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Abstract — We give a scheme for variable-delay reliable
communication over a noisy discrete memoryless channel
with a noisy feedback DMC being available between the re-
ceiver and the transmitter. This scheme works when the ca-
pacity of the feedback channel is greater than the capacity of
the forward channel and the target rate of communication
on the forward channel is less than its capacity. Rather than
looking at a single block in isolation, we consider the sce-
nario where we expect this system to carry an infinite stream
of packets. We show that in the limit of nearly noiseless feed-
back channels, we approach the Burnashev bound[1] on the
reliability of variable-delay channel codes.

|. INTRODUCTION

Feedbaclkanbeanimportantpartof the designof a communi-
cationsystemandit is widely believed that feedbackcan sim-
plify the designof acommunicatiorsystemandachieve higher
performancelt is thereforesurprisingthattherea pair of nega-
tive resultsin classicainformationtheoryregardingfeedback:

1. For discretememorylesschannels,even noiselessfeed-
back does not increasethe Shannoncapacity of the
channel.[2*

2. For sufciently symmetricdiscretememorylesghannels,
noiselesgeedbackdoesnotimprove the block-codingre-
liability functionin the high-rateregime.[3

While the rst is well known, the seconds lesswidely under

stood. The basicresultfor the reliability function is that the
sphere-packindpound continuesto hold for block-codesover

discretememorylesschannelsin which causalnoiselesseed-
backis availableatthetransmitte Thisresultfor DMCsstands
in dramaticcontrasto thesituationfor AWGN channelswith an

averagepower constraintwhereit is well known thataccesgo

causalnoiselesgeedbackenablesa doubly exponentialdropin

theprobability of errorwith increasingolock-length.[§

10r seeexercise4.6in [5].

2Also calledthevolumebound

3Seeexercise5.33in [5] for anillustrationof thisin thecontext of thebinary
symmetricchannel(BSC). It is even easierto seein the contet of the binary
erasurehannel. The causeof block decodingerrorsis fundamentallythe chan-
nel being atypically bad for the durationof that block. Thereis nothingthat
feedbackcando duringthatblock to getaroundthe atypicality.

Unlike Shannoncapacitywhich is not tied to ary particu-
lar classof communicationschemesthe traditional reliability
functionis intimatelyconnectedo the x ed-delayblock-coding
setupfor communicatiorf. As such,it is a naturalto wonder
whetherthe negative resultson reliability with feedbaclaretied
to the x ed-delayblock-codingframevork. Therearetwo main
approachewhich shav thatby changinghe senseof reliability,
onecanseeimprovementswith feedback.The rst of theseis
theparadignof variable-delayxhannetodingandtheseconds
thatof anytime coding.

In this paper after rst reviewing someexisting resultson
variable-delaycodingand anytime codingin the next two sec-
tions, we give a schemefor reliable variable-delaycommuni-
cation over a noisy discretememorylesschannelwith a noisy
feedbackchannelbetweenthe recever and the transmitter It
usesa combinationof expurgatedblock codesand an anytime
codeover thefeedbacKink. We shaw thatin thelimit of nearly
noiselesgeedbackchannelsye approactthe Burnashe bound
onthereliability of variable-delaychannekodes.

Il. VARIABLE-DELAY CODING

Feedbaclallows the encoderto know whenthe decodemeeds
morehelpin decodinghedata.Thisideawasstudiedrigorously
by Forney® in [4] wherehe usedthefactthatblock-decodinger-
rorsoccurdueto atypicalchannelbehaior. This atypicality is
often detectableat the decoder Forney studiedhow this can
be exploited by usinglow-ratefeedbackequestingetransmis-
sionof blocks.With the codevord lengththusdependingnthe
channelrealizationsthereis no longera constantlock-length
that canbe usedin the de nition of the reliability function. In
its place,it is naturalto usethe expectedblock-lengthandFor-
ney shawvsthatit is possibleto achieve reliabilitiesEs aborethe
sphere-packingoundby usingthistechnique.

