The price of ignorance:
The impact of side-information on delay for lossless
source-coding

Cheng Chang and Anant Sahai

Abstract

Inspired by the context of compressing encrypted sourbésptaper considers the general tradeoff between rate,
end-to-end delay, and probability of error for losslessrsewcoding with side-information. The notion of end-to-end
delay is made precise by considering a sequential settinghich source symbols are revealed in real time and
need to be reconstructed at the decoder within a ceftafrdl latency requirement. Upper bounds are derived on
the reliability functions with delay when side-informatiags known only to the decoder as well as when it is also
known at the encoder.

When the encoder is not ignorant of the side-informationl{iding the trivial case when there is no side-
information), it is possible to have substantially betradeoffs between delay and probability of error at all rates
This shows that there is a fundamengaice of ignorancein terms of end-to-end delay when the encoder is not
aware of the side information. This effect is not visible ifly fixed-block-length codes are considered. In this way,
side-information in source-coding plays a role analogauthat of feedback in channel coding.

While the theorems in this paper are asymptotic in terms of Idelays and low probabilities of error, an
example is used to show that the qualitative effects desdritere are significant even at short and moderate delays.
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The price of ignorance:
The impact of side-information on delay for lossless
source-coding

. INTRODUCTION

There are two surprising classical results pertaining toodac “ignorance:” Shannon’s finding in [1] that the
capacity of a memoryless channel is unchanged if the endwdeaccess to feedback and the Slepian-Wolf result in
[2] that side-information at the encoder does not reduceltha-rate required for lossless compression. When the rate
is not at the fundamental limit (capacity or conditionalrepy), the error probability converges to zero exponelstial
in the allowed system delay — with block-length serving as tiladitional proxy for delay in information theoretic
studies. Dobrushin in [3] and Berlekamp in [4] followed up 8hannon’s result to show that feedback also does
not imprové the block-coding error exponent in the high-rate regimesgelto capacity) for symmetric channels.
Similarly, Gallager in [6] and Csisz and Korner in [7] showed that the block-coding error exponentslidgsless
source-coding also do not improve with encoder-side-méttion in the low rate regime (close to the conditional
entropy). These results seemed to confirm the overall messegethe advantages of encoder knowledge are
limited to possible encoder/decoder implementation cewxipt reductions, not to anything more basic like rate or
probability of error.

Once low complexity channel codes were developed that dicheed feedback, mathematical and operational
duality (See e.g. [8], [9]) enabled corresponding advanedsw complexity distributed source codes. These codes
then enabled radical new architectures for media codinghithvthe complexity could be shifted from the encoder
to the decoder [10], [11]. Even more provocatively, [12] aduced a new architecture for information-theoretic
secure communication illustrated as a shift from Figure 1 gufé 2. By viewing Shannon’s one-time-pad from
[13] as virtual side information, Johnsoat al in [12] showed that despite being marginally white and umifp
encrypted data could be compressed just as effectively lygtarm that does not have access to the key, as long as
decoding takes place jointly with decryption. However, dllthis work followed the traditional fixed-block-length
perspective on source and channel coding.
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Fig. 1. The traditional compression/encryption system for sources withrmdancy. (Figure adapted from [12])

Recently, it has become clear that the behavior of fixed-blenlgth codes and fixed-delay codes can be quite
different in contexts where the message to be communicatesl/ealed to the encoder gradually as time progresses
rather than being known all at once. In our entire discussio@ assumption is that information arises as a stream
generated in real time at the source (e.g. voice, video, ms@aneasurements) and it is useful to the destination in

The history of feedback and its impact on channel reliability is reviewedetaidin [5].
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Fig. 2. The novel compression/encryption system in which a messagstigficrypted and then compressed by the “ignorant” encoder.
(Figure adapted from [12])

finely grained increments (e.g. a few milliseconds of voicsingle video frame, etc.). The encoded bitstream is also
assumed to be transported at a steady rate. The acceptakie-end delay is determined by the application and can
often be much larger than the natural granularity of therimfation being communicated (e.g. voice may tolerate
a delay of hundreds of milliseconds despite being usefulhorements of a few milliseconds). The end-to-end
delay perspective here is common in the networking commufhis is different from cases in which information
arises in large bursts with each burst needing to be recdiyetie destination before the next burst even becomes
available at the source.

[5] shows that unlike the block channel coding reliabiliynttions, the reliability function with respect to
fixed end-to-end delay can in fact improve dramatically with fe@ck for essentially all DMCs at high ratés.
The asymptotic factor reduction in end-to-end delay enabledeedback approaches infinity as the message rate
approaches capacity for generic DMCs. In addition, the neatf the dominant error events changes. Consider
time relative to when a message symbol enters the encod#roMyifeedback, errors are usually causediliyre
channel atypicality. When feedback is present, it moabination of past and futuratypicality that causes errors.

The results in [5] give a precise interpretation to the ch&onding half of Shannon’s intriguingly prophetic
comment at the close of [16]:

“[the duality of source and channel coding] can be pursuethén and is related to a duality between
past and future and the notions of control and knowledge. TWeusnay have knowledge of the past and
cannot control it; we may control the future but have no kremige of it.”

One of the side benefits of this paper is to make Shannon’s coimsimailarly precise on the source coding
side. Rather than worrying about what the appropriate daaity of information should be, the formal problem is
specified at the individual source symbol level. If a symbaias delivered correctly by its deadline, it is considered
to be erroneous. The upper and lower bounds of this paper twirioonot depend on the choice of information
granularity, only on the fact that the granularity is much fittean the tolerable end-to-end delay.

Here, we show that when decoder side-information is alsdledbla at the encoder, the dominant error event
involves only thepastatypicality of the source. This gives an upper bound on the fdeldy error exponent that
is the lossless source-coding counterpart to the “unegytdocusing bound” given in [5] for channel coding with
feedback. This bound is also shown to be asymptotically sabie at all rates. When side-information is present
only at the decoder, [17] showed that the much slower randoding error exponent is attainable with end-to-end
delay. Here, an upper bound is given on the error exponentniaéches the random-coding bound from [17] at
low rates for appropriately symmetric cases — like the cdseompressing encrypted data from [12]. This shows
that there is a fundamental price of encoder ignorance thet tme paid in terms of required end-to-end delay.

Section Il fixes notation, gives the problem setup, and stdtesntain results of this paper after reviewing
the relevant classical results. Section Il evaluates aiipemimerical example to show the penalties of encoder

2It had long been known that the reliability function with respectate@rageblock-length can improve [14], but there was a mistaken
assertion by Pinsker in [15] that the fixed-delay exponents do not wepndith feedback.



ignorance. It also demonstrates how the delay penalty moedi to be substantial even in the non-asymptotic regime
of short end-to-end delays and moderately small probgitfiterror requirements. Section IV gives the proof for
the fixed delay reliability function when both encoder and ks have access to side-information. Section V
proves the upper-bound on the fixed-delay reliability fumetivhen the encoder is ignorant of the side-information
and the appendices show that it is tight for the symmetrie cBmally, Section VI gives some concluding remarks
by pointing out the parallels between the source and chasodihg stories.

[I. NOTATION, PROBLEM SETUP AND MAIN RESULTS

In this paper, all sources are iid random processes from falthabets where the finite alphabets are identified
with the first few non-negative integers.and y are random variables taking values & and ), with z andy
used to denote realizations of the random variables. Withass of generality, assume thet € X', Vy € ), the
marginalsp,(z) > 0 andp, (y) > 0. The basic problem formulation is illustrated in Figure 3 foe tcases with or
without encoder access to the side-information.

X1, >T<2, Encode Decode X1,Xo, ...
(Xia )/i) ~ Pxy

|

Y1, Yo, ...

Fig. 3. Lossless source coding with encoder/decoder side-information

The goal is to losslessly communicate the sourc@lrawn from a joint distributiorp,, on x, y, over a fixed
rate bit-pipe. The decoder is always assumed to have accdbe ®de-informatiory, and it may or may not be
available to the encoder as well.

