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Abstract— Classically, information theorists have understood
the tradeoff between delay and system error performance by
using block-length as a proxy. Although this turns out to be
correctwhenfeedbackis absent,it is shown to be very misleading
when feedbackis available. For symmetric channels, xed block-
length communication systemsshow no improvementsin their
error exponentswhile xed delay systemscan showv dramatic
gains. We presenta new upper bound (“the focusing bound”)
on the error performance possiblein a xed-delay systemwith
feedback. Finally, we sketch how this upper bound can be
asymptotically achieved with feedback for erasure channels as
well asany symmetric channelthat has strictly positive feedback
zero-error capacity.

I. INTRODUCTION

The channelcodingtheoremsstudiedin informationtheory
arenot just interestingas mathematicatesults,they alsopro-
vide insightsinto the underlyingtradeofs in communication
systemsThetwo mostfundamentaparametersvhenit comes
to reliable datatransportare end-to-endsystemdelay and the
probability of error. Error probability is fundamentabecause
a low probability of bit error lies at the heartof the digital
revolution justi ed by the source/channedeparatiortheorem.
Shannors contritutions in [1], [2] justied an architecture
basedon abstractingall communicatiortasksasinvolving the
transportof messagereliably. Whendelaydoesnot matter all
communicationtasksare essentiallyequivalent. In this light,
delay is important becauseit is the most basic cost that a
systemmust pay in exchangefor reliability — it allows the
laws of large numbersto be harnessedo smoothout the vari-
ability introducedby randomcommunicationchannels.And
yet, [3] pointsout that the architecturalguidanceprovided by
informationtheoryinto dealingwith delayhasnot beennearly
as successfuls the basic messageaegarding the desirability
of reliable communication.

Traditionally, block-lengthhasbeenusedasa proxy for end-
to-enddelay since block-codesare easierto understandhan
non-blockcodes.This turnsout to be correctwhenthereis no
feedbacksince the dominanterror eventsturn out to involve
the channelk behaior betweenwhen the messagds made
availableto the encoderandwhenit is neededat the decoder
When feedbackis allowed, block-codesare unableto really
exploit it. For memorylessymmetricchannelsnotonly is the
capacitynot increasedwith feedback,but the sphere-packing
bound remains essentiallyunchangedand so no signi cant
improvementsin error probability are possiblein the high-
rate regime of greatestnterest[4]. Whenthe lateng is only

constrainedon average,then the variable block-length story
of [5], [6] shaws that feedbackcan signi cantly lower the

probability of errorwithout muchimpacton the averagedelay

Eitherway, the architecturamessagdrom block-codesseems
to remain:with or without feedbackfo getthe bestprobability
of error, aggregate your messagesnd usethe longestblock-

lengthyou canafford given your lateng constraint.

Yet even when xed end-to-enddelayis desiredthis paper
shawvsthatnonblockcodescanprovide atremendouseduction
in the probability of bit error if feedbackis allowed. The
role of the sphere-packingvolume) boundis playedby the
uncertaintyfocusing bound in giving the fundamentallimit
on whatis asymptoticallypossiblein the limit of large delays.
Thedominanterroreventsinvolve a mixture of pastandfuture
channelbehaior and the resulting boundis also achievable
with feedbackfor erasurechannelsand ary channelwith
strictly positive feedbackzero-errorcapacity The codesthat
achieve the focusing bound hint at an architecturalmessage
thatis differentfrom that provided by traditional x ed-length
block-coding. When feedbackis available, the “messages”
shouldbe of “moderatesize” — long enough but not a length
comparableto the target end-to-endlateny itself. Feedback
shouldbe usedto adaptthe block-lengthsas neededand do
0 w-control on the instantaneousate of informationtransfer

This short paperis a summaryof the resultscontainedin
[7] and [10]. The readeris referredto [7] for more details,
motivation, aswell as a technicalperspectie on the existing
resultsin the literature concerningfeedbackand reliability.
An interpretationof the new resultsin the context of remote
stabilizationproblems[8] is found in [9] whereit is shavn
how to leveragenoiselessbut low rate,feedbacko make more
effective use of a highercapacitynoisy feedbackchannelin
orderto stabilizean unstablesystemin closedloop. The basic
code constructionusedto shav achievability of the focusing
boundfor channelswith strictly positive zero-errorcapacityis
thenextendedin [10] to genericchannelsWhile not attaining
thefocusingbounditself, the codesof [10] do beatthe sphere-
packingboundwith x eddelayin the high-rateregime.