With high-rateinstantaneousoiselessfeedbackavailable,
the encoderdoesnot needan explicit repeat-requestBy see-
ing the channeloutputs,it alreadyknows that sucha repeatis
necessaryMore signi cantly, the encodercandetectwhenthe
decodeiis aboutto make an error even whenthe decoderoes

“Traditionally, this canbeseerby noticingthatthereliability boundsattained
by convolutional codesasa function of constrainiengthareincompatiblewith
thereliability functionin termsof block-lengths.[5]

STheinterestedeadeishouldalsoseeexercises.19in [5] for ashortintuitive
explanation.



not. Theencodeicanusethisto actively steerthe decodeiaway
from the error Burnashe [1] demonstratedhat for ary 'non-
trivial' discrete-timenemorylesghannethereliability function
is upperboundedoy

B>;O R C;
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Eopt(R) Ci (1

whereR is the expectedrate, C is the Shannorcapacityof the
forwardlink in bits,and
Pil .

Pxi @

C,= nlll?lej pi log,

wherethep; representhe channekransitionprobabilitiesand
we uselog, andhencepowersof 2 in thede nition of therelia-
bility function. Thisboundis farbetterthanwhatwasachiezable
with the explicit repeatequestsn [4].

[1] alsogivesanexplicit schemé thatcanbethoughtof asa
generalizatiorof the onegiven by Horsteinin [6]. This scheme
usesnoiselesfeedbackand can approachthe bound(1) arbi-
trarily closely Theschemevorksin two phasesThe rst phase
hasthe encoderexplicitly track the decoders posteriorproba-
bility distribution overthe possiblemessageslTheencodethen
transmitschannelinputsthat aim to maximizethe reductionin
entrogy of thatposteriof while having the posteriorprobability
of thetruemessagé@creasdo 1. Theseconphasenvolvesthe
encodervalidating the decoder$ statethrougha con rmation
messagelf the decoderis off track andaboutto make a mis-
take, theencodemttemptgo signalto the decodethatit should
expectaretransmission.

In [15], asimplerschemaes givenwhich alsoapproachethe
Burnashe bound(1). Thephasesreillustratedin gure 1. The

rst consistsof a block-codethatworks at a ratevery closeto
capacity By meansof noiselesgeedbacR, the encoderknows

whenthe decodethasmadean errorin decodingthe message.

The secondohaseis a con rmation or dery signalfollowed by
possibleretransmissioinf the entireblockin caseof error

1. During thetime L, theencodersendseithera con rm or
dery messagdy repeatingone of the lettersi or k that
maximize(2). Thedecodewill “con rm” anddecideto
acceptheblockif the empiricaltype of thereceivedsig-
nal is very closeto the probability By the AEP, there
exists somesuitablytiny > 0 sothatthe probability of
decodinga“con rm” asa“derny” is boundedabore by .
Moreimportantly a“deny” will bemisreadasa“con rm”

6The designof this schemeparallelsthe techniquesisedto prove the upper
boundandsodemonstratekow it is optimalbeyondmerelymeetingthebound.

“It is an interestingfact that this is doneby partitioning the messageso
thatthe probability of the partitionsapproximateshe capacityachieving input
distribution to the channel.As such,it givesa nice operationainterpretatiorto
the capacity-achigng input distribution.

8]t is importantto realizethat in this case,the noiselesseedbackcan be
consideredsbeinginstantaneoudecision-feedbackatherthanfeedbaclof the
exact sequencef channeloutputsreceved. We will build on this propertyin
ourscheme.