Rather than being known entirely in advance, the source eignbnter the encoder in a real-time fashion.
(Nustrated in Figure 4) For convenience, time is countedemms of source symbols: we assume that the sofirce
generates a pair of source symb@isy) per second from the finite alphab&tx ). The j'th source symbok; is
not known at the encoder until timeand similarly fory; at the decoder (and possibly encoder). Réteperation
means that the encoder senidbinary bit to the decoder eveI% seconds. Throughout the paper the focus is on

cases withH,|, < R <log, | X/, since the lossless coding problem becomes trivial outsfdeat range.

Source X1 X2 X3 X4 X5 XG on-
T
Encoding b (x3) ba(xt) b3 (x%) ...

Rate limited Channel

Side-infoyq, ya,... — Decoding x1(4) x2(5) Xx3(6) ...

Fig. 4. Time line for fixed-delay source coding with decoder side-infdiom: rateR = 1, delay A = 3.

Definition 1: A rate R encoderé is a sequence of mags;},j = 1,2,.... The outputs of; are the bits that
are communicated from timg— 1 to j. When the encoder does not have access to the decoder &idu4tion:

& - X9 — {0, 1 RI=LG=DE]

\ _ iRl
€i(x1) = bt py



When the encoder does have access to the decoder side-atifmmm
& : X<yl {0, 1}LJRJ*L(j*1)RJ

o -
Sj(levy{) = bﬁj—Jl)Rj-H

Definition 2: A fixed delayA decoderD* is a sequence of mag®#},j = 1,2,.... The input toD5 are the
all the bits emitted by the encoder until timie- A as well as the side-informatiqva. The output is an estimate

x; for the source symbat;.
Alternatively, a family of decoders indexed by differentales can be considered together. For these, the output

is a listx(j) = x1(5),---,%;(4))-
A . j j
Dy {0,1}UR) x i — x
DA, y) =7j-a())

where;_a(j) is the estimate ok;_ at timej and thus has an end-to-end delay/ofseconds.

The problem of lossless source-coding is considered by edagithe asymptotic tradeoff between delay and
the probability of symbol error:

Definition 3: A family (indexed by delayA) of rate R sequential source codd$c>, D2} achieves fixed-delay
reliability E(R) if for all € > 0, there existsk’ < oo, S.t.Vi,A >0

Pr(x; #xi(i+ A)) < K9~ AE(R)—e)

when encode€? is used to do the encoding of the source dpd} is the decoder used to recover

It is important to see that all source positioheequire equal protection in terms of probability of errout lthe
probability of error can never be made uniform over the seusalizations themselves since it is the source that
is the main source of randomness in the problem!

A. Review of block source coding with side information

Before stating the new results, it is useful to review thessieal fixed-block-length coding results. In fixed-
block-length coding, the encoder has access/tall at once (as well ag® if it has access to the side-information)
and produces:R bits all at once. These bits go to the block decoder along wi¢hside-informatiory;* and the
decoder then produces estimatés all at once. While the usual error probability consideredhs block error
probability Pr(x}* # ') = Pr(x]* # D, (E.(x1"))), there is no difference between the symbol error probaghsitd
the block-error probability on an exponential scale.

The relevant error exponentS(R) are considered in the limit of large block-lengths, ratheart end-to-end
delays.E(R) is achievable i3 a family of {(&,,D,,)}, s.t.

1 ~
lim ——logy Pr(x{' # X{') = E(R) (1)
n—oo n

The relevant results of [7], [6] are summarized into the folltg theorem.

Theorem 1:If the block-encoder does not have access to the side-iafiiom the best possible block-error

exponent is sandwiched between two bounﬂggb(R) < Eqip(R) < EY , (R) where

si,b

Egp(R) = min{D(quy[pxy) + max{0, R — H(qy,)}} o)
= sup pR— Eo(p) 3)

0<p<1
v (R) = i D(q || P 4
sip(12) pn (@xy [|Pxy) (4)
= suppR — Ey(p) (5)

0<p
where )
EO(/O) = log, Z(Z pxy(% y)m)(l—’—p) (6)
Y T

is the Gallager function for the source with side-inforroati



The lower-bound corresponds to the performance of randamitg with MAP decoding. The upper and lower
bounds agree for rates close #(p,|, ), specifically R < 8%;”\,,21.

If the encoder also has access to the side-information, #{ep(R) is the true error exponent at all rates since
it can be achieved by simply encoding the conditional type’ofjiven 47 and then encoding the index of the true
realization within that conditional type.

If there is no side-information, thep = 0 and the problem behaves like the case of side-informatiawkn
at the encoder. (4) recovers the simple point-to-point filzktk-length error exponent for lossless source coding.
The resulting random and non-random error exponents are:

E¢ (R, px) = H}Iin{D(qupx) +max{0, R — H(qx)}} (7)
Esp(R,px) = qX:$;32RD(qxl\px)- (8)

The Gallager function (6) in (5) and (3) also simplifies to

Eo(p) = (1+ p)logy(3 pula) ™). 9)

B. Main results

[17] shows that the random coding bouﬁiﬂib(R) is achievable with respect to end-to-end delay even without
the encoder having access to the side-information. Thusfdtter of two increase in delay caused by using a
fixed-block-length code in a real-time context is unnecgsgai’] uses a randomized sequential binning strategy
with either MAP decoding or a universal decoding scheme wwaks for any iid source. [18] shows that the same
asymptotic tradeoff with delay is achievable using a momapotationally friendly stack-based decoding algorithm
if the underlying joint distribution is known. However, itims out that the end-to-end delay performance can be
much better if the encoder has access to the side-informatio

Theorem 2:For fixed rateR lossless source-coding of an iid source with side-inforomapresent at both the
receiver and encoder, the asymptotic error exporiéntR) with fixed end-to-end delay is given by the source
uncertainty-focusing bound:

Ea(R) = inf ~E" ,((a+ 1)R) (10)

a>0 o Shb

where £, is defined in (4) and (5). The source uncertainty-focusing dotan also be expressed parametrically

1y

in terms of the Gallager functiofy(p) from (6):
Eei(R) = EO(p)

This bound generically approach&s= H (x|y) at strictly positive slope oiH(x\y)/82§;2(0). Whenygi;z(o) =0,
the fixed-delay reliability function jumps discontinuougtpm zero to infinity.

Furthermore, this bound is asymptotically achievable byhgisiniversal fixed-to-variable block codes whose
resulting data bits are smoothed to fixed-r&ethrough a FIFO queue with an infinite buffer size. This code is
universal over iid sources as well as end-to-end delaysdtesufficiently long (the block-length for the code is
much smaller than the asymptotically large end-to-endydetmstraint).

Theorem 3:For fixed rateR lossless source-coding of an iid source with side-inforomabnly at the receiver,
the asymptotic error exponeti,;(R) with fixed end-to-end delay must satishy,;(R) < E%(R), where

1
EF%(R) = i inf —D(qxy||pxy),
wB) = mind i an oD @ lPe)
. 1—«
inf D(qx|lpx) + D(‘ny“pxy)} (12)

Gy, 1>a>0:H(gyy)>(14+a)R &

For symmetric cases (such as those depicted in Figure 5), wetha following corollary:
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Fig. 5. A joint distribution onx, y that comes from a discrete memoryless channel connecting the two ¢ogetth where theg is uniform
and independent of the channel.

Corollary 1: Consider iid (x,y) ~ px, such that the side-informatiop is uniform on) andx = y @ s,
wheres ~ ps is independent ofy. Then the asymptotic error exponeht;(R) with fixed delay must satisfy
Ei(R) < B, ,(R) = Es (R, ps) from (4) and (8).

Since [17] shows thakt'g; ,(R) is achievable at low rates, Corollary 1 is tight there.

[11. APPLICATION AND NUMERIC EXAMPLE

While the above results are general, they can be appliectsgécific context of the [12] approach of compressing
encrypted data. The general problem is depicted in Figure @rimg of joint encryption and compression. The
goal is to communicate from end-to-end using a reliable fibatd-bit-pipe in such a way that:

« The required rate of the bit-pipe is low.

« The probability of error is low for each source symbol.