The core ideas of [7] are also explored in the contet
of losslesssourcecoding in [11], [12]. The point-to-point
settingis consideredn [11] andthe source-codingounterpart
of the uncertaintyfocusingboundis developed.Feedbackis
irrelevant and the dominanterror eventsturn out to involve
the source behaior befoe the symbol in questionarrived
at the encoder This is usedto shov that optimal block-



codesare quite bad from the perspectie of x ed end-to-end
delayconstraintsvhenusedover x ed-ratenoiselesshannels.
Instead,“moderatesized” x ed-to-\ariablelength codeswith
their output rate smoothedusing a FIFO queuewith deter
ministic servicetimesasymptoticallyachieve the bestpossible
tradeof between x ed deadlinesand the probability of error
The caseof side-informationat the decoderis consideredn
[12] andan upperboundon the reliability functionwith delay
is derived by consideringerror events due to atypically bad
sideinformationbetweerthe time of symbolarrival andwhen
it is requiredat the decoder This boundturns out to be tight
for certainsymmetriccases.

Puttogethertheseresultsmale preciseShannorsintriguing
commentat the closeof [2]:

“[the duality betweensourceand channelcod-
ing] canbe pursuedurtherandis relatedto a duality
betweenpastand future and the notions of control
and knowledge. Thus we may have knowledge of
the pastand cannotcontrol it; we may control the
future but have no knowledgeof it.”

Il. REVIEW OF BLOCK CODING
A. Fixed-length

The fundamentallower-bound on error probability comes
from the sphere-packingr volume bound,and this boundis
also known to be achievable at high ratesby random-coding
[13]. Reliable communicationis not possibleif during the
block, the channelactslike one whosecapacityis lessthan
the target rate. Following [14] and [15], for block codesthis
ideaimmediatelygivesthefollowing boundon the exponential
error probability:
inf

E*(R) =
(R) G:C(G)<R

maxD (GjjPjr) 1)
where D (GjjPj+) is the divergenceterm that governs the
exponentiallysmall probability of thetrue channelP behaing
like channelG whenfacingtheinput distribution comingfrom
the codevord compositiont-.

Evenwith causahoiselesgeedbackthereis noway around
this bound becausechannelcapacity doesnot increasewith
feedbackfor memorylesschannels.Without feedback,the
bound can be tightenedto the form traditionally known as
the sphere-packindgpound.

Esp(R) = max min D (GjiPjr) 2
For symmetricchannelsthe optimizing codevord composition
f is alwaysuniform andEg,(R) = E* (R).

An alternateform for Esp(R) is given by:

Esp(R) = max Eo( ) R ®
with the Gallagerfunction Eq( ) de ned as:
X X 1 (@)
Eo( ) = max In O Py 4)
g

y X

Note that for symmetricchannelsjt sufces to usea uniform
¢ while optimizing (4). Also, since the random-codingerror
exponentis given by:

Er(R)= max Eo() R ®)
0< 1

It is clear that the sphere-packindpoundis achievable, even
without feedbackat ratescloseto C sincefor thoserates, <
1 optimizesboth expressiong13]. The pointson the sphere-
packingboundwhere > 1 are also achievable by random
codingif the senseof “correct decoding”is slightly relaxed.
Ratherthan forcing the decoderto emit a single estimated
codevord, list-decodingallows the decoderto emit a list of
guessed:odavords. The decodingis considerectorrectif the
true codevord is on the list. Decodinga random code with
list size™ hasexponent:[13

(6)

is achievable.At high rates(wherethe maximizing is small),
thereis no bene t from relaxingto list-decoding but it makes
a differenceat low rates.

