A constant-factor approximately optimal solution to the Witsenhausen Counterexample
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Abstract— Despite its simplicity (two controllers and oth-
erwise LQG), Witsenhausen’s counterexample is one of the
long-standing open problems in stochastic distributed control.
Recently, it was proved that an asymptotic vector “relaxation”
can be solved to within a constant factor of the optimal
cost. A parallel result is shown here for the original scalar
problem. Between linear strategies and explicit-signalling-based
nonlinear strategies, the optimal performance can be obtained
to within a constant factor that is uniformly bounded regardless
of the problem parameters. The key contribution is a new lower
bound that is much tighter than Witsenhausen’s bound for some
parameter values.

I. INTRODUCTION

A special 40" anniversary session for the the Witsen-
hausen counterexample [1] was organized at the last CDC,
so the papers there [2]-[7] give a good overview. The
present paper builds on the line of investigation opened
up in [6], [8], [9], and for space reasons, the reader is
directed to [9], [10] for the full scholarly context [11]—
[18]. Whereas in [9] a constant-factor-approximate optimal
[19]-[21] result was obtained using information-theoretic
tools for an asymptotically infinite-dimensional variant of
the Witsenhausen counterexample, here the original scalar
counterexample is attacked from first-principles’.

The problem will be formally defined in the next section,
but it is useful here to examine an illustrative particular
path through the parameter-space of Witsenhausen problems
(Figure 1). Witsenhausen’s lower bound from [1] is too
optimistic when the initial state-variance o3 is large. This is
because Witsenhausen effectively reveals the absolute value
of the initial state to the second controller. This is too much
information. Meanwhile, the bound from [9] is also too
optimistic, but for a different reason — it assumes that the
second stage cost can be zero using only a finite first-stage
cost. As discussed in [9], this is coming from its information-
theoretic assumption that noise always behaves typically.

As can be seen in Figure 1, the new bound does not
suffer from either limitation. Its ratio with the cost of the
nonlinear control strategy from [8] always stays bounded.
The new bound is also based on a genie-aided argument, but
instead of revealing the absolute-value of the initial state,
the genie reveals a pair consisting of the initial state both
with and without a constant displacement that depends on
the average first-stage cost. The bound captures the key
idea that the Gaussian observation noise always results in
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Fig. 1. The lower bounds vs the achievable cost as k = a5

some probability of getting confused even between only two
points. This is why the quantize-to-the-nearest-lattice-point
strategy of [8] does essentially as well as can be expected.
Although the proof given here is for the traditional Gaus-
sian distribution for the initial state, it is easily extended to
any distribution that has a Reimann-integrable part to it.

II. PROBLEM STATEMENT

« The initial state X, is distributed as N (0, 03).
e The state evolves as:

X1 = f1(Xo,U1)=Xo+ U
X2 = f2(Xy1,U2) =Xy - U,
o The outputs observed by the controllers:
Y, =Xo
Y, =X;+ W,

where W ~ A (0,1) is an additive Gaussian noise
that is independent of Xg. The control signals Uy
and U, must be measurable functions of Y; and Yo
respectively:

Ui =7 (Y1), Uz =7 (Y2).

e The control objective is to minimize an expected
quadratic cost, averaged over the random Xy and W.

C(kaUlaX2;’Yla72) = Cl (k7U1) + C2 (X2) .

where C; (k,Uy) = k*U,? and O, (X3) = X2
Given a control strategy, the expected costs are a
function of the problem parameters k and og. Let

C (k,00;71,72) = E[C (k, U1, X2;71,72)]

C* (k,O'()) = inf )C(kago;’yla’}@)'

71()y2 (-



III. A NEW LOWER BOUND AND CONSTANT-FACTOR
OPTIMALITY

This section proves the main result: linear strategies and
the nonlinear quantization-based strategy of [8] can uni-
formly achieve a cost within a constant factor for all the
problem parameters oy and k.

In the quantization-based scheme of [8], the control Uy
quantizes X to the nearest point on the uniform Ilattice
{...,—2B,-B,0,+B,+2B,...}, resulting in X; that is
quantized Xg. The second controller simply picks Us as
the lattice point closest to Y. The following function helps
us bound the costs attained by this strategy.

