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Abstract

We give a simple example of a vector estimation problem over a specific noisy
communication channel with feedback. Assuming a layered architecture in which
the reliable transmission of bits is separated from the encoding of the source into
bits, we apply information theoretic bounds to show that it is impossible to estimate
this source in a mean-squared sense if all the bits are treated alike by the reliable
transmission layer. This is true no matter how large a finite end to end delay we
permit or how we encode the source. However, if the reliable transmission layer
“splits” the channel into two appropriate streams with differentiated “Quality of
Service,” it becomes possible to achieve finite end-to-end mean-squared error by
sending appropriate bits over the two bit pipes. It is argued that this fundamental
need for differentiated service is more general than this particular example.

1 Introduction

“A bit is a bit is a bit” seems to have become the motto of this digital age. Though we
often take it for granted, the existence of such a common currency for information is far
from obvious. While in practice it has been justified by the rapid advancement of digital
electronics and the rise of a communications infrastructure to match, its meaningfulness
rests upon the fundamental theorems of information theory.

Broadly speaking, there are two sides to information theory. The channel capacity
theorems establish the possibility for reliable transmission of bits using only unreliable
media. On the other side, the rate distortion theorems establish fundamental tradeoffs
between fidelity to a source and the average length of the encoding in bits. These two
sides of information theory are joined together by the information transmission theorems
relating to source/channel separation.
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These information transmission theorems provide the philosophical justification for
both a layered architecture and the practice of treating all bits alike when it comes to
reliable transmission. However, in many real world applications, especially “multimedia”
ones, it has been found that it is sometimes conceptually useful to completely break the
abstraction layer and do joint source/channel coding. Another angle, explored in Tse’s
Thesis [12], is to consider sources which vary more slowly than the acceptable delay and
to use an adaptive quantization approach which keeps end-to-end delay small while still
giving good distortion-rate performance.

The flip idea of “loosely coupled joint source/channel coding” [4] suggests that the
reliable transmission layer should treat bit streams differently based on their meanings.
Communication links are then evaluated not just by their bit-rates, but by other “Quality
of Service” parameters as well. Even across a single link, it has been found useful to
provide differentiated service for bit streams being sent at the same time. [16, 15| In all
these examples, this discrepancy between theory and practice is explained by an appeal
to economics or the technical need for finite small end-to-end delay in applications. While
generally information theory only applies in the limit of large delays, new results suggest
that there is more to the need for QoS than just the issue of small delays.

We have recently found a new information transmission theorem for scalar unstable
Markov processes in both the control [7] and estimation [9] contexts. This theorem shows
that transmitting scalar unstable Markov processes needs more from a communication
link than just a given bit-rate C. It requires that the o parameter (a close relative to
the error exponent) at that bit rate also be high enough. Insofar as it is used alongside
the rate to evaluate a channel, the parameter « in the a-any-time capacity thus has the
appearance of a fundamental “Quality of Service” term.

In this paper, we justify the QoS interpretation by considering a unstable vector
source and the problem of estimating it in a mean-squared sense across a specific binary
erasure channel with feedback. After reviewing some definitions in section 2, we introduce
the basic problem setup in section 3, and show that it is impossible to reliably transmit
the source over the channel in a mean-squared sense if we insist on treating all bits alike
in the reliable transmission layer. In section 4, we show that providing differentiated
service (with different o parameters for different bit streams) can allow us to achieve
finite end-to-end mean squared error. This example shows that we do not need to specify
an end-to-end delay constraint or any other user-level QoS requirement a priori. The
need for QoS requirements other than rate and hence differentiated service can emerge
from the nature of the source and the distortion measure.

2 Review

2.1 Notions of Capacity

Definition 2.1 The Shannon classical capacity C' of a channel is the least upper bound
of the rates at which the channel can be used to transmit data with an arbitrarily small
probability of error. [3]

C= SUp{R|V€ > OHN, gN, DNPBTTOT(gNa DN) <€, Rate(EN, DN) = R}
The encoder/decoder pair Ex, Dy has end-to-end delay less than or equal to N.