« The end-to-end delay is small.

« Nothing is revealed to an eavesdropper that has access tuttfream.

The idea is to find a good tradeoff among the first three while pvesgthe fourth. To support these goals, assume
access to an infinite supply of common-randomness sharedgatherencoder and decoder that is not available to
the eavesdropper. This can be used as a secret key. We arengetroed here with the size of the secret key.

This section evaluates the fixed-delay performance for batlctimpression-first and encryption-first systems as
a way of showing the delay price of the encoder’s ignorandd®fkide-information in the encryption-first approach.
Nonasymptotic behavior is explored using a specific code Hortsshort values of end-to-end delay to verify that
the price of ignorance also hits when delays are small.

A. Encryption/compression of streaming data: asymptotitilie

The main results of this paper can be used to evaluate twodatedarchitectures: the traditional compression-first
approach depicted in Figure 1 and the novel encryption-firpt@ach proposed in [12] and depicted in Figure 2.

Source s1 So s3 sy S5 SG ..
Compression/Encryption b1 (s?) ba(st) bs(s9) ...

Rate limited channel

Decompression/Decryption 51(4) s2(5) 53(6) ...

Fig. 6. Joint encryption and compression of streaming data with a fixdeeend delay constraint. Here the rate= % bits per source
symbol and delay\ = 3.



1) Compress and then encrypthe traditional compression-first approach is immediatelyeced by Theorem 2
since the lack of side-information as far as compressionoiscerned can be modeled by having trivial side-
informationY = 0 andx = s. In that case, the relevant error exponent with end-to-eidydis given by (11). The
secret key can simply be used to XOR the r&tditstream with a one-time-pad.

Source T sf sf .14 .15 Sf
Compression TIl(slz) bo(st) b3(s9) ...
Secret keyy1, y2, ... — Encryption bi=y1 Db bo=ya® by b3=ys3Dbs ..
Rate limited public channel
Secret keyy1, y2, ... — Decryption bi=yi®by by=ys® by by=ysPbs ..
Decompression 51(4) 5(5) 53(6) ...

Fig. 7. The traditional approach of compression followed by encrypfionfixed-delay encoding at ratg = é delay A = 3.

2) Encrypt and then compres&or the new approach of [12], the secret key is used at a raiegofS| bits per
source-symbol to generate iid uniform virtual side-infaton random variableg on the alphabedy = X = S.
The virtual source is generated by= s ¢ y where the+ operation is interpreted in the Abelian group modulo
|S|. It is clear from [13] that the mutual informatiof(s{*; x{*) = 0 for all » and since there is a Markov chain
s — x — b to the encoded data bits, the eavesdropper learns nothimg #ie source symbols. Given knowledge
of the secret keyy, decodingx correctly is equivalent to decoding correctly. Thus, the conditional entropy
H(x|ly) = H(x© yly) = H(s|ly) = H(s) so nothing is lost in terms of compressibility.

Source s1 So s3 sS4 S5 56 ...
Secret keyy1, y2, ... — Encryption X1 X2 X3 X4 X5 XG ..
Compression b1 (x3) ba(xi) bs(x$) ...

Rate limited public channel

Joint decryption

Secret keyyy, y2,... — .
Wi, y2 Decompression

51(4) 5(5) 53(6) ...

Fig. 8. Fixed-delay compression of already encrypted streaming tlatdeaR = % and delayA = 3.

Meanwhile, the marginal distributions for both the encetbtlatax and the secret key are uniform. Since the
conditions for Corollary 1 hold, the upper bound on the eerponent with delay i€ ,(R) from (4) and (5).
[17] guarantees that a sequential random binning stratagyachieve the exponent in (2) and (3).

This means that nothing higher than the fixed-block-lengtbreexponent for source coding can be achieved
with respect to end-to-end delay if the encryption-first @&sgtiure is adopted with the requirement that nothing
about the true source be revealed to the compressor. As Hieseetion illustrates by example, there is a severe
delay price to requiring the encoder to be ignorant of thersmu



In practical terms, this means that if both the end-to-endydand acceptable probability of symbol error are
constrained by the application, then the approach of emiorydollowed by compression can end up requiring
higher-rate bit-pipes.

B. Numeric example including nonasymptotic results
Consider a simple sourcewith alphabet size3, S = {A, B,C} and distribution

p(A)=a po(B) =5 po(C) ="

wherea = 0.65 for the plots and numeric comparisons.

1) Asymptotic error exponentShe different error exponents for fixed-block-length and fixkdlay source coding
predict the asymptotic performance of different sourceimgpdystems when the end-to-end delay is long. We plot
the source uncertainty-focusing bout;(R), the fixed-block-length error expone, ,(R, ps) and the random
coding boundEQb(R,ps) in Figure 9. For this source, the random coding and fixed-bleokth error exponents

are the same foR < %ﬁ]pzl = 1.509. Theorem 1 and Theorem 2 reveal that these error exponentsngtine
asymptotic performance of fixed-delay systems with and witlencoder side-information.

1r to —— Delay optimal coding

— - Block coding
Random coding

® Simple prefix coding

Error Exponents

15 log,(3)
Rate R

Fig. 9. Different source coding error exponents: fixed-delayresxponentE, (R) with encoder side-information, fixed-block-length error
exponentE; (R, ps), and the random coding bournfdl] , (R, ps). The fixed-block-length bound also bounds the fixed-delay case wvtithou
encoder side-information since the example here is symmetric.

Figure 10 plots the ratio of the source uncertainty-focudiegnd over the fixed-block-length error exponent.
The ratio tells asymptotically how many times longer the gefaust be for the system built around an encoder
that does not have access to the side-information. The sha#igo is around?2 at a rate around.45.

2) Non-asymptotic resultsThe price of ignorance is so high, that even non-optimal cau#is encoder side-
information can outperform optimal codes without it. Thictien uses a very simple fixed-delay coding scheme
using a prefix-free fixed-to-variable code[19] instead of tlsgnaptotically optimal universal code described in
Theorem 2. The input block-length is two, and the encoder usesitle-information to recover before encoding
it as:

AA—0
AB — 1000 AC — 1001 BA — 1010 BB — 1011
BC — 1100 CA — 1101 CB — 1110 CC — 1111

For ease of analysis, the system is runfat % < a%’p(p)|p:1 = 1.509. This means that the source generates
1 symbol per second angl bits are sent through the error-free bit-pipe evergeconds. The variable-rate of the
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Fig. 10. Ratio of the fixed-delay error exponent with encoder sideimdition E.; (R) over the fixed-block-length error exponefit ; (R, ps).
This reflects the asymptotic factor increase in end-to-end delay reqoiremmpensate for the encoder being ignorant of the side-information
available at the decoder.

code is smoothed through a FIFO queue with an infinite buffer iraamar similar to the buffer-overflow problem
studied in [20], [21]. The entire coding system is illustchia Figure 11.

It is convenient to examine time in increments of two secofithe length of the codeword generated is either
or 4. The buffer is drained out b§ bits per2 seconds. Lef; be the number of bits in the buffer as at tirde.
Every two seconds, the number of bitg in the buffer either goes down Wyif sor_1, 50, = AA or goes up byl
if sor_159x # AA. If the queue is empty, the encoder can send arbitrary bitgigh the bit-pipe without causing
confusion at the decoder because the decoder knows thabtineesonly generates source symbol per second
and that it is caught up.

Source AA AB BA CC AA CA AA AA AA CB AA CC

2 g T g S =
Prefix code S o — o — — —
o — - o o o o o
o 4 -
Buffer / /| o =1 — o o / / / o / —

Rate R bit-stream  w g# 100 010 101 111 011 010 O0* O* 111 00* 11

Decision § 2 ZS 8 } Zt;f } } 8:{:

Fig. 11. Suboptimal prefix coding system in action. / indicates empty queineicates meaningless filler bits.

Clearly Ly, k = 1,2, ... forms a Markov chain with following transition matrix:, = L;_1 + 1 with probability
1 —a? L = L,_1 — 2 with probability «>. The state transition graph is illustrated in Figure 12. Fig ¥Markov
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chain, the stationary distribution can be readily cale@d&{22].

