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Abstract— Classically, information theorists have understood
the tradeoff between delay and system error performance by
using block-length as a proxy. Although this tur ns out to be
correct when feedbackis absent,it is shown to be very misleading
when feedbackis available. For symmetric channels,�xed block-
length communication systemsshow no impr ovements in their
error exponents while �xed delay systemscan show dramatic
gains. We present a new upper bound (“the focusing bound”)
on the error performance possible in a �xed-delay systemwith
feedback. Finally, we sketch how this upper bound can be
asymptotically achieved with feedback for erasure channels as
well asany symmetric channel that hasstrictly positive feedback
zero-error capacity.

I . INTRODUCTION

The channelcodingtheoremsstudiedin informationtheory
arenot just interestingasmathematicalresults,they alsopro-
vide insights into the underlyingtradeoffs in communication
systems.Thetwo mostfundamentalparameterswhenit comes
to reliabledatatransportareend-to-endsystemdelayandthe
probability of error. Error probability is fundamentalbecause
a low probability of bit error lies at the heart of the digital
revolution justi�ed by the source/channelseparationtheorem.
Shannon's contributions in [1], [2] justi�ed an architecture
basedon abstractingall communicationtasksasinvolving the
transportof messagesreliably. Whendelaydoesnot matter, all
communicationtasksare essentiallyequivalent. In this light,
delay is important becauseit is the most basic cost that a
systemmust pay in exchangefor reliability — it allows the
laws of largenumbersto beharnessedto smoothout thevari-
ability introducedby randomcommunicationchannels.And
yet, [3] pointsout that the architecturalguidanceprovided by
informationtheoryinto dealingwith delayhasnot beennearly
as successfulas the basicmessageregarding the desirability
of reliablecommunication.

Traditionally, block-lengthhasbeenusedasaproxy for end-
to-enddelay sinceblock-codesare easierto understandthan
non-blockcodes.This turnsout to becorrectwhenthereis no
feedbacksincethe dominanterror eventsturn out to involve
the channel's behavior betweenwhen the messageis made
availableto the encoderandwhenit is neededat the decoder.
When feedbackis allowed, block-codesare unableto really
exploit it. For memorylesssymmetricchannels,not only is the
capacitynot increasedwith feedback,but the sphere-packing
bound remainsessentiallyunchangedand so no signi�cant
improvementsin error probability are possiblein the high-
rate regime of greatestinterest[4]. When the latency is only

constrainedon average,then the variable block-lengthstory
of [5], [6] shows that feedbackcan signi�cantly lower the
probabilityof errorwithout muchimpacton theaveragedelay.
Eitherway, thearchitecturalmessagefrom block-codesseems
to remain:with or without feedback,to getthebestprobability
of error, aggregate your messagesand usethe longestblock-
lengthyou canafford given your latency constraint.

Yet even when�xed end-to-enddelayis desired,this paper
shows thatnonblockcodescanprovidea tremendousreduction
in the probability of bit error if feedbackis allowed. The
role of the sphere-packing(volume) bound is playedby the
uncertaintyfocusing bound in giving the fundamentallimit
on what is asymptoticallypossiblein the limit of largedelays.
Thedominanterroreventsinvolve a mixtureof pastandfuture
channelbehavior and the resulting bound is also achievable
with feedbackfor erasurechannelsand any channel with
strictly positive feedbackzero-errorcapacity. The codesthat
achieve the focusing bound hint at an architecturalmessage
that is different from that provided by traditional �x ed-length
block-coding. When feedbackis available, the “messages”
shouldbeof “moderatesize” — long enough,but not a length
comparableto the target end-to-endlatency itself. Feedback
shouldbe usedto adaptthe block-lengthsas neededand do
�o w-control on the instantaneousrateof informationtransfer.

This short paperis a summaryof the resultscontainedin
[7] and [10]. The readeris referredto [7] for more details,
motivation, as well as a technicalperspective on the existing
results in the literature concerningfeedbackand reliability.
An interpretationof the new resultsin the context of remote
stabilizationproblems[8] is found in [9] where it is shown
how to leveragenoiseless,but low rate,feedbackto makemore
effective useof a higher-capacitynoisy feedbackchannelin
orderto stabilizeanunstablesystemin closedloop. Thebasic
codeconstructionusedto show achievability of the focusing
boundfor channelswith strictly positive zero-errorcapacityis
thenextendedin [10] to genericchannels.While not attaining
thefocusingbounditself, thecodesof [10] do beatthesphere-
packingboundwith �x ed delay in the high-rateregime.