Transmit messsgeme{1,2, ... , M}

Transmit
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Figurel: Onetransmissiortycle for theasymptoticallyoptimal
encodemith accesgo noiselesseedback.

with a probability closeto 2-C1t = 2-(N+L)Cix47 py
Sanw@'stheorem.[2

2. Becausehe block-codein phasel is at a ratebelow the
capacitytheprobability thatthedecodemalesanerror
for asingleblock canbemadearbitrarily small. Theprob-
ability of repeatingablockis thereforeboundedabore by

+ . Thestoppingtime thenlookslike a geometricran-

domvariableandthe expectedlock lengthis boundedyy
N +L

T
3. By the noiseless nature of the feedback, the encoder al-
ways knows which block the receiver is expecting and
so knows what to transmit. The probability of error
on the block is therefore only the probability that a
“deny” is missedandreceived asa “conrm”. This is
2-(N+L)Cixhr  2-(N+L)C1(1-8) while the expected
block lengthis *+= (N + L). Thusthe Burnashe
boundonreliability canbeapproachedarbitrarily closely

In additionto Yamamotas schemethereare variable-delay
schemegiven by Ooi in [7] wherehe usesideasfrom source-
codingto view variable-delaychannelcodingasa sequencef
successie compressionsf the datato be sentwherethe previ-
ouslyrecevedsymbolsareviewedasside-informatioravailable
atboththetransmitterandrecever. With noiselesgeedbackhe
is ableto attainthe Burnashe Bound(1). His goalis to keep
compl«ity low and he expandsthis approachto moregeneral
channelsand also hassomeinitial work on the caseof noisy
feedback. His approachto noisy feedbackis to goto a x ed-
lengthcode.

I1l. ANYTIME RELIABILITY

Thefundamentaideaof anytime reliability is to understandiow
theprobability of errorchangesswe vary the delaythatwe are
willing to tolerate.[1]

Definition 1 The anytime reliability E,(R) achieved by a rate
R code is the supremum of all ~ for which there existsa K > 0

9Noticethattheerrorprobabilitiesaredeliberatelynot symmetridn this. We
are muchmore concernedwith the probability of 2misseddetectionqdery as
con®rm) thanwe are with the probability of 3falsealarm®(con®rm asdery).
Misseddetectiondet a bad block get out from the decoder Falsealarmsjust
costusalittle bit in theexpectedblock lengthby causingmorerepeats.



such that for every t; d > 0,

P(M_q(t) 8 M_g) K27¢

where M; represents the message that arrived at the encoder at
time i and M]’ (t) represents the best estimate at time t for the
message Mj. The probability is taken over the channel noise
and the messages M.

An easyconsequencef the exponentialdecayof the proba-
bility of erroris thatit is equivalentto requiringthatthereexists
someK ' sothat

PM{~4t)8 M™% K'27¢ ©)
for all t andd. This meansthatby time t we canmostlikely
correctly decodethe entire sequencef messagesp to d time
stepsago. Thisimplicit requiremento eventuallygetall thebits
right is whatmakesarytime reliability special.

Anytime reliability was rst introducedin the contet of
trackinganexponentiallyunstablescalarMarkov processandit
wasshaown in [9] and[11] thatin orderto communicatesuchun-
stableprocesseacrossanoisychannelthechannerequiresot
only enoughShannorcapacitybut alsoa high enoughanytime
reliability. [10] studiedthe binaryerasureehannekindconjec-
turedthatanytime reliability is requiredwhenevaluatinga noisy
channefor usein afeedbackink within ascalarcontrolsystem
trying to stabilizeanunstableplant. This hassubsequentlipeen
provenfor scalarcontrol over generalchanneldn [12] andfor
controlsystemswith vectorvaluedstatesandlinearobsenations
in [13]. Thekey resultthatwe will usehereis thatthere exist
codes that have anytime reliability approaching the traditional
random-coding error exponent even when the encoder has no
access to feedback.'! [11]

Anytime reliability showvs a clearbene t from having feed-
back sincethe arnytime reliability achievable with feedbackis
signi cantly betterthanthe bestknovn boundswithout feed-
back. Figure 2 shavs how variousboundsare relatedto each
otherfor theBEC. NoticethattheBurnashe exponentsin nite
sincezero-errortransmissionsre possiblewith variabledelay
It hasalsorecentlybeenshavn in [14] thata variationon the
sphere-packingpoundgivesan upperboundon the arytime re-
liability evenwith feedbackandthis boundis signi cantly lower
thanthe Burnashe bound.Thatbound,whichis achievablefor
the BEC with noiselesfeedbackgenericallyhasa concae \
shapdik e thatshavn in gure 2.

10Therequiredrateis determinedy the degreeof exponentialinstability and
therequiredanytime reliability depend®n boththe degreeof exponentialinsta-
bility andwhich momentof the estimationerrorthatwe wish to keepbounded.

11An anytime codewithoutfeedbackasalabeledn®nite treestructurevhere
branche®f thetreecorrespondo thevaluesof thebitsto becommunicate@nd
the labelsalongthe way correspondo the channelinputsto be sent. The de-
codertriesto keeptrack of the mostlikely paththroughthe treebasedon what
it hasrecevedsofar. By assigningthe labelsrandomly disjoint branchesare
independentf eachotherandusingthe Gallagerstyle unionbound[5] tells us
thatthe probability of any not-closelyrelatedpathbeatingthe true pathis expo-
nentially small. As such,the probability of erroron a bit decaysexponentially
with delat. Suchconstructionsalsooccurclassicallywhenconsideringn®nite
constrainengthcorvolutionalcodes.
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Figure 2: Randomcoding E,, Sphere-packingsp, Anytime
(with noiselesfeedback)E, andoptimal variable-delayE ot
exponentsfor the BEC with erasureprobability ;.

IV. VARIABLE-DELAY CODING WITH NOISY FEEDBACK

To understandhe fundamentalchallengein the casewith
noisy feedbackit is importantto keepin mind the big picture
of communication.We assume that we have an infinite stream
of bits that we want to communicate from the encoder to the de-
coder by repeatedly using the channels. We chooseo groupthe
bits into paclets/blockor communicatioronly sothatwe can
keepthe expecteddecodingdelay nite.

Often,weinformationtheoristdik e to analyzeonly thecom-
municationof a singlepaclet. Thisis withoutlossof generality
in thecaseof x ed-delaycodingsinceit is alwaysunambiguous
to boththeencodemndthe decodemhich block correspondso
which groupof databits. In the variable-delaycase the corre-
spondencdetweerreceved blocksanddatabits becomesan-
domdueto theinteractionsith thechannel With instantaneous
noiselesdeedback this is not a problemsincethe encoderal-
ways knows for certainwhich block the decoderis expecting
and hencethe single-shotanalysiscarriesover to the repeated
usescenario.

Unfortunatelyit cannotbetakenfor grantedthatary single-
shotanalysiswill carry over to the repeateduse casewhen a
noisy feedbackchannelis involved. This is becausehe noise
on the feedbacKink canmale the encoderelieve thatthe de-
coderhasdecodedK blockscorrectlysofar while the decoder
hasin factonly decodedK’ 6 K blockscorrectly As such,
the probability of erroron the next block is very high sincethe
encodeiis transmittingthe wrong setof bits from the decoders
point of view!'? Sotheanalysisof the casewith noisyfeedback
is fundamentallyinteresting.

12In practicalsettings,this problemcan be mitigatedby the useof explicit
sequencenumberson eachblock but theoreticallywe mustnotice thatin the
in®nite-horizonsetting, the sequencenumberswill grov unboundedlyin size
and so the asymptoticfraction of channelusesdevotedto communicatingse-
guencenumberswill goto 1 andthe dataratewill goto zero.



Overall, we usefour key ideasto modify the schemefrom feedbackchannelQ = [g; ]. We assumehatthe Shannorca-
[15] to work with the noisyfeedbackchannel: pacity of the feedbackchannelis greaterthan or equalto the
capacityof theforwardchannel.Theproblemis speci ed by se-
lectingthetriple (M ; P; Q) andby prescribinga probability Pe.
Basedon that, the problemis to designan encoderfE ,g anda
decoderfD g to minimize the averagetime requiredto trans-
mit messagewhile maintaininga probability of decodingerror
lessthanor equalto P¢ on eachblock. Thetransmissiordura-
tion'? for a particularmessagen is de ned asthelengthof the
time interval which startsat the rst time informationaboutm
is emittedby the encoderandendswhenthe decoderproduces
anestimatem’ of m.

1. Thephasel transmissiotis brokeninto sub-blocksf size
K that arethen“pipelined” with the decisionfeedback
comingacrosghe noisy feedbackchannel. This reduces
the additionaldelay imposedby the noisy natureof the
feedback.We only have to pay anextra K channeluses
ontheentireblock. If we hadnotbrokenthetransmission
into sub-blocksthe decodemwould have hadto wait for
the entireblock beforemakinga decision— andthe en-
coderwould have hadto wait for acomparableime again
beforebeingableto seewhatthatdecisionwas.

B. Notation
2. An expurgatedblock codeis usedto feedbackthe deci-
sionsonthesub-blocksThis hastheeffect of allowing us P: Forward DMC transitionprobabilitiesp;;
to shrink the sub-blocksize and henceextra delaywhen - o
thefeedbaclchanneis relatively noisefree. Q: FeedbacldMC transitionprobabilitiesa;
3. An arytime codeis usedto feedbackthe decisionsre- M : Thenumberof possiblemessaget be sent
garding the con rm/dery messages.This hasthe effect m: The true messageés m, the decoderthinksit is m’, and

of making surethat the encoderand decoderdo not go

i theencodethinksthedecodethasm”.
outof synchroly with eachother

N;K: The messagéds broken into % submessagewhich are
eachtransmittedusing K channeluseson the forward
link, andwhoseindividual decisionsare fed back using
K channelusesonthefeedbacKink.

4. Blocks are interleaved with other blocks as thoughthe
feedbackregarding the con rm/dery messagesakes a
long time to arrive. This playsa technicalrole in con-
trolling the probability of error dueto temporaryloss of

synchronization. L: The nal L channelusesare usedto transmita con-
rm/deny signalon the forwardlink, andto feedbackhe

The formal problem,encodinganddecodingprocedureand decode stateon the feedbackink.

abrief sketchof theanalysisaregiven next.

A. Problem setup Considera streamingmessagdransmis¥/ * 1 The numberof blocksin a single cycle beforeary one
of them could possiblybe retransmitted.Usedto allow

theencodetto geta goodestimateof decodeistatebefore

Message selectingthe next block of databits to send.

queue

Message D: Numberof time stepsbetweenwhenthe decodemakes
souree a nalization decisionand whenthe encodemeedsthat
decision.

x(n): The decoders statex(n) is the history of which blocks

Forward : . ;
ik have been nalized (consideredcon rmed) and which

blocks are awaiting retransmission At the end of every
block, the decoders statecanchangeby at most1 bit —
whetherthatblock was nalized or not.

D C: TheShannorcapacityof theforwardchannelP.

R: The nominalrate R of phasel of both the forward and

— o9NR
Figure 3: Conceptualblock diagram of streamingmessage feedbackchannelise.M = 27 7.

transmissiorsystem. E,: Therandomcodingreliability of theforwardchanneP .

sionsystemasillustratedin Figure3. The systemconsistsof a 131f we wantedto, we could analyzethe total delay incurredby the block

messagsourcethatemitsa randomlyselectedM -ary message 2Sthe sumof the transmissiortime andthe time it spentwaiting in a queue
awaiting transmissionHowever, it shouldbe clearthatthetime spentwaitingin

atregularly spacedntenalsof | Units,_adiscret_e'timﬁnemo"Y' thequeueis negligible for muchthe samereasorthatthe expectedransmission
lessforwardchannelP = [p; ] andadiscrete-timememoryless durationis approximatelythe sameasthe block length.



Eex: The expurgatedboundfor the feedbackchannelQ. The
expurgatedboundis usedsinceit goesto in nity for al-
mostnoiseleschannelswhile the random-codindound
cangetstuckat nite reliabilities.

Ea: Thearytime reliability of the Q channelwhenit is used

without feedback.

Cy: TheBurnashe exponentde nedin (2).

. The probability of falsealarmin the con rm/dery phase
— thatwe senta con rm but it wasfalselydecodedasa
dery.

C. Our scheme:

Let L; N;K;W andR < C be parameterdo be deter
minedlater Supposettime n the encodethasjust completed
the transmissiorof a particularmessage.In the time interval
[n;n+1; ;n+ D]thedecodeimplicitly transmitsnforma-
tion aboutits staté* x,, over the feedbackchannelto the en-
coderD = W(N + K + L) representshetime spentin doing
onecycle of theW otherinterleavedblocks.

Receive

feaback |9 Recave
: for last dae
Traremit message e {1,2, ... , M} ent leny information
K
N L K L L L D N
T T T “1

Figure 4: Encoders timeline of a messagdransmissiorcycle
with theinterleaving of othercyclesgroupednto D.

At timen + D theencodemakesanestimateof thedecoder
statex, which is usedto determinethe messagendex i and
begin the transmissiorof the messagen;. The messagen; is
brokenupinto N=K sub-blocksncodingdisjoint databits with
eachsggmentof lengthK . Fromtimen+ D totimen+ D + N
the encoderemitsthe N=K seymentsto the decoderover the
forwardchanneP by usinganappropriategateR randomblock
code. By thetimen + D + N, it hasdecodedhe messagas
m’ andtherandomcodingboundtells usthatthe probability of

decodingerrorP{Y) = P(m’ 6 m),
N

p) 2—E-(R)K

e

(4)
This playstherole of in the analysisof Yamamotos scheme
givenearlier

As eachsub-blockis receved, the decodemakesa decision
andfeedsit backto the encodever the feedbackchannel.For
the feedbackransmissionthe decodeusesarateR block code
thatachievesthe expurgatedboundover thefeedbackchanneft®

14The relevant decoderstatexn, is simply the numberof blocksthatit has
®nalizedup throughtimen.

151t is for this that we requireQ to have a capacitygreaterthan C of the
forwardlink.

Having pipelinedtheN=K segmentdn thisfashionattimen +
D + N the encoderwaits for an extra K time units while it
recevesthe feedbackor thelastsegmentandattimen + D +
N + K it producesan estimatem’” of m’. The probability of
makinga mistale P{? = P(m = m” 6 m’) is boundedby
P(m” 6 m’)

N o e.RK.
4K 2 :

P (5)

Finally, the encodercon rms or deniesthe decoders estimate
by transmittingL onesif m” = m or L zerosif m” 6 m. Here
we use“one” and“zero” to meanthe two channelinputs'® that
achieve themaximizationin (2). While thisis beingrecevedon
theforwardlink, thedecodeusesalow rate Ll arytime codeto
communicaténformationaboutthe decodesstate.

Thedecodelinterpretsthe con rmation/dery messagén ex-
actlythesamemannerasYamamotos schemendsothe proba-
bility of mistalenlyinterpretingadery asanaccepis 2-C:t
while the probability of falselyviewing acon rm asaderyis .
We thenupdatethe stateof therecever andthe procesgsepeats,
but for the next block of data. This goesthroughall W + 1 in-
terleaved cyclesbeforewe returnto have a possiblenew block
or repeatedransmissiorof the cycle we justwentthrough.

D. Analysis: Thedecodewill makeanerrorwhenit nalizes
theblockif oneof thefollowing occurs:

The encodersenta dery but it wasinterpretedasa con-
rm. Thishasprobability 2-C:t

The encoderthoughtthat the decodergot it correct, but
in fact the decodergot it wrong. This has probability

boundedby P¢? asgivenin (5).
Theencodemastransmittingthewrongblock.

We shaw thatit is possibleto chooseparameterso thatall
the above are essentiallyequalin the exponent. The rst two
areeasy SetK = (2+ log, N + C;L)=Ec«(R). Noticethat
K is atmostlinearin L andsothe numberof sub-blockss not
explodingwith increasedlock size.

To getthelastterm, recallthatthe encoderusesthe arytime
feedbacko estimatethe stateof thedecodem blocksago.The
probabilitythatthe encodeiselectshe wrong messagéo trans-
mit is thereforeboundedy,

P K /2—Ea($)WL. (6)
log, K °
SowecansetW = (=% + Cl):Ea(Ll) andwe are ne as
longasE, > 0 withoutfeedbackwhichit is known to besince
it is boundedby the randomcodingexponentfor caseswithout
noiselesseedback. The total probability of decodingerror is
now 2—01L +0(L)_

Whatremaings to boundtheexpectedransmissioruration.

Notice thatwe acceptthe transmissiorwith probability at least

18For a binary feedbackchannel thesewill correspondo the usualoneand
zero.



1 Pe(l) justasbefore.Thedifferences thatnow thetimeis
notdistributedasageometricandomvariablesincethepossible
durationsarenow: N + K + L; (W + 1)(N + K + L); 2(W +

1)(N + K + L);:::. Thishasanexpectationboundeddy

Pt +
(N+K+L)[1+ ———(W+1)
1 P

which canbe madeascloseto N + K + L aswe would like
by makingPe(l); tiny. Puttingit all togetheranddroppingsub-
exponentialterms,the only thing that mattersis the extra delay

of K EC 1(LR) andso aftersomesimpli cation, our reliability

Iowerbou?irdbecomes:
1 1 -1 RY. .
E noisy (R) (C—l + m) (1 E), 0 R<C; (7N

whereE ¢ is theexpurgatedreliability for thefeedbaclchannel.

Notice thatthe nev constant(z- + ﬁ)—l is one-halfthe

harmonicmeanbetweenC; andE« (R).

R (bits/sample)

Figure5: lllustration of the randomcodingE, andexpurgated
Eeyx exponentfor aBSCwith crosseer probability 106

As thefeedbackchannebecomedessandlessnoisy, the ex-
purgatedexponent[d will goto 1 for rateslessthanthecapac-
ity. e.g.Figure5 shawvs how the expurgatedboundlooksfor the
BSCwith very smallcrosseer probability As such,the bound
in (7) will approach(1).

V. COMMENTS AND EXTENSIONS

This paperwas focusedon shaving that for the reliability
of variable-delaydecoding,asthe feedbackguality getsbetter
the reliability will approachthe Burnashe boundfor noiseless
feedback As such,we did notfocuson gettingthebestpossible
reliability for the noisyfeedbaclkcase.

With someadditionalwork, (5) canbe improvedto Pe(2)

N 2-(Es(R)+DK = This resultsin replacingEey in (7) with
(Ef + 1) whereE; is the Forney bound. To getthis, we inter
pretthefeedbacknmessageccasionallyasanerasureasthisonly

causesisto increaseslightly the probability of retransmission.
It is further improved by noticing that (5) is overly consera-
tive sincewe interpretall errorsascausingusto falselybelieve
thatthe submessageascorrectlyreceived. Thereareactually
2K possibleplaceswve couldhave landedwhereonly onewould
causeanundetectecrror

It is alsocuriousto seewhat happensn the otherlimit —
asthe feedbackbecomegnoreandmorenoisy. There,we can
applyasimilarly interleaved Forney schemenntheforwardlink
andjust usearytime feedbacko maintainsynchrony. This will
resultin the Forney boundE; beingachievableevenwith very
noisy feedback.This givesrise to a surprisingprospect— the
limit of reliability with very noisy feedbackmight be different
thanthefeedback-freease!
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