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Abstract— Recently, we considered a vector version of Witsen-
hausen’s counterexample and connected the problem formulation
to an information-theoretic problem called “assisted interference
suppression” that was itself inspired by work on the so-called
“cognitive radio channel.” We used a new lower bound to show
that in that limit of infinite vector length, certain quantization-
based strategies are provably within a constant factor of the
optimal cost for all possible problem parameters. In this paper,
finite vector lengths are considered with the vector length being
viewed as an additional problem parameter. By applying the
“sphere-packing” philosophy, a lower bound to the optimal cost
for this finite-length problem is derived that uses appropriate
shadows of the infinite-length bounds. We also introduce lattice-
based quantization strategies for any finite length. Using the
new finite-length lower bound, we show that the lattice-based
strategies achieve within a constant factor of the optimal cost
uniformly over all possible problem parameters, including the
vector length. For Witsenhausen’s original problem — which

In the absence of a solution, research on the counterexample
has bifurcated into two different directions. In one difewt
the emphasis is to understand what aspect of the problem
makes it hard. This is done by modifying the problem in
various ways, and classifying the resulting problems irgcdh
and easy ones, e.g. [11]-[14] (see [1] for a survey of otheln su
modifications). In particular, the work of Rotkowitz and Lal
in [14] strongly validates the idea that the core challenge i
the Witsenhausen counterexample is coming from the fatt tha
distributed controllers have an incentive to “talk to eateg’
through the plant itself. However, it seems intuitivelyariéhat
this feature is likely ubiquitous in any nontrivial distuted
control system, and so the counterexample itself deseoves t
be understood. This is the other direction of research.eSime
problem is non-convex, a body of literature (e.g. [7] [8] and

corresponds to the scalar case — lattice-based strategies attainthe references therein) is dedicated to finding good saistio

within a factor of 8 of the optimal cost. Based on observations

in the scalar case and the infinite-dimensional case, we also

conjecture what the optimal strategies could be for any finite
vector length.

I. INTRODUCTION

Rather than searching over the space of all possible so-
lutions, a different approach is taken by Witsenhausen [4,
Section 6] and Mitter and Sahai [15]. They aim at systematic
constructions that perform reasonably well. Witsenhagsen
two-point quantization strategy is motivated from the wyati
strategy for two-point symmetric distributions of the iait

Ipistributed control problems have long proved challengingfate [4, Section 5] and it outperforms linear strategies fo
for control engineers. In 1968, Witsenhausen [4] gave a couiertain parameter choices. Interpreting Witsenhauseres- s
terexample showing that even a seemingly simple distribut€dy as implicit communication between the two controllers,
control problem can be hard to solve. For the counterexamphitter and Sahai [15] propose multipoint-quantizatioratr
Witsenhausen chose a two-stage distributed LQG system &hs. Depending on the problem parameters, these straitegie
provided a nonlinear control strategy that outperforms RN outperform scalar strategies by an arbitrarily-laweyedr.

linear laws. It is now clear that the non-classical inforioat

This brings us to a question that has received little atanti

pattern of Witsenhausen's problem makes it quite challenithe literature — how far are the proposed strategies from
ing% the optimal strategy and the optimal costs for ththe optimal? While the strategies in [8] are believed to be
problem are still unknown since the non-convexity of theptimal because of the feeling of exhaustiveness in theekear

problem makes the search for an optimal strategy hard [grocedure, there is no guarantee that they are indeed dptima
[8]. Discrete approximations of the problem [9] are even NPVitsenhausen [4, Section 7] derived a lower bound on the

completé [10].

1Because this work conceptually builds upon [1], [2], thesesignificant
overlap in the introduction. For the same reason, there is al&rlap in
the introduction with [3] although the scope there is nagpand a largely
different proof technique is employed.

2|In words of Yu-Chi Ho [5], “the simplest problem becomes thedest
problem.”

3More precisely, results in [10] imply that discrete approxiimas are NP-
complete if the assumption of Gaussianity of the primitive mnd/ariables is
relaxed. Further, it is also shown in [10] that with this selion, a polynomial
time solution to the original continuous problem would imgly= N P, and
thus conceptually the relaxed continuous problem is NP-¢et@gor harder).

costs that is loose in the interesting regimes of srhadind
large o2 [1], [3], and hence is insufficient to prove any sort
of optimality or goodness for control schemes.

Towards obtaining a guarantee, a strategic simplification
of the problem was proposed in [1], [2] where we consider
an asymptotically-long vector version of the problem. This
problem is related to a toy communication problem that we
call “Assisted Interference Suppression” (AlS) which is an
extension of the dirty-paper coding (DPC) [16] model in
information theory. There has been a burst of interest in
extensions to DPC in large part due to the work of Devrele



al [17] on what is now called the “cognitive radio channel'a point on a one-dimensiondattice. Extending this idea,

This has inspired many other works in asymmetric cooparatiove consider lattice-based strategies for finite dimensiona

between nodes [18]-[22]. In our work [1], [2], we develospaces. We show that the class of lattice-based quantizatio

a new lower bound to the optimal performance of the vestrategies performs within a constant factor of optimaldoy

tor Witsenhausen problem. Using this bound, we show thditmension. The approximation factor can be bounded by a

depending on the problem parameters, either simple lineamstant uniformly over all choices of problem parameters,

strategies or the vector analogs of quantization-basategies including the dimensian

achieved within a constant factor of the optimal cost in the The organization of the paper is as follows. In Section II,

limit of infinite vector length. While a constant-factor rétsu we define the vector Witsenhausen problem and introduce

does not establish true optimality, such results are ofedpftl  the notation. In Section Ill, lattice-based strategies doy

in the face of intractable problems like those that are otlsr vector lengthm are described. Lower bounds (that depend on