The above is the operational meaning of Shannon capacity and should be distinguished
from the many ways of calculating what it is for various channels. [14] The implicit



meaning of “reliable transmission” in Shannon capacity is the ability to get a small
probability of error on each of the bits being sent. Recently, we proposed a stronger
sense of reliable transmission and its induced notion of capacity for a channel: [9]

Definition 2.2 The a-any-time capacity Cge(a) of a channel is the least upper bound
of the rates at which the channel can be used to transmit data with an arbitrarily small
probability of error that decays with delay at least exponentially at a rate o

Cgt(a) = sup{R|3(K > 0, Rate(£,D*) = R) Vd > 0 Perror(E, D, Delay = d) < K27}

This operational definition does not tell how to calculate a-any-time capacity. It
is closely related to the traditional ideas of error exponents [3] but imposes a stronger
restriction since it requires the encoder £ to be the same for all end-to-end delays. This
requirement arises because the bits to be transmitted are being generated in real-time as
opposed to our transmitting a long message known in advance.

Viewing this from the decoder’s perspective tells us why we are calling it any-time
capacity. We can interrupt the decoding process for a given bit at “any time” and the
resulting answer is increasingly meaningful the longer we wait. The « specifies the rate
at which we want the answers to improve. The result is:

Lemma 2.1 [8] Almost every bit is eventually decoded correctly. Let S']d = Sj when using
delay d. For any a > 0, if R < Cgy() then 3(E,D?) such that for all j > 0 the sequence
[S]Q, S}, ...] eventually converges to the correct value S; and stays there with probability
one.

This property of getting every bit correct is analogous to the way in which TCP/IP
provides reliable transmission over the Internet. [6]

2.2 Sources and Information Transmission

A Markov source {X;} with dynamics A and driven by noise {W;} is defined by the
following:
Xt_|_1 == AXt + Wt (1)

where A, X;, and W; are all of the appropriate dimensions for the recurrence to make
sense. In the scalar case, they are all one dimensional.

The natural problem of transmitting such a source across a noisy channel is the
following: Is it possible to design encoders and decoders within any specified end-to-end
delay constraint so that the output of the decoder {Xt} achieves a desired mean-squared
performance sup, E[|| X, — X,||!] = K? For the cases where A is a stable matrix (with all
eigenvalues having magnitude less than 1), the problem has a well established complete
solution [1] which can be naturally extended to a wide range of channels using the general
source/channel separation results in [13].

In the case where the process is unstable (A having an eigenvalue with magnitude
greater than 1), the first question is whether it is possible to get a finite K at all. After
all, such unstable processes have asymptotically infinite variance. For the unstable scalar
case with bounded noise, [9] provides the answer: (Proofs in [8])

Theorem 2.3 If the source is scalar and driven by bounded noise, the source in (1) can
be tracked with finite mean squared error across a noisy channel iff there is an € > 0 for
which Cgp(21ogy A+ €) > log, A for the channel.



3 A Simple Vector Problem

Consider a particular vector source and the problem of transmitting it with finite mean
squared error across a binary erasure channel with noiseless feedback.

t Source/Channel Encoding System

Noiseless Feedback
Sourc Source Channel
X, Encoder Encoder
‘[t
Xt - Source Channel
; Decoder Decoder
Estimates

Source/Channel Decoding System

The specific vector source we consider has X; € R°, a bound on the driving noise
|[Willo < £, and known initial condition Xy = 0. It is defined by the matrix of dynamics

1178 0 004 0  0.04

1.08 1058 036 0  0.36
A=| 036 0 1178 0  0.12 (2)

—0.12 0 —0.04 1.058 —0.04

-012 0 —004 0 1018

In our simple example, we consider a binary erasure channel with erasure probability
e = 0.27. The binary erasure channel models situations where errors can be reliably
detected at the receiver. In the model, sometimes the single bit being sent does not make
it through with probability e, but otherwise it makes it through correctly.

