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Abstract — We give a scheme for variable-delay reliable
communication over a noisy discrete memoryless channel
with a noisy feedback DMC being available between the re-
ceiver and the transmitter. This scheme works when the ca-
pacity of the feedback channel is greater than the capacity of
the forward channel and the target rate of communication
on the forward channel is less than its capacity. Rather than
looking at a single block in isolation, we consider the sce-
nario where we expect this system to carry an infinite stream
of packets. We show that in the limit of nearly noiseless feed-
back channels, we approach the Burnashev bound[1] on the
reliability of variable-delay channel codes.

I . INTRODUCTION

Feedbackcanbeanimportantpartof thedesignof a communi-
cationsystemandit is widely believed that feedbackcansim-
plify thedesignof a communicationsystemandachieve higher
performance.It is thereforesurprisingthattherea pair of nega-
tive resultsin classicalinformationtheoryregardingfeedback:

1. For discretememorylesschannels,even noiselessfeed-
back does not increasethe Shannoncapacity of the
channel.[2]1

2. For suf�ciently symmetricdiscretememorylesschannels,
noiselessfeedbackdoesnot improve theblock-codingre-
liability functionin thehigh-rateregime.[3]

While the �rst is well known, the secondis lesswidely under-
stood. The basicresult for the reliability function is that the
sphere-packingbound2 continuesto hold for block-codesover
discretememorylesschannelsin which causalnoiselessfeed-
backis availableatthetransmitter.3 Thisresultfor DMCsstands
in dramaticcontrastto thesituationfor AWGN channelswith an
averagepower constraintwhereit is well known thataccessto
causalnoiselessfeedbackenablesa doublyexponentialdrop in
theprobabilityof errorwith increasingblock-length.[8]

1Or seeexercise4.6 in [5].
2Also calledthevolumebound
3Seeexercise5.33in [5] for anillustrationof this in thecontext of thebinary

symmetricchannel(BSC). It is even easierto seein the context of the binary
erasurechannel.Thecauseof block decodingerrorsis fundamentallythechan-
nel beingatypically bad for the durationof that block. Thereis nothing that
feedbackcandoduringthatblock to getaroundtheatypicality.

Unlike Shannoncapacitywhich is not tied to any particu-
lar classof communicationschemes,the traditional reliability
functionis intimatelyconnectedto the�x ed-delayblock-coding
setupfor communication.4 As such,it is a naturalto wonder
whetherthenegativeresultsonreliability with feedbackaretied
to the�x ed-delayblock-codingframework. Therearetwo main
approacheswhichshow thatby changingthesenseof reliability,
onecanseeimprovementswith feedback.The �rst of theseis
theparadigmof variable-delaychannelcodingandthesecondis
thatof anytimecoding.

In this paper, after �rst reviewing someexisting resultson
variable-delaycodingandanytime codingin the next two sec-
tions, we give a schemefor reliable variable-delaycommuni-
cationover a noisy discretememorylesschannelwith a noisy
feedbackchannelbetweenthe receiver and the transmitter. It
usesa combinationof expurgatedblock codesandan anytime
codeover thefeedbacklink. We show thatin thelimit of nearly
noiselessfeedbackchannels,weapproachtheBurnashev bound
on thereliability of variable-delaychannelcodes.

I I . VARIABLE-DELAY CODING

Feedbackallows the encoderto know whenthe decoderneeds
morehelpin decodingthedata.Thisideawasstudiedrigorously
by Forney5 in [4] whereheusedthefactthatblock-decodinger-
rorsoccurdueto atypicalchannelbehavior. This atypicality is
often detectableat the decoder. Forney studiedhow this can
beexploitedby usinglow-ratefeedbackrequestingretransmis-
sionof blocks.With thecodeword lengththusdependingon the
channelrealizations,thereis no longera constantblock-length
that canbe usedin the de�nition of the reliability function. In
its place,it is naturalto usetheexpectedblock-lengthandFor-
ney showsthatit is possibleto achievereliabilitiesE f abovethe
sphere-packingboundby usingthis technique.