NP-hard [23]. This constant-factor spirit has also beerfulsem) on optimal costs are derived in Section IV. Section V

in understanding other stochastic control problems [223] [ shows that the ratio of the upper and the lower bounds

and in asymptotic analysis of problems in multiuser wirgless bounded uniformly over the dimension and the other

communication [26], [27]. problem parameters. The conclusion in Section VI outlines
While the lower bound in [1] holds for all vector lengthsdirections of future research and speculates on the form of

and hence for the scalar counterexample as well, the rafiioite-dimensional strategies that we conjecture are agtim

of the costs attained by the strategies of [15] and the lower

bound diverges in the limit — 0 and o9 — oo. This Il. NOTATION AND PROBLEM STATEMENT

suggests that there is a significant finite-dimensional @spe

of the problem that is being lost in the infinite-dimensional

limit: either quantization-based strategies are bad, ®tatver o @ Xy T@ Xy -
bound is very loose. This effect is elucidated in [3] by diggy 0 N _\/

a different lower bound that shows that quantization-based c ul c urzn
strategies indeed attain within a consfafactor of the optimal =1 =2

cost for Witsenhausen’s original problem. The bound is & th
spirit of Witsenhausen’s original lower bound, but is more
intricate. It captures the idea that observation noise ocacef

a second-stage cost to be incurred unless the first stage &tsstl: Block-diagram for vector version of Witsenhausessinterexample
is large of lengthm.

In this paper, we revert to the line of attack based on the

vector simplification of [1]. Building upon the vector lower vectors are denoted in bold. Upper case tends to be used
bound, we derive a new lower bound that is in the spirit @br random variables, while lower case symbols represent
information-theoretic bounds for finite-length communtica their realizations.W (m, k2, 02) denotes the vector version
problems (e.g. [28]-[31], [36]). In particular, it extentlse of Witsenhausen’s problem of length, defined as follows
tools in [31] to a setting with unbounded distortion. Theshown in Fig. 1):

resulting lower bound shows that quantization-basedesjies . The initial stateX} is Gaussian, distributetf’(0, 02L,,,)
attain within a factor of§ of the optimal cost for the scalar wherel,, is the identity matrix of sizen x m.

problem. To understand the significance of the result, demsi | The gate transition functions describe the state evaiutio
the fol_lowm_g. Atk = 0.0l_and oo = 500, the cost_ attained with time. The state transitions are linear:
by optimal linear scheme is close 10 The cost attained by a
quantization-basédscheme is3.894 x 10~%. Our new lower Xt = Xp'+U7, and
bound on the cost i8.170 x 10~*. Despite the small value Xy = XU
of the lower bound, the ratio of the quantization-based uppe
bound and the lower bound for this choice of parameters is®
less than3! _ _ _ Y" = X7, and

As a next step towards showing that approximately-optimal Yo o— Xmogm (1)
strategies can be found for all Witsenhausen-like problems 2 ! ’
we consider the vector Witsenhausen problem with a finite whereZ™ ~ N(0,021,,) is Gaussian distributed obser-
vector length. The lower bounds derived here extend ndgural  vation noise.
to this case. For obtaining decent control strategies, gemk « The control objective is to minimize the expected cost,
that the action of the first controller in the quantizaticséd averaged over the random realizationsXf* and Z™.
strategy of [15] can be thought of as forcing the state to The total cost is a quadratic function of the state and the

input given by the sum of two terms:

m

W

The outputs observed by the controllers:

4The constant is large in [3], but as this paper shows, thisiaréifact of 1
the proof rather than reality. moomy\ .t 72y m)2

5The quantization points are regularly spaced ato92 units apart. This J1 (X1 ! ) mk ||u1 ” , and
results in a first stage cost of abatiz x 10~* and a second stage cost of
about6.7 x 1075, Jo (x5, uy')

I
.
[\



where || - || denotes the usual Euclidean 2-norm. Th
cost expressions are normalized by the vector-lemgth

e

so that they do not necessarily grow with the problem

size. A control strategy is denoted by = (v1,72),
where~; is the function that maps the observatigfi
at G to the control inputuf”. For a fixedy, x7*
X" + v1(xf) is a function ofx*. Thus the first stage
cost can instead be written as a functid{f)(xgl) =
Ji(x7 + 71(x), 1 (xq")) and the second stage cos
can be written as]é” (xg,2™) = Ja(x§" + 1 (xy) —
Y2(xg" + 7 (xg") +27), 2(xg" + 7 (xg") +2™)).

For given~, the expected costs (averaged owét and
z™) are denoted by ) (m, k2, 62) and J\" (m, k2, 62)
for i = 1,2. We define?) (m, k2, 02) as follows

min

Junin(E?) := inf JO) (m, k2, 02) 2)
vy

Theinformation patterrrepresents the information avail-
able to each controller at each time it takes an action

has implicitly been specified above). Following Witsen

hausen’s notation in [32], the information pattern for th
vector problem is

BZ1
Vo

{yT}7 ul =4,
{v3'}; U = @.

Here); denotes the information about the outputs in (1

available at the controllei < {1,2}. Similarly, U;

denotes the information about the previously applie

inputs available at thé-th controller.
Note that the second controller does not have knowled

of the output observed or the input applied at the fir:
stage. This makes the information pattern non-classic

(and non-nested), and the problem distributed.

We note that for the scalar caserf= 1, the problem above
reduces to Witsenhausen'’s original counterexample [4].