The core ideas of [7] are also explored in the context
of losslesssourcecoding in [11], [12]. The point-to-point
settingis consideredin [11] andthesource-codingcounterpart
of the uncertaintyfocusingbound is developed.Feedbackis
irrelevant and the dominanterror events turn out to involve
the sourcebehavior before the symbol in questionarrived
at the encoder. This is used to show that optimal block-



codesare quite bad from the perspective of �x ed end-to-end
delayconstraintswhenusedover �x ed-ratenoiselesschannels.
Instead,“moderatesized” �x ed-to-variablelength codeswith
their output rate smoothedusing a FIFO queuewith deter-
ministic servicetimesasymptoticallyachieve thebestpossible
tradeoff between�x ed deadlinesand the probability of error.
The caseof side-informationat the decoderis consideredin
[12] andanupperboundon the reliability functionwith delay
is derived by consideringerror events due to atypically bad
sideinformationbetweenthetime of symbolarrival andwhen
it is requiredat the decoder. This boundturnsout to be tight
for certainsymmetriccases.

Puttogether, theseresultsmakepreciseShannon's intriguing
commentat the closeof [2]:

“[the duality betweensourceand channelcod-
ing] canbepursuedfurtherandis relatedto a duality
betweenpastand future and the notionsof control
and knowledge. Thus we may have knowledge of
the pastand cannotcontrol it; we may control the
future but have no knowledgeof it.”

I I . REVIEW OF BLOCK CODING

A. Fixed-length

The fundamentallower-bound on error probability comes
from the sphere-packingor volume bound,and this boundis
also known to be achievable at high ratesby random-coding
[13]. Reliable communicationis not possible if during the
block, the channelacts like one whosecapacityis less than
the target rate.Following [14] and [15], for block codesthis
ideaimmediatelygivesthefollowing boundon theexponential
error probability:

E + (R) = inf
G:C (G)<R

max
~r

D (GjjP j~r ) (1)

where D(GjjP j~r ) is the divergence term that governs the
exponentiallysmallprobabilityof thetruechannelP behaving
like channelG whenfacingtheinput distribution comingfrom
the codeword composition~r .

Evenwith causalnoiselessfeedback,thereis no way around
this bound becausechannelcapacitydoesnot increasewith
feedback for memorylesschannels.Without feedback, the
bound can be tightenedto the form traditionally known as
the sphere-packingbound.

Esp (R) = max
~r

min
G:I (~r ;G ) � R

D (GjjP j~r ) (2)

For symmetricchannels,theoptimizingcodewordcomposition
~r is alwaysuniform andEsp (R) = E + (R).

An alternateform for Esp (R) is given by:

Esp (R) = max
�> 0

�
E0(� ) � �R

�
(3)

with the Gallagerfunction E0(� ) de�ned as:

E0(� ) = max
~q

� ln
X

y

� X

x

qx p
1

1+ �
x;y

� (1+ � )

(4)

Note that for symmetricchannels,it suf�ces to usea uniform
~q while optimizing (4). Also, since the random-codingerror
exponentis given by:

E r (R) = max
0<� � 1

�
E0(� ) � �R

�
(5)

It is clear that the sphere-packingbound is achievable, even
without feedback,at ratescloseto C sincefor thoserates,� <
1 optimizesboth expressions[13]. The points on the sphere-
packingboundwhere � > 1 are also achievable by random
coding if the senseof “correct decoding” is slightly relaxed.
Rather than forcing the decoderto emit a single estimated
codeword, list-decodingallows the decoderto emit a list of
guessedcodewords.The decodingis consideredcorrectif the
true codeword is on the list. Decodinga randomcode with
list size ` hasexponent:[13]

E r ;` (R) = max
0<� � `

�
E0(� ) � �R

�
(6)

is achievable.At high rates(wherethemaximizing� is small),
thereis no bene�t from relaxingto list-decoding,but it makes
a differenceat low rates.

B. Variable-length

Without feedback,a variable-lengthmode of operationis
impossible since the encoderhas no way to know if the
channel is behaving typically or atypically. With noiseless
feedback,the length of the codeword can be madeto vary
basedon what the channelhas done so far — as long as
that variationdependsonly on the received channelsymbols.
Theproposederrorexponentfor variable-lengthchannelcodes
divided the negative log of the probability of block error � by
theexpectedlengthE [N � ] of anaveragerate �R variable-length
codethat attainsthe probability of error � .