Definition 1: For any k,a,b,c, all >0

min ak’B? + bBexp (—BQC) .
B>\/Z
( k*B% +bB exp (—32 ))
=2 (ak2 + 2bcB (032 ) exp ( Bgc)),
the function being mlmmlzed is a convex function of B in

the interval { 2,00
achieved at a unique
Theorem 1: For the problem as stated in Section II with

o2 =1, the optimal expected cost C* (k, o) satisfies,
—— min kQJQLgmk 1161 < C* (k,00)
070_(2)+17 478 = » 00

2
. 9 9 Of 1 1
Smln{k Uo,m,mk (4,16,8>}

We prove the theorem by providing upper and lower bounds
and showing that their ratio is bounded. We need the follow-
ing standard lemma from [24].

Lemma 1: Let Q(z) := [° \/% exp (—

my (a, b, c) :=

. Thus, the minimum exists and is

“72) dwu. Then,

1,2
exXp <—2> .

e (-5 ) Q=
\/ﬂm‘%exp 2 )~ x_\/ﬂx

A. Upper bound on the optimal cost

Theorem 2: The total average cost for the Witsenhausen
counterexample is bounded by

99

0 L 1.6 L (D
77’” —,1.0, = .
O_O+17 k 47 78

Proof: The first term is achievable using simple zero-
forcing, i.e. 71 (Y1) = —=Y1,72 (Y2) = 0. The second term
is achievable by zero-input and lirzlear MMSE estimation,
ie. 71 (Y1) = 0,7 (Y2) = 2+1Y2 The last term is
achieved by the quantization- -based’ strategy (see [8, Eq.(10),
(1D)]) with lattice spacing B:

C* (k,00) < min {k‘20'0,

B X2,

Y 1
7 (Y1) ==Y +BL§1 + §Ja 75 (Ya) = L

,J.

To bound the second stage cost, denote the probability that
the second controller makes an n-point quantization error by

Pg, =Pr(|Xy =~ (Y2)| =nB)

S(a(E5) o).

Since we are free to choose the quantization interval B,

2
assume £- > 2. Now, for the second stage cost,

n=1
®) — 5 (2n—1)B
_E(nz—(n—l)>BQ2Q( 5 )
(© & 2 (2n —1)* B2
< ; (2n—1) BQW exp <_8>

8
n=1
(4) 4B B?\ & 2(2n —2) B?
< R TN T
o () Reo ()
(¢) 4B . B? 1
< [~ 2=
Vo P 8 ) 1—exp(—6)

(a): By (2)

(b): Substituting n + 1 for n in the second term
(¢): By Lemma 1
(
(

2 2 2 2 2
d): Since GO B =B° _ 2n(n-)b  2@n-2)5

. 2
e): Since Z- >

3 . . . .
3 = 9 this gives a geometric series.

Together with the fact that the first stage cost is upper
bounded by k2 (since quantlzatlon only has to move the
probability mass by at most 2 in either direction), we have

2

2B 4B P (-2)
4 V2r 1 —exp (—6)

C* (k,00) < min k

B. Lower bound on the optimal cost

This section is the technical heart of the paper. But
before we can prove a new lower bound for Witsenhausen’s
counterexample, we need the following technical lemma.

Lemma 2: For positive real numbers d,w > 0 and a real
number ¢, let IC and £ be two sets in R such that

K

{xGRfoc\ < %}
L

{azeRHx—c—i—d|§%}.



Define a random variable X such that Pr(X € K) =
Pr(X € £) = 1, and its noisy observation Y = X + N
where N is an independent N (0, 1) random variable.
Then, the MMSE of X given Y is lower bounded
by E[(X — E[gqy]ﬁ > s(d,w) where s(d,w) =
+ N2
o (482 (s ) o (252) i 0°
denotes max{-, 0
Proof: For d < w, s(d,w) is 0 and the lemma is trivial.
Thus, assume that d > w. We first show that E[X|Y =yl is
an increasing function of y. By Bayes’ rule, S E[X|Y = y]

’ E

exp( (y==) z) )dF( )
exp( (y==)® w) )dF( )

_iffooxexp<yxf—>dF( x)
dy 75 exp (yoc——) dF(z)

([ e (e 2 v
[ o (o) ar
([ (-5

([l ) o)

Ca S
Sy

S/\

(VS

0

v

(a): E {X2 exp (::/X; XTz)] E [exp (yX — %2)}
E [X exp (yX — %)] using Cauchy-Schwartz.