Without loss of generality (as in [4]), we only consider the

variance of the observation noise a$ = 1. However, we
often need to consider a hypothetical observation noish w
variances?. The pdf of this test noise is denoted y(-),
and the noise of variance has densityf(-).

IIl. L ATTICE-BASED QUANTIZATION STRATEGIES

We introduce lattice-based quantization strategies asrger

alizations of scalar quantization-based strategies [@5fhe
vector problem. An introduction to lattices can be foun
in [34], [35]. Relevant definitions are reviewed belo®.
denotes the unit ball ifR™.

Definition 1 (Packing and packing radius): Given  an
m-dimensional latticeA and a radius:, the setA + r5 is a
packingof Euclideanm-space if for all pointsx™,y™ € A,
(x™+7rB) (N (y™+rB) = 0. The packing radius,, is defined
asry :=sup{r : A+ rBis a packing.

Definition 2 (Covering and covering radius): Given an
m-dimensional latticeA and a radius-, the setA + 5 is a
coveringof Euclideanm-space ifR™ C A+r55. The covering
radiusr. is defined as. := inf{r : A + rBis a covering.

covering radius

0

0 .‘

u

Fig. 2. Covering and packing for the 2-dimensional hexagdattice. The
packing-covering ratio for this lattice & = -2 ~ 1.15 [33, Appendix C].
The first controller forces the initial statef]* to the lattice point nearest to
it. The second controller estimat&d™ to be a lattice point at the centre of
the sphere if it falls in one of the packing spheres. Else sepsally gives
up and estimateg}* = yZ", the received output itself. A hexagonal lattice-
based scheme would perform better for the 2-D Witsenhausasigon than
the square lattice (of = v/2 ~ 1.41 [33, Appendix C]) because it has a
smalleré.



Definition 3 (Packing-covering ratio): The packing- failure. If x{* is decoded erroneously to a lattice poxit #
covering ratio(denoted by¢) of a lattice A is the ratio of its x*, the squared-error can be bounded as follows
covering radius to its packing radiu$= <. m ~mn2

Because it creates no ambiguity, we do not include the ey — %77
dimensionm and the choice of latticé\ in the notation of
re, Tp and&, though these quantities depend@nand A.

For dimensionn, we use a lattice of covering radius and

m m _ H H ml|2
packing radius-,. The actiony, (-) of the first controller, ¢, If xi" is decoded ag?', the squared-error is simplyz"™||%,

: % which we upper bound by||z™| + r,,)*. Thus, under event
and~-(-) of the second controller,iCare then given by & the sqt?gred erroﬂx}gn— §H’1”||2pi)s bounded above by

X" — y5 4y — X2

, N2
(1" = ya'll + [lyz" —x7"[])
(2™ +rp)°.

IN A

2
n(xg) = —xp'+arg min|xy" - xg'||? (lz|| + r,)?, and hence
X7 EA o | 2
sp o t3wpeAstlyp —splr<r B KPP <B0Z7 4 ) b, X
m o L ] ~ p
27%) { 3 otherwise @)

We chooser? = mP, so that the first stage cost is at most
In the event that more than of§" satisfies|ys' —x7*[|> <2, k%P. Thus,r? = "ggp. With this choice ofr., we have the
the decoder chooses the one with the smallest distance frigflowing lemma.
y5'. The event where there exists no such € A is referred Lemma 1: For a given lattice Withrg — gj — %’3, the
to asdecoding failure In the following, we denotex(y3') by  following bound holds
X7, the estimate ok’". 1
Theorem 1: Using a lattice-based strategy (as described —E [(||Zm|| +7'p)211{gm}|X’1”}
above) forW (m, k?,02) with r. andr, the covering and the m

packing radius for the lattice, the total average cost iseupp \/7 P
bounded by < [ yolm+2,m) + EW

2

T (m, k?, 03) The following (looser) bound also holds as longs> £2,
2
P 1 2
. 2 - m m
< miRPs (,/w<m+ 2r) + /52,/¢<m,r,,>> , L (127 + 7,106, X7
where¢ = 7= is the packing-covering ratio for the lattice, and <1+ 52 o iE e (1hm(5))
¢(m,r) = Pr(|Z™|| > r). The following looser bound also £ _
holds Proof: See Appendix I.

B The theorem now follows from (3), (4) and Lemma 1. &
JO (m, k?,02)
2 IV. LOWER BOUNDS ON THE COST
) 5 P _L{‘?_y_%(uln(%)) _ . . .
< PH>1£2 P+ |1+ e e 2 SRR Bansal and Basar [6] use information theoretic techniques

Remark The latter loose bound is useful for analytical manip</ated to rate-distortion and channel capacity to show the

ulations when deriving bounds on the ratio of the upper aﬁ(?t'hma“ty c,)f linear strategnlas mha mzdmed vferS|o_n 0; Wwit-
lower bounds in Section V. senhausen’s counterexample where the cost function ddes no

Proof: Note that becausa has a covering radius of., contain a product of two decision variables. Following the

[|x —x||2 < r2. Thus the first stage cost is bounded aboxy/i\?me spirit, in [1] we derive the following lower bound for
<72 :

; - - Witsenhausen’s counterexample itself.
by 5%3. A tighter bound can be provided for a specifi ) 5 5 ,
lattice and finitem (for example, form — 1, the first stage Theorem 2: For W (m, k%, o3), the following lower bound

. . 2 holds on the total cost for any strate
cost is approximately:? ¢ if 2 < o). y oy