Evl ( �R) = lim
� ! 0

�
ln( � )
E [N � ]

Burnashev gave the upperboundto this exponentby using
martingale argumentstreating the ending of a block as a
stoppingtime [5].

Ev ( �R) = C1

�
1 �

�R
C

�
(7)

whereC is the Shannoncapacityof the channeland

C1 = max
i;k

D(P(�j i )jjP(�jk)) = max
i;k

X

l

pil ln
pil

pk l
: (8)

representsthemaximumdivergencepossiblebetweenchannel
outputdistributionsgiven choiceof two input letters.

Thisboundis alsoachievableby usingarepeat-until-success
schemeas describedin [6]. The relevant “�o w-control” in-
formation is carried by con�rm/deny messagessent by the
encodertelling thedecoderwhetheror not it is goingto repeat
the block or not. It turnsout that the ratejust determineshow
many channelusesareleft over for the �o w-controlmessages
and the variableblock-codingreliability is purely a function
of that proportion.
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Fig. 1. The birth-death Markov chain governing the rate 1
2 feedback

communicationsystemover an erasurechannel.

I I I . NON-BLOCK CODES AND AN EXAMPLE

Anotherclassicalapproachto the problemof reliablecom-
munication is to considercodeswithout a block structure.
Convolutional and tree codesrepresentthe prototypical ex-
amples.It was realizedearly on that in an in�nite constraint
length convolutional code under ML decoding,all bits will
eventuallybe decodedcorrectly [13]. However, if the end-to-
enddelayis forcedto bebounded,thenthebit errorprobability
with delay is governedby E r (R) for randomconvolutional
codes,even when the constraintlengthsare unbounded[16].
This performancewith delay is also achievable using an
appropriatelybiasedsequentialdecoder[17]. A nice feature
of sequentialdecodersis that they are not tuned to any
target delay — they can be promptedfor estimatesat any
time and they will give the best estimatethat they have.
Thus an in�nite constraint-lengthconvolutional code with
appropriatesequentialdecodingachievesthe exponentE r (R)
delayuniversallyover all (suf�ciently long) delays.

Pinsker claimed in [18] that the sphere-packingbound
continuedto boundthe performanceof nonblockcodesboth
with andwithout feedback.He hadproofs for the BSC case,
but assertedthat the resultheld moregenerally. While he was
right for the without feedbackcase,it turnsout that thereis a
subtle�a w in his argumentregardingthe casewith feedback.

A. TheBEC example

The binary erasurechannelwith erasureprobability � < 1
2

usedat bit-rate R0 = 1
2 gives a counterexample to Pinsker's

conjecture.The BEC is so simple that everything can be
understoodwith a minimum of overhead.

The sphere-packingbound in this casecorrespondsto the
probability that the channelerasesmore than 1

2 of the inputs
during the block:

Esp (
1
2

) = D(
1
2

jj � ) = �
ln(4� (1 � � ))

2
(9)

For � = 0:4, this correspondsto an error exponentof about
0:02. Even with feedback,thereis no way for a �x ed block-
length code to beat this exponent.If the channellets fewer
than n

2 bits through the channel,it is impossibleto reliably
communicatean n

2 bit message!
If causalnoiselessfeedbackis available, the natural non-

block codejust retransmitsa bit until it is correctly received.
As bits arrive steadilyat the rate R0 = 1

2 , they entera FIFO
queueof bits awaiting transmission.If we look at the queue
stateevery two channeluses,it canbemodeled(seeFigure1)
as a birth-deathMarkov chain with a � 2 probability of birth
and a (1 � � )2 probability of death.Converting that into an

error exponentwith delayd gives:

E bec
f (

1
2

) = ln(1 � � ) � ln( � ) (10)

Pluggingin � = 0:4 givesanexponentof morethan0:40. This
is abouttwenty timeshigher than the sphere-packingbound!

IV. THE FOCUSING BOUND

Restrictingattentionto symmetricchannels,the BEC case
can be abstractedto get a generalbound on the probability
of error with delay. We call this boundthe “focusing bound”
becauseit is basedon the ideaof having the encoderfocusas
muchof thedecoder's uncertaintyaspossibleontobits whose
deadlinesarenot pending.To boundwhat is possible,a �x ed
delay codeis translatedinto a �x ed block-lengthcode.Each
differentblock-lengthprovidesits own boundat all rates,with
the �nal boundat any given ratecomingfrom the worst case
block-length.