With high-rate instantaneousnoiselessfeedbackavailable,
the encoderdoesnot needan explicit repeat-request.By see-
ing the channeloutputs,it alreadyknows that sucha repeatis
necessary. More signi�cantly, theencodercandetectwhenthe
decoderis aboutto make anerrorevenwhenthedecoderdoes

4Traditionally, thiscanbeseenby noticingthatthereliability boundsattained
by convolutionalcodesasa functionof constraintlengthareincompatiblewith
thereliability functionin termsof block-lengths.[5]

5Theinterestedreadershouldalsoseeexercise5.19in [5] for ashortintuitive
explanation.



not. Theencodercanusethis to actively steerthedecoderaway
from the error. Burnashev [1] demonstratedthat for any 'non-
trivial' discrete-timememorylesschannelthereliability function
is upperboundedby

Eopt ( �R) � C1

(

1 �
�R
C

)

; 0 � �R � C; (1)

where �R is theexpectedrate,C is theShannoncapacityof the
forwardlink in bits,and

C1 = max
i;k

∑

l

pil log2

pil

pk l
: (2)

wherethepij representthechanneltransitionprobabilitiesand
weuselog2 andhencepowersof 2 in thede�nition of therelia-
bility function.Thisboundis farbetterthanwhatwasachievable
with theexplicit repeatrequestsin [4].

[1] alsogivesanexplicit scheme6 thatcanbethoughtof asa
generalizationof theonegivenby Horsteinin [6]. This scheme
usesnoiselessfeedbackandcanapproachthe bound(1) arbi-
trarily closely. Theschemeworksin two phases.The�rst phase
hasthe encoderexplicitly track the decoder's posteriorproba-
bility distributionover thepossiblemessages.Theencoderthen
transmitschannelinputsthataim to maximizethe reductionin
entropy of thatposterior7 while having theposteriorprobability
of thetruemessageincreaseto 1. Thesecondphaseinvolvesthe
encodervalidating the decoder's statethrougha con�rmation
message.If the decoderis off track andaboutto make a mis-
take, theencoderattemptsto signalto thedecoderthatit should
expecta retransmission.

In [15], a simplerschemeis givenwhichalsoapproachesthe
Burnashev bound(1). Thephasesareillustratedin �gure 1. The
�rst consistsof a block-codethat works at a ratevery closeto
capacity. By meansof noiselessfeedback8, theencoderknows
whenthe decoderhasmadean error in decodingthe message.
Thesecondphaseis a con�rmation or deny signalfollowedby
possibleretransmissionof theentireblock in caseof error.

1. During the time L, theencodersendseithera con�rm or
deny messageby repeatingoneof the lettersi or k that
maximize(2). Thedecoderwill “con�rm” anddecideto
accepttheblock if theempiricaltypeof thereceivedsig-
nal is very closeto the probability. By the AEP, there
existssomesuitablytiny � > 0 sothat theprobabilityof
decodinga “con�rm” asa “deny” is boundedabove by � .
Moreimportantly, a“deny” will bemisreadasa“con�rm”

6Thedesignof this schemeparallelsthetechniquesusedto prove theupper
boundandsodemonstrateshow it is optimalbeyondmerelymeetingthebound.

7It is an interestingfact that this is doneby partitioning the messagesso
that theprobabilityof thepartitionsapproximatesthecapacityachieving input
distribution to thechannel.As such,it givesa niceoperationalinterpretationto
thecapacity-achieving inputdistribution.

8It is importantto realizethat in this case,the noiselessfeedbackcan be
consideredasbeinginstantaneousdecision-feedbackratherthanfeedbackof the
exact sequenceof channeloutputsreceived. We will build on this propertyin
ourscheme.