We now provide bounds on the second stage cost obtaine_q ) y s _ ) . +\ 2
by using the lattice\. Observe that S (m, k7, 0p) 2 b k7P + ( K(P,o5) — \/13) :
m xm |2 m T |2 m )
E [||X1 - X7 } =E [E [||X1 = XTIy H : @) where ()T is shorthand fomax(-,0) and
We upper boundt [||X71" — )A(Q”HQ|XTJ for each lattice point K(P,o2) = ot ) (5)
X1 Denote byé,, the event{||Z™|? > r2}. Observe that 0§ + P +200VP +1

under the evenf¢,, X7 = X, resulting in zero second-stage +\2

cost. Thus, ! ! J 9 Furthermore,((\/n(P, 02) — \/TD) is a lower bound
on the second-stage cost given that the first stage is coresira
to use an input with average power at maést

We now bound the squared-error under the error ewgnt Proof: See [1]. u

when eitherx? is decoded erroneously, or there is a decodingf’€ t€chniques do not yield a tight bound because there is
a tension in the Gaussianity off*. On one hand, aligning

E[IXy - XPPXe] = E[IX7 - X2, X7 -



thatvy(m,r) = Pr(||Z™|| > r). Further, this bound is at least
as tight as that of Theorem 2 for all values/ofind o3.

Proof: Define P := LE [||U7*||?] as the average power
of the input at the first stage. For givéh a lower bound on

. . +
the average second stage cost is give l(x/% — \/TD)

(see Theorem 2). We derive another lower bound that is equal
to the expression foy(P, o2). The intuition behind this lower
bound is presented in Fig. 3.

Define S¢ := {z™ : ||z™||> < mL?c%} and use subscripts
to denote which probability model is being used for the sdcon
stage observation noisg. denotes white Gaussian of variance
1 while G denotes white Gaussian of varianeg. In the
following, expectation ovewx(" is not denoted explicitly in
the notation for clearer exposition.

MMSE

Power P

B2 257 oy 2
F|g 3. A pictorial representation of the proof for the loviErund assuming ( )
o2 = 30. The solid curves show the vector lower bound of [1] for _ 2l m 7 m g m
V§I’IOLIS values of observation noise variances, denoteaicpy(:onceptually /z'" /x J )fO (XO )fZ( )dxo dz
multiplying these curves by the probability of that channehavior yields
the shadow curves for the particumg;, shown by dashed curves. The scalar / /
lower bound is then obtained by taking the maximum of theseshadrves.
The circles at points along the scalar bound curve indi¢e®ptimizing value zm eS¢ X
of o for obtaining that point on the bound.

IS (i, 2™) fo (xg) dxg ) f2(2™)dz™

m
0

L
/an GSLG </);m

0

IS (i, 2™) fo (xg) dxg )

ul” with x* yields a large power Gaussian distribution on fZ(Zm)f (z™)dz™
x]" that maximizes the capacity of the implicit channel, fe(z™) '
potentially reducing the estimation error. On the othergda The ratio of the two probability density functions is givep b
power Gaussian sources are also the hardest to estimags acro m
a Gaussian channel, and thus non-Gaussian (probablyudzi)scr% zm) 67% (wzmg) . _ =2 (17%>
distributions onxy* might perform better. Our bounding tech—f ") (Vo) - =oge G/,
nique ignores thls tension. 203

Observe that the lower bound expression is the same for fj{ ;s forz™ < N
vector lengths. In the following, the sphere-packing sayigu-

ments [36] are extended based on [29]-[31] to a joint source- f(z™) > om —%(1—%) > om JLL2<;%¢1> 5
channel setting where the distortion measure is unbounded.f (zm) = 7¢° =96e -
The obtained bounds are tighter than those in Theorem 2 aﬂg
depend on the vector length.
Theorem 3: For W (m, k2, o2), the following lower bound E, {JQ('Y)(Xg‘,Zm)}
holds on the total cost L2021
7 2 2 : 2 2 > oge 2
Jmin(mak aOO) Z IIDI;fOk P+77(P> UO)? (6) - ¢
where /zmesc (/xn Jé”)(xgl, zﬂl)fO(xS@)deﬂ) fa(a")dz"
L 0
i L2(O'2 — 1) mL2(c2,—1)
P. 2 — e _miG o m ———eG 2 |: (7) m rm :|
77( 70'()) Ué;ﬁpL>0 cm L) exp 9 = 0ge 2 EG J2 (XO ,Z )R{Z""ESS}
2 (®)
(( ko(P,od,0%,L) — \/F) ) , But
where Prio(Z™ € Sf) = Prg (|Z2™]* < mL%0%)
Z’"L 2
ng(P7ag,0%7L) = = 1-Prg <(H H) > mL2>
oG
UOUG
C;Yn (L)et~ dm(L)((Uo+f)2+Cm(L)UG) = 1- @[}(T’%L\/E)v

where ¢, (L) = (1—v¢(m,Lym)) " and d,(L) :=

em(L) (1 = v(m+ 2, Ly/m)) = S22 000 > 0. Recall



becauseZ= ~ N(0,1,,). Thus,

((l) mL2(o'é—1)

oe T F T B [ (Xg, 22" € 5]
x (1 —1(m, Ly/m))

mL2(02,-1)

N
o
]

— U&ne— 2 (v) m m m G
- Cm(L) EG {JQ ( 0 >Z )|Z ESL} (9)

We now need the following lemma, which connects the ne
finite-length lower bound to the infinite-length lower bounc

=
(%3]
1

=
o
1

ratio of upper and lower bounds

of [1].
Lemma 2: 57
m m m 0
B [ (xg, zm) |z € S| |
+ 2 1.5 o5
. -2
Z (( K/Q(P7 08) UQG) L) - \/ﬁ) > 1) |Oglo(0'0) 0 IOglo(k)
for any L > 0.
Proof: See Appendix II. [ ]

The lower bound on the total average cost now follown
from (9) and Lemma 2. We now verify that this new lowe
bound is at least as tight as the one in Theorem 2. Choos
o2 =1 in the expression fon (P, o?),

2
n(P,ag)Zsup1<( Iﬁg(P,O’%,l,L)—\/ﬁ) ) .