There are two cases : [X|Y_c— < c—2or

E[X|]Y=c- %] > ¢ — £, Consider first the case when
EX|Y =c—4] <c—4. Smce E[X|Y = y] is an increasing

function of y,

Vygc—é. 3)

d
EX[Y =y <c— 5, .

2

Using this fact, the MMSE E [(X - E[Xmﬂ

>E [(X ~EX|Y])? X eK,Y <c— Cﬂ

Pr (Xe/c,ch—;i) 4)
® (d—w)?>
2<de> Pr(XGICY<c)
© /d—w)\?>
(45 (= 5)
2 2
d
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Fig. 2. The key decomposition of the Gaussian prior for the state X used
for proving Theorem 3.

(i)<d—w>21 1 4
=\ 2 Vor \d+w  (d+w)®
2

.exp<_<d+8m>

(b): By 3) and the definition of K,
inf  (@-EX[Y=y)® > iof (- (c—2))

xEIC,ygc—%

> (c— g —ctg) = (%"
(c): Since sup, ¢ {z —
(d): By Lemma 1.

The case of EX|Y = ¢ — 4] > ¢ — ¢ can be proved
similarly by considering X € Land Y >c¢— §,in (4). N

Now, we are ready to prove a lower bound on the optimal
cost. However, to make it work, it is conceptually simpler to
work with a uniform random variable for the initial state. The
trick is to give an appropriate “backstory” to this Gaussian
random variable that involves a uniform random variable in
a critical way. A version of this same trick was used in [25],
[26]. The backstory is illustrated in Figure 2.

We interpret X as a convex combination of three random
variables X_17, X_13 (a small annoying subset of the
uniform part that represents the boundary), and X _o (the
non-uniform part of Xg). Our bound pretends the cost is
zero on the total probability mass in X_o and X_13. X_13
is the uniform part that is of interest. We partition the real
line into two sets:

& ={x eR|x € (09 —2lB— B,oyg—2IB],l € Z}
E ={x eR|x € (09 —2IB —2B,0¢0 — 2lB — B],l € Z}.

When the realization of X _q7 lies in &, it will be distorted
to its counterpart that lies in & with probability % and
vice versa. This distorted version of X_;; is given to
the second controller as side information. Therefore, the



only randomness left at the second controller is X _;2 and
Lemma 2 allows the MMSE error to be lower bounded.
Theorem 3: For 08 >1,

C* (k,00) > min K208 .06, my (1, .50 )
,00) = 1007 VO, T1E 72747 .

Proof: We write the Gaussian random variable Xg
as a function of three random variables X _1, X _o, X _3.
The random variable X _; is again written as a function
of X_11,X_12,X_13,X_14. Define a scalar p, and a
function S(z) as

v (2) = e ()

w = ex —_ = Xr = ex — =

P —oo V2moy P 2 2T P 2
| =B ifze&
5@”‘{3 if r €&

and set A and A’ are defined as

A= {{,C S (—0'070'0”{,6 + ﬁ(.%‘) S (—0'0,(70]}
A/ = (*O’Q,O’()]\A.
The dependence of 3(z),.A, and A’ on B is suppressed.