Transmit messagem2{ 1,2, … , M}
Transmit
confirm
or deny

N L

Figure1: Onetransmissioncycle for theasymptoticallyoptimal
encoderwith accessto noiselessfeedback.

with a probability9 closeto 2−C1L = 2−(N +L )C1
L

N+L by
Sanov's theorem.[2]

2. Becausethe block-codein phase1 is at a ratebelow the
capacity, theprobability� thatthedecodermakesanerror
for asingleblockcanbemadearbitrarilysmall.Theprob-
ability of repeatingablock is thereforeboundedaboveby
� + � . Thestoppingtime thenlookslike a geometricran-
domvariableandtheexpectedblocklengthis boundedby
N +L
1−� −� .

3. By the noiseless nature of the feedback, the encoder al-
ways knows which block the receiver is expecting and
so knows what to transmit. The probability of error
on the block is therefore only the probability that a
“deny” is missedand received as a “con�rm”. This is
2−(N +L )C1

L
N+L � 2−(N +L )C1(1−

R
C

) while theexpected
block lengthis N +L

1−� −� � (N + L). ThustheBurnashev
boundonreliability canbeapproachedarbitrarilyclosely.

In additionto Yamamoto's scheme,therearevariable-delay
schemesgiven by Ooi in [7] wherehe usesideasfrom source-
codingto view variable-delaychannelcodingasa sequenceof
successive compressionsof thedatato besentwheretheprevi-
ouslyreceivedsymbolsareviewedasside-informationavailable
atboththetransmitterandreceiver. With noiselessfeedback,he
is ableto attainthe Burnashev Bound(1). His goal is to keep
complexity low andhe expandsthis approachto moregeneral
channelsand also hassomeinitial work on the caseof noisy
feedback.His approachto noisy feedbackis to go to a �x ed-
lengthcode.

I I I . ANYTIME RELIABIL ITY

Thefundamentalideaof anytimereliability is to understandhow
theprobabilityof errorchangesaswevary thedelaythatweare
willing to tolerate.[11]

Definition 1 The anytime reliability Ea(R) achieved by a rate
R code is the supremum of all � for which there exists a K > 0

9Noticethattheerrorprobabilitiesaredeliberatelynotsymmetricin this. We
aremuchmoreconcernedwith the probability of ªmisseddetectionº(deny as
con®rm) thanwe arewith the probability of ªfalsealarmº(con®rm asdeny).
Misseddetectionslet a badblock get out from the decoder. Falsealarmsjust
costusa little bit in theexpectedblock lengthby causingmorerepeats.



such that for every t; d > 0,

P(M̂ t−d(t) 6= M t−d) � K 2−�d

where M i represents the message that arrived at the encoder at
time i and M̂ j (t) represents the best estimate at time t for the
message M j . The probability is taken over the channel noise
and the messages M i .

An easyconsequenceof theexponentialdecayof theproba-
bility of erroris thatit is equivalentto requiringthatthereexists
someK ′ sothat

P(M̂ t−d
0 (t) 6= M t−d

0 ) � K ′2−�d (3)

for all t andd. This meansthat by time t we canmost likely
correctlydecodethe entiresequenceof messagesup to d time
stepsago.This implicit requirementto eventuallygetall thebits
right is whatmakesanytime reliability special.

Anytime reliability was �rst introducedin the context of
trackinganexponentiallyunstablescalarMarkov processandit
wasshown in [9] and[11] thatin orderto communicatesuchun-
stableprocessesacrossanoisychannel,thechannelrequiresnot
only enoughShannoncapacitybut alsoa high enoughanytime
reliability.10 [10] studiedthebinaryerasurechannelandconjec-
turedthatanytimereliability is requiredwhenevaluatinganoisy
channelfor usein afeedbacklink within ascalarcontrolsystem
trying to stabilizeanunstableplant.Thishassubsequentlybeen
proven for scalarcontrol over generalchannelsin [12] andfor
controlsystemswith vectorvaluedstatesandlinearobservations
in [13]. The key result that we will usehereis that there exist
codes that have anytime reliability approaching the traditional
random-coding error exponent even when the encoder has no
access to feedback.11 [11]

Anytime reliability shows a clearbene�t from having feed-
back sincethe anytime reliability achievable with feedbackis
signi�cantly betterthan the bestknown boundswithout feed-
back. Figure2 shows how variousboundsarerelatedto each
otherfor theBEC.NoticethattheBurnashev exponentis in�nite
sincezero-errortransmissionsarepossiblewith variabledelay.
It hasalsorecentlybeenshown in [14] that a variationon the
sphere-packingboundgivesanupperboundon theanytime re-
liability evenwith feedbackandthisboundis signi�cantly lower
thantheBurnashev bound.Thatbound,which is achievablefor
the BEC with noiselessfeedback,genericallyhasa concave \
shapelike thatshown in �gure 2.