Err(R) = onax Eo() R

B. Variable-length

Without feedback,a variable-lengthmode of operationis
impossible since the encoderhas no way to know if the
channelis behaing typically or atypically With noiseless
feedback,the length of the codevord can be madeto vary
basedon what the channelhas done so far — as long as
that variation dependsonly on the receved channelsymbols.
The proposecerror exponentfor variable-lengtichannekodes
divided the negative log of the probability of block error by
theexpectedengthE [N ] of anaveragerateR variable-length
codethat attainsthe probability of error .

In()
E[N ]

Burnashe gave the upperboundto this exponentby using
martingale argumentstreating the ending of a block as a
stoppingtime [5].

Ew(R) = lim

R
EWR)=C1 1 o )
whereC is the Shannoncapacityof the channeland
X .
Ci= maxD(P(jD)iiP(jk)) = max  py In S—'k': (8)

representshe maximumdivergencepossiblebetweenchannel
outputdistributions given choice of two input letters.

This boundis alsoachiezableby usingarepeat-until-success
schemeas describedin [6]. The relevant “ o w-control” in-
formation is carried by con rm/dery messagesent by the
encodettelling the decodemvhetheror notit is goingto repeat
the block or not. It turnsout thatthe ratejust determinesov
mary channelusesareleft over for the o w-controlmessages
and the variable block-codingreliability is purely a function
of that proportion.
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Fig. 1.  The birth-death Markov chain governing the rate % feedback
communicatiorsystemover an erasurechannel.

I11. NON-BLOCK CODES AND AN EXAMPLE

Anotherclassicalapproacho the problemof reliable com-
municationis to considercodeswithout a block structure.
Corvolutional and tree codesrepresentthe prototypical ex-
amples.It wasrealizedearly on thatin an in nite constraint
length cornvolutional code under ML decoding,all bits will
eventually be decodedcorrectly[13]. However, if the end-to-
enddelayis forcedto beboundedthenthebit errorprobability
with delay is governedby E, (R) for randomcorvolutional
codes,even when the constraintlengthsare unbounded16].
This performancewith delay is also achiezable using an
appropriatelybiasedsequentialdecoder[17]. A nice feature
of sequentialdecodersis that they are not tuned to ary
target delay — they can be promptedfor estimatesat ary
time and they will give the best estimatethat they have.
Thus an in nite constraint-lengthcornvolutional code with
appropriatesequentiaecodingachievesthe exponentE, (R)
delay universally over all (sufciently long) delays.

Pinsler claimed in [18] that the sphere-packingbound
continuedto boundthe performanceof nonblock codesboth
with and without feedback.He had proofs for the BSC case,
but assertedhatthe resultheld more generally While he was
right for the without feedbackcase,it turnsout thatthereis a
subtle aw in his agumentregardingthe casewith feedback.

A. The BEC example
1

The binary erasurechannelwith erasureprobability < 3
usedat bit-rate R? = % gives a counter@gampleto Pinsler's
conjecture.The BEC is so simple that everything can be
understoodvith a minimum of overhead.

The sphere-packindgoundin this casecorrespondgo the
probability that the channelerasesamore than % of the inputs
during the block:

Ep()=DGj )= LD
For = 0:4, this correspondgo an error exponentof about
0:02. Even with feedbackthereis no way for a x ed block-
length code to beatthis exponent.If the channellets fewer
than % bits throughthe channel,it is impossibleto reliably
communicatean % bit message!

If causalnoiselessfeedbackis available, the natural non-
block codejust retransmitsa bit until it is correctlyreceved.
As bits arrive steadilyat the rate R° = % they entera FIFO
gueueof bits awaiting transmissionlf we look at the queue
stateevery two channeluses,t canbe modeled(seeFigure1)
as a birth-deathMarkov chainwith a 2 probability of birth
anda (1 )? probability of death.Corverting that into an

error exponentwith delayd gives:

EPFS ()= In(@ ) In() 10)
Pluggingin = 0:4 givesanexponentof morethan0:40. This
is abouttwenty times higher than the sphere-packindpound!

IV. THE FOCUSING BOUND

Restrictingattentionto symmetricchannelsthe BEC case
can be abstractedo get a generalbound on the probability
of error with delay We call this boundthe “focusing bound”
becauset is basedon theideaof having the encoderfocusas
muchof the decoders uncertaintyas possibleonto bits whose
deadlinesare not pending.To boundwhatis possible,a x ed
delay codeis translatedinto a x ed block-lengthcode.Each
differentblock-lengthprovidesits own boundat all rates,with
the nal boundat ary given rate comingfrom the worst case
block-length.