De�nition 4.1: A rateR encoderwith noiselessfeedback is
a sequenceof mapsEt . The rangeof eachmapis the discrete
set X . The t-th map takes as input the available data bits
B bR 0t c

1 , aswell asall the pastchanneloutputsY t � 1
1 .

Randomizedencoders with noiselessfeedback also have
accessto a continuousuniform randomvariableWt denoting
the commonrandomnessavailable in the system.

De�nition 4.2: A delayd rate R decoderis a sequenceof
mapsD i . The rangeof eachmap is just an estimate bB i for
the i -th bit taken from f 0; 1g. The i -th maptakesasinput the

available channeloutputsY
d i

R 0 e+ d
1 which meansthat it can

seed time units beyond whenthe bit to be estimated�rst had
a chanceto impact the channelinputs.

Randomizeddecoders alsohave accessto all thecontinuous
uniform randomvariablesWt .

De�nition 4.3: The �x ed-delayerror exponent� is asymp-
totically achievable at rate R acrossa noisy channelif for
every delay dj in someincreasingsequencedj ! 1 there
exist rate R encodersand delay dj decodersEdj ; Ddj that
satisfy the following propertieswhenusedwith input bits B i

drawn from iid fair coin tosses.

1) For every j , there exists an � j < 1 so that P(B i 6=
bB i (dj )) � � j for every i � 1. The bB i (dj ) represents
thedelaydj estimateof B i producedby theEj ; D j pair
connectedto the input B andthe channelin question.

2) lim j !1
� ln � j

dj
� �

The exponent � is asymptoticallyachievable universally
over delay or in an anytime fashion if a single encoderE
canbe usedabove for all dj above.

Theorem4.4: Focusingbound: For a discretememoryless
channel,no delay exponent � > Ea(R) is asymptotically
achievableevenif theencodersareallowedaccessto noiseless
feedback.

Ea(R) = inf
0<�< 1

E + (�R )
1 � �

(11)



where E + is the Haroutunian exponent from (1). For a
symmetricDMC, Ea(R) canbe expressedparametrically:

Ea(R) = E0(� ) ; R =
E0(� )

�
(12)

whereE0(� ) is the Gallagerfunction from (4), and � ranges
from 0 to 1 .
Proof: See[7]. The key idea is to constructa block-codeof
lengthn = d

1� � whered is the target latency. The rate is just
�R sincewe canthrow out any bits that arrive during the last
d channelusessincetheir deadlinesare after the end of the
block. The focusingboundis obtainedby translatinga lower-
boundon theerror-exponentin the�x ed-blockparadigmto be
relative to the delayd instead. �

V. THE (n; c; l ) FAMILY OF CODES

The focusingboundis attainedfor the BEC with feedback
using the natural “repeatbits until successful”codeand can
alsobeasymptoticallyattainedfor any noisychannelprovided
we have accessto a low-ratechannelthatcandeliver perfectly
noiseless�o w-control bits from the encoderto the decoder.
The codeis describedbelow.

Call c � 1 the chunk length,2l the list length,and n > l
the datablock length.The (n; c; l ) schemeis:

� Queueup incoming bits and assemblethem into blocks
of size ncR

ln 2 bits. If there are fewer than ncR
ln 2 bits

still awaiting transmission,just idle by transmittingan
arbitrary input letter.

� At every noisy channeluse, the encodertransmitsthe
next position in an in�nite-length random codeword 1

associatedwith the currentdatablock.
� If the time is an integermultiple of c, usethenoiselessly

fedbackchanneloutputsto simulatethedecoder's attempt
to decodethecurrentcodeword to within a list of the top
2l items. If the true data-blockis one of the 2l items,
senda 1 over the noiselessforward link. Also sendthe
disambiguatingl bits representingthe true block's index
within the decoder's list. Remove the current block of
ncR
ln 2 bits from the main dataqueueas well. If the true
block is not in the decoder's list, just senda 0 over the
noiselessforward link.

� At the decoder, the encoder queue length is known
perfectly since it can only changeby the deterministic
arrival of databits or whena noise-freecon�rm or deny
bit hasbeensent.Thusthe decoderalwaysknows which
input block a givenchanneloutputYt or forti�ed symbol
St correspondsto.

� If the time is an integer multiple of c and the decoder
receivesa 1 noiselessly, thenit decodeswhat it hasseen
to a list of the top 2l possibilitiesfor this block. It will
usethe next l noisefreebits to disambiguatethis list and
will usethe resultas its estimatefor the block.