Since the distance between z and = + [((z) is B, the
Lebesgue measure of A is lower bounded by

|A| > 200 — B. (6)
The laws for  independent random  variables
sz,ng,X,]_]_,Xflz,X,13, and X,14 are giVCIl
as: (f is used for density functions)
=4 ifzeAd
X 4q=a)=d A 1 7
fXoa1 =) { 0  otherwise ™
iifr=1
P“X”2_x)_{ ; if 2 =0
L ifreA
X j3=a)=4 AT !
f(Xo1s =) { 0 otherwise
A ifr =1
}ﬂx442m2{| ﬂfI. (8)
|j+|«4’| ifx=0
X . — X_ 11+ X_ 128 (Xq1) if X_34=1
17) X_33 if X_14=0
1 1 x?
o (o (37)
1 1
~7amas &P (=3)
f(X72 —{E) if x € (—00,0’0}
1 1 z?
Pu Varao P (‘ 203 )
otherwise
v | pu ifr=1
P“X4m){1—m if 2 =0 ©)
X — X ; ifX_ 3=1
07 X5 ifX 3=0

Then, X _1 is distributed uniformly in (—og, 0¢], and Xg
is still V(0,02). Suppose E[y; (Xo)°] = P. Consider the
sets

B ={z € (—00,00]|In (z)| < 4VP}
B' = {z € (—09,00]||71 (z)| > 4VP}
D={ze (fcro,aon e ANB,x + B(z) € B}.

An upper bound on the Lebesgue measure of 5’ can be
derived as follows:

1 (a)

— > V

6 _Pr(|71(X0)|>4 P)
® ,
ZPI‘(X()EB)

(c) / 1 . ( 22 ) e
= X — 5
zeB V 271—0—0 P 20.(%

ﬁ@/ 1 ( vd
> ——exp | —= x
zeB V2mog 2

1 1 P
exp | —= ) |B|=%|B 10
o (—3) B1= 2551 a0

(a): Markov’s inequality with the fact E[y;, (Xo)?] = P
(b): Set inclusion

(¢): X is a Gaussian random variable N'(0, o)

(d) B C (—O'Q,(TU].

Also, | {z|z + B(z) € B'} |

9D\ (2)e + Bx) € Bz € &}
+ [{z|z + B(z) € B,z € &} |
D\ f2|lz—BeB,xe&}
+ |{z|lz+ B e B,z € &} |

D) (20’ € B} (11)

(e): Since &1, & is a partition of R
(f): By definition of §(x)
(g9): Since &1, &, is a partition of R and & = & + B

Using the above facts, a lower bound on |D| is given by

Dl Y |A\B\{z]e + 5 (x) € B}
> |A| - |B] - [{z]o + 3 (z) € B}

@

> Al - 2|B|

(@)

> 200 — B —2|B/| (12)
(h): XNYNZ=X\YN\Z° for any X, Y, Z

(1): By (11), (4): By (6).



A genie provides X _11,X_13,X_14,X_2,X_3 to the ( )2 \/% (% - 617)) ~ L

second controller. For this genie aided control action 'y(g )

NIES
o

When P < 535, by [9, Theorem 3], E[Cs (Xz;71,74”) )]
[02 (X2a'yl7 (9))]
+ 2
>E[02(X27’)’1»72 )|X 11 €D, X 14=1,X_3=1] N o2 JP
= 2 -
-Pr (X—ll €ED,X 14=1,X_3= 1) (00 + ﬁ)
(k)
> s (3,8\/13) Pr(X_ 11 €D, X 14=1X_5=1) s 2
1 3
1) > — - — > 0.06
:s(B,S\/TD)-Pr(X_neD)Pr(X_M:l) > (1+{—§)2+1 T
-Pr (X_3 = 1)
. . 2 .
(m) |D| A where the second inequality uses o5 > 1. Using the above,
> B A (B8 ) 2
> ATA A ( VP (14), and (15), for 02 > 1
YL - B2 B,8VP G (kroo) > mind 7 0.06
el E(UO_ - ‘ |)pu8( ) ) ( ’0'0)_11111’1 1007 . )
(0) B
> <pupu2 ; > (B 8\F) (13) min _ k*P + \/Fexp(—5op)} (16)
oo 6 3 <p<th 274
(k): Conditioned on the given event Xy is either X 17 or - m k202 0,06, 1 50
X_11 + #(X_11) with probability % each, and X_q;1 € = 100’ mk 274

D tells that |y, (-) | at both points is less than 41/P. Thus,

Lemma 2 justifies the inequality, Note that if the minimization of the third term in (16) is