De nition 4.1: A rateR encodemwith noiselesgeedbak is
a sequencef mapsk; . Therangeof eachmapis the discrete
set )0( The t-th map takes as input the available data bits
B¢ aswell asall the pastchanneloutputsY, *.

Randomizedencodes with noiselessfeedbak also have
accesdo a continuousuniform randomvariable W; denoting
the commonrandomnesswvailablein the system.

De nition 4.2: A delayd rate R decoderis a sequencef
mapsD;. The rangeof eachmap s just an estimate®; for
thei-th bit takenfrom f 0; 1g. Thei-th maptakesasinput the

available channeloutputsYldR_lueer which meansthat it can
seed time units beyond whenthe bit to be estimatedrst had
a chanceto impactthe channelinputs.

Randomizedlecodes alsohave accesdo all the continuous
uniform randomvariablesW;.

De nition 4.3: The x ed-delayerrorexponent is asymp-
totically achievable at rate R acrossa noisy channelif for
every delay d; in someincreasingsequenced; ! 1 there
exist rate R encodersand delay d; decodersE® ;D% that
satisfy the following propertieswhen usedwith input bits B;
drawn from iid fair coin tosses.

1) For every j, thereexistsan ; < 1 sothatP(B; 6
Bi(dj)) ; foreveryi 1. The®;(d;) represents
thedelayd, estimateof B; producedby theEl ; D} pair
connectedo the input B andthe channelin question.

2) limj j; i

The exponent is asymptotically achievable universally
over delay or in an anytime fashionif a single encoderE
canbe usedabove for all d; above.

Theoem4.4: Focusingbound: For a discretememoryless
channel,no delay exponent > E,(R) is asymptotically
achievableevenif theencodersareallowedaccesgo noiseless
feedback.

Ea(R) = _inf E(R) (11)

<1 1



where E* is the Haroutunianexponent from (1). For a
symmetricDMC, E,(R) canbe expressecbarametrically:

Ea(R) = Eo( ) ; R= 220)

(12)
whereEq( ) is the Gallagerfunction from (4), and
fromOto1l .

Proof: See[7]. The key ideais to constructa block-codeof
lengthn = 1L whered is the tamget lateng. Therateis just
R sincewe canthrow out ary bits that arrive during the last
d channelusessincetheir deadlinesare after the end of the
block. The focusingboundis obtainedby translatinga lower-
boundon the errorexponentin the x ed-blockparadignmto be
relative to the delayd instead.

ranges

V. THE (n; c;l) FAMILY OF CODES

The focusingboundis attainedfor the BEC with feedback
using the natural“repeatbits until successful’code and can
alsobe asymptoticallyattainedfor arny noisy channelprovided
we have accesgo alow-ratechannelthatcandeliver perfectly
noiseless o w-control bits from the encoderto the decoder
The codeis describedbelow.

Call c 1 thechunklength,2' the list length,andn > |
the datablock length. The (n; c;1) schemas:

Queueup incoming bits and assembleghem into blocks
of size 1% bits. If there are fewer than 15 bits
still awaiting transmissionjust idle by transmittingan
arbitraryinput letter

At every noisy channeluse, the encodertransmitsthe
next position in an in nite-length random codavord *
associatedvith the currentdatablock.

If thetime is aninteger multiple of c, usethe noiselessly
fedbackchannebutputsto simulatethe decoders attempt
to decodethe currentcodavord to within a list of the top
2 items. If the true data-blockis one of the 2' items,
senda 1 over the noiselessorward link. Also sendthe
disambiguating bits representinghe true block's index
within the decodess list. Remawe the currentblock of
% bits from the main dataqueueas well. If the true
block is not in the decodess list, just senda 0 over the
noiselesgorward link.

At the decoder the encoder queue length is known
perfectly sinceit can only changeby the deterministic
arrival of databits or whena noise-freecon rm or dery
bit hasbeensent.Thusthe decoderalwaysknows which
input block a given channeloutputY; or forti ed symbol
S; correspondso.