10Therequiredrateis determinedby thedegreeof exponentialinstabilityand
therequiredanytimereliability dependsonboththedegreeof exponentialinsta-
bility andwhichmomentof theestimationerrorthatwewish to keepbounded.

11An anytimecodewithoutfeedbackhasalabeledin®nitetreestructurewhere
branchesof thetreecorrespondto thevaluesof thebits to becommunicatedand
the labelsalongthe way correspondto the channelinputsto be sent. The de-
codertriesto keeptrackof themostlikely paththroughthetreebasedon what
it hasreceived so far. By assigningthe labelsrandomly, disjoint branchesare
independentof eachotherandusingtheGallager-styleunionbound[5] tells us
thattheprobabilityof any not-closelyrelatedpathbeatingthetruepathis expo-
nentiallysmall. As such,theprobabilityof erroron a bit decaysexponentially
with delat. Suchconstructionsalsooccurclassicallywhenconsideringin®nite
constraintlengthconvolutionalcodes.
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Figure 2: Randomcoding E r , Sphere-packingEsp , Anytime
(with noiselessfeedback)Ea andoptimal variable-delayEopt

exponentsfor theBECwith erasureprobability 1
4 .

IV. VARIABLE-DELAY CODING WITH NOISY FEEDBACK

To understandthe fundamentalchallengein the casewith
noisy feedback,it is importantto keepin mind the big picture
of communication.We assume that we have an infinite stream
of bits that we want to communicate from the encoder to the de-
coder by repeatedly using the channels. Wechooseto groupthe
bits into packets/blocksfor communicationonly sothatwe can
keeptheexpecteddecodingdelay�nite.

Often,we informationtheoristslike to analyzeonly thecom-
municationof asinglepacket. This is without lossof generality
in thecaseof �x ed-delaycodingsinceit is alwaysunambiguous
to boththeencoderandthedecoderwhichblockcorrespondsto
which groupof databits. In thevariable-delaycase,thecorre-
spondencebetweenreceivedblocksanddatabits becomesran-
domdueto theinteractionswith thechannel.With instantaneous
noiselessfeedback,this is not a problemsincethe encoderal-
ways knows for certainwhich block the decoderis expecting
andhencethe single-shotanalysiscarriesover to the repeated
usescenario.

Unfortunately, it cannotbetakenfor grantedthatany single-
shot analysiswill carry over to the repeatedusecasewhen a
noisy feedbackchannelis involved. This is becausethe noise
on the feedbacklink canmake theencoderbelieve that thede-
coderhasdecodedK blockscorrectlyso far while thedecoder
hasin fact only decodedK ′ 6= K blockscorrectly. As such,
theprobabilityof erroron thenext block is very high sincethe
encoderis transmittingthewrongsetof bits from thedecoder's
pointof view!12 Sotheanalysisof thecasewith noisyfeedback
is fundamentallyinteresting.

12In practicalsettings,this problemcanbe mitigatedby the useof explicit
sequencenumberson eachblock but theoreticallywe must notice that in the
in®nite-horizonsetting,the sequencenumberswill grow unboundedlyin size
andso the asymptoticfraction of channelusesdevoted to communicatingse-
quencenumberswill go to 1 andthedataratewill go to zero.



Overall, we usefour key ideasto modify the schemefrom
[15] to work with thenoisyfeedbackchannel:

1. Thephase1 transmissionis brokeninto sub-blocksof size
K that are then “pipelined” with the decisionfeedback
comingacrossthenoisy feedbackchannel.This reduces
the additionaldelay imposedby the noisy natureof the
feedback.We only have to payan extra K channeluses
ontheentireblock. If wehadnotbrokenthetransmission
into sub-blocks,the decoderwould have hadto wait for
theentireblock beforemakinga decision— andtheen-
coderwouldhavehadto wait for acomparabletimeagain
beforebeingableto seewhatthatdecisionwas.