(1): By independence of X_11,X_14 and X_3 infeasible, it is oo by default. |
(m): By deﬁn1t10n§ (7), (8) and '(9), and C cA C. Proof of Theorem 1
(n): By (12) and since {A, A’} is a partition of (—oy, og]
(0): By (10). To prove that the two bounds track each other, we need
Consider the case P > 100 Then, some technical lemmas about my, (a, b, c).
Lemma 3: If a1 < ao, by < by, and ¢y > co, then
_ my, (a1,b1,¢1) < my, (az, b2, c2).
* > 1.2 _ 2 Uo :
¢ (k,00) 2 k" Elm (XO) =k 100° (14) Proof: Let B* > ,/ﬁ achieve the minimum in the

expression for my, (az, ba, ¢2).

When 35 < P < substituting B = 12v/P in (13) gives

< 05
. my, (ag, ba, ca) = ask?B*? + by B* exp ( B*QCQ)
E[C> (Xzy’Yl’ ! )] > a1k’ B*? 4+ b1 B* exp (—B**¢y)
( ) * * *
Y (pa- 2P 2 ) (12vP,5vP) = k?B" 4 b B exp (—QB 2c1)
20¢ 16 1
> a1k*B*? 4+ by B* exp ( B* 201)

2
@ _ E_i @ (a)
— \Pe T Pugg T g 2 > my (a1, b1, c1) -

1 1 4 (a): B* > /52 > /5o L

or | 200/ g | exp (=50P) The following lemma shows that my (a,b,c¢) and
v (20\/13) S
myg (1,1,1) are within a constant factor of each other re-
(r) 19 4\F gardless of k. N
>\ Py —Pu—— — Lemma 4: For positive real numbers a, b, and c,
20 16 2
1 ( 1 1 ) ( 50P> tlowermk (17 17 1) < mp (a7 ba C) < tuppermk (17 17 1) P
- exp
Ver \20V/P  60VP where
() 1
b
2 274 Pexp (=50P). (a5) tiower = Min {a’ \[} s tupper = max {a,b} when ¢ >1
¢’ ye

(p): By (13); (g): Since P < %0 and using Lemma 2

= 100
(r): Since 13 < P
(8): pu = a=exp(~3), Pu — Puzs — 75 ~ 715 and

. a b
tiower = min{a, b}, typper = max {c’ \ﬁ} when ¢ < 1.




Proof: Assume c > 1. By Lemma 3, we know

my(a,b, c) < myg (max{a,b},max {a,b},c)

= max{a,b}my (1,1,¢) < max{a,b} my (1,1,1). (17)

Let the minimum in the expression for my (a,b,c) be

achieved by B* and denote B’ := /cB*.

(a

mp (a7 ba C) =

min ak’B? + bBexp (—B2c)

B2/
= ak’B*? + bB* exp (—B**c)

a 2 b 2
—2k2B?% +  Blexp <7B’ )
¢ Ve

. b
> min {, \ﬁ} (kQB’2 + B’ exp (—B’Q))

(i) . a b
> min o e

min (k232 + Bexp (—BQ))
B>\/3

a b
=min<{ —, — 1,1,1).
mln{caﬁ}mk(v 7)

NGNS

ol

(18)

): B' =

By (17) and (18),

b
min{(z, \/E}mk (1,1,1) <myg (a,b,¢)

< max{a,b} my (1,1,1).

By essentially symmetric reasoning, the case ¢ < 1 can be
obtained.

|
Proof: [Of Theorem 1] The upper bound follows from

Theorem 1. For the lower bound, first consider 03 > 1.

_ @ k202 1
C* (k,00) > min{0,0.06,mk (1 — 50)}

100 2747

®) k202 1 1
> min§ ——,0.06, min ¢ —, ———= rmy (1,1,1
= { 100 {50 274\/50} S }

1 1
(e) k202 mln{ﬁazmm} (1 1)
> min ,0.06, me | —,1.6, =
100 max {2, 1.6V8} " \4" '8

1 o 1 1
> ——min?{ k2ol 52— -,1.6, =
_8769mm{ P L W

(a): By Theorem 3

(b
(c

): By the lower bound of Lemma 4
):

By the upper bound of Lemma 4

The case 08 < 1 can be found in [9, Appendix V]. |
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