It can be shown that the Shannon classical capacity of this channel is 1 — e bits per
channel use regardless of whether the encoder has feedback or not. [3] For the case where
the encoder has access to instantaneous noiseless feedback, the anytime capacity can also
be evaluated and is given by:

Theorem 3.1 ([7], Proof in [8]) For the binary erasure channel with noiseless feedback
and probability of erasure e, let n range over (0,00):

Cat(n — logy(1 + (27 — 1)e)) = 1 - %1%(1 + (27— 1)e)



3.1 Transform Coding

Looking at the source process in transformed coordinates is often of value in lossy cod-
ing. [5] In our case, it is illuminating to consider the transformed variable X; = TX;
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In that case, the transformed dynamics are given by a new A = TAT~" matrix:

1.258 0 0 0 0
0 1.058 0 0 0

A= 0 0 1.058 0 0 (3)
0 0 0 1058 0
0 0 0 0 1.058

The initial condition is unchanged Xy = 0 and the new driving noise W, has a new
bound given by ||[Wi|le < 3. It is also clear that having an encoder/decoder pair
which achieves a finite mean squared error between the original {X,} and {X,} processes
is equivalent to having a pair which achieves a finite mean squared error between the
transformed {X,} process and its corresponding transformed reconstruction.

Furthermore, being able to achieve a finite mean squared error with any finite end-to-
end delay implies that we are able to achieve a finite mean squared error with no delay.
This is because we could use an estimate for X; 4 to give an estimate for X; by simply
premultiplying it by A?. After all,

d
E [||Xt — AdXt_d||2] = E l”(AdXt_d + Y ATW) — AdXt_d||2]

i=1

IN

d
EIAY(Xi—a — Xe-a)|?] + E [II ZAz—lwt_iH?] +

=1
d
28 1A% - Ko A Wi
i=1

For any finite d, the three terms on the right hand side are all bounded for all ¢ if we can
achieve finite mean squared error for delay d. Hence the sum is as well.

3.2 Fundamental Requirements

A necessary condition for achieving finite mean squared error for a vector valued process is
getting a finite mean squared error for all the components. In the transformed domain,
the dynamics of the components of our example are like those of five separate scalar
unstable Markov sources. One of these is fast, and the four others are not as fast.
Therefore, our Theorem 2.3 applies and we can easily conclude that we need the channel
to satisfy both:

Cht(21ogy(1.258)) > log,(1.258)
Cat(210g,(1.058)) > log,(1.058)



Moreover, our work on sequential rate distortion [10, 11] tells us that the total rate must
be larger than the the sum of the logs of the unstable eigenvalues, giving us the additional
condition that:

C > log,(1.258) + 41og,(1.058)

Anytime Capacity Of Erasure 0.27

0.6
0.4+
bit rate
0.2
0 05 1 15 2
exponent

It is easy to check that all these requirements are satisfied individually by the binary
erasure channel with erasure probability e = 0.27. However as stated, these are only
necessary conditions, not sufficient ones. In a sense, we need them all satisfied simulta-
neously for the different bitstreams in question.

3.3 Treating All Bits Alike

By using techniques from [8, 11], it is easy to construct recursive source codes for each
of the five components of the transformed source. As long as we allow ourselves R; >
log,(1.258) bits per unit time for encoding the first component and Ry 345 > logy(1.1)
bits per unit time time on the others, we can achieve finite mean squared error assuming
no noise in transmitting these bits.

