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Abstract—We show the existence of random codes without exponent performance of the code for whatever channel is
feedback for anytime coding over compound channels — i.e. realized must (asymptotically) match that achieved if the
codes that operate without knowledge of the transition probabil- - yacoder were to be told the channel law (in which case it
ities of the communication channel. The anytime error exponent ) S . .
achieved is the same as if the decoder were given the probabilitiesCOUId perform maximum likelihood _deC(_)dlng). Nat_urally, if
governing the realized channel and allowed to do maximum the channel law were known at design time one might chose
likelihood decoding. Because of the equivalence between systento use a code matched to the channel. But, given that the code
stabilization over noisy feedback channels and communication design must be fixed knowing only the set of possible channel
over noisy channels, the results immediately give sufficient |55 meeting the reliability function of maximum likelind
conditions for stabilization over compound channels. L

decoding is the most one can ask for.
|. INTRODUCTION Applying this result to the context of stabilization over

A fundamental control problem is the tracking and stabiliz&a communication channel described in [1], this means that
tion of an unstable process. When the observers and comsrolihe observer and controller induced by the approach here
are not co-located, the details of how sensor data is tratexi will achieve a sense of stabilization in terms pimoments
from observer to controller can severely impact overalltonin stabilized that will be depend on the channel that is agtuall
performance. In many cases the classic communicationraysteelected by nature. If nature picks a channel that has ahighe
structures and paradigms posed by Shannon do not suffi@dom coding error exponent at the appropriate rate, then t
Anytime codes have proved a basic tool in the solution of thidosed-loop system will be stable for highgimoments.
problem [1]. Work in this area has usually assumed that there
is a precise and perfectly known model for both the plant and
the communication constraint. We use serifed-fonts to indicate sample values, and sans-

However, in many communication contexts there is unceserif x to indicate random variables. Bolded fonts are reserved
tainty about the probabilistic model for the channel lawcisu to indicate length: sample or random vectors, = 2™ and
uncertainty can have a substantial impact on the performanc= x™. A subsequence such as, z;11,...,z, IS denoted
of block-coded communication systems. In a control applicas z;'. Distributions are indicated with lower-cage e.g., x
tion where delay and error requirements can be very tiglet, tfs distributed according tp,(z). Sets and their elements are
degradation incurred may be intolerable. denoted as, e.gg € X, and their cardinality byX'|. We use

These considerations motivate us to study an extensionstéindard notation for types, see, e.g., [2]. If a sequenie
anytime coding to so called “compound channels.” In thigf type P is we writex € 7p and if y is in the V-shell of
setting, the channel law is modeled as being known only towe write y € 7y/(x). We write the joint distribution of this
within a (possibly non-finite) set of possibilities. The eod(x,y) asP x V.
must be chosen without knowledge of which channel law
will be realized, and the decoder must operate universally —
without knowledge of the channel law selected by nature. Theln this section we state the main contributions of this paper
difference between universal anytime-coding and univers&/e define an anytime code and its delay-dependent error
block-coding (see, e.g., [2] and [3] for an extensive reyiev exponent. We define a compound channel and state a lower
that in the anytime setting data bits are not all realizedrpribound on the achievable exponent of this class of codes for
to transmission; rather they are realized in a on-line fashi compound channels.
as they would be at the observer of a control system. The techniques we use are adapted from those developed for

In control applications the “anytime reliability” of the de universal block codes in [2]. Familiarity with those resuis
proves to be crucial. This is closely connected to the codeliseful, but not assumed. We first developed ideas of universa
error exponent performance. We bound the error exponesiteaming decoders in the closely related context of segen
achieved by our scheme. We provide the same performarlepian-Wolf coding [4], [5].
guarantee as is demanded of a universal decoder for a combefinition 1: A randomized anytime code for a channel
pound channel in the the block coding context: the errevith input setX’ and output sefy is a pair of sequence of

II. NOTATION

1. M AIN RESULT



mappings({&;},{D;}) wherej =1,2,... IV. PROOF

& . B The proof of our result proceeds in three main steps. First,
; ; we break the error events down into their delay-dependence.
Dj - Y =B, (@) Then we introduce the decoding rule and use the charac-

. isti f th k i implify th

where B is the data set and common randomness, Shar’tg&lstlcs'o the codeboo ggneratlpn process 1o simplify t

: exgressmn of error probability. Finally we show how the

between encoder and decoder, is assumed. The latter allows . . .