2. An expurgatedblock codeis usedto feedbackthe deci-
sionsonthesub-blocks.Thishastheeffectof allowing us
to shrink the sub-blocksizeandhenceextra delaywhen
thefeedbackchannelis relatively noisefree.

3. An anytime code is usedto feedbackthe decisionsre-
garding the con�rm/deny messages.This hasthe effect
of making surethat the encoderand decoderdo not go
outof synchrony with eachother.

4. Blocks are interleaved with other blocks as though the
feedbackregarding the con�rm/deny messagestakes a
long time to arrive. This plays a technicalrole in con-
trolling the probability of error dueto temporarylossof
synchronization.

Theformal problem,encodinganddecodingprocedure,and
abrief sketchof theanalysisaregivennext.

A. Problem setup Considera streamingmessagetransmis-
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Figure 3: Conceptualblock diagram of streamingmessage
transmissionsystem.

sionsystemasillustratedin Figure3. Thesystemconsistsof a
messagesourcethatemitsa randomlyselectedM -ary message
at regularlyspacedintervalsof I units,adiscrete-timememory-
lessforwardchannelP = [pij ] anda discrete-timememoryless

feedbackchannelQ = [qij ]. We assumethat the Shannonca-
pacity of the feedbackchannelis greaterthan or equalto the
capacityof theforwardchannel.Theproblemis speci�edby se-
lectingthetriple (M ; P; Q) andby prescribingaprobabilityPe.
Basedon that, theproblemis to designanencoderfEn g anda
decoderfD n g to minimize the averagetime requiredto trans-
mit messageswhile maintaininga probabilityof decodingerror
lessthanor equalto Pe on eachblock. Thetransmissiondura-
tion13 for a particularmessagem is de�ned asthelengthof the
time interval which startsat the �rst time informationaboutm
is emittedby theencoderandendswhenthedecoderproduces
anestimatem′ of m.

B. Notation

P: ForwardDMC transitionprobabilitiespij

Q: FeedbackDMC transitionprobabilitiesqij

M : Thenumberof possiblemessagesto besent

m: The true messageis m, the decoderthinks it is m′, and
theencoderthinksthedecoderhasm′′.

N ; K : The messageis broken into N
K submessageswhich are

eachtransmittedusing K channeluseson the forward
link, andwhoseindividual decisionsare fed backusing
K channeluseson thefeedbacklink.

L : The �nal L channelusesare used to transmit a con-
�rm/deny signalon theforwardlink, andto feedbackthe
decoder's stateon thefeedbacklink.

W + 1: The numberof blocks in a single cycle beforeany one
of themcould possiblybe retransmitted.Usedto allow
theencoderto getagoodestimateof decoderstatebefore
selectingthenext blockof databits to send.

D : Numberof time stepsbetweenwhenthe decodermakes
a �nalization decisionandwhen the encoderneedsthat
decision.

x(n): The decoder's statex(n) is the history of which blocks
have been �nalized (consideredcon�rmed) and which
blocksareawaiting retransmission.At the endof every
block, thedecoder's statecanchangeby at most1 bit —
whetherthatblockwas�nalized or not.

C: TheShannoncapacityof theforwardchannelP.

R: The nominal rateR of phase1 of both the forward and
feedbackchanneluse.M = 2N R .

E r : Therandomcodingreliability of theforwardchannelP.

13If we wantedto, we could analyzethe total delay incurredby the block
as the sum of the transmissiontime and the time it spentwaiting in a queue
awaitingtransmission.However, it shouldbeclearthatthetimespentwaiting in
thequeueis negligible for muchthesamereasonthattheexpectedtransmission
durationis approximatelythesameastheblock length.