—1+ 1+MI¢
5 ) (13)

=4

—14, /14400 . . :
Whereqg =a? andZ =1 — ———5—"— s the normalization constant. For this example= 0.228. Notice that
7 IS geometric and the stationary distribution exists as Iaag% < 8 or equivalentlyg > % In this example,
a = 0.65 and thusq = a® = 0.4225 > % so the stationary distribution; exists.

Fig. 12. Transition graph of a reflecting random wdlk for queue length given the specified prefix-free code and the tesmuyce
distribution {a, 15, 152} and fixed rate3 bits per source symbol = a* denotes the probability that, decrements by 2.

AssumeA is odd for convenience. For the above simple coding systedecading error can only happen if at
time 2k — 1 + A, at least one bit of the codeword describisig 1, sor. is still in the queue. Since the queue is
FIFO, this implies that there were too many bits awaiting tnaission at time2k itself — ie that the number of
bits L in the buffer at time2k, is larger than

3

L§(A —1)] — l(s2k—1, S2k)

wherel(sy,_1, so1) is the length of the codeword fap,_1, sox.. I is 1 with probability g = a? and4 with probability
1—¢ = 1—a?. Notice that the length of the codeword fy,_1, s, iS independent of;, since the source symbols
are iid. This gives the following upper bound on the error @tabty of decoding with delayA when the system
is in steady stafe

Pr(ggk(QkJ -1+ A) 75 Sgk)
Pr(ggk_l(Qk’ -1+ A) #* Sgk_l)

IN

Pr(l(sok—1,5%) = 1) Pr(Ly > L;(A -1)]—1)

PI‘(Z(SQk_l, Sgk) = 4) Pl“(Lk > Lg(A — 1)J — 4)

¢ >, m+l-9 D> 0w

i=15(A-1)] j=13(A-1)]-3

4(1—q)
—l4y/1+ q 12(A-1)]-3
5 )

whereG is the normalization constant

2 14 1+4(1—Q) A
=23 (— YTy (1-q).

j=0
For this exampleG = 0.360. Thus, the fixed-delay error exponent for this coding system is

3 _1_|_ 1+ 4(1(;f1)
5 log, ( 5 )

3The polynomial corresponding to the recurrence relation for the statiatiatribution has three roots. One of themlisnd the other is
unstable since it has magnitude larger tHarThat leaves only one possibility for the stationary distribution.
“If the system is initialized to start in the zero state, then this bound remains adiel the system approaches steady state from below.
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Figure 13 compares three different coding schemes in theasgmyptotic regime of short delays and moderate
probabilities of error at raté. As shown in Figure 9, at this rate the random coding error BgpoL” , (R, ps) is the
same as the fixed-block-length error exponénji, (R, ps). The block coding curve plotted is for an optimal coding
scheme in which the encoder first buffers @psymbols, encodes them into a Ien@h‘%—length binary sequence
and uses the ne@ seconds to transmit the message. This coding scheme givesoare)eponent%}z’ps) with
delay in the limit of long delays.

Error probability (symbol)

107 L = Block coding
- Causal random coding
—— Simple prefix coding
T T

40 50 60

0 10 20 30
End to end delay

Fig. 13. Error probability vs delay (non-asymptotic results) illustrating thieepof encoder ignorance.

The slope of these curves in Figure 13 indicates the error exgayoverning how fast the error probability goes
to zero with delay. Although smaller than the delay optimabeexponentZ;(R), this simple coding strategy has
a much higher fixed-delay error exponent than both sequeatidlom coding and optimaimplexblock coding. A
simple calculation reveals that in order to getta® symbol error probability, the delay requirement for our gl
scheme isv 40, for causal random coding is arourd303, and for optimal block coding is arourfd~ 374. Thus,
the price of encoder ignorance is very significant even in thie-asymptotic regime and fixed-block-length codes
are very suboptimal from an end-to-end delay point of view.

IV. ENCODERS WITH SIDEINFORMATION
The goal of this section is to prove Theorem 2 directly.

A. Achievability

The achievability ofE,;(R) is shown using a simple fixed-to-variablength universal code that has its output
rate smoothed through a FIFO queue. Because the end-to-emyg alglerienced by a symbol is dominated by the
time spent waiting in the queue, and the queue is drained attesirdinistic rate, the end-to-end delay experienced by
a symbol is essentially proportional to the length of thewpierhen that symbol arrives. Thus on the achievability
side, Theorem 2 can be viewed as a corollary to results on tfierkayverflow exponent for fixed-to-variable length
codes. The buffer-overflow exponent was first derived in [20]dases without any side-information at all. Here,
we simply state the coding strategy used and leave the el@tailalysis for Appendix A.

The strategy only depends on the size of the source alph&béets)|, not on the distribution of the source.

*We ran a linear regression on the data = log,, P.(A), za = A as shown in Figure 9 from\ = 80 to A = 100 to extrapolate the
A, s.t.log,, P.(A) = —6.

®Fixed-to-variable was chosen for ease of analysis. It is likely that baxito-fixed and variable-to-variable length codes can also be used
as the basis for an optimal fixed-delay source coding system.
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Streaming side information Y

Y

Streaming data X—{Fixed to variable length Enco%et—

Y

FIFO

Y
= Decoder

Encoder Buffer Rate R bit stream

Fig. 14. A universal fixed-delay lossless source coding system boilinal a fixed-to-variable block-length code.

First, a finite block-lengthV is chosen that is much smaller than the asymptotically l&agget end-to-end delay
A. For a discrete memoryless sourcgeside informationy and large block-lengthv, an optimal fixed-to-variable
code is given in [7] and consists of three stages:

1) Start with al.

2) Describe the joint type of the block; (the i'th block of length N) and y;. This costs at most a fixed

1+ |X||Y|logy N bits per block.

3) Describe which particular realization has occurredX¥oby using a variableV H (X;|y;) bits whereH (Z;|y;)

is the empirical conditional entropy of sequengegiven ;.

This code is obviously prefix-free. When the queue is empty,fitked-rate R encoder can send @& without
introducing any ambiguity. The total end-to-end delay eigered by any individual source-symbol is then upper-
bounded byN (how long it must wait to be assembled into a block) pg%mimes the length of the queue once it
has been encoded.

Write I(X;, y;) as the random total length of the codeword #ry;. Then

NH(%ilyi) < 1%, ¥i) = N(H(X]y:) + en) (14)

whereey < ZHXIV0s:(VHD goes to) as N gets large.

Because the source is iid, the lengths of the blocks are mls&ach one has a length whose distribution can be
bounded using Theorem 1. From there, there are two paths to Siteodesired result. One path uses Corollary 6.1
of [5] and for that, all that is required is a lemma parallelltemma 7.1 of [5] asserting that the length of the
block has a distribution upperbounded by a constant plusoengtric random variable. Such a bound easily follows
from the (5) formulation for the block-reliability functio We take a second approach proceeding directly using
standard large deviations techniques. The following lemmantds the probability of atypical source behavior for
the sum of lengths.

Lemma 1:for all ¢ > 0, there exists a block lengtlvy large enough so that there exigts < oo such that for
all n >0 and all H(x|y) < r < logs | X|

Pr(> U(%,7) > nNr) < K27 "NEia )=, (15)
i=1
Proof: : See Appendix .

At time (¢t + A)N, the decodecannotdecodeX; with 0 error probability iff the binary strings describing are
not all out of the buffer yet. Since the encoding buffer is FIFO, timisans that the number of outgoing bits from
some timet; to (t+ A)N is less than the number of the bits in the buffer at timelus the number of incoming
bits from timet; to time ¢tN. Suppose the buffer were last empty at time=tN — nN where0 < n < t. Given
this, a decoding error could occur onIyEf‘:—O1 (X—i, Yi—i) > (n+ A)NR.
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Denote the longest code length by,, < 2+ |[X||V|logy(N 4 1) + N log, |X|. ThenPr(3 10 1I(R—i, Vii) >
(n+A)NR) > 0 only if n > (7L+A)TNR > &NR 2 gA | 5o

max

t n—1
Pr(ft # ft((t - A)N)) S Z PI(Z l()?tfiaytfi) > (TL + A)NR) (16)
n=pA =0
' (n+a)
—nN(E, (28R
<(a) Z K27 N EL () —a)
n=GA
<w . Ko2NWFhame) 4N Ko~ AN (mings {Z20 0 )
n=7A n=8A

© K32 YAN(ES y(R)—e2) | WA — ﬁA‘K32_AN(Eei(R)_€2)
K9-AN(Eei(R)—e)

where the largel(/s and arbitrarily tinye.s are properly chosen real numbefs) is true because of Lemma 1.