L>0 Cm(L)

=
[«2]
/

T
TP ¥

©
Il

ratio of upper and lower bounds

Now notice thate,, (L) andd,, (L) converge tol asL — oc.

L—oo

Thus ko (P, 03,1, L) = k(P,0?) an2d thereforey (P, 03)
+
is lower bounded b)((f — \/13) ) , the lower bound in 15

0.5 >
Theorem 2. ] log, (0,) log, (k)

V. COMBINATION OF LINEAR AND LATTICE -BASED Fia 4 - o of th d the | bounds f h |

ig. 4. e ratio of the upper and the lower bounds for the asca
STRATEGIES ATTAIN WITHIN A CONSTANT FACTOR OF THE Witsenhausen problem (top), and the 2-D Witsenhausen gmol{bottom,
OPTIMAL COST using hexagonal lattice &f = %) for a range of values ok andog. The

It has been observed that for the infinite-length vect tio is bounded above by7 for the scalar problem, and bi.75 for the
case [1] and for the scalar case [7] that in some regimes;;rline'D problem.
strategies perform better than quantization based siesteg
Thus for an upper bound on the optimal cost, we consider t
minimum of that achieved by lattice-based strategies agd t
optimal linear strategy. In this section we show that thet ca
attained by this upper bound is within a constant factor ef tt
lower bound of Section IV uniformly over ath, k%, o3.

Theorem 4 (Constant-factor optimality): The costs for
W (m, k% o3) are bounded as follows.

. 2 2 < T . 2 2
}’gfok P+7](P, 00) ~ szn(mvk 70—0)

o (o2} ~ 2]
I I I J

ratio of upper and lower bounds
oS
1

< : 2 2
<p (géfok P+ (P, Uo)> ;

where = 300£2, ¢ is the packing-covering ratio of any 25

lattice inR™, and(-,-) is as defined in Theorem 3. Further 08 o6

depending on thgm, k?,03) values, the upper bound can ' 0 -2 log, (k)

0.4

X : A . ; [
be attained by lattice-based quantization strategiesnaalti %l

strategies. Form = 1, a computer calculation shows that

n<8. Fig. 5. An exact calculation of the first and second stagescygigtids an
Proof: Let P* denote the optimun® that attains the improved maximum ratio smaller thanfor the scalar Witsenhausen problem.



lower bound in Theorem 3. Consider the two simple linedfow, usingL = 2,

strategies of zero-forcingif* = —xg*) and zero-inputy;* = 1
0) followed by MMSE estrmatron at:Q It is easy to. see [1] em(L) = Pro (2|2 < mL20%)
that the cost attained using these two strategiels’i and (@) 1
—%5 < 1 respectively. An upper bound is obtained using the S s
best amongst the two linear strategies and the latticedbase 1- mL2§g
guantization strategy. We show that the ratio of this upper L=2 4
bound and the Iower bound in Theorem 3 is bounded. < 3’
ConsiderP*

> 300 Then the first stage cost is larger tha@vhere( )

o2 . is obtained using Markov's inequality. In the bound,
k2 30+ Consider the upper bound éfo? obtained by zero- we are free to use any2 > 1. Using o2 = 4cn%(2)P* > 1

forcing the input. The ratio of the upper bound and the lowey, . (2) < ¢ yields
bound is no Iarger thaﬁOO Thus, for the rest of the analysis, 3

* K
we assume thaP 300 2

2
Now consrdero—% < 50, and P* < 22 Then, using the _ degyy (2 )P*US
o = _
hound from Theorem 2 (which is a special case of the bound ((JO + VP2 + AcF m( )p*) i (2)el—dm
in Theorem 3),
02
K _ i (P <>3°°°> 4P*
(00 + VP*)? = <(1+ L )2+4(4) +2 1)
(P*< 5t 03 <50) o2 o2 o2 /300 3 300 | ¢
775694 57 (mz1) .
1 > . .
50 (1+ m) +1 > 1204P

Thus for this case,
— 300’

i = ((\F_\/ﬁ) ) ( . ! >2>U‘%, ((\/K_WV)QZP*(\/@—U?Z%. (10)

f v300/) — 180 Now, using the full form of the lower bound in Theorem 3,
and substitutingl, = 2,

Thus, fore? < 50 and P* <

Using the zero-forcing upper bound e% the ratio of the
T 2 2
upper and lower bounds is at mor:&;fff1 < 180. Jmin(m, k=, 07) b o
m L -1
From now on, we assume th&t* < 300 andaO > 50. We > E2P* + UG2 exp (—m(020>>
divide the rest of the analysis into two cases. cm(2) N
Case 1 P* < 1. ( /7)-’_
= 4 / _ P*
In this case, ( "
2 2 2 *
99 (og=4ci} (2)P") m « P*
K = > 2 px* D 2n 787107”})
(00 + VP*)2 +1 = FPT 4% PrEete w0
<L em(2)<2 *
P>§4 0'8 ( (Z)_d) kQP* (4P*) e2n —871( )m P*i
- (00 +0.5)2+1 60
(;) 5 0.75, (m=1,4P">1) 128 pr P*
T (WB0405)2+1 > E2P* 4 e*em o P @
where (a) follows from o2 > 50 and the observation that (Pr>1, 438 <15) 12 p e anp
2 . . . . _—
(x_t,j;)z_l,_l = <1+;2+¢ is an increasing function of for - + 60 x 4°
z,b> 0. Thus, : ’ > kQP* 313 —15mP*. (11)

(V- \/13)+)2 > (V075 — 0.5)2 > 0.13.