. S resulting expression can be bounded by an exponential that
us to randomize the mapping independently of the data ag

cays inA.
channel sequences.
[ban 7é ban] = Z pb(b) Pr[ban 7& ban|b] (5)

In this paper we study the delay-dependent reliability of Pr veBn

anytime codes. We usk" to denote the input data sequence N A

known by the encoder at time, and b"~2(y") to denote < »_ Pr[b""® # " 2 [blpy(b)

the delayA decoder estimate. For compactness of notation  beB”

we suppress the explicit dependenceydnand simply write n=a R

v Supp plicit dep yon ply Yo l U (5 =)0 (8 £ 0)
1=1

b] po(b)
An error exponent? > 0 is said to be achievable at rafe beBs™ ©
for a given channel if there exists a rakeanytime code such A

that - Z Z Pr Ki)l*l = bl*l) ﬂ (Ez # bz) ’ b] po(b)

. . 1 ; beBn 1—1
I >
Ahm nhm log Pr[by,—a # bp—a] > E. (©) @)

n—A

Note that the order of limits is important since the total Slm1 g1—1
transmission time: is allows to go to infinity faster than the 122 zc:b%; ezy: Pr [(b =0 ) m
= ny n

A else we would be asking for decisions about bits before

they are available at encoder. (131 # bz) ’ b7C,Y} po(b) Pr[C] Prly = y[b,C]  (8)
For simplicity of exposition, in this paper we assume a neA

constant|B| = 2% and further thatR is integer. Neither — Z Z Z Pr [(1}1—1 :0(1—1>R) ﬂ

assumption is fundamental. Non-integer and non-raticatalsr =1 ¢ yeyn

can be accommodated by allowing a time-varylfigsatisfy- - &\ | ank R

ing |B"| = 2l"%] for all n. As long as the decoding delay (bl #0 ) 0 ’C’y} Pr[C] Prly = y|0".C] (9)

A > 1/R, the results derived closely approximate those of |, ihe conditioning on the data sequence in (8)js the
the non-integer case. Since this condition is always tru@en 4,4 alphabet. In (6)—(7) we decompose the error event into
large delay limit, the lower bound on the error exponent that b mher of mutually exclusive events by partitioning all
we dgnyg applies to bpth integer and noninteger rates _ possible data estimatésinto disjoint sets defined by the time

Definition 2: (Following [2]) A compound channel with ; of the first sample in which they differ from the true data
input setX’ and output seY is a (not necessarily finite) family sequenceb. In (8) we condition on the randomly generated
W of channelsi : X' — . codebookC and the observed sequenge The codebook

Definition 3: A compound discrete memoryless channgk jndependent of the data sequence while the observation
with input setX’ and output sed’ is a sequence of compoundgepends on both the codebook and the data sequence. Note
channels{W" : W € W} where W is some given (N0t that the sum over in (8) is a shorthand that denotes the
necessarily finite) set of stochastic matridés : &' — V. marginalization over all codeword realizations. We choose
The same matri¥V’ is used for all time. the codewords to be mutually independent and identically
distributed. The error probability therefore does not depe
on the particular codeword transmitted and so in (9) we
can assume that the realized data sequence is the all-zeros
sequence. (Recall that for simplicity of presentation waiase
that R is integer.)

We now introduce our universal decoding rule. The decod-
ing rule creates its estimate of the information symbols in a

Our main result is an achievability theorem for anytime oodi
over compound channels.

Theorem 1:Given a rateR > 0 and compound discrete
memoryless channel specified by there exists an anytime
code such that for alE < E,,y univ(R) there is a constant
K > 0 such thatPr[b, _a # b,_a] < K2-2E forall n, A >

0 where symbol-by-symbol manner. Th¢h symbol of the estimaté,
Eany.aniv(R) = at timen, [ € {1,2,...,n}, is defined as
sup Jnf Ig}ép(P xV|Q x W)+ |[I(P,V)—R|*, (4) by = wi[l] where

w(l] = arg max I(x'(b);y), (20)
and Where| : |+ = maX{O, } breBn S.t.hl-1=pl—1 ( : ! )



and (xl”(B);yl" denotes the empirical mutual information
between the lasti — [ + 1 symbols of the codewordk
corresponding to information sequerisand the last,— [+ 1
symbols of the observation.