Letting v = Jf ((}%) in the first part of(b), we only need the fact that’s; »(R) is non-decreasing witl. In the

second part o’(b) let o = ”+A and choose thex to minimize the error exponents. The first term (@f comes
from the sum of a geometrlc series. The second ternfcpffollows from the definition ofE.;(R) in (10). (d)
follows from the definition ofy above and by absorbing the linear term into thie the exponent. |

B. Converse

The idea is to bound the best possible error exponent with fixddydwithout making any assumptions on
the implementation of the encoder and decoder beyond the &xreldto-end delay constraint. In particular, no
assumption is made that the encoder works by encoding seyrobols in small groups and then uses a queue to
smooth out the rate. Instead, an encoder/decoder pair Edeed that uses the fixed-delay system to construct a
fixed-block-length system. The block-coding bounds of [7] trereby translated to the fixed delay context. The
arguments are analogous to the “uncertainty-focusing #fodarivation in [5] for the case of channel coding with
feedback and the techniques originate in the convolutiondk literature [23].

Proof: For simplicity of exposition, we ignore integer effectssimg from the finite nature ofA and R etc.
For everya > 0 and delayA, consider a code running at fixed-rate till tmf}é+ A. By this time, the decoder
has committed to estimates for the source symbols up to 7tnsﬂeé The total number of bits generated by the
encoder during this period |§é +A)R

Now, relax the causality constraint at the encoder by givirarcess to the first source symbols all at once at
the beginning of time, rather than forcing the encoder tothetsource symbols gradually. Simultaneously, loosen
the deadlines at the decoder to only demand correct essnfatehe first; source symbols by the tim% +A.In
effect, the deadline for decoding tipastsource symbols is extended to the deadline ofittle symbol itself.

Any lower-bound to the symbol error probability of the newoplem is clearly also a bound for the original
problem. The difference between block error probability agchbol error probability is at most a factor éfand
is insignificant on the exponential scale. Furthermore, the pmblem is just a fixed-block-length source coding
problem requiring the encoding @fsource symbols intQ% -+ A)R bits. The rate per symbol is

(E+aR) = (C+amy
= (a+1)R.

Theorem 2.15 in [7] tells us that such a code has a probabiligrror that is at least exponential i, ;((a +
1)R). Sincei = %, this translates into an error exponent of at m@sM with parameterA.

Since this is true for albe > 0, we have the uncertainty-focusing bound on the reliabflityction E,;(R) with
fixed delayA:

Eei(R) < lIlf Eei b((a + 1)R) (17)

a>0
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The minimizinga tells how much of the past%() is involved in the dominant error event.
The source uncertainty-focusing bound can be expressedptieally in terms of the Gallager functioB(p)
from (6) and its slope computed in the vicinity of the cormhi@l entropy. This is shown in Appendix B. H

V. NO SIDE-INFORMATION AT THE ENCODER

This section proves the upper bound given by Theorem 3 for the-filetay error exponent for source coding
without encoder side-information. This bound is valid foryageneric joint distributionp,,. The results are
specialized to the symmetric case in Corollary 1, proved ppéndix H.

In the following analysis, it is conceptually useful to facthe joint probability to treat the source as a random
variablex and consider the side-informatignas the output of a discrete memoryless channel (DM) with x
as input. This model is shown in Figure 15.

X1,X2, ... Encode Decode X1,Xo, ...

DMC

Yi,y2, .-
Fig. 15. Lossless source coding with side-information only at the decode

The theorem is proved using a variation of the bounding tegheiused in [5] (and originating in [15]) for the
fixed-delay channel coding problem. Lemmas 2-7 are the sowdag@ counterparts to Lemmas 4.1-4.4 in [5].
The idea of the proof is to assume a more powerful source det¢bdehas access to the previous source symbols
(considered as feed-forward information) in addition te #tncoded bits and the side-information. The second step
is to construct a fixed-block-length source-coding schermm fthe encoder and optimal feed-forward decoder. The
third step is to show that if the side-information behavegiatlly enough, then the decoding error probability
will be large for many of the source symbols. The fourth stepoishow that it is only future atypicality of the
side-information that matters. This is because the feeddnt information allows the decoder to safely ignore all
side-information concerning the source symbols that itaady knows perfectly. The last step is to lower bound
the probability of the atypical behavior and upper bound ¢h@r exponents. The proof spans the next several
subsections.

1) Feed-forward decoders :

Definition 4: A delay A rate R decoderD?# with feed-forward is a decoddDjA’R that also has access to the
past source symbols’ ! in addition to the encoded bitg"" ") and side-information/ ™.
Using this feed-forward decoder, the estimatergfat time j + A is :

o e
75(j + A) = DY grs pa (18)

Causal b \ Delay A %
v encoder \ feed-forward
decoder2

Delay A %
Feed-forward z feed-forward t- >
delay decoderl

! \

\
v \

Fig. 16. A cutset illustration of the Markov Chaiff — (%, L") 5 ynt2y 2 Decoderl and decodee are type | and II
delay A rate R feed-forward decoders respectively.
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Lemma 2:For any rateR encoder, the optimal delayA rate R decoderD™ with feed-forward only needs
to depend orplU T i+A a1
) ] b
Proof: The source and side-information pai;, y;) is an iid random process and the encoded Hﬁ?A
are causal functions of”A It is easy to see that the Markov cha;)f\ — (2 =1 I)L<j+A)RJ gAYy o TR

] J
holds since

i+A —1 j—1 i+A)R +A
Pr(a) ™,y 2] oA

] )
J
1, [(G+A)R A A +A A i—1y.j—1 1 [G+A)R]  j+A A
= Pr(a] 70 g Prlaf A L R P e 0 R gt
+A)R A +A j+A A j—1,.j—1
= Pr(af 0" ”,y;+ ) Pr(ay ad 7 TV ) Pr(y] Ml )
Thus, conditioned on the past source symbols, the pastside¥iation is completely irrelevant for optimal MAP
estimation ofz;. O

Write the error sequence of the feed-forward decodef;as x; — z; by identifying the finite source alphabet
with the appropriate finite group. Then we have the followingparty for the feed-forward decoders.

Lemma 3:Given a rateR encoderé, the optimal delayA rate R decoderD?# with feed-forward for symbol
j only needs to depend a1 i+A i1

Proof: Proceed by induction. It holds fof = 1 since there are no prior source symbols. Suppose that it
holds for all j < k and considerj = k. By the induction hypothesis, the action of all the prior agers; can be
simulated usingbt? T 7 +A F-1 giving 251, This in turn allows the recovery off ! since we also know
%’ffl. Thus the optimal feed-forward decoder can be expressedsrfdim. d

We call the feed-forward decoders in Lemmas 2 and 3 type | ardelhy A rate R feed-forward decoders
respectively. Lemmas 2 and 3 tell us that feed-forward desodan be thought in three ways: having access to
all encoded bits, all side information and all past sourcetsyls, (61U 17+2 27=1) ‘haying access to all
encoded bits, a recent window of side information and alt pasrce symbols(bjg(ﬁmm,yj*A x{_l), or having
access to all encoded bits, all side information and all dasbding errors(lﬁ(j’LA)RJ,y{*A,”1 1).