Using the upper bound o& < 1, the ratio of the upper
and the lower bounds is smaller tha.

We observe that the proof until here does not use the new
lower bound, and hence WOI’kS for any vector length

Case 203 > 50, 1 < P* < 5’000

Sinced,,,(L) > 0, We further lower bound the lower bound
in Theorem 3 by replacing,,,(L) in the expression by zero.



We now concentrate on the lattice-based upper bound fromFor the lattice strategy forn = 1, the first stage cost
Theorem 1. HereP is a part of the optimization: can be evaluated explicitly because the lattice correspomd
Tonin (m, K2, 02) uniform quantizati_on. Similar_ly, the second stage costalan
man it 10 be evaluated explicitly by weighted summation of probéibgi

2 . . . . .
(1 N /12> 67%+#(1““(§2)) of y falling in a bin other than the transmitted bjrwhere

: 2
= inf k7P + the weights are|x}* — x7*||2. The ratio of the upper bound

2
e 1 e thus obtained and the lower bound is bounded abovs, las
= inf k2P + —e 2062 shown in Fig. 5. n
P>¢2 33
Xe—m(;;g; ~ M (4 ( 5 ))- 2 ln(1+\/§;)—%) VI. DISCUSSIONS ANDCONCLUSIONS
(m>1) 1 mp Though lattice-based quantization strategies allow usto g
< PiI>1£2 kP + 33° 2067 within a constant factor of the optimal cost for the vector
o s B _ Witsenhausen problem, they are not optimal. This is known
XE*’”(W*E(”“1(?2))*21“(1*\/;2) ~In(33)) for the scalar [8] and the infinite-length case [1]. It is show
- inf k2P 4+ ie_ T in [1] that the strategy _of Le_\e, Lau and Ho [8] that is believed
- P>31¢2 33 ’ to be very-close to optimal in the scalar case can be viewed as
. . an instance of a linear scaling followed by a dirty-papericgd
where the last inequality follows from the fact th e (DPC) strategy. Such DPC-gased stratggies a)L/rep aFI)so Kzge best
3 (1 +In (5%)) +2In (1 + \/EEQ) + 1n (33) for 5% > 31. known strategies in the asymptotic infinite-dimensionaeca
This can be checked easily by plotting it. where they achieve costs within a factor ©bf the optimal.
Using P = 30062P* > 7562 > 31¢2 (since P* > 1) This suggests that DPC-based strategies might be very good
in (12), for finite lengths as well.
B 1 s00¢ b+ A DPC-based strategy would work as follows. Given the
Jmin(m, k2, 08) < k*30062P* + —e " 20¢2 initial statex(*, scale it by a factorr < 1 and quantize it using

313 ) the lattice to a quantization poind;’. Now useu” = x;* —
= k?3006°P* + —e """ (12) axp' as the first stage input, producisg® = x7"+(1—a)x]".
] ] 33 The controller G can now perform an MMSE estimation.
Using (11) and (12), the ratio of the upper and the loW&{jematively, as a low-complexity estimation algorithi@;
bounds is bounded for alh since can estimate the lattice poirf followed by linear estimation
k230062P* + e 15mP 230062 P* ) for the Gaussiarfl — a)x}.
= k2P* + Le—16mP* = 2D« = 30087 There are plenty of open problems that arise naturally.
¥ (13) Both the lower and the upper bounds have room for im-

Form =1, ¢ = 1, and thus in the proof the ratip < 300. provement. The lower bound can be improved by tightening
Form large,£ ~ 2 [35], andu < 1200. For arbitrarym, using the lower bound on the infinite-length problem and obtaining
the recursive construction in [37, Theorem 8.18K 4, and corresponding finite length results using the sphere-packi
thus 1 < 4800 regardless ofn. We also observe here thattools developed here. In [1] we showed the correspondence
the simple grid-lattice hag that scales a®(y/m), and thus between the vector Witsenhausen problem and the commu-
the lattice strategy that is good for scalars is not goodHer tnication problem of Assisted Interference SuppressiorSjAl
vector problem, an observation consistent with [2]. Further work on the closely related “distributed dirty-pap

The entire proof above is admittedly an ugly and coarsmding” problem of Kotagiri and Laneman [22] has appeared
calculation without much intuitive appeal. However, it ddbe in [21] where Philosofet al derive new outer bounds. These
job and since the underlying performance bounds themselteshniques could help tighten the lower bounds on the vector
can probably be tightened a bit more, it is not worth optimgzi Witsenhausen problem as well.
the proof for increased elegance at this time. Thereforenev Tightening the upper bound can be performed by using the
though this ratio of300£2? seems large, it is clear that it isDPC-based technique over lattices, as outlined abovehé&urt
loose. Computer calculation (see Fig. 4) shows thabfor 1 an exact analysis of the required first-stage power whergusin
(the original Witsenhausen problemy), < 17 even for the a lattice would yield an improvement (as pointed out earlier
current bounds. Interestingly, fen = 2 using the hexagonal for m = 1, %kﬁrf overestimates the required first-stage cost),
lattice, u < 14.75, even though the packing-covering ratio foespecially for smalln. Improved lattice designs with better
hexagonal lattice is larger than that for the uniform lattfor packing-covering ratios would also improve the upper bound
n = 1. This occurs because the large-deviation bounds in thePerhaps a more significant set of open problems are the
sphere-packing argument tighten ragets large. next steps in understanding more realistic versions of Wit-

. 3 _ . _ senhausen’s problem, specifically those that include cmrsts

It can also be verified symbolically by examining the expressith) = g|| the inputs and all the states, with noisy state evolution

9 12 3 2 : . A . . 7
=20 — 5(1 +Inb*) — 2In(1 4 b) — In 33, taking its derivativeg’ (b) = . . .