This decoding rule is decision-directed. At each decoding
opportunity (i.e., at each) estimates are made of each
information bit, starting from the earliest. Earlier bitedixed
to their estimate when estimating later bits. While seqaénti
hard decisions are made for each information bit at each
decoding opportunity, as soon as the next channel obsenvati
is received all estimates are recalculated.

Each suffix comparison in (10) uses a maximum mutual
information decoding rule (operating just on the suffix).eTh
error exponent of maximum mutual information and maximum
likelihood block decoding have the same reliability fuocti
see, e.g., [2]. The overall reliability will be determiney the
shortest suffix comparison, the one of length Therefore we
expect reliability to decay exponentially iA.

The reason we use this “maximum suffix-mutual-
information” decoder rather than the standard maximum mu-
tual information decoder [2] is that each suffix comparisas h
a polynomial term in the suffix length — [ + 1 that results
from summing over the type class of possible channel laws.
This term multiplies an exponential decay in— [ + 1. If

we were to use straight block maximum mutual information

decoding the polynomial term would be im which would
dominate the decay in — [ + 1 for large n and all finitel.

The decay of the probability of decoding error on messages

with delay would thus differ from bit-position to bit-po&ih.
This is not acceptable for anytime coding and is incompatibl
with any sense of “steady state” behavior in a control system

We now continue our derivation by indicating the events <

that lead to errors in the decoding rule (10). Errors are only
made if two events occur. First, some erroneous information

sequence matches the true information sequence up to a min{lﬂ("_l“)R Z

certain point. And second, after that point the suffix of the

corresponding erroneous codeword and observation have a 1[1( n—l+1,

empirical mutual information greater than that between the
suffix of the transmitted codeword and the observation.

Pr [ 7& ban]

b
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Since the observationis only dependent on the transmitted
codeword x(b), in (12) we can interchange the averaging
over the non-transmitted codeword realizatiafysx(1) with
the sum overy. In (12) we introduce a slight abuse of
notation in our codeword indexing. We allow a codeword to
be indexed either by by its information sequence, exdh),



or by a scalar index, e.gx(j), wherejj € {1,2,...,2""}. — 2021 N o (n—1+1)D(P|[Q)
We identify messagg = 1 with the all-zeros data sequence, = Z (n—1+2) 22

i.e.,, x(1) = x(0"%). Our usage will be clear from the context. =l r N
] —(n—I+1)D(V||W|P) —(n—I+1)|I(P,V)—R|
In (13) we use the union bound and the fact that the code- 22 Z 2 (19)
words are identically distributed and mutually indeperiden VA v
e

We use the notationi[-] for the indicator function. Because 22|V
the decoding rule is a pairwise comparison, in (14) we need < Z (n—1+2)

only consider the particular codeword under consideration =1 , N
determined byb and marginalize out the rest. We generate the 2"~ minev [DIVXPIWXQ)HIE V)= R[] (20)
symbols in each codeword in an independent and identically 7—2 )

distributed manner. Therefore, in (15) we can marginaliage o = Z K2~ (i ming,y DV PIWXQ)+I(PV) =R ] =]
the prefix of the non-transmitted codeword under consider- =1 1)
ation. Similarly we marginalize out the prefix of the true
codeword and the observation. In (16) there2ife '+ % data

sequences that salisfy the conditions given in (15). In &) |, (19) we use the fact thatis generated in an i.i.d. manner

define P to be the type of the lengtfr — + 1) suffix of the from the distribution@ and the true channel law I&. In (21)

trans_mltted codewprd:f, gnd 4 t_o .be the qondltlopal ype e incorporate the polynomial into the exponent. Namely, fo
relating 2} to y;*. P andV are similarly defined byt] and

< K'9~Aming v [D(VXPIWxQ)+|I(P,V)-R|T]-1] (22)

Y

We now bound the termd_., ., Pr[z"~" Prly €

Tf,(:z”*l“)} in (17). For simplicity we drop the explicit time
indexes of (17), assume the vectors are of lengttand recall

the the input distribution ig).