2) Constructing a block code To encode a block of. source symbols, just run the rafé encoderé and
terminate with the encoder run using soha@andom source symbols drawn according to the distributiop,oTo
decode the block, just use the delayrate R decoderD?F with feed-forward, and then further use the fedforward
error signals to correct any mistakes that might have oecurAs a block coding system, this hypothetical system
never makes an error from end to end. As shown in Figure 16, &ite processing inequality implies:

Lemma 4:If n is the fixed block-length, and the block rate/i§1 + %), then

H(x(') > —(n+ A)R + nH(x|y) (19)

Proof: : See Appendix C.

3) Lower bound the symbol-wise error probabilityNow suppose this block-code were to be run with the
distributiongyy, s.t. H(qy,) > (1+ %)R, from time 1 to n, and were to be run with the distributign, from time
n+1to n+ A. Write the hybrid distribution as),,. Then the block coding scheme constructed in the previous
section would with probability very close tbmake a block error. Moreover, many individual symbols woalso
be in error often:

Lemma 5:If the source and side-information is coming frayy,, then there exists & > 0 so that forn large

enough, there exists a number and a sequence of symbol positiofis< j2 < ... < j,, satisfying:
H(gxy)—"£2R
* T Z Sy, 1X|—(Hg)— =2 R) "
« The probability of symbol errors made by the feed-forwardatise on symbok;, is at leasty when the joint
source symbols are drawn accordlngqtg;
o 6 satisfieshs + §logy(|X| — 1) = §(H(gy),) — "5 R) whereh; = —6logy § — (1 — 6) logs(1 — ).

Proof: See Appendix D.

Pick j* = = jze tO plck a symbol position in the middle of the block that is jgab to errors. Lemma 5 reveals

_ntA
that min{j*,n — j*} > 5210g (‘I;‘(qx(\g(q‘ : R)+AR)7% so if we fix £ and letn go to infinity, thenmin{;*, n — j*}

goes to infinity as well.
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At this point Lemma 2 implies that the decoder can ignore tte-sformation from the past. Define the “bad
sequence” sel;- as the set of source and side-information sequence paurls%type | delayA rate R decoder
makes a symbol error gt*. To simplify notation, let? = :cjl A 7= le Tz = a:j AT y=y; I+ denote the
entire source vector, the source prefix, and the suffixes forsmece and side-information respectlvely. Define
Ej- = {(#9)|z;- # DR (E(),y] T2, @)},

Since the “bad sequence” sEt- only has future side-information in it, the probability dfi$ set depends only
on the marginals fok in the past and the joint distribution in the present andriutonsider a hybrid distribution
where the joint source behaves according,)l;@ from time 5* to j* + A andthe x source one behaves like it came
from a distributiong, from time 1 to j* — 1. By Lemma 5,Q,, (Ej-) > 6.

Define J = min{n,j* + A} to deal with possible edge- effeétsear the end of the block, and let= a:j
g = yj The empirical distribution ofz,y) is written using shorthand; ;(z,y) = ”Ayifly) and similarly the
empirical distribution ofz asrz(z) = ’;(j”l)

Now, the strongly typical set can be defined

AS(gy) ={  (&7) € X2 x YA, ra(2) € (gu(@) — € qu(@) + )
V(z,y) € X XV, qyl,y) >0:7155(2,y) € (0 (2, y) — € a4 (2, ) +6),
V(z,y) € X x Y, quy(z,y) =0:7z:(z,y) =0 } (20)

The conditions require that the prefix bg-typical and the suffix till.J be g,, -typical. What happens aftef is not
important.

This typical set is used to get a sequence of lemmas assdrdhgrrors are common even when we restrict to the
typical behavior of the;y distribution, that the probability of-typical joint realizations is least exponentially small
under the true distribution, and that this means that thererthemselves must occur at least with exponentially
small probability.

Lemma 6: Q. (E;- N A5(qxy)) > § for largen and A.

Proof: See Appendix E.

IS}

Lemma 7:For all € < min, ., (2.)>01Px (7, 9)}, V(Z, ) € AG(qxy),

it Pry(ToH) o o (75" +1)Danlpe)~ (=)Dl lpr) ~ TG

Qxy( y)

where G — max{ || V] 4 3. ., (n0 108200 + 1 1] + 5, loga(5] + 1)}
Proof: See Appendix F.

Lemma 8:For all e < min, ,{px (z,y)}, and largeA, n:

5 . -
o (Eje) > Z9=(J=3"+1)D(@y o) = (G =1) D(ax|[px) = Ge
Py (Ej) 9

Proof: See Appendix G.
4) Final details in proving Theorem 3Notice that as long a#l (q,,) > %R, we knowd > 0 by lettinge go

to 0, and havingA andn (and thus alsa/) go to infinity proportionally. SAPr[x;- (5% + A) # xj+] = pxy (Ej-) >
K2~ (J=3"+1)D(ay |lpxy)— (5" —=1)D(gxllps)

Notice thatD(gxy||pxy) > D(gx|[px). SinceJ = min{n,j* + A}, for all possiblej* € [1,n] we have for all
n > A

(J - ]* + 1)D(quHpr) + (]* - 1)D(QXHPX) < (A + 1)D(QX)/||pxy) + (TL — A — 1)D(qupX)
n—A
~  A(D(qxyllpxy) + TD(QXHPX))‘
Meanwhile, forn < A:

(J - .7* + 1)D(QXy||pr) + (]* - 1)D(QX||px) S nD(quHpr) = A(%D(QXprXy))'

"These edge effects, although annoying, cannot be ignored sincanteging thab is small relative ton would come at the cost of less
tight bounds in asymmetric cases. In this way, the situation is different fhee argument given in [5] for channel coding without feedback.
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Write o = %. The upper bound on the error exponent is the minimum of thealeoror exponents over all
a > 0.

1
EFY%(R) = min inf —D(qxy||Pxy) }s
si (1) {qu7a21:H(qx‘y)>(1+a)R{a (@ llpxy) }
. 1-«
inf { D(qx|lpx) + D(qupry)}}

Gy, 1>a>0:H (g, )>(14+a)R a

This is the desired result. [

The specialization of this result to uniform sourcesand side informatiory = x @ s is straightforward and
is covered in Appendix H. The key is to understand that whenjdahd source is symmetric, the marginal for
always agrees with the marginal for the original

VI. CONCLUSIONS

This paper has shown that fixed-block-length and fixed-delagldss source-coding behave very differently
when decoder side-information is either present or absetiteaencoder. While fixed-block-length systems do not
usually gain substantially in reliability with encoder ass to the side-information, fixed-delay systems can achieve
very substantial gains in reliability. This means that if goplécation has a target for both end-to-end latency and
probability of symbol error, then depriving the encoder otess to the side-information will come at the cost of
higher required data rates.

The proof of achievability makes clear the connection to sdef“effective bandwidth” and buffer-provisioning
in the networking context (see e.g.[24]). The results hegt ian5] can be considered a way to extend the spirit
of those concepts to problems like source-coding withogess to side-information and communication without
feedback. Thinking about buffer-overflow is too narrow a petdipe to generalize the idea of “how much extra
rate is required beyond the minimum” but end-to-end delayidies a framework to understand this and thereby
compare different approaches.

Thus, it is useful to view this paper as a companion to its sigéper [5] (treating channel-coding with and
without feedback) in the fixed-delay context. Comparing ks#ts of results shows how feedback in channel coding
is very much like encoder access to decoder side-informatidossless source coding. The main difference is that
source coding performance is generally better at high natdke channel coding is better at low rates. The subtle
aspect of the analogy is that lossless source-coding withdar side-information behaves like channel-coding with
feedbackfor channels with strictly positive zero-error capacity

« For generic symmetric channels with, ; > 0, the fixed-block-length reliability function is known pectty
with feedback and jumps abruptly te at Cy ; and approaches zero quadraticallyCat
For generic sources, the fixed-block-length reliabilitydtian is known perfectly with encoder side-information
and jumps abruptly teo at log, |X'| and approaches zero quadraticallyza;, .

« For generic symmetric channels witt, ; > 0, the fixed-delay reliability with feedback tends smoothlysto
at Cyp y and approaches zero linearly @t
For general sources with encoder access to side-informatie fixed-delay reliability function tends smoothly
to co atlog, |X| and approaches zero linearly &, .

