. Goldsmith, and M. Effros, “Distortion metrics of congite channels with receiver side information,” Rroceedings of
the 2007 Information Theory Workshopep. 2007, pp. 559-564.

P. Moulin and J. A. O’'Sullivan, “Information-theoretic analysis information hiding,”IEEE Trans. Inf. Theoryvol. 49, no. 3, pp.
563-593, Mar. 2003.

A. Sahai and S. K. Mitter, “Source coding and channel requares for unstable processe$ZEE Trans. Inf. TheorySubmitted,
2006. [Online]. Available: http://www.eecs.berkeley.edu/"sahai/Répeytime.pdf

G. N. Nair and R. J. Evans, “Communication-limited stabilization of lmggstems,” inProceedings of the 39th IEEE Conference on
Decision and contrglSydney, Australia, Dec. 2000, pp. 1005-1010.

——, “Stabilizability of stochastic linear systems with finite feedback datas;,”SIAM Journal on Control and Optimizatiorol. 43,
no. 2, pp. 413-436, Jul. 2004.

T. M. Cover and J. A. Thomaglements of Information Theary New York: Wiley, 1991.