> PrlXlfy € Ty (%)]

alla > 0, b > 0, there exists a K such that < K201 for
all z > 1. Therefore in (21) they > 0 can be set arbitrarily
small. Pulling out the exponent iy, the remaining summation
is a sum over decaying exponentials, and can be bounded by
a constant. Combining this constant withgives the constant
K’ in (22).

Since the channel law/? is not used in the decoding
rule (10), (22) holds for alllW. Therefore, choosing) as

xeTp ) ~ in Thm. 1 and taking the limits defined in (3) means that the
— Z 2~ NIDPI+HP] [y ¢ 7o (%)) exponent defined in Thm. 1 is universally attained.
)_KETI;,

< 2 NDPIR) 3 1y € Ty (%)

iETF“, |Tp|

_ 9-ND(P|Q) {x:x€Tp,y € Ty(x)}]
75|

< 9= NDPIQ)(N 4 1)I¥Ig=NI(P.V)

The last inequality, bounding the probability that a fixed
falls in the V' shell of anyx picked uniformly at random from

type classT; is proved in [2, p. 164].
Using this result in (17) withV =n — [ + 1 gives
Pr[[)n—A 7é bn—A]
n—A
<D0 > Prlafld ) D PrlyPlad]
I=1 P z27€7p 1% y,"GTv(TZL)
min {1, Z(n -1+ 2)|X|2_(”_l+1)D(ﬁ”Q)

Z 2—(n—z+1)[1(15,x7)—3]}

V st
I(P,V)>1I(P,V)

n—A
SO Y Pl Y Pl

=1 P ajelr V ypety (o
min {17 (n — 1+ 2)2\?(\ Z 2—(7L—l+1)[I(P7V)_R]}
v

(18)

V. APPLICATION TO STABILIZATION: A NEW SUFFICIENT
CONDITION

The sufficiency results of [1] say that taemoment of the
closed-loop state of a scalar system with unstable opem-loo
gain A can be made bounded if a fixed channel is available
whose random coding error exponeht.(logA\) > nlog A.
Viewed in a different way, it says that themoments of the
closed-loop system will be finite as long as< %
Moreover, [1] shows that this can be done using a very sim-
ple “nearly memoryless” encoder structure based on random
binning. The result here implies that if the same basic eecod
structure is used based on the input distribut@nthen the
closed-loopp-moments up to

infpy D(P xVI]|Q x W)+ [I(P,V) —log A\|™
m< | log A

(23)

will be finite when the decoding rule given here is used.

While the results in (4) give no easily computable bound on
this, the solution (given in [6]) to exercise 5.23 in [7] &elis
that the random—codingzerror exponent is lower-bounded by a
simple function% (when both rate and exponents
are expressed in natural units rather than thig units used
here.). This depends only on the output-alphabet size and th
square of thegapto capacity.

Thus, the results of this paper are easily adapted to give
rise to auniversal sufficient conditiofor n-stabilization of a
system with a compound channel on the feedback link. By



simple algebra, the-moment of the closed-loop system camo, it would be interesting to see how the results here intera
be made finite if a compound channel with output alphabet with Tatikonda’'s sequential rate distortion framework 8f,[
has a capacity (in nats): [10], [11]. In particular, it would be interesting to see lifere
are ever situations wher®,.,(C(W)) can be attained in

1 1 1
C(W) >InA + (2111 |y)\/(77 n/\)( + 62(111 |y|)2

Converting to traditionalog, units (bits) and viewingthis in 1
terms of the excess capacity required for performance kyon
the log A needed for mere stabilization gives:

2
nlog A 2

1+ 2(loge)? ).

loge e2(log |Y])
(25)

C(W) —log A > (2log |y)\/
This bound is quite conservative, but has the advantage @f
giving an easy to evaluate sufficient condition for the com-
pound channel capacity' (W) only in terms of the sizey| g
of the channel output alphabet, the unstable ggiand the
desired momeny. The interesting fact is that the rate overhead®
to get then-moment stabilized seems to grow proportional to
vnlog A. Normalizing bylog ||, the condition (25) becomes:

2 ) (24) Closed-loop.
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