Eex : The expurgatedboundfor the feedbackchannelQ. The
expurgatedboundis usedsinceit goesto in�nity for al-
mostnoiselesschannelswhile the random-codingbound
cangetstuckat �nite reliabilities.

Ea : The anytime reliability of the Q channelwhenit is used
without feedback.

C1: TheBurnashev exponentde�ned in (2).

� : Theprobabilityof falsealarmin thecon�rm/deny phase
— thatwe senta con�rm but it wasfalselydecodedasa
deny.

C. Our scheme:
Let L; N ; K ; W and R < C be parametersto be deter-

minedlater. Supposeat time n theencoderhasjust completed
the transmissionof a particularmessage.In the time interval
[n; n + 1; � � � ; n + D] thedecoderimplicitly transmitsinforma-
tion aboutits state14 xn over the feedbackchannelto the en-
coder. D = W (N + K + L) representsthetimespentin doing
onecycleof theW otherinterleavedblocks.

Transmit messagem2 { 1,2, … , M}

Receive
feedback
for last
segment

N K

Transmit
confirm or

deny

Receive
state

information

K

L D

Figure4: Encoder's timeline of a messagetransmissioncycle
with theinterleaving of othercyclesgroupedinto D.

At timen + D theencodermakesanestimateof thedecoder
statexn which is usedto determinethe messageindex i and
begin the transmissionof themessagem i . Themessagem i is
brokenupinto N=K sub-blocksencodingdisjointdatabitswith
eachsegmentof lengthK . Fromtimen + D to timen + D + N
the encoderemits the N=K segmentsto the decoderover the
forwardchannelP by usinganappropriaterateR randomblock
code. By the time n + D + N , it hasdecodedthemessageas
m′ andtherandomcodingboundtells usthattheprobabilityof
decodingerrorP (1)

e = P(m′ 6= m),

P (1)
e �

N
K

2−E r(R )K (4)

This playsthe role of � in the analysisof Yamamoto's scheme
givenearlier.

As eachsub-blockis received,thedecodermakesa decision
andfeedsit backto theencoderover thefeedbackchannel.For
thefeedbacktransmissionthedecoderusesa rateR block code
thatachievestheexpurgatedboundover thefeedbackchannel.15

14The relevant decoderstatexn is simply the numberof blocks that it has
®nalizedup throughtimen.

15It is for this that we requireQ to have a capacitygreaterthan C of the
forwardlink.

Having pipelinedtheN=K segmentsin this fashion,at timen +
D + N the encoderwaits for an extra K time units while it
receivesthefeedbackfor thelastsegmentandat time n + D +
N + K it producesan estimatem′′ of m′. The probability of
makinga mistake P (2)

e = P(m = m′′ 6= m′) is boundedby
P(m′′ 6= m′)

P (2)
e � 4

N
K

2−E ex(R )K : (5)

Finally, the encodercon�rms or deniesthe decoder's estimate
by transmittingL onesif m′′ = m or L zerosif m′′ 6= m. Here
we use“one” and“zero” to meanthetwo channelinputs16 that
achieve themaximizationin (2). While this is beingreceivedon
theforwardlink, thedecoderusesa low rate 1

L anytime codeto
communicateinformationaboutthedecoderstate.

Thedecoderinterpretsthecon�rmation/deny messagein ex-
actly thesamemannerasYamamoto'sschemeandsotheproba-
bility of mistakenly interpretingadeny asanacceptis � 2−C1L

while theprobabilityof falselyviewing acon�rm asadeny is � .
We thenupdatethestateof thereceiverandtheprocessrepeats,
but for thenext block of data.This goesthroughall W + 1 in-
terleavedcyclesbeforewe returnto have a possiblenew block
or repeatedtransmissionof thecyclewe justwentthrough.

D. Analysis: Thedecoderwill makeanerrorwhenit �nalizes
theblock if oneof thefollowing occurs:

� The encodersenta deny but it wasinterpretedasa con-
�rm. Thishasprobability� 2−C1L

� The encoderthoughtthat the decodergot it correct,but
in fact the decodergot it wrong. This has probability
boundedby P (2)

e asgivenin (5).