If we follow a strictly layered strategy and then require that all these bits be treated
identically by the reliable transmission layer, we come up against a problem. For an
erasure channel with e = 0.27, The maximum « for which the anytime capacity is larger
than (log,(1.258) + 4log,(1.058)) is only around 0.646. This is enough for the four
slow components which each require o > 2log,(1.058) ~ 0.163. But it is less than the



minimum « we require for the fast component: « > 2log,(1.258) ~ 0.662. As long as
we insist on treating all the bits alike in the reliable transmission layer, it is impossible
to achieve a finite mean squared error on the first component of the transformed source.
Because this is a consequence of our fundamental separation theorem for such processes,
it is true regardless of how much end-to-end delay we are willing to tolerate or how we
do the source encoding.

4 Differentiated Service

Consider an approach more in the spirit of “loosely coupled joint source/channel cod-
ing.” [4] We get a higher priority for the bitstream representing the “faster” component
requiring o > 21og,(1.258) by using the following strategy for reliable transmission:

e Store the incoming bits from the different streams into prioritized buffers — one
buffer for each distinct priority level.

e At every opportunity for channel use, transmit the oldest bit from the highest
priority buffer that is not empty.

e If the bit was received correctly, remove it from the appropriate buffer.

For our transformed source, we can use the scalar codes from [11, 8] to encode the
first component at a rate R; = % > log,(1.258) and assign this bitstream the higher
priority. The first stream generates a bit every third time step. The other components
are all encoded at a rate Ry345 = % > log,(1.058) and gets the lower priority. These
together also generates a bit every three steps (4 bits every 12 time steps). The total
rate is therefore R =2 <1 —e =0.73.

Since there is noiseless feedback and the incoming bitstreams are deterministic in
their timing, the decoder can keep track of the encoder’s buffer sizes and thus knows
which incoming bit belongs to which stream. The source decoder takes all available bits

and makes the best prediction of where it thinks the source process is.

4.1 The Source Codes

Our focus is not on optimizing performance and so we will just use a simple recursive
source code [11, 8] which keeps the errors strictly bounded. An approach that asymptot-
ically achieves optimal performance (rate-distortion bounds) can be found in [8]. Here,
we simply apply the following theorem to each component of the transformed source.

Theorem 4.1 [8] For all e > 0, every scalar discrete-time unstable linear Markov process
with parameter a > 1 driven by bounded noise —% < W, < %, can be tracked by an
encoder F® and decoder G with rate R < logy a + €. Moreover, there erists a constant
v depending only on (a,$2, R) such that | X; — Xt| < v for all t.

The source code works by encoding the predictive error signal (X;,1 — a)z't) and keeps
it within a box of [—v,v]. Whenever the error signal threatens to leave that box, the
encoder transmits a bit. Since each encoded bit cuts the uncertainty by a factor of 2,
while the dynamics make it grow by a factor of a at each time, such a code can work for
any R > log, a. The closer R gets to that limit, the larger v has to be. At the receiver’s
side, we use all the bits we have received to make our estimates. If we are missing
some bits, we just predict by multiplying what we have by the appropriate power of that
component’s eigenvalue.



4.2 Analyzing The Channel Code

Notice that for any delay d time units, the channel decoder makes an error for bitstream
1 only if the encoder’s buffer 7 contains more than dR; bits still awaiting transmission.
If there are less bits waiting, it means that the bit from d time units ago has already
made it across. Thus, to analyze how the average probability of error varies with delay,
we only need to study the steady-state distribution of the number of bits in each buffer.

4.2.1 The High Priority Stream

Since the highest priority stream preempts all lower priority streams, it effectively does
not have to share the channel at all. So we can study its queue length using a simple
Markov chain by blocking time into three time unit blocks. Then, the number of bits
awaiting transmission at the end of a block is the Markov state with transition probabil-
ities p; ; representing the probability that state 7 will go next to state j.

po = 3¢’ (1—e)+3e(l—e)®+ (1—e)?
Dii+1 = e
pi,i = 362(1 — 6)
3e(1—e)?+(1—e)? ifi=1
Pii1r = { 3e(1 —e)? ifi > 1

Diji—2 = (1—e)?