2
2%1)_;_ 2, and second derivatig(b) = £ + % + -2 > 0. The and noisy observations at both controllers. The hope is that

b 1+b’ — 20
g function is convex-) and the first derivative is clearly positive whenever

b > 3. Evaluatingg(v/31) ~ 0.03 and sog(b) > 0 wheneverb > v/31. “We note that nearest neighbor decoding is not the MMSE glyaiethe

second controller.



solutions to these problems can then be used as the bagisch yields the first part of Lemma 1 on using = gz
for provably-good nonlinear controller synthesis in largerg optain a closed-form upper bound we consiffer £2. It
distributed systems. Further, tools developed for solifgse now suffices to bound(-, -).

problems could help address multiuser problems in informa-

tion theory, in the spirit of [38], [39]. Y(m,ryp) = Pr(||Z™)* > r7)

m
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APPENDIX | E [exp(pzi)] " e 7"
PROOF OFLEMMA 1 (for 0<p<0.5) 1 o
(1-2p)% ’
[ I1Z™|| + 7) l{g LX7 } where (a) follows from the Markov inequality, and the last
i " inequality follows from the fact that the moment generating
@ [ 1Z™]| + 7p)? e, }] function of a standarg3 random variable |s(7) for p €
_ [Hzmn e, }] +T Pr(&n) (0,0.5) [42, Pg. 375]. Since this bound holds for apyc
+2r,E [(Ige, ) (Hzm”]]{g )] (0,0. 5) we choose the minimizing* = = (1 -3 ) Since
) " rk = 52 , p* is indeed in(0,0.5) as long asP > 52 Thus,
< E[I127Ple,y ] + 75 PrEm) 1 .2
(m,r < ﬁeip "p
42,8 e, Ty E (127 e, ] N 7Ok

? —%+%+%ln(%§)
= ( E[||Zm||2]l{gm}]—|—rp\/Pr(5m)> . (14) = e .

Using the substitutions? = mP, & = :—p andr? = 2

where (a) follows from the independence ¢Z™,¢&,,) and e

X7, and (b) from the Cauchy-Schwartz inequality [40, Pg. D
13]. Pr(&n) = z/J(TrL,Tp):z/J(m7 m)

We wish to expressE [||Z™|*Iy¢, ;] in terms of &
l=""11% _mPym .y mi, (B
b(myry) = Pr(|Z7™] = 1) = [ =0, Wdz’” < o wErErEm(E), (16)
Denote byA,,(r) := 2”1?7;1 the surface area of a sphere >
of radiusr in R™ [41, Pg. 458] wherd(+) is the Gamma- E [|1Z7]"1ge,, ;] < map <m+2, Z;)
function satisfyingl’(m) = (m — 1)I'(m — 1), I'(1) = 1, and

I'(3) = /7. Dividing the spaceR™ into shells of thickness < me TR () (17)
dr and radiir,
2 From (14), (16) and (17),
E||Z™ 2 = / z™ Q%dzm m m
Wz Pren] = f E (127 + 1) Nye,
1‘2 m m
— / 2_C 7 4 (r)dr = (\Feﬂs?* Pemin(gaka)
> (\/ﬁ)m "

B ImP m o m
2 m 1 + 2 —5 ¢ —heEtETE ln(s2)>
e~z 2mzr™mT
= / T2 3 d?“
T2Tp (since P>¢?) P P mt2 | m+2 P
_mb m 4m ln(—
_r2 m+2 < vml1l+4/—=|e 22 1 i 2
/ e~ T2r 27 2 rm“d £2
= r

vz, (Vor) " Al () =\’ N
= mip(m +2,1,). (15) = <1+\/ §2> e HEE (),
Using (14), (15), and, = %

2

)

. 9 " APPENDIXII
E [(HZ | +7p) e, 3 1 XT ] PROOF OFLEMMA 2

2 . .
[p The following lemma is taken from [1].
<m (\/T/J(m'f‘l?"p) + ?\/ ¢(m77“p)> )
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Lemma 3: For any three random variable§ B andC, Let P := (0o + VP)% In the following, we derive an
. (m) m m
expression foilC', ", an upper bound orjn—I(X ;Y.
VEIIB=CIP] = |VE[A - CIP] - VE[IA- BIP| ¢ b