If the time is an integer multiple of ¢ and the decoder
recevesa 1 noiselesslythenit decodeswvhatit hasseen
to a list of the top 2' possibilitiesfor this block. It will
usethe next | noisefreebits to disambiguatehis list and
will usetheresultasits estimatefor the block.

1Drawn accordingto the Eo( ) maximizingdistribution for the suchthat
the datarateR = £00)

Suchschemesreshawvn in [7] to beasymptoticallyoptimal:

Theoem5.1: By appropriatechoiceof (n; c;l), it is possi-
ble to asymptoticallyachieve all delayexponents < E,(R)
where E4(R) is the focusingboundfor the fortied system
built arounda symmetricDMC by addinga rate% noisefree
forward link wherek canbe madeassmall aswe like.
Key Proof Idea: [7] Considereach codevord as a point-
messagePick a sothatthe tamget = Ego( ). Lete =
n n2 where€ = E°O) |t turnsout thatthe problemcanbe
lifted to be viewed as the transmissiorof one point message
for every B chunkswhere the probability of not making it
acrossis only exp( cEg( )) for eachchunk.Sincer canbe
madelarge enough this is like the low-rate erasurecase.

A. Channelswith positivezeio-error capacity

The fortied communicationschemeis easily adaptedto
channelswith strictly positive zero-errorcapacityby justusing
the feedback zero-error capacity to carry the o w-control
information[7]. Thereis no k. Instead,let be block-length
requiredto realizefeedbackzero-errortransmissiorof at least
[+ 1 bits. As illustratedin Figure 2, terminateeachchunkwith
alength feedbackzero-errorcodeanduseit to transmitthe
o w-control information. If the chunksizeis c, thenit is as
thoughwe are operatingwith only a fraction (1 ;) of the
channeluses.The overheadendsto zeroby makingthe chunk
sizeslong giving the following corollary to Theorem5.1:

Corollary 5.1: By appropriatechoiceof (n; ¢;l), it is possi-
ble to asymptoticallyachieve all delayexponents < E,(R)
whereE 4 (R) is thefocusingboundfor ary symmetricchannel
with Co¢ > 0. Furthermoresuchschemeschiese the delay
exponent in a delayuniversalor “anytime” sense.

B. Channelswithout zeo-error capacity

The o w controlinformationis carriedduringits channel
usesperchunkusinganin nite constraint-lengthime-varying
randomcorvolutional code? Unlike a zero-errorcode,all that
sucha code can guaranteds that the probability of errorin
the o w-controlstreamis exponentiallysmallin the numberof
channeluseshathave occurredn thecodesincethatmessage.

As aresult,the  mustbe kept proportionalto the chunk
length c to avoid having the o w-control messagesausetoo
mary errors.The o w control effective rate thereforegoesto
zeroandtherelevanterrorexponentis aboutEq(1). Balancing
all the error probabilitiesand optimizing the choiceof gives
the following theorem:[10]

Theoemb5.2: By appropriatechoice of (n;c;l; ), it is
possibleto asymptoticallyachiere all delay exponents <
EYR) where the tradeof curve is given parametricallyby
varying 2 (0;1):

1 1
+
Eo( ) Eo(1)
EY)

EY) =

(13)

R() (14)

2By usingfeedback([7] shavs how to implementsucha codewith bounded
expectedcomputationacompleity at low rates.
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Fig. 3.  The reliability functions for the binary symmetric channelwith
crossw@er probability = 0:4. Thesphere-packingoundapproachesapacity
quadraticallyat while thefocusingboundandthe new schemebothapproach
the capacitypoint linearly.

The superiority of theseexponentsto the sphere-packing
boundin the high rateregime is immediatelyclear sincethey
are basicallylike the focusingboundin form. The reliability
drops linearly in the neighborhoodof capacity rather than
qguadratically at. Somealgebraand simple calculusreveals
that the focusingbound hasslopeZC:@?E—Oz(O) in the vicinity
of the (C; 0) point, while the E(R) curve achiesed by Theo-

rem5.2 hasthe lower slope 2Eq(1)=(C % % ).
Figure 3 illustrates the boundsfor a BSC with crosseer

probability 0:4.
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