It is possible to calculate the steady state distribution 7 for this Markov chain. By
some algebraic manipulation we can get the following recurrence relation:

(1—e)m = (1= 3e*(1 —e))miz — 3e(l — €)’mi_1 — €’y if7 > 2
=0 (1 —3€3(1—e) —3e(l — €)? — 3eX(1 — €))mis — 3e(l — e)?my ifi =2

i
3 .
It turns out that m; o (1+283+(1_6)f;1+26_382_3e2) as 7 gets large and thus:

Perror(Delay = d) S P(BUH.GI" State > de)

Wl

2e?
< K
1+ 2e2+ (1 —e)V1+2e— 3e? — 3e?
(1+2e3+(1—e) 1+2e—3e2—3e2)d

1
= K27 3 log, 2e3

which for e = 0.27 results in a fast enough a & 1.799 > 2log,(1.258) = 0.662.

4.2.2 The Low Priority Streams

Notice that regardless of the realization of channel noise, the sum of the queue lengths
for the two buffers is identical to the queue length for a hypothetical single stream at the
combined rate. So it suffices to look at a single stream with rate % Once again, we will
group channel uses into threes so that the number of bits awaiting transmission at the
end of a group is the Markov state for the system. This gives us:

Poo = 3e(l— e)’+ (1 —e)?

63
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piit1 = 3e’(1—e)
pi,i = 36(1 — 6)2
piio1 = (1—e)?

The steady state distribution 7 for the state in this case can be calculated just as
before. By some algebraic manipulation we can get the following similar recurrence
relation for it:

(1 - 36(1 - 6)2)7TZ'_1 — 362(1 - 6)7TZ'_2 — 637TZ'_3 ifi > 2
(1—e)’m =13 (1-3e(l—e)?)m_1 —3e(1 —e)m_y ifi =2
(1 —3e(1—e)?>—3e*(1—e))m_ ifi =1
For large, i, we then have m; (W\/%_ge)z. This rate of decay is clearly much
slower than the one for the higher priority queue and thus, for large queue lengths, it
dominates. Therefore we have for the bits in the lower priority queue:

Perror(Delay = d) < P(Combined Buffer State > d(Ry + R3 + Ry + R5))

d

2¢? 3
< K
(262 +Vde — 3e? — 36)

2e2+ de—3e2 —3e )d

— K2—% logs ( 202

which for e = 0.27 results in an « ~ 0.285 > 21log,(1.058) & 0.163 so our scheme is fast
enough for all the slow components as well!

The direct part of Theorem 2.3 then shows that the cascaded source and channel
codes achieve a finite mean squared error for all components of the transformed source.
Thus, the system achieves a finite mean squared error on the original source as well.

5 Conclusion and Speculations

We have presented a simple example of a vector source and a specific channel for which it
is impossible to achieve finite end-to-end mean-squared-error without using some form of
differentiated service at the reliable transmission layer. Furthermore, in order to evaluate
the bit-pipes provided by the reliable transmission layer, we have shown that the ideas
of a-anytime-capacity are relevant and have used our previous separation results [9] to
motivate a scheme which does achieve finite end-to-end performance.

It is hoped that this work goes some small distance towards meeting the challenge
layed down by Ephremides and Hajek: [2]

The interaction of source coding with network-induced delay cuts across
the classical network layers and has to be better understood. The interplay
between the distortion of the source output and the delay distortion intro-
duced on the queue that this source output feeds into may hold the secret of
a deeper connection between information theory.

This toy example with a single simple link opens the door towards a real Information
Theory of “Quality of Service.” Even though in the real world, few processes of interest
actually have asymptotically infinite variance, we conjecture that these ideas will be



a useful approximation whenever the upper limit of the tolerable end-to-end delay is
within the range of time for which an unstable model is applicable. This may be a useful
abstraction that underlies many “real-time” data sources. We suspect that this is true
for not just control problems, but many others (including multimedia ones) as well.
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