1
+ o < sup — (X7 YY)
> (VE[[A-C] - VE[IA-BIF) . ¢ oXPYE[Xp]<mp ™
Proof: See [1, Appendix I]. R [ ] 1 1
Choosing4 = X7*, B = X" andC = X", = sup —h(Y7) — —h(YZ'|XT")
o . p(XP)E[IXy 2] <mP T m
Eqg |J, (X3 ZM)|Z™ € S 1 1
o[ zEr e of] - swp —h(Y}) ~ —h(Z})
- kg [Ixy = X7 |21z € SE | PXE[IX 2] smP T "
m m
1 1
1 - < sup —> " h(Ypi) — —h(Z})
_ mo__ ml|2|7Zm G N s L
z ((\/mEG I = X2 < S PO 2] <mP ™ {5 m
1 G 2 (@) 1 - 1 D 2 1 m
—\/ e (X — X2 Zm ESL]> ) < E;§log2 (2me(P; +0d;)) — Eh(ZL)
— 1 E Xm Xm 2|zm G ® 1 D 2 1 m
= (/5B |15 — Xz € S < 5 logy (2ne(P + cu(L)od)) — —-h(Z}). (22)
JP \? 18 In (a), we used the fact that Gaussian random variables
N ’ (18) maximize differential entropy and used the notatifh =
2 2 _ 2 .
since Xj* — X = U7 is independent ofZ™ and E [Xl»’?} andog,; = E (23] (by symmetry,Z;; are zero

mean random variables). The inequality follows from the
concavity of thelog(-) function. We also use the fact that
3" 0% < ¢m(L)og, which can be proven as follows.

E [[[UT|?] = mP. DefineY 7" := X"+ Z" to be the output
when the observation noisé}* is distributed as follows

REAN
202 m
my __ L eicm m SG 1
fz,(z]") = Cm( )( ) z;, €of (19) EEG ZZ%Z
0 otherwise. =1 ,
_ ="
Let the estimate at the second controller on obseryifiy _ 1 1272 (L) p( 202, )dZm
be denoted byX7'. Then, by the definition of conditional M Jpmesg " ( 27mz)m
expectations, G2
m LM |2 |7 G m ()12 Cm(L) €xXp <_ ”;(72H )
Ec |[IX5 — X722 € S§ | =Ee [IIX5 — X712 . < / 2 P27/ g
(20) moJamerm (\ / QTrUé)
To get a lower bound, we now allow the controllers to optimize (L)o?
Cm, UG,

themselves with the additional knowledge that the obsienvat =
noise must fall inSLG. We follow the rate-distortion spirit sinceE [||zm||2} = mgé_ We now lower bound:(Z7")
and consider the mutual information between the initialesta

X and the estimateX?. Notice that there is a Markov h(Z])
chain Xi* — X1* — Y7 — X7'. Using the data-processing — / 2™ lo ( 1 )dZm
inequality [43], 2meSE fo, (2" ) logs fz,(z™)

I(XPs Xy < I(XP5 Y. (21)

/ (\ / 271'0%)
/ . fZL (Zm) 10g2 W dZnL
zmeSY Cm(L)B 202,
m
—log, (e (L)) + 5 log, (2’/T0'é)
|z |?

2
20¢,

To upper bound the term on the RHS, we first upper bound
the power ofX{".

E [1X7(?]

E [IX3 + U7

E[IXg1%] +E [I'07]%] + 2B | X5 Uy + / g D) log, (¢) dz™. (23)

< E[IX71?] +E[JUr)?]
+2,/E (X5 [21/E[|U7])?
< m(op+ @)2
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Analyzing the last term, Substituting the bound oﬁ?ém) from (25),
mi2 m _ac(m)
[ en@isotam 2L o, (0 asm D(CgY) = of2ee
2meSG 20¢ B o202,
1z™||

2 oG

em(L)10gy () . < > Wiz o )

zm=22 ¢, (L)log, (e) =m
— ngE [||Z HQﬂ{Himqu}}
¢m(L) log, (e) M Sm
_ 522 (g [12m 1]
-E [||Zm||2]1{\|im|\>\/ﬁ}} )
usin Cm 0gy (€ .
(using (15) % (m —map(m + 2,@))
_ ”“%2() m(L) (1 —¢(m+2,Lym)). (24)

Define d,, (L) := cn(L) (1 —¢(m+ 2, Ly/m)). Then, the [2

expressionC’ém can be upper bounded using (22), (23)
and (24) as follows.
cim <

10g2 (2me(P + em(L)og)) + — 10g2 (cm (L))

)

1 1

2 log, (27T0'G 5 [0 (ed’"(L))
)

log2 (2me(P + em(L)og)) + log2 ( ’%‘ (L)>

(6]

1
—3 1og2 (27TO'G) —3 log, (ed’"(L)> ]
_ 2

B 110 2re(P 4 ¢ (L)oZ)em (L)

T %% 2o 2.edm (L) (8]
1 1=dn (L) (P + ¢, (L)o%)ci (L

— log, [ & ( “2'( Jog)¢i (L)) o5y g
2 o

Now, recall that the Gaussian rate-distortion functiop, (R) [10]

is defined as follows

, 1 m om [11]
D(R) = inf —E[IXy - X} ||2]
p(X7|X5")
LI( m. Xm) < R [12]
(26)
Since I(X{" Xm) < mC(m using the converse to the rate

distortion theorem [43, Pg 349] and the upper bound on tHe!
mutual information,
1 m Sz (|2 (m) [14]
—E |IX§' - X7|?| = Du(CE"). (27)
Since the Gaussian source is iiB),,,(R) = D(R), where [
D(R) = 03272 is the distortion-rate function for a Gaussian
source of variancer? [43, Pg. 346]. Thus, using (18), (20)
and (27),

E {J(’Y)( m’Zm)|Zm c Sg] [17]

(x/D(cg")) - ﬁ?)+

(18]

(19]

C‘I%L (L) 1— dm(L)(P‘f'Cm(L)U?;)

Using (18), this completes the proof of the lemma. Notice tha
em(L) — 1, ¢n(L) > 1, andd,, (L) — 1 both for fixedm
as L — oo and for fixedL > 1 asm — oo. SO D(Cg"))
approaches of Theorem 2 in both of these two limits.
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