1Drawn accordingto theE0 (� ) maximizingdistribution for the� suchthat
the datarateR = E 0 ( � )

� .

Suchschemesareshown in [7] to beasymptoticallyoptimal:
Theorem5.1: By appropriatechoiceof (n; c; l ), it is possi-

ble to asymptoticallyachieve all delayexponents� < Ea(R)
whereEa(R) is the focusingbound for the forti�ed system
built arounda symmetricDMC by addinga rate 1

k noisefree
forward link wherek canbe madeassmall aswe like.
Key Proof Idea: [7] Consider each codeword as a point-
message.Pick a � so that the target � = E0(� ). Let en =
n � n R

eC
where eC = E 0 ( � )

� . It turnsout that theproblemcanbe
lifted to be viewed as the transmissionof one point message
for every en chunkswhere the probability of not making it
acrossis only exp(� cE0(� )) for eachchunk.Sinceen canbe
madelarge enough,this is like the low-rateerasurecase. �

A. Channelswith positivezero-error capacity

The forti�ed communicationschemeis easily adaptedto
channelswith strictly positive zero-errorcapacityby just using
the feedbackzero-error capacity to carry the �o w-control
information [7]. Thereis no k. Instead,let � be block-length
requiredto realizefeedbackzero-errortransmissionof at least
l + 1 bits.As illustratedin Figure2, terminateeachchunkwith
a length� feedbackzero-errorcodeanduseit to transmitthe
�o w-control information. If the chunk size is c, then it is as
thoughwe are operatingwith only a fraction (1 � �

c ) of the
channeluses.Theoverheadtendsto zeroby makingthechunk
sizeslong giving the following corollary to Theorem5.1:

Corollary 5.1: By appropriatechoiceof (n; c; l ), it is possi-
ble to asymptoticallyachieve all delayexponents� < Ea(R)
whereEa(R) is thefocusingboundfor any symmetricchannel
with C0;f > 0. Furthermore,suchschemesachieve the delay
exponent� in a delayuniversalor “anytime” sense.

B. Channelswithout zero-error capacity

The �o w control informationis carriedduring its � channel
usesperchunkusinganin�nite constraint-lengthtime-varying
randomconvolutionalcode.2 Unlike a zero-errorcode,all that
sucha codecan guaranteeis that the probability of error in
the�o w-controlstreamis exponentiallysmall in thenumberof
channelusesthathaveoccurredin thecodesincethatmessage.

As a result, the � must be kept proportionalto the chunk
lengthc to avoid having the �o w-control messagescausetoo
many errors.The �o w control effective rate thereforegoesto
zeroandtherelevanterrorexponentis aboutE0(1). Balancing
all theerrorprobabilitiesandoptimizing thechoiceof � gives
the following theorem:[10]

Theorem5.2: By appropriatechoice of (n; c; l ; � ), it is
possibleto asymptoticallyachieve all delay exponents� <
E 0(R) where the tradeoff curve is given parametricallyby
varying � 2 (0; 1 ):

E 0(� ) =
�

1
E0(� )

+
1

E0(1)

� � 1

(13)

R(� ) =
E 0(� )

�
(14)

2By usingfeedback,[7] shows how to implementsucha codewith bounded
expectedcomputationalcomplexity at low rates.
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Fig. 2. Oneblock's transmissionin the (n; c; l ; � ) codefor noisychannels.The � is usedto carry l + 1 �o w-controlbits reliably. If thechannelhasa strictly
positive feedbackzero-errorcapacity, � doesnot scalewith c. If it doesnot, � is proportionalto c.

Fig. 3. The reliability functions for the binary symmetric channelwith
crossover probability� = 0:4. Thesphere-packingboundapproachescapacity
quadratically�at while thefocusingboundandthenew schemebothapproach
the capacitypoint linearly.

The superiority of theseexponentsto the sphere-packing
boundin the high rateregime is immediatelyclearsincethey
are basicallylike the focusingboundin form. The reliability
drops linearly in the neighborhoodof capacity rather than
quadratically�at. Somealgebraand simple calculusreveals
that the focusingboundhasslope2C=@2 E 0 (0)

@� 2 in the vicinity
of the (C; 0) point, while the E 0(R) curve achieved by Theo-
rem5.2 hasthe lower slope� 2E0(1)=(C � E 0 (1)

2C

�
@2 E 0 (0)

@� 2

�
).

Figure 3 illustrates the bounds for a BSC with crossover
probability 0:4.
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