« For generic symmetric channels wi@ly ; > 0, an asymptotically optimal fixed-delay code with feedback ca
be constructed using a queue fed at fixed rate followed by a fixa@riable channel code.
For generic sources with encoder access to side-informatio asymptotically optimal fixed-delay code can
be constructed using a fixed-to-variable source code foliblse a queue drained at fixed rate.

In both cases, the non-ignorant encoders can help deliestatially lower end-to-end delays. In addition, in
both cases there is a gap between the achievable regionsoamdrses for fixed delay reliability for asymmetric
cases when considering ignorant encoders. In additiondsirgy this gap, many natural problems remain to be
explored: joint source-channel coding [25], lossy codiBg][ as well as extending the upper-bound techniques here
to truly multi-terminal settings with distributed encoder
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APPENDIXA
PROOF OFLEMMA 1

In the large deviation theory literature, limit superiordatimit inferior are widely used while calculating the
asymptotic properties of the rate functions [27]. Howeueisisometimes more convenient to use the following
equivalente — K conditions since

1 1

a < liminf —logy P,, < limsup —logy P, < b
n—oo N n—oo N

iff for all € > 0, there existsk’ < oo, such that for alln: K279 < p, < K20+ The equivalence is obvious

from the definitions of limit superior and limit inferior [27]
Proof: By Craner’s theorem[27], for alk; > 0 there existsk, such that:

Pr(> (%, 5) > nNr) =Pr(= Y (%, 5) > Nr) < K27 (infear [(z)-a) 21
r(; (X, i) > nNr) r(n;(x,yb r) < Ky (21)
where the rate functiod(z) is [27]:
I(z) = supfpz —logy( Y po(Z,5)2"9)} (22)
PER (Z.9)EXN x YN

Notice that the Hlder inequality implies that for alb;, p2 and for alld € (0,1):
(ZpiQPﬂi)@(Zpi2pzli)(1*9) > Z(p?erlli)(pz(l*e)z(l*e)[)zli)

= 3 palrra-opm
7

This shows thatog, (3 gy c.xx xy~ Py (7 )27/ F9) is & convexJ function of p and thusi(z, p) is a concaven
function of p for fixed z. Clearly I(z,0) = 0. Considerz > Nr > NH(x|y). For largeN,

ol(z,p) Z S o=
ap ’p:() =z — pxy(way)l<x7y) > 0
(ZHeXN x YN

since the average codeword length is essentidll (x|y). ThusI(z,p) < 0 as long asz > Nr and¥p < 0. This
means that the to maximizeI(z, p) is positive. So from now on, it is safe to assume> 0. This implies that
I(z) is monotonically increasing with and it is obvious thaf(z) is continuous. Thus

Zi>n]\f]r I(z) =I(Nr). (23)

Using the upper bound ol{Z, 7) in (14):
log,( Z Doy (T, 7)2°° D) < log,( Z 2~ ND (@ lIpw) gplen+NH(gy)))

(Z,9) XN x YN Gy ETN
< 2N6N 27Nminq{D(QXy”pw)pr(QX\y)fpeN})

N( - mqin{D(quHpr) — pH(gxy) — pen} + €N)

N

where0 < ey < 2+|X“y‘}\‘,’g2w+1) goes to0 as N goes to infinity andZ™V is the set of all joint types ot x Y.
Substitute the above inequalities infONr) defined in (22):

I(Nr) > N(sg%{mqin p(r — H(qx‘y) —en) + D(gxy|lpsy)} — eN) (24)
p>
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The next task is to show thdtNr) > N(E.;,(r) + €) wheree goes to0 as N goes to infinity. This can be
proved by the tedious but direct Lagrange multiplier methedduin [17]. Instead, the proof here is based on the
existence of a saddle point. Define

f(a,p) = p(r — H(gyy) — en) + D(gxy[|IPxy)-

Clearly for fixedq, f(q,p) is a linear function ofp, and thus concave. In addition, for fixgd> 0, f(q,p)
is a convexU function of ¢, because both-H(q,),) and D(q.|lpx,) are convexu on q,. Define g(u) =
ming sup,~o(f(g,p) + pu). It is enough to show thag(u) is finite in the neighborhood ofi = 0 to establish
the existence of the saddle point [28].
g(u) =( minsup f(q,p) + pu
7 p>0
=) minsup p(r — H(qyy) — en + u) + D(gxy [|IPxy)

7 p>0
S(C) q:H(CIx\SIZi];IfeNJru iglg :0<7" — H(Qx|y) — €N + u) + D(quHpr)
< . D
=(d) q:H(qX\BleHT"l—GN-f—u (qu pr}’)
<(e) > "

(a), (b) are from the definitions(c) is true becauséi (p,,) < r < logy |X| and thus for very smalty andu,
H(pyy) <1 —en +u < logy|X|. Consequently, there exists a distributiprso thatH (q,|,) > 7 — ex + u. (d)
holds becausé(q,|,) > r — ey +u andp > 0. (e) is true because we assumed without loss of generality that
the marginalp,(xz) > 0 for all x € X together with the fact that — ey + v < log, |X|. The finiteness implies the
existence of the saddle point ¢fq, p).

sup{min f(q, p)} = min{sup f(q,p)} (26)

p=0 4 4 p=0

Note that if H(qgy),) < r + en, thenp can be chosen to be arbitrarily large to make — H(qy),) — en) +

D(gsylpxy) arbitrarily large. Thus the to minimizesup,, p(r — H(gy|,) — ex) + D(axy ||pxy) Satisfiesr — H(q,),) —
ey > 0. Thus

min{sup p(r — H(qx)y) — en) + D(axy[lPxy)} =(a) min  sup{p(r — H(qy|,) — en) + D(qxyllpxy) }
a  p>0 q:H(gx)y)2r—€en p>0
= min D(qy || px
®) q:H(qX‘y)zrfeN{ (@ IPxy) }
—(c) Eei,b(r - EN)- (27)

(a) follows from the argument abovéb) is true because — H(q,),) —ex < 0 andp > 0 and thusp = 0
maximizesp(r — H(qy|,) — en)- (c) is true by definition. Combining (24) (26) and (27), letting be sufficiently
big implies thate is sufficiently small. Noticing thaf,;(r) is continuous orr, we get the the desired bound in
(15). O

APPENDIXB
PARAMETRIZATION OF E.;(R)
We need the definition of tilted distributions for a joint disttion p,, from [17].
Definition 5: x — y tilted distribution ofp,,: p,, for all p € [-1, +00)

1

1 _1
Dospo (s, ) 0 py(@y) T

TPy (8, )T T gy (s,y)

Py (zy) =

(28)
Write the conditional entropy ok given y for this tilted distribution asH(*§|y). An important fact as shown in

Lemma 17 of [17] is tha%(p) = H(p%y), alsoH(pﬁ‘y)\pzo = H(pxy) H(ﬁﬁly)|p:+oo = logy(M (pxy)). Where
M (pxy) = [ maxyey{z € X : pyy(x,y) > 0}
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We first show thatEoT(p) is in general monotonically increasing fpre [0, c0):

oRlel  pOB) — Fy(p)
dp (a) 2
_ pH(,) — Eolp)
(0) 2
_ Dylpy)
—(o) 2
>(d) 0

(a) is obvious and (b) is from Lemma 17 in [17]. (c) is from Lemnid [17]. (d) is true unless the sourceis
conditionally uniform given side informatiop. For the trivial case conditionally uniform case whexe, (z|y) =
M( 5 on those letters: for which it is nonzero, both the fixed-block-length error eRpNtEy; »(R) and the delay
error exponentt,;(R) are eitherd when R < logy(M (pxy)) Or oo when R > logy (M (pxy)).

With the above observations, we know that for Rlic [H (p,), ), logy M (pxy)), there exists a uniqug* > 0,s.t.
R = E"; 25 or equivalentlyp*R = Ey(p*). In order to show (11), it remains to show th&t;(R) = Ey(p*).

