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Abstract— We consider the problem of information embed-
ding where the encoder modifies a white Gaussian host signal in
a power-constrained manner, and the decoder recovers both the
embedded message and the modified host signal. This extends
the recent work of Sumszyk and Steinberg to the continuous-
alphabet Gaussian setting. We show that a dirty-paper coding
based strategy achieves the optimal rate for perfect recovery
of the modified host and the message. We also provide bounds
for the extension wherein the modified host signal is recovered
only to within a specified distortion. Our results specialized to
the zero-rate case provide the tightest known lower bounds on
the asymptotic costs for the vector version of a famous open
problem in distributed control — the Witsenhausen counterex-
ample. Using this bound, we characterize the asymptotically
optimal costs for the vector Witsenhausen problem to within
a factor of 1.3 for all problem parameters, improving on the
earlier best known bound of 2.

I. INTRODUCTION
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Fig. 1. The host signal S™ is first modified by the encoder using a power
constrained input U”*. The modified host signal X" and the message M
are then reconstructed at the decoder. The problem is to find the minimum
distortion in reconstruction of X" given P, the power constraint, and R,
the rate of reliable message transmission.

The problem of interest in this paper (see Fig. 1) derives
its motivation from an information-theoretic standpoint, as
well as from a distributed-control perspective. Information-
theoretically, the problem is an extension of an information
embedding problem recently addressed by Sumszyk and
Steinberg [1] — the encoder ensures that the decoder re-
covers the modified host signal X™ perfectly, along with the
message. Philosophically, the work in [1] naturally follows
the lead of Steinberg’s earlier work in [2] where distributed
source-coding is explored with the added constraint of having
the eventual reconstructions known at the encoder. There, this
added constraint made the distributed lossy-coding problem
solveable even though in its traditional form, the problem
famously remains open except for the two-user Gaussian case
[3].

In [1], the authors assume that the host signal S™, the
modified host signal (the channel input) X" and the channel
output Y™ are all finite-alphabet. In this paper, we consider
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the Gaussian (and hence infinite-alphabet) version of the
problem and derive tight upper and lower bounds. The
extension is non-trivial [4] because Fano’s inequality-based
techniques do not work for the infinite-alphabet problem.
Instead, we have to consider allowing the decoder to recon-
struct X" to within a specified average distortion. We derive
upper and lower bounds on the rate for nonzero distortion,
and show their tightness in the limit of zero distortion.

Within information theory, our problem is also closely
related to those in [5]-[7] (these connections are described
in detail in [8]). Relative to the state amplification problem
of Kim, Sutivong and Cover [5], the crucial difference is
that their decoder reconstructs the initial state S whereas
ours must recover X"*. In [6], the encoder wants to instead
reveal as little information about the initial state as possible.
In [7], Kotagiri and Laneman consider two (“informed” and
“uninformed”) encoders that transmit over a Multiple Access
Channel with the channel interference S™ known only to
the informed encoder. The informed encoder helps the unin-
formed encoder communicate its message by modifying the
interference S™. Intuitively, an improved reconstruction of
the modified interference could lead to an improved decoding
of the uninformed user’s message.

We ourselves have a different motivation for considering
this problem — that of addressing a long-standing open
problem in distributed control called the Witsenhausen coun-
terexample [9]. It was well known that centralized Linear-
Quadratic-Gaussian (LQG) stochastic control systems are
easy to analyze — the optimal control law is linear in the
observation [10]. For general distributed systems, however,
the inherent difference in “who knows what” brings out a
double-role of the control actions — while minimizing the
local cost terms, they also communicate implicitly to the
other controllers to reduce the knowledge differential. That
this double nature can make life difficult was demonstrated
by Witsenhausen’s 1968 counterexample — a deceptively
simple two-stage distributed LQG system. Witsenhausen
showed in the scalar case that a simple nonlinear two-
point quantization strategy can outperform the best linear
strategies, despite everything being LQG with no bandwidth-
mismatch. However, the problem of finding the optimal
control law has proved to be quite challenging and the
problem remains open. The non-convexity of the problem
makes the search for an optimal strategy hard [11], [12].
In fact, suitably relaxed discrete analogs of the problem are
even NP complete [13].

The connection between our problem and the Witsen-
hausen counterexample is that the special case of zero-rate
communication in our formulation is precisely the asymptotic
vector version of the counterexample with Witsenhausen’s



two distributed controllers playing the roles of £ and D
in Fig. 1. This connection was made by Grover and Sahai
in [8] where upper and lower bounds were developed on
the minimum distortion. Using these bounds, they show that
a combination of linear and DPC-based strategies attains
within factor 2 of optimal for any weighted sum of the power
and distortion costs. These were the first results showing
any-sort of optimality for this type of problem. In a follow-
up work, Grover, Sahai and Park [14] used generalized
sphere-packing ideas to obtain related lower bounds for
non-asymptotic vector lengths. Lattice-based quantization
strategies were given that provably get to within a constant
factor of the optimal cost for each vector length, includ-
ing Witsenhausen’s original scalar counterexample. Witsen-
hausen’s counterexample is not an isolated case that can be
addressed using these tools — a “generalized” Witsenhausen
counterexample is investigated in [15] where quadratic costs
are imposed on all states and inputs. It is shown that vector
quantization based strategies attain within a factor of 4.13 of
the optimal cost for this new problem as well.