� Theencoderwastransmittingthewrongblock.

We show that it is possibleto chooseparametersso that all
the above areessentiallyequalin the exponent. The �rst two
areeasy. SetK = (2 + log2 N + C1L)=Eex (R). Notice that
K is at mostlinear in L andsothenumberof sub-blocksis not
explodingwith increasedblocksize.

To get the last term,recall that theencoderusestheanytime
feedbackto estimatethestateof thedecoderW blocksago.The
probabilitythattheencoderselectsthewrongmessageto trans-
mit is thereforeboundedby,

P (3)
e � K ′2−E a( 1

L
)W L : (6)

Sowe cansetW = ( log2 K 0

L + C1)=Ea( 1
L ) andwe are�ne as

long asEa > 0 without feedbackwhich it is known to besince
it is boundedby therandomcodingexponentfor caseswithout
noiselessfeedback. The total probability of decodingerror is
now � 2−C1L +o(L ).

Whatremainsis to boundtheexpectedtransmissionduration.
Notice thatwe acceptthe transmissionwith probabilityat least

16For a binary feedbackchannel,thesewill correspondto theusualoneand
zero.



1� P (1)
e � � justasbefore.Thedifferenceis thatnow thetimeis

notdistributedasageometricrandomvariablesincethepossible
durationsarenow: N + K + L; (W + 1)(N + K + L); 2(W +
1)(N + K + L); : : :. Thishasanexpectationboundedby

(N + K + L)

(

1 +
P (1)

e + �

1 � P (1)
e � �

(W + 1)

)

which canbe madeascloseto N + K + L aswe would like
by makingP (1)

e ; � tiny. Puttingit all togetheranddroppingsub-
exponentialterms,theonly thing thatmattersis theextra delay
of K � C1L

E ex(R ) andsoaftersomesimpli�cation, our reliability
lowerboundbecomes:

Enoisy ( �R) � (
1

C1
+

1
Eex (R)

)−1

(

1 �
�R
C

)

; 0 � �R < C; (7)

whereEex is theexpurgatedreliability for thefeedbackchannel.
Notice that the new constant( 1

C1
+ 1

E ex(R ) )−1 is one-halfthe
harmonicmeanbetweenC1 andEex (R).
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Figure5: Illustrationof the randomcodingE r andexpurgated
Eex exponentsfor aBSCwith crossoverprobability10−6

As thefeedbackchannelbecomeslessandlessnoisy, theex-
purgatedexponent[5] will go to 1 for rateslessthanthecapac-
ity. e.g.Figure5 shows how theexpurgatedboundlooksfor the
BSCwith very smallcrossover probability. As such,thebound
in (7) will approach(1).

V. COMMENTS AND EXTENSIONS

This paperwas focusedon showing that for the reliability
of variable-delaydecoding,asthe feedbackquality getsbetter,
the reliability will approachtheBurnashev boundfor noiseless
feedback.As such,wedid not focusongettingthebestpossible
reliability for thenoisyfeedbackcase.

With someadditionalwork, (5) canbe improved to P (2)
e �

N
K 2−(E f (R )+1)K . This results in replacingEex in (7) with
(E f + 1) whereE f is theForney bound.To get this, we inter-
pretthefeedbackmessageoccasionallyasanerasureasthisonly

causesus to increaseslightly theprobabilityof retransmission.
It is further improved by noticing that (5) is overly conserva-
tive sincewe interpretall errorsascausingusto falselybelieve
that thesubmessagewascorrectlyreceived. Thereareactually
2K possibleplaceswecouldhave landedwhereonly onewould
causeanundetectederror.

It is alsocuriousto seewhat happensin the other limit —
asthe feedbackbecomesmoreandmorenoisy. There,we can
applyasimilarly interleavedForney schemeontheforwardlink
andjust useanytime feedbackto maintainsynchrony. This will
resultin theForney boundE f beingachievableevenwith very
noisy feedback.This givesrise to a surprisingprospect— the
limit of reliability with very noisy feedbackmight be different
thanthefeedback-freecase!
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