From the definition ofE;(R) in (10) and the definition of; ,(R) in (5), we have:

1
Esi(R) = olgfo aEgi,b((Oé +1)R)
DR —FE
— inf {Sup a+1)R 0(0)}
a>0 p>0 o
R—FE
> supinf pR + pio(p)
p>0 a>0
a> (6]
= p'R. (29)

Now show thatE.;(R) < p*R by writing p(R) as the parametep that maximizespR — Ey(p). From the
convexity of Ey(p) for p € [0,00) and the fact thal? € [H (py, ), logs M (pxy)), We know thato(R) is the unique
positive real number s.tR = aEgp ]p p(R) = H(p§|y)]p:p(R). pR — Ey(p) is a concaven function of p and
pR — Ey(p)|,—0 = 0, hencep(R) < p* wherep(R) is the maximal point ang* is the zero point opR — Ey(p).
This is illustrated in Figure 17.

BecauseR € [H(py|y),logs M(pxy)) and p(R) < p*, there existsR’ > R, s.t. p* = p(R), i.e. p* maximizes
pR' — Ey(p). Now let o* = & — 1 which is positive becaus®& > R. That is p* maximizespR' — Ey(p) =

R
p(1+ a*)R — Ep(p). Plugging this in, gives:

pla+1)R — Ey(p)

E. (R) = inf
(R) = inf {sup a )
1 VR — E
< Supp( +a)lj o(p)
p>0 o
_ P+ a")R— Eo(p")
O(*
= p"R=Eo(p"). (30)

Finally, to get the slope in the vicinity of the conditionaltexpy, just expandZ,(p) aroundp = 0 using a Taylor
series. The constant term is zero and Lemma 17 of [17] reveatsthie first order term is the conditional entropy
itself. The slope@/aR evaluated ap = 0 is clearly the first-order term in the Taylor series dividedthg second
order term, giving the desired result. The second derivativé’,(p) is only zero whenD(pr||pr) = 0 which
implies thatp,, is itself conditionally uniform, resulting in the claimedfinite error exponents.
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Fig. 17. Plot ofpR — Eo(p). The maximizingp(R) < p*, the point where this crosses zem®.is fixed.

APPENDIXC
PROOF OFLEMMA 4

nH(x) =@ H(()
= I(x5x7)
n+A)R n
—(b) I(Xla 17b\1_(+ ) J7}/1—"_A)
n n n n+A)R|| n
=) IOy ™) + TOq ) + 107 b Tyt 5
Sy nl(xy)+ H(&) + H(b{" ™)
< nH(x)—nH(x|ly)+ H(X") + (n+A)R
(a) is true because the source is i{d) is true because of the data processing inequality conaigi¢hie following
Markov chain:x — (1, bl TR yny oy thus T x) < T(ay s, bHTOE) yntay  Eyrthermore,

IO X)) = H(x) > T xE, bL("JrA)P‘J ,y"t2). Combining the two inequalities givés). (c) is the chain rule for
mutual information. In(d), first notice thatx, y) are iid across time and thugx?; y"+t2) = I(x}; y1") = nl(x, y).
Second, the entropy of a random variable is never less thamthgal information of that random variable with

another one, conditioned on another random variable or not. O

APPENDIXD
PROOF OFLEMMA 5

Lemma 4 implies:

Z H(%) > H(x') > —(n+A)R+nH(qy,) (31)
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The average entropy per source symbolXas at IeastH(qX‘y) ”;AR. Now suppose thall (x;) > %(H(qxb,) —
”+AR) for n. symbol positionsl < j; < jo < ... < ja < n. By noticing thatH (x;) < log, |X|, we have

n+A

L H(gy,) - "t 2R)

ZH()ZL) < nelogy |X] + ('n—ne)2

i=1
Combining this with (31) gives:
(H(gxy) — "E2R)
n+A n
2108;2 |X] — (H(gyy) — "t=R)
where2logy [X| — (H(qy|y) — A R) > 2log, |X| — (q y) = 2logy | X| —log, [ X] > 0.
3(

For each of thej, the individual entropyH (x;) > (qu)y) — ”jLAR). By the monotonicity of the binary
entropy function,Pr(x; # xo) = Pr(x; # X;) > 6. O

(32)

APPENDIXE
PROOF OFLEMMA 6

If we fix % and letn go to infinity, then by definition/ = min{n, j* + A} goes to infinity as well. By
Lemma 13.6.1 in [19], it is known thate > 0, sinceJ — j* andj* both getting large with, thatQXy(Af,(qu)C) <
¢. By Lemma 5,Q,,(E;-) > 6. So

NN

Qxy(Ej* N Afl(qu)) > Qxy(Ej*) - QXy(Afl(qu)C) >

APPENDIXF
PROOF OFLEMMA 7
A5(qxy ), by the definition of the strongly typical set, it can be easilyown by algebra that
D(qxyllpxy) + Ge and D(rzlpx) < D(gx|[px) + Ge. So

For (Z,y) €
‘D( xprXy) <

o = _ = = A A
Py (7, 9) _ Py (Z) Pxy (T, T) Px (‘T{I:l ’y‘]Hfrl )
@y (T, 7) Py (T) Gy (T, ) py (ac{,:lA,yf,:lA)
90— (J=3"+1)(D(rz 5llpw)+H (rz,5)) 90— (" —1)(D(rzllp)+H(rz))
N 2*(J*J +1)(D(rz 5llg0)+H (r5,5)) 92— —D(D(rzllg)+H (7))
> (0) 9= (J=3"+1)(D(gy P ) +Ge)— (5" 1) (D(gx|[p)+Ge)
— 9= (J=i"+1)D(gyllpw)— (5" —1) D(glIp) —J Ge
where (a) is true by (12.60) in [19]. O

APPENDIXG
PROOF OFLEMMA 8

Combining Lemmas 6 and 7:

pxy(Ej*) pXY(EJ'* N AS(QXY))

Gy (Eje N As(qu))Q*(J*j”rl)D(qupry)*(j**1)D(qx||px)*JGe

AV,

0 5 (J=3"+1) D@y llps)~ (5"~ 1) Dlaxllp) I Ge
2

v
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APPENDIXH
PROOF OFCOROLLARY 1

Theorem 3 asserts that

B R < f - X X 3
sz( ) = Goa>1 H(lqrxl‘y)>(1+oz)R{a (q y”p y)}
1—
nf D(gx|lpx) + D(gxy|Ix
qu,lzazotf}r(qu\y)>(1+a)R{ o (q Hp ) (qup V)}}
1—
< inf D(qx|lpx D(q Dy
B qx}/?lZaZO:I}I(qu\y)>(1+C¥)R{ « (q Hp ) + (q y||p y)}
11—«
< inf D Aoy D N N
o qu,lzaZO:H(qx‘ir)g(1+o¢)R7 QX:I?X{ « (q Hp ) + (q y||p }’)}
= inf D (G || D
G 120>0:H (g.),)>(14a) R, qX:px{ (axy llPxy ) }

Qo H(qxy)>R, q=px

The next step is to show that (33) is inde&d, (R, ps) for uniform sourcesc and symmetric side information
y, wherex =y @ s.

inf D X X —(a inf D % » 34
ot ADalpy)} =@ i D (g [pg)} (34)

=) max pR — Eo(p)
=) maxpl—(1+p)log ZPS )]
=@ Esp(R,ps)

(b) follows from (5) in Theorem 1(c) follows since (6) can be simplified for this case:

Eo(p) = 10g2z<szy(xuy)m)(l+p)
= logzz Z (Y)pxy (2 zly)) 77 ) (1+0)
= logQZpyy O~ (pagy (ly)) 77 H0)
y x

- 1og2Zpy@)(Z(ps(s)ﬁ)“*P)
Y
= 1ogy (D (ps(s) 7)1+

S

= (1+p)logy(Y psl(s)™7) (35)
S
where this clearly matches from (9) to give (8.
Thus, for uniform sourcex and side informatiory = x © s, the distributiong,, that minimizes the RHS of (34)
is also marginally uniform orx since all that needs to tilt is the distribution fer Hence the constraint on the
marginal g, = px is redundant anda) is true. O
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