In this context, our contribution here is a better lower-
bound that improves the constant-factor approximation for
the asymptotic optimal costs from 2 in [8] to about 1.3.
Techniques similar to those developed in [14] can likely
be used to obtain tighter nonasymptotic finite-length results.
Further, with the new lower bound, the ratio of the upper
and lower bound on the distortion (a formulation of more
information-theoretic flavor) is bounded by 1.5 for all values
of power P and all problem parameters. This is a vast
improvement over [8] where this factor would have been
infinity.

This constant-factor spirit is inspired from constant-gap
approximation results for the capacity' of some notoriously
hard multiuser wireless communication problems [16], [17].
A parallel hope thus arises in distributed control, since the
issue of implicit communication between controllers is as
ubiquitous there as interference is in wireless.

II. PROBLEM STATEMENT

The host signal S™ is distributed A(0,021), and the
message M is independent of S™ and distributed uniformly
over {1,2,...,2™%} The encoder &,, maps (M, S™) to X™
by distorting S™ using input U™ of average power (for each
message) at most P, i.e. E [[|S™ — X™||?] < mP. Additive
white Gaussian noise Z™ ~ N(0,02l), where 02 = 1, is
added to X"™ by the channel. The decoder D,, maps the
channel outputs Y™ to an estimate X™ of the modified host
signal X", and an estimate M of the message. .

Define the error probability €,,(Ex, D) = Pr(M # M).
For the encoder-decoder sequence {&,,, Dy, }5°_,, define the
minimum asymptotic distortion MM SE(P, R) as

inf lim sup iE [HX"’ - )A(m”ﬂ .
{Em:Pm}se_1:€m(Em,Dm)—0 m—oco MM
We are interested in the tradeoff between the rate R, the
power P, and MMSE(P, R).

'In this context, a factor of 2 approximation in transmit power would be
a slightly stronger result than a one-bit approximation in the capacity.

The conventional control-theoretic weighted cost formula-
tion [9] defines the total cost to be

1 1 ~
J= SRUTP £ S Xm-XE )
m m

The objective is to minimize the average cost, E [J] at rate R.
The average is taken over the realizations of the host signal,
the channel noise, and the message. At R = 0, the problem
is the vector Witsenhausen counterexample [8].

III. MAIN RESULTS
A. Lower bounds on MMSE for rate R and power P

Theorem 1: For the problem as stated in Section II, for
communicating reliably at rate R with input power P, the
asymptotic average mean-square error in recovering X™ is
lower bounded as follows. For P > 22F _ 1,

MMSE(P, R)
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where max —a\/P,%} < ogy < oVP. For

P < 22 _ 1, reliable communication is not possible.

Corollary 1: For the vector Witsenhausen problem (R =
0) with E [[U™||?] < mP, the following is a lower bound
on the MM SFE in the estimation of X".

MMSE(P,0)
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where oy € {—a\/ﬁ, o+/P|. Further, this bound holds for
all values of m (and not merely in the limit m — o0).
For conceptual clarity and conciseness, we only consider the
case R = 0 (Corollary 1). Tools developed herein extend
directly to the case R > 0, and are detailed in [18].
Proof: [Of Corollary 1]

For any chosen encoding map &£ and decoding map D,
there is a Markov chain S™ — X™ — Y™ — X" Using
the data-processing inequality

I(S™X™) < I(X™; Y™). )

The terms in the inequality can be bounded by single letter
expressions as follows. Define ) as a random variable
uniformly distributed over {1,2,...,m}. Define S = Sq,
U=Ug, X =Xq, Z=2Z9,Y =Yg and X = Xq. Using
the memorylessness of the channel (see [18] for details),

I(X™:Y™) <mI(X;Y), 3)
and using the fact that the source is iid,

mI(S;X) < I(S™ X™). 4)



Using (2), (3) and (4),
I(S: X) < I(X;Y). (5)
Also observe that from the definitions of S, X, X
and YV, E[L|S™-X"|?] = E[(S-X)?], and
E[Lxm - X2 B [(X - X)2].
sing the Cauchy-Schwartz inequality, the correlation
osy = E[SU] must satisfy the following constraint,

losul = [E[SU]| < VE[S?|VE[U?] = oVP.  (6)
Also,
E[X?)|=E[(S+U)?*| =0 +P+20sy. (1)

Since Z =Y — X 1 X, and because a Gaussian input
distribution maximizes the mutual information across an
average-power constrained AWGN channel, we can upper
bound the RHS of (5) as follows

02+P+2USU>

1 (®)

1
I(X;Y) < 5 log <1 +

Now, looking at the LHS in (5),

1(5:X) = h(S) - h(S|X)
= h(S) = h(S —vX|X) ¥y
Y S) — h(S — %)
= %10g2 (2mec?) — h(S — 7X), )

where (a) follows from the fact that conditioning reduces
entropy. Note here that the result holds for any v, and in
particular, v can depend on ogy. Now,

h(S —yX)
- h((l—v)S—*yU—y()?—X)).

Using the Cauchy-Schwartz inequality, we can bound the
second moment for the random variable in (10),

E {((1 —7)S =AU —y(X —X)>2]

(10)

< (\/(1 —7)%02 + 2P — 29(1 = v)osu

+74/E [()A(—X)2}>2.

This is obtained by aligning® X — X with (1 — ¥)S —~U.
Thus,

(1)

~

I(S; X)

> %log2 (2%602) — h(S — 7)/(\')
1

> §log2 (02)

—log, (\/(1 —7)20%2 4+ ~2P — 29(1 — y)osu

+1/E[(X —X)2D.

2In general, since X™ is a function of Y™, this alignment is not actually
possible unless the recovery of X" is exact. The derived bound is therefore
loose except in the zero-distortion case.

12)

Using (5), (8) and (12), followed by algebraic manipulations
gives us the expression for the lower bound in Corollary 1,
where the sup, . is obtained because any choice of v > 0
is allowed, and the inf,, is obtained by allowing for all
encoders and decoders (the encoding and decoding strategy
influence the bound only through ogy, and ogy has to
satisfy (6)). The details are in [18] since space here is at
a premium. [ ]

B. The tightness at MMSE(P,R) =0

For an achievable strategy, we use the combination of
linear and dirty-paper coding strategies of [8], except that
here we communicate a message at rate 2 as well.

Corollary 2: Given power P, a combination of linear and
DPC-based strategies achieves the maximum rate C(P) in
the limit MM SE(P, R) = 0, where C(P) is given by

c(P)
1 Po? — o2 1 24+ P+2
= suplog2<( d ZSU;( A USU)>7
sy 2 02(0? + P+ 20sy)

where oy E‘J—a\/ﬁ Ol.
Proof: We only outline the proof, see [18] for details.

The achievability:

We first show that the combination of linear and DPC
strategies [8] achieves the expression in Corollary 2. A DPC
strategy with the DPC parameter o = 1 (ensuring perfect
recovery of X') achieves the following rate [19, Eq. (6)]

1 P(P+0%+1)
= —1 _ .
R g 082 ( P+ 02
Now, the combination strategy divides P into Fj;,, and Pg..

The linear part scales S™, modifying the initial state to
variance 62 = (0 — \/Pjin)?. The now achievable rate is

~ 1 Py,.(P 5241
R = log2< pePipe 10+ )>.

sup =
2
PrinPape: P=Piin+Pape 2 Pipe +0

13)

Let osy = —o+/Py, (note that as Pj;, varies from 0 to
P, ogy varies from 0 to —ov/P). Then, Py,. = P — %,
and Pyy. + 02 = Pape + 0% + Piipy — 20/Piiy = P+ 02 +
20sy7. The resulting expression matches the expression in
Corollary 2.

The converse:

. I o’4o
Since we are freepto choose v, let vy = v* = R s ey
Then, 1 — v* = M%. Since MMSE = 0, it has to

be the case that the term inside (-)* in the lower bound is
non-positive for some value of og;. This immediately yields

1 * %2 *
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where o5y € {—a\/ﬁ, a\/ﬁ] . Observe that the term (PO'2—
U%U) is oblivious to the sign of ogy . Further,
1+ 02+ P+ 205y 1
02+ P+ 2050 - 024+ P+ 205y

(14)



is clearly larger for ocsy < 0 if we fix |ogy|. Thus the
supremum in the upper bound is attained at some ogy < 0,
and we get that the expression in the Corollary is an upper
bound on the rate as well. [ ]

IV. NUMERICAL RESULTS

Witsenhausen’s control theoretic formulation seeks to min-
imize the sum of weighted costs k2P + M M SE. Fig. 2(b)
numerically shows that asymptotically, the ratio of upper and
new lower bounds on the weighted cost is bounded by 1.3, an

improvement over the ratio of 2 in [8] and shown in Fig. 2(a).

A ridge of ratio 2 along 0 = Y3=1 present in Fig. 2(a)

(plotted using bound of [8]) does not exist anymore with the
new lower bound since this small-k regime corresponds to
target M M SEs close to zero — where the new lower bound
is tight. This is illustrated in Fig. 3 which also explains why
the ridge along k ~ 1.67 still survives in the new ratio plot.

Fig. 4 shows the ratio of upper and lower bounds on
MMSE(P,0) versus P and o. While the ratio with the
bound of [8] was unbounded (Fig. 4, top), the new ratio is
bounded by a factor of 1.5 (Fig. 4, bottom). Fig. 5 shows that
the price of increasing rate is an increased average distortion
in X" estimation at high rates.

The MATLAB code for these figures can